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Anisotropic Triebel-Lizorkin Spaces with
Doubling Measures

By Marcin Bownik

ABSTRACT.  We introduce and study anisotropic Triebel-Lizorkin spaces associated with general expan-
sive dilations and doubling measures on R" with the use of wavelet transforms. This work generalizes the
isotropic methods of dyadic ¢-transforms of Frazier and Jawerth to nonisotropic settings.

We extend results involving boundedness of wavelet transforms, almost diagonality, smooth atomic
and molecular decompositions to the setting of doubling measures. We also develop localization techniques
in the endpoint case of p = oo, where the usual definition of Triebel-Lizorkin spaces is replaced by its
localized version. Finally, we establish nonsmooth atomic decompositions in the range of 0 < p < 1,
which is analogous to the usual Hardy space atomic decompositions.

1. Introduction and statements of main results

Many areas of analysis involve the study of specific function spaces. In harmonic analysis,
the well-known scale of L? spaces is augmented by the Hardy spaces, the space BMO, and various
forms of Lipschitz spaces. Despite inherent differences in the original definitions many of these
spaces are closely related and can be studied from a unified perspective by the Littlewood-Paley
theory. This gives rise to the study of Besov and Triebel-Lizorkin spaces which form a unifying
class of function spaces containing many well-known classical function spaces such as Lebesgue
spaces L”, Hardy spaces H”, and Hardy-Sobolev spaces.

There were several efforts of extending classical function spaces arising in harmonic analysis
from Euclidean spaces to other domains and nonisotropic settings. The usual isotropic dilations
can be replaced by more complicated nonisotropic dilation structures as in the study of parabolic
Hardy spaces of Calderén and Torchinsky [10, 11] or Hardy spaces on homogeneous groups
of Folland and Stein [17]. The nonisotropic variants of Triebel-Lizorkin and Besov spaces for
diagonal dilations have been studied by Besov et al [ 1], Schmeisser and Triebel [32, 33, 34, 35, 36],
and Farkas [14]. The other direction is the study of weighted function spaces associated with
general Muckenhoupt Ao, weights. This direction of research for Besov and Triebel-Lizorkin
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spaces was carried over by Bui, Paluszyrskiet al [7, 8, 9] and Rychkov [30]. One should also note
that a significant portion of the theory of function spaces can also be done on the large class of
spaces of homogeneous type introduced by Coifman and Weiss [13]; for example, see [25, 26, 27].
However, this high level of generality imposes restrictions on possible values of the index p, i.e.,
p > 1 — 4 for some possibly small § > 0.

Several aspects of the above mentioned developments can be extended to a larger class
(than previously considered diagonal setting) of nonisotropic dilation structures associated with
expansive dilations. In the context of Hardy spaces this goal was achieved by the author in [2],
where it was demonstrated that significant portion of a real-variable isotropic H? theory extends
to such anisotropic setting. Analogous extensions to anisotropic Triebel-Lizorkin spaces with
A~ weights and anisotropic Besov spaces with doubling measures were done in [3, 5]. These
studies show that the isotropic methods of dyadic ¢-transforms of Frazier and Jawerth [18, 20]
can be extended to nonisotropic setting associated with general expansive dilations. Among other
things proved in [3, 5], weighted anisotropic Triebel-Lizorkin and Besov spaces are characterized
by their wavelet transform coefficients and smooth atomic and molecular decompositions of these
spaces are established.

It is commonly known that Triebel-Lizorkin spaces are much harder to work with than Besov
spaces due to their particular structure. For these reasons weighted Triebel-Lizorkin spaces are
often studied with Ao, weights instead of more general doubling weights as in the case of Besov
spaces. The goal of this work is to show that one can also build a coherent theory of weighted
anisotropic Triebel-Lizorkin spaces associated with expansive dilations and doubling weights
further generalizing the results of [5, 20]. More specifically, this article:

¢ Extends results from [5, 20] involving boundedness of wavelet transforms, almost diago-
nality, smooth atomic and molecular decompositions to the setting of doubling measures,

* develops necessary localization techniques for the endpoint case p = oo,

* establishes nonsmooth atomic decompositions (analogous to the Hardy space atomic
decompositions) in the range 0 < p < 1.

In addition, a subsequent work [4] continues this direction of research by showing duality and
real and complex interpolation results for F‘,}‘,’q spaces. In what follows, we summarize the results
obtained in this article.

In this work we study function spaces on R” associated with an expansive dilation A, that
is an n x n real matrix all of whose eigenvalues A satisfy |A| > 1. The starting point is the
Littlewood-Paley decomposition asserting that any tempered distribution f € S’(R") can be
decomposed as

f=>9j*f  where ¢;(x)=|detAl/p(A’x),
JEL

with the convergences in &’ (modulo polynomials). Here, ¢ € S(R") is a test function as in
Lemma 2.13. Given a smoothness parameter @ € R, an integrability exponent 0 < p < oo,
and a summability exponent 0 < g < oo, we introduce the anisotropic Triebel-Lizorkin space
FyY(R", A, w) norm as

<. (1.1)
LP(n)

<Z (1det AV¥1S 5 g I)q>l/q

JEL

I f s = ‘

Here, 1 is a doubling measure respecting the action of A. That is,

w(Bp, (x,2r)) < Cu(Bp,(x,r)) forall xeR" r>0,
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where the balls B, (x, r) are defined with respect to a quasi-norm p4 associated with A. Later we
show that this definition is independent of the choice of ¢ satisfying natural support conditions (3.2)
and (3.3).

The corresponding discrete Triebel-Lizorkin sequence space t"f,[’q(A, () is defined as the
collection of all complex-valued sequences s = {sp}pec@, Which is indexed by the collection of
dilated cubes

Q={AT(0,11"+k): jeZ keZ},

such that

< 00. (1.2)
LP(p)

1/q
sl = H( > (|Q|—“|sQ|xQ)")

QeQ

Here, 3o = |Q|~!/?x is the L2-normalized characteristic function of the dilated cube Q.

Suppose that (¢, ) is an admissible pair of dual frame wavelets as in Definition 2.12. The
corresponding wavelet systems consisting of translates and dilates of ¢ and i are customarily
denoted by {¢gp : O € Q} and {Yg : Q € O}, resp. Following Frazier and Jawerth, we
define the g-transform, which maps the distribution f to the sequence of its wavelet coefficients
Sef ={{f. o)} pecg- For any sequence s = {sg}pcg of complex numbers, we define formally
the inverse ¢-transform, which maps s to a distribution Ty s = ) 0e0 S0V 0. Then, the following
generalization of the fundamental result of Frazier and Jawerth [5, 20] holds.

Theorem 1.1. Suppose thata € R, 0 < p,q < oo, and a y is a doubling measure. The
@-transform S, : ¥ — £,9, and the inverse g-transform Ty, : £, — ¥,? are bounded, and
Ty o S, is the identity on ¥ 7.

One should emphasize that in the endpoint case of p = oo, the definitions (1.1) and (1.2)
must be replaced by their localized versions (3.8) and (3.9), respectively, which were originally
introduced in the dyadic case in [20]. This is far more than a cosmetic change. A substantial
portion of this work deals with the case of p = 0o, which requires special considerations. As a
consequence of Theorem 1.1, we deduce that F‘;,’q spaces are complete quasi-normed spaces with
equivalent norms independent of the choice of a test function ¢.

Once Theorem 1.1 is established, we study operators on Fg’q by transferring them with the
use of wavelet transforms to the corresponding sequence spaces t"f,[’q. Since t"f,"q norms depend
only on the magnitude of coefficients, consequently, the analysis on the sequence space level is
much easier than in the original space F%’q. In particular, in Section 4 we study a very useful class
of almost diagonal operators on ff,"q , which was originally introduced by Frazier and Jawerth [20].
We show that the expected boundedness result holds also for t"ff’q spaces with doubling weights
by generalizing a result in [5]. As an application, in Section 5 we extend smooth atomic and
molecular decompositions results in [5, 20] to the setting of Fz,q spaces with doubling weights.

In Section 6 we establish nonsmooth atomic decompositions of F‘;’q spaces which are anal-
ogous to the usual Hardy space atomic decompositions. The main advantage of such decomposi-
tions is that coefficients are controlled by £, norms, rather than harder to deal fz’q norms as in the

case of smooth atomic decompositions. In the next section we identify unweighted F%Z(R", A)

spaces with the anisotropic Hardy spaces H f for0 < p < oo in the context of expansive dilations
A. The last section contains the proofs of several lemmas required in the proof of Theorem 1.1.
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2. Some background tools

We start by recalling basic definitions and properties of the Euclidean spaces associated with
general expansive dilations.

2.1. Quasi-norms for expansive dilations

Definition 2.1. We say that a real n x n matrix is expansive if all of its eigenvalues satisfy
|A| > 1. A quasi-norm associated with an expansive matrix A is a Borel measurable mapping
o4« R" — [0, co) satisfying

palx) >0, for x #0,
oa(Ax) = |det A|pa(x) for x € R", 2.1)
pa(x +y) < H(pa(x) + pa(y)) for x,yeR",

where H > 1 is a constant.

In the standard dyadic case A = 2Id, a quasi-norm p4 satisfies p4(2x) = 2" p4 (x) instead
of the usual scalar homogeneity. In particular, p4 (x) = |x|" is an example of a quasi-norm for
A = 2Id, where | - | represent the Euclidean norm in R”. One can show that all quasi-norms
associated to a fixed dilation A are equivalent, see [2, Lemma 2.4]. Moreover, it is possible to
choose a quasi-norm p4 such that p4-balls {x € R" : ps(x) < r} are convex.

‘We also need to introduce some convenient notation.

Definition 2.2.  Suppose A is expansive matrix and o (A) is its spectrum. If A is diagonalizable
over C, let

A_ = min |}A], Ay = max [A]|.
A€o (A) rea(A)

Otherwise, let A_ and A4 be any positive real numbers such that 1 < A_ < miny¢q(4) || and
maXjeq(A) |A| < A4 < |det A|. Define

_ Inag . Ina_
S det Al 7 In|detA]

The parameters {_ and ¢4 measure the eccentricity of a dilation A. In general, we have
0 <¢- <1/n < ¢y < 1. For example, in the standard dyadic case A = 2Id, we have {_ =

Ly =1/n.
Definition 2.3. Let B be the collection of all pa-balls
BpA(x,r)z{yeR”:,oA(x—y)<r}, xeR", r>0.
Let Q be the collection of all dilated cubes
Q={0=A(0,11"+k):jeZ keZ"}

adapted to the action of a dilation A. Obviously, if A = 2Id we obtain the usual collection of
dyadic cubes. Let

xg = Ak, Q= A/([0, 11" +k) € Q,
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be the “lower-left corner” of Q. The scale of a ball B = By, (xo, r) € B is defined as
scale(B) = [10g|gera 7] -

The scale of a dilated cube Q = A/ ([0, 11" + k) € Q is defined as scale(Q) = j. Alternatively,
scale(Q) = log| ger 41 1 Q-

By renormalizing p4, it is convenient to assume that | B,, (x, 1)| = 1. Consequently,
|B,, (x,|det A[Y)| = |det A}/ forany j eZ.
Therefore,
|det A*¥€B) < |B| < | det A[cdle®+1
and
|Q| < |B| < |detAl||Q| forany Q € Q, B € Bwith scale(Q) = scale(B) .
Note that for any Q € O,

diam,, (Q) := sup{pa(y1 — y2) : y1. y2 € Q} = |Q|diam,, ([0, 1]") = C|Q|.  (2.2)
The following concept is very useful in the study of the localized norms of ol spaces.

Definition 2.4. The tent T (P) over P € Q is defined as
TP)={0 € Q:|0NP|>0and scale(Q) < scale(P)} .

2.2. Doubling measures for expansive dilations

Definition 2.5. 'We say that a nonnegative Borel measure y on R” is p4-doubling if there exists
B = B(n) > 0 such that

w(By, (x, |det Alr)) < |detA|ﬂM(BpA (x,r)) forall xeR", r>0. 2.3)

The smallest such 8 is called a doubling constant of .

Remark 2.6. 'We remark that p 4 -doubling measure  does not have to be absolutely continuous
with respect to the Lebesgue measure on R”. For an example of a measure p on R, which is
doubling and singular with respect to Lebesgue measure see [6]. Moreover, it is not hard to show
that the doubling constant g is always > 1.

We also remark that any weight w in Ay, (with respect to a quasi-distance p4) defines a
pa-doubling measure u by du = w dx, see [5, Definition 2.2]. Hence, by working with doubling
measures instead of Ay, weights we will generalize the results about Triebel-Lizorkin spaces
in [5]. To achieve this we will work with a weighted Hardy-Littlewood maximal function. This
step is necessary due to the collapse of weighted norm inequalities, and in particular, weighted
vector-valued Fefferman-Stein inequality outside A class.

For any Borel measurable function f define its Hardy-Littlewood maximal function M, f
with respect to p4-doubling measure u by

1
M = . d .
pa S (X) XESEEBM(B)/BIf(y)I n(y)
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It is easy to verify that we have the following fact. For rudimentary facts about spaces of
homogeneous type we refer the reader to [13, 22, 25].

Proposition 2.7. (R", pa, 1) is a space of homogeneous type, where p4 is a quasi-norm
associated with an expansive dilation A, and | is a p4-doubling measure on R”".

As a consequence, the Fefferman-Stein vector-valued inequality holds in our setting.

Theorem 2.8. Suppose that1 < p < 00,1 < g < 00, and i is a pa-doubling measure. Then
there exists a constant C such that

H(lDMpAmq)l/q

holds for any (f;);i C LP(u).

1/q
()

LP(p) LP ()

We will also need several results about doubling measures and families B and Q. For
0 = A/([0, 11" + k) € Q, define its center cg = A/ (k + (1/2, ..., 1/2)).

Lemma 2.9. Given families of dilated balls B and dilated cubes Q, there exist Cg, Cg > 0
such that:

(a) Forany Q € Q we have
ByC QC By,  where By = B,,(co.|Q|ldet A|"B), By = B,,(co, |Q|| det A|B) ,
(b) for any B € B, the collection
Op={0€Q:0NB #Y, scale(Q) = scale(B)}
has at most Cg elements. Furthermore,

n(Q) =Cu(B)  forall Qe Qp.

The proof of Lemma 2.9 is quite elementary, and hence, it is skipped. As a corollary of
doubling of u, (2.2), and Lemma 2.9 we have

n(Q) =< u(Bp,(cg, Q1)) =< (Bp,(x0. QD))  forall QeQ. 2.4

Proposition 2.10. Suppose that i1 is pa-doubling measure. Then:
(a) For every n > 0 there exists a constant ¢ > 0 such that

J €L ko ki €R", |ko— kil <n = p(AT ([0, 11" + ko)) < (AT (10, 11" + k1)) .
(b) For fixed xo € R", let P; € Q be such that scale(P;) = j and xo € P;. Then
lim p(Pj) =o00.
j—00 ’
Proposition 2.10 is a simple consequence of the doubling property of . Indeed, by (2.4) we

canreplace each occurrence of u(Q) by u(B,, (xo, | Q1)) with a gain of a multiplicative constant.
Finally, we will need a slight variation of [3, Lemma 4.1].
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Lemma 2.11. Suppose that 11 is p s -doubling measure and § € R. Then, there exist L, C > 0
such that

8 .
Z 1 n(Q) 1 _ < C| det A|BBI+DLI forall je7. (25)
0c0. wmmioy—; (1T Patx)/ max(l, |QD)

Proof. Weclaimthatforany P, Q € Q, P = A/([0, 1]"+k), Q = A/ ([0, 11" +1),k,l € Z",
we have

1w(Q) < C(1+ patk — )P u(P). (2.6)
Indeed, (2.6) is a consequence of (2.4) and

1(Bo, (Ak, | det AY)) < (B, (A7, H|det A (1 + pa(k — 1))
< C(1+ patk = 1) (B, (A'1, | det AV))

since u is p4-doubling measure. Suppose that j > 0. By (2.6) we have for L > g|§| + 1,

w(Q)° . 5 o
Z < Cu(A/([0, 11")) Z (14 pa(k))P1!
Q€Q, scale(Q)=j (1+ pa(xg)/1QDE S

< C|det APPm6.0 (10, 11%)° .

Likewise, suppose that j < 0. Then for L > B|§| + 1,

5 _ BIS|
Q€Q, scale(Q)=j 1+ IOA(xQ)) keznr (1 tpa (k)| detA|])

kez"

< C|det A/ BminG0=A1I=D (f0, l]n)a '
In the last step we used that for ¢ > 0, there exists C = C(¢) > 0, such that

3 (1+pa(A%k)) 77" < CldetA|/ forall j<0.
keZ

Combining the above estimates yields (2.5). L]

2.3. Wavelet transforms for expansive dilations

Definition 2.12. We say that (¢, ¥) is an admissible pair of dual frame wavelets if ¢, v are
test functions in the Schwartz class S(R") satisfying

supp @, supp ¥ C [—, 1"\ {0} 2.7
> o((A%)e)d((a*)) =1 forall &eR"\ {0}, 2.8)
JEZ

where A* is the adjoint (transpose) of A. Here,

supp @ = {£ € R" : ¢(§) # 0},
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and the Fourier transform of f is
f& = / FEe 8 dx
Rn

For ¢ € S(R"), we define its wavelet system as

po(x) = |det A/ 2p(Alx —k),  O0=ATI(0,11"+k) e Q. 2.9)

It is not hard to show that the conditions (2.7), (2.8) imply that (¢, V) is a pair of dual frame
wavelets in L2(R"). This means that the wavelet systems {po: Q0 € Qyand {Yp : O € Q} are
Bessel sequences, i.e., there exists a constant C > 0 such that

ST UL e DL v)P <ClIfIl,  forall feL*(R"), (2.10)
QeQ 0eQ
and we have the reconstruction formula

f=Y (fioo)g.  forall feL*R"), @2.11)
QeQ

where the above series converges unconditionally in L.

The above formula has a counterpart in the form of the reproducing identity (2.15) valid for
tempered distributions modulo polynomials S’/P. For the basic properties of this space we refer
to [28, Section 3.3] or [33, Section 5.1]. Here, we only recall that S’ /P can be identified with the
space of all continuous functionals on the closed subspace Sp(R") of the Schwartz class S(R")
given by

So(R") = {go eS: /(p(x)x"‘ dx =0 for all multi-indices a} ) (2.12)

Lemmas 2.13 and 2.14 show that any distribution f € &’/P admits the Littlewood-Paley
decomposition and the wavelet reproducing formula adapted to an expansive dilation A. Both of
these results are anisotropic modifications of their well-known dyadic analogues, see [18, 20, 21].
For the proof of these formulas we refer the reader to [5].

Lemma 2.13. Suppose that A is an expansive matrix and ¢ € S(R") is such that

Y 6((a*)g) =1 forall §eR"\ {0}, (2.13)
JEZ
and supp ¢ is compact and bounded away from the origin. Then for any f € S'(R"),

F=Y0xf, (2.14)

JEZL
where ¢ (x) = | det A|/¢(A’x), and the convergence is in S’/ P.
Lemma 2.14. Ifp, ¢ € S'(R") satisty (2.7), (2.8), then

f= {feo)¥g,  forany feS/P, (2.15)
0eQ
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where the convergence of the above series, as well as the equality, is in S'/P. More precisely,
there exists a sequence of polynomials { P;}7> | C P and P € ‘P such that

f = tim ( ) (. ¢Q>wQ+Pk) ‘P,

k—o0
Q€Q, |det A|=*<|Q|<|det Ak

with convergence in S’ .

3. Anisotropic F‘lx,’q spaces with doubling measures and the case p = oo

In this section we extend the class of anisotropic Triebel-Lizorkin spaces studied in [5] to the
setting of doubling measures and the endpoint case of p = oo. Inthecase of 0 < p < oo the usual
definition is perfectly satisfactory. However, in the endpoint case we adopt a localized definition
of F%’q spaces which was originally introduced in the dyadic case by Frazier and Jawerth [20]. We
show that the resulting spaces are well defined quasi-Banach spaces and they can be characterized
by the magnitude of wavelet coefficients.

We start by recalling the usual definition of F%’q spaces in the range 0 < p < oo.

Definition 3.1. Fora € R,0 < p < 00, 0 < ¢ < 00, and a ps-doubling measure 1, we
define the anisotropic Triebel-Lizorkin space Fy? = ¥ (R", A, n) as the collection of

. 1/q
||f||Ff;q = H<Z(|detA|J“|f*(pj|)‘1> < 00, 3.1
ez LP(u)
where ¢ (x) = |det A[/p(A’x) and ¢ € S(R") satisfies (3.2), (3.3)
supp @ := {£ € R" : @(§) # 0} C [—m, 71" \ {0}, (3.2)
sup [((A*)'E)| >0 forall &eR"\{0}. (3.3)

JEZ
To emphasize the dependence on ¢ we will use the notation Fz’q (R™, A, ) (p) for (3.1). Later
we will show that this definition is independent of ¢.

The discrete Triebel-Lizorkin sequence space i";"q (A, ) is defined as the collection of all
complex-valued sequences s = {sg}pcg such that

Isllgea = H( 3 (|Q|°‘ISQ|7<Q)‘1)W

0eQ

< 00, 3.4
LP(w)

where yo = ||~V 2 X is the L2-normalized characteristic function of the dilated cube 0.

It is known that the naive definition of the space Fj",’q using the norm (3.1) when p = oo
is unsatisfactory. Indeed, Triebel [33, p. 46] remarks that when p = oo the norm (3.1) is
dependent of the choice of the function ¢. Moreover, Frazier and Jawerth [20, Section 5] point
out that one should expect to have F‘;ﬁ ~ BMO, which is not the case for the naive definition
of ngz. To overcome this problem Frazier and Jawerth [20] had proposed a localized definition
of the norm when p = co by considering averages only over small scales. This approach works
well for isotropic theory and the goal of this section is to show that it also works for general
expansive dilations.
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3.1. Localized definition in the case p = oo

Definition 3.2. Fora € R, 0 < g < o0, and a pa-doubling measure 1, we define the
anisotropic Triebel-Lizorkin space Fay! = Fol (R, A, i) as the collection of all f € S /P
such that,

1/q
1 Nt g gy = (M(P)/ Z (Idet AVE|f % @ (x)])* d,u(x)) <00, (3.5)

—scale(P)

where ¢ € S(R™) satisfies (3.2) and (3.3). To emphasize the dependence on ¢ we will use the
notation Fao? (R”, A, i) () for (3.5). Later we will show that this definition is independent of .

The sequence space, foo? = f7(A, 1) is the collection of all complex-valued sequences
s = {sp}peo such that

1 _ . 1/q
Is g 4, = stp (W / > (o “|sQ|xQ(x))"du(x)> <0.(36)
PeQ\ M P QeQ, scale(Q)<scale(P)

Naturally, if ¢ = oo, then (3.5) and (3.6) are interpreted as

If llgeso = sup | det AV[| f % @jlloo < 00, islljecc = sup QI |sg| <00. (3.7)
JEZL 0eQ

In other words, when p = g = 00, the spaces F%™ and f% coincide with Besov spaces B%™
and b%™, resp., and there is no need for localization.

Remark 3.3. For the sake of simplicity it is convenient to consider the spaces Fa! and f57,
where the averaging process takes places with respect to the Lebesgue measure instead of w.
More precisely, we consider the unweighted spaces Fa./ and fa? defined by the norms

1/q
| fllgea = < / |det A[Y| f % @i (x)] dx) < 00, (3.8)
Foo PEQ |P| ge(m( J )
: “solX 14 v 3.9
g = o ([ Y (10 Isolioto) W) <. 69

QeQ, scale(Q)<scale(P)

There is a much deeper reason why we may insist on the above unweighted definitions. This is
because one can show that the norms (3.5) and (3.6) do not depend effectively on the choice of
W, as long as dpu = wdx for some w € A, see [4, Corollary 3.5]. Consequently, not much
generality is gained by the introduction of p in the case when p = oco. Since this is a very
nontrivial fact we will stick to more general norms as in Definition 3.2 in this article.

Remark 3.4. In the case when the family of dilated cubes Q is nested, i.e.,
O,PecQand |QNP|>0 — PCQor QCP

the tent ’T(P) = {0 € Q : QO C P} and the definition (3.9) overlaps with the usual dyadic
definition of f5,? by Frazier and Jawerth in [20]. In this case we simply have

l/q
lIslljea = sup( (P)f Z 101 %Isolxo(x))? dM(x)> . (3.10)

peQ ocp
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In the case when the family of dilated balls Q is not nested, the norm (3.10) is obviously dominated
by (3.6). However, it does not seem that the norms (3.6) and (3.10) are equivalent for a general
2

2 2
the definition of the collection of dilated cubes. Take any 6 > 0, and define

dilation A, e.g., consider A = . In order to circumvent this problem one could modify
O={0=4/(-8.1+81"):jeZkeZ"}.

Then, it is not difficult to see that by replacing Q by 0, we get equivalent norms for discrete
spaces f‘g’q for p < o0; the proof boils down to the vector-valued Fefferman-Stein inequality.
Moreover, it is possible to show that the norms (3.6) and (3.10) are in fact equivalent after this
replacement. We will skip the proof of this fact, since it is not used elsewhere in this article.

Remark 3.5. For g < oo, we can perform integration in (3.6) to obtain

1/q
Isllige = sup ( > (IQI_“_]/ZISQI)qM(QﬂP)> :
(P) [QI=|P|

Then it is not difficult to see using Proposition 2.10 that we have the equivalence of norms

1 1/q
||s||faqﬁsup( T > (IQI_“_1/2ISQ|)qM(Q)) : (3.11)
Q€T (P)

where 7 (P) is the tent over P.
To confirm these observations we will prove the following lemma.

Lemma 3.6. Suppose i is p4 -doubling measure with a doubling constant . Then, there exists
a constant C > 0 such that for any integer M > 0 and for any f € Fay!

. 1/q
( (P)/ Z (IdetAIJ“If*gaj(X)I)qdu(x)) < Cldet APM/9 flljag . (3.12)
PEQ s j=—scale(P)—M

-
Moreover, for any s € fog!

1/q
sup ( / > (101 sglxo @) du(x)) < C|det APPM/9|s)z00 ,  (3.13)
PEQ HWPYJp b *

where

Tu(P) ={0Q € Q :scale(Q) < scale(P) + M} .

Proof.  The key to proving (3.12) and (3.13) is the observation that the collection of dilated
balls Q in (3.5) and (3.6) can be replaced by the family of dilated balls 5. In fact, a more general
result holds.

Suppose that {F;(x) : j € Z} is a collection of Borel measurable functions on R" with
nonnegative values. Then we claim that we have the equivalence of the norms

Z F(x)d,u(x)vsupM(B)/ Z Fix)dux). (3.14)

—scale(P) —scale(B)

o e )
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Indeed, to prove the lower bound in (3.14) take any B € B. By Lemma 2.9 we know that
Op={P € Q:PNB #, scale(P) = scale(B)}

has at most Cg. Therefore,

M(B)/ Z Fj(x)dp(x) < CoC Y M(P)/ Z Fj(x)du(x)

—scale(B) PeQp j=—scale(P)

since B C UPGQB P and pu(P) < Cu(B) for P € Qp. Conversely, to prove the upper bound
in (3.14) take any P € Q and let

Bo = B, (xp,|P||det A|"CB), By = B, (xp,|P||det A|°B) € B.
Then, by Lemma 2.9

(P / Z Fj(x) dp(x) < |det APPCE ——— Fj(x) dp(x)

(Bl) B j—fscale(Bl)

Jj=—scale(P)
since i(B1) < | det A|*PCB 1 (By) < |det A|*PCB 11 (P), which proves (3.14).

Take any P € Q, and define the ball B, = B, (xp, |det A(M+CB|P|) € B, where M > 0.
Then, using (3.14)

M(P)/ Z Fj(e) dpu(x) < C—— Fj() dpu(x)

—scale(P)—M 1(B1) B ]——scale(Bl) M

oo
< Cldet AIPM Y. Fidulx) (3.15)
(BZ) By j=— scale(Bz)

f Z Fj(0)dp(x)

j=-—scale(Q)

where the constant C is independent of M.

Hence, choosing F;(x) = (| det A7 f @)D, (3.14) yields

< Cldet AIPM sup
0eQ n(Q)

1/q
||f||Faq(RnAM)vsp<M(B)/ Z (Idet AVE|f 5 @ (x)])* du(x)) . (3.16)

—scale(B)
Moreover, (3.15) yields (3.12).
Likewise, choosing F; (x) = (ZQEQ, scale(Q)=—j [0 %Isolxo(x))4, (3.14) yields

scale(P)

1/q
||s||fgéq(A,,L):PeQ(M(P) / Z > (|Q|—°‘|sQ|xQ(x>)"du<x>>

—00 QeQ, scale(Q)=j

1/q
= Fi(x)d
peo (M(P)f %e(,,) o (x))
(3.17)
( / Z Fj(x)dp( >)]/q
= sup x)dp(x
BeQ M(B) j=—scale(B)
1/q
= zug( > (101 %Isolxo ()’ dM(x)> :

Q €Q, scale(Q)<scale(B)
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Moreover, a direct calculation shows that (3.15) yields (3.13). L]

3.2. Wavelet transforms for ¥, (R", A, 11)

Our next goal is to establish boundedness of ¢-transforms for Triebel-Lizorkin spaces for
the entire range of parameters « € R, 0 < p, g < oo including the special case of p = co. As a
consequence of this result we will deduce two other fundamental results:

—~The definition of F};? spaces is independent of the choice of a test function ¢;

—the completeness of F%’q spaces.

Definition 3.7. Suppose that ¢, ¥ € S(R") are such that supp @, supp ¥ are compact and
bounded away from the origin. Recall that the ¢-transform S, often called the analysis transform,
is the map taking each f € S//P to the sequence S, f = {(Sy f)o}oeo defined by (S, o =
(f, 90). Here, we follow the convention (f, ¢) = f (@) for f € §' and ¢ € S. The inverse ¢-
transform, Ty, often called the synthesis transform, is the map taking the sequence s = {sp}pcQ

to T,/,S = ZQEQ SQI//Q.
To see that Ty, is well-defined for any s € f,'?, we will prove the following lemma.

Lemma3.8. Supposethata € R,0 < p,q < o0, W is pa-doubling measure, and r € Sp(R"),
where So(R™) is given by (2.12). Then for any s € fg’q(A, w), Tys = ZQeQ soV¥o converges
in 8'/P. Moreover, the synthesis transform Ty, : fg’q(A, w) — S’ /P is continuous.

Proof. Take any ¢ € Sp(R"™). We will use the following elementary estimate: For any L > 0
there exist constants N, C > 0 such that

W)‘me('@ L
max(|P|, Q) [Pl QI

(Yo, ¢p)l = C|W’||N||¢HN(1 + ) forall Q,P e Q. (3.18)

Here, the constant C depends only on L > 0 and [|§[|n = sup,cpn Supj,, <y (1 + IxDN 87 ¢ (x)|
is a norm in S(R"™). The estimate (3.18) can be proved directly using decay, smoothness, and
vanishing moments of ¢, ¥ € So(R"). Alternatively, (3.18) follows immediately from the almost
diagonal estimates established in [5]. Indeed, modulo a multiplicative constant ¢ > O the wavelet
systems {{rg/c}pecg and {¢pp/c}pcgo form families of smooth analysis and synthesis molecules
in the sense of Definition 5.1 of arbitrary smoothness, decay, and number of vanishing moments.
Moreover, the constant ¢ > 0 depends linearly on the norms || ||y and ||@|| y for some sufficiently
large N. Consequently, by [5, Lemma 5.1] the matrix {{}/g, #p)} g, pcg is almost diagonal on

4 for every range of parameters o’ € R, 0 < p’, ¢’ < oo. A quick inspection of almost
dp iagonal condition, see Definition 4.1, yields (3.18).

Take any s € f,,’q(A, w). By (3.4) we have for 0 < p < oo,
Isol < IIslljzal QI°F12(@)"VP forall Qe Q.

Likewise, by (3.6) we have for p = oo,

a+1/2

Isol < lls|ljee| Q] forall Qe Q.

Applying (3.18) for P = [0, 1]" yields

palxg) L _I\L
|<¢Qv¢>|§c||¢||N<l+m> min (|01, Q|7") for QeQ,
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where the constant C is independent of ¢ and Q. Combining the above estimates with Lemma
2.11 yields

Y Isoll(Wo, ¢)l
0eQ
£0,q at1/2 s -k M(Q)_l/p
< Cliglinlisllzze D >~ 101" min (101, Q] )(HPA(XQ)/MX(HQD)L

J€Z scale(Q)=j

< C||¢||N||s||f;’q Z | detA|j(a+1/2)+|j\(2ﬂ/P+1)—\j\L < C||¢||N||S||f'g"i
JEZL

for sufficiently large L > 0. Hence, the series Ty s = 3 5.0 5oV converges in S’/P. That is,
if we define Ty s by

(Tys, p) = Z so(Vo,#)  forall ¢ e So(R"),
QeQ

then we have
(Tys, $)| < Cliglinllsllgms  forall ¢ € So(R") .
This shows the continuity of 7 and completes the proof of the lemma. L]

Definition 3.9.  Given asequence s = {sp}o and r, A > 0, define its majorant sequence s, =
{(S:)L) 0 } 0 by

1/r
(s;ksk)Q=< > |SP|r/(1+|Q|_1PA(XQ_XP)))L> :
PeQ. |P|=IQ

Clearly, we always have [sg| < (S;k,A)Q forany Q € Q.

In order to prove the boundedness of S, and T, we need the following two lemmas which
are generalizations of their dyadic analogues shown by Frazier and Jawerth [20]. Lemma 3.10 was
already shown in [5] when p < oo and du = wdx with w € Ay. The proofs of Lemmas 3.10

and 3.11 can be found in Section 8.

Lemma 3.10. Supposea € R,0 < p, g < o0, and i is p4-doubling measure with a constant
B. Then for anyr > 0 and A > Bmax(l,r/q,r/p), there is a constant C > 0 such that

stz < (57 lj0 a0 < Cllsligaca,,y — forall s ={solo.

Lemma 3.11. Suppose ¢ € S(R") is such that supp ¢ is compact and bounded away from
the origin. For any f € 8'/P and y € N define the sequences sup(f) = {supy(f)}geg and

inf(f) = {inf o (f)}gecg by setting
sup o(f) = 1012 sup [¢; % £ ()]
yeQ
inf o(f) = 101" sup | inf |6+ £ ()] : scale(P) = scale(Q) —y. PN Q # o},

where j = —scale(Q) and Q € Q.
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Suppose thato € R and 0 < p, g < oco. Then for sufficiently large y we have

L es e a @) = 1SUPCOIlaca ) = IHECH a4 4 (3.19)

with constants independent of f.

We are now ready to prove the anisotropic version of the fundamental wavelet transform
boundedness result of Frazier and Jawerth [20]. In the case of p < oo and du = wdx with
w € A, Theorem 3.12 was already shown in [5] and it remains to prove the case when u is
a pa-general doubling measure or p = co. However, we will take a slightly different approach
than in [5] to accommodate the special case of p = 0o. One should add that our argument works
without any changes also when ¢ = o0; this case was inadvertently claimed without the proof
in [5]. In fact, a result such as Lemma 3.8 is needed there, since sequences with finite support are
not dense in fj'? when p = 0o or g =

Theorem 3.12. Suppose that o € R, 0 < p,q < oo, and j is a pa-doubling measure.
Assume that ¢, € S(R") are such that supp ¢, supp V are compact and bounded away from
the origin. Then the operators S, : ¥/ (R", A, u)(¢) — £5'7(A, w) and Ty : £59(A, p) —
F;’q(R”, A, n)(¢) are bounded, ¢(x) = ¢(—x). In addition, if ¢, { satisty (2.7), (2.8) then
Ty o S, is the identity on Fy (R", A, w)(p) = Fy I (R", A, n)(§).

Proof.  To prove the boundedness of Ty, take any s = {sp}o € £/ (A, 1). We will show
that f = Tys = ), so¥o converges in F;;? and we have the bound 1Ty sllga < Clis|ljea.

By Lemma 3.8, the series f = ) o So¥ converges in S '/P. Therefore, the following estimate
established in [5, Theorem 3.5] holds for any A > 1

i=j+M

Ifre@I<C Yo Y (sfi) ko),

i=j—M scale(Q)=—i
where M is the smallest integer such that
supp@ﬂsupp@:@ for |i—j|>M.

Consequently, by choosing A > g max(1, 1/g, 1/p), Lemma 3.10 yields the required bound in
the case p < oo by exactly the same argument as in [5, Theorem 3.5]. To deal with the case
p = 0o, take any P € Q. Applying (3.13) and Lemma 3.10 with A > S max(1, 1/q), yields

M(P)f Z (Idet AVIf % ¢ ()) dpu(x)

—scale(P)
o i=jAM .
< (P)/ Z (IdetA|/oz Z Z (ST,A)QXQ()()) dp(x)
w j=—scale(P) i=j—M scale(Q)=—i

=€ M(P) / Z Yo (1detAP®|(sf,) ol 7o) dpet)

—scale(P) scale(Q)=—j+I

e Z jderate— [ (1017 (57) o | 70 () dpe(x)

QeQ, scale(Q)<scale(P)+l
< C|detA|M<'“'+ﬁ> [ Lo < C'lls e -



402 Marcin Bownik

Taking the supremum over all P € Q shows ||Ty sz < C'||s|jea forall s € £,

_ The boundedness of S, follows immediately from Lemma 3.11. Indeed, suppose that f €
FL4R™, A, 1) (@) and Q = A/ ([0, 11" + k), j € Z, k € Z". Then

1(Se ol = 1{f, 00)l = 101"2(@; * f)(x0)| < supo(f),

and it suffices to invoke (3.19). We remark here that the boundedness of S, in the case p < oo
can be shown more directly without the use of Lemma 3.11, see [5]. However, in the case p = oo
this lemma is indispensable.

Finally, if we assume additionally that ¢ and  satisfy (2.7) and (2.8), then by Lemma 2.14,
Ty o S, is the identity on F;?. More precisely, Fj/(R", A, ) (¢) — Fy9(R", A, w)(p) is a
bounded inclusion. Hence, by reversing the roles of ¢ and ¢ we have

FOURY, A, w) (@) = Fyd (R, A, 1) (@) ,

which completes the proof of Theorem 3.12. L]

3.3. Completeness of F%’q (R", A, 1) and canonical representatives in S’

As a corollary of Theorem 3.12 we obtain that the definition of FZ’q spaces is independent
of ¢ € §. The proof of Corollary 3.13 is identical as the proof of the same result in the range
0 < p < oo, see [5, Corollary 3.7].

Corollary 3.13. Suppose thata € R, 0 < p,q < 00, and u is ps-doubling measure. Then
the space Fg’q is well-defined in the sense that, for any ¢' and ? satisfying (3.2) and (3.3), their

associated quasi-norms in Fg’q R™, A, ) ((pi ), i = 1,2, are equivalent, i.e., there exist constants
C1, Cy > 0 such that

C1||f||F‘;~‘1(Rn,A,H)(¢I) = ||f||F‘;-q(Rn,A,,L)(¢2) =< C2||f”F‘;"’(R",A,u)(<pl) . (3.20)

Finally, Theorem 3.12 also yields the completeness of F‘;’q (R"*, A, ) spaces.

Corollary 3.14.' Suppose thata € R, 0 < p,q < 00, and  is pa-doubling measure. The
inclusion mapi : FZ‘q = Fg’q(R”, A, n) < 8’/P is continuous. Moreover, Fg’q equipped with
] - ||1;-<;,q is a complete quasi-normed space.

Proof.  Suppose that  and  satisfy (2.7) and (2.8). By Lemma 3.8 themap Ty, : £, — S'/P
is continuous and by Theorem 3.12 the map S, : Fg’q — fg’q is also continuous. Hence, by
Lemma2.14,i =Ty 0 S, : F%’q — &'/P is a continuous inclusion.

Once the continuity of the inclusion map i is established, the completeness of Fz’q R", A, )
follows by a standard argument using Fatou’s Lemma. L]

Note that the proof of Corollary 3.14 is much less involved than that of the corresponding
result in [5]. This is because the current proof relies on Lemma 3.8 and it is a consequence of the
main Theorem 3.12. In [5] the completeness of F‘;,’q spaces was established before and in fact it
was used in the proof of Theorem 3.12.

When studying smooth molecular decompositions we will need the following result borrowed
from [5, 20], which resolves all sorts of issues caused by the fact the elements of F‘;,’q are
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equivalence classes of tempered distributions S’/P. Proposition 3.15 guarantees the existence of
canonical representatives of elements in F%’q modulo polynomials of degree < L = |« /¢{—].

Proposition 3.15. Suppose thata € R, 0 < p,q < oo, and I is a pa-doubling measure.

Let f € F‘;’q(R”, A, ). For any ¢' € S(R") such that supp ¢! is compact and bounded
away from the origin, and (2.13) holds, there exists a sequence of polynomials {Pk1 Yoo with

deg Pk1 < L = |a/¢—] such that

g! = lim ( > ((pl)j * f + P,3> (3.21)

k— 00 :
j=—k

exists in 8}’\. Moreover, if g2 is the corresponding limit in (3.21) for some other <p2 € S(R") such
that supp @2 is compact and bounded away from the origin, and (2.13) holds, then

gl —g*eP and deg (g1 — gz) <L. (3.22)

Proof. Thekey estimate in the proof of Proposition 3.15 is that for any j < 0 and a multi-index
y we have

107 () * £) @) ,
J (Iylf——a) .
xsglgl TR < C|det A/ \IVIS-—« ||f||F%’q(Rn,A,;L) . (3.23)

In the case p < o0, (3.23) is shown exactly in the same way as [5, Proposition 3.8] using [3,
Corollary 3.2], which is an improved version of [5, Corollary 3.1], valid in the setting of p4-
doubling measures. However, in the case p = oo we need a minor modification of our argument.
Using the same arguments as in [5] for any j < 0 and M € N we have

sup [[87((¢'); * f)[ o < Cldet AP sup [[(87¢"), + f)]
lyl=M ly|l=M

< Cldet AV M9 sup || £ |0 g
lyl=M

< Cldet AN fllggo < Cldet AP £l

A1) p1)

where in the last step we used [4, Corollary 3.7]. This shows that the crucial estimate (3.23)
holds also for p = 0o and the rest of the proof is identical as in [5, Proposition 3.8] and hence it
is skipped. L]

As a corollary of Lemma 2.14 and Proposition 3.15, we have the following.

Corollary 3.16. Let f € F,;(R", A, ). For any admissible pair of dual frame wavelets
(¢!, ¥, there exists a sequence of polynomials {Pk1 Yo, with deg Pk1 <L = |a/¢—], such that

k— o0
Qe€Q, |det A|7F<|Q|<| det A[¥

gl = lim < > (£ (@) )" + P,j) (3.24)

exists inS’. Moreover, if g* is the corresponding limit in (3.24) for some other such pair (¢?, ¥?),
then (3.22) holds.
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4. Almost diagonal operators

In this section we probe the boundedness of almost diagonal operators on f'f,"q (A, n). Almost
diagonal operators were introduced in the dyadic case by Frazier and Jawerth [20] with the aim
of proving boundedness results for operators in F%’q spaces. That is, one can always translate a
problem of a boundedness of an operator on F"‘;’q to the equivalent problem in the corresponding

wavelet domain t"g’q by using Theorem 3.12. Since operators on sequence spaces are in general
more tractable, this approach results in greater simplicity.

We start by recalling the definition of almost diagonal operators in the setting of expansive
dilations. Since we deal with a more general situation than in [5] it is compulsory to adjust the
definition of the decay parameter J which depends on the doubling constant of w instead of the
regularity of a weight w € Ax.

Definition 4.1. Suppose ¢ € R, 0 < p,q < oo, and u is a pa-doubling measure. Let
J = Bmax(l,1/p, 1/q). We say that an operator A, with an associated matrix {agp}p pecQ,
where agp = (Ae?) g, is an almost diagonal operator on t"f,"q(A, ), if there exists an € > 0
such that,

sup lagpl/kgp(€) < o0 “.1)
0.PeQ

where
|Q| 0[-‘1-1/2( pA(xQ_xP))—J—e . |:<|Q|>€ (|P|)J+éi|
= (= 14 £AC0 TR =) (= :
“or(© <|P|) T max( Pl 10D e AN 0]

Theorem 4.2.  Supposea € R,0 < p < 00,0 < g < 00, and p is a pa-doubling measure.
An almost diagonal operator A is bounded as a linear operator onf,? (A, ).

Proof. By a standard rescaling argument it suffices to prove Theorem 4.2 in the case « = 0,
see [5, Theorem 4.1].

First, we consider the case min(p, g) > 1, which implies that / = § in Definition 4.1. In
addition we also assume that p < oo. Let .4 be an almost diagonal operator on fg’q with matrix
{agp}o,p satisfying condition (4.1). We write A = Ay + A, with

(.A()S)Q = Z agpsp and (Als)Q = Z agpsp
PeQ, |P|=|0] PeQ, |P|<|Q]

fors = {sp}p € fg’q. For Q € Q, scale(Q) = j,and x € Q, we have

|P| —1/24J+e€ Isp
(Aol <C Y kop@lspl =C Y o _
2] (14121 paCxp — x0))
PI<IQ] 1PI<lQ pa(xp — xg
=) (= Isp|
=CZ|detA|(’ D(=1/2+B+e) Z
_ BT
i<j scale(P)=i (l+|Q| lpA(xP_xQ)) ¢
T VGl (I Speem 1
i<j scale(P)=i

using Lemma 8.1 witha =r = 1 and A = B + €. Hence, we have

- q
Z ‘(AIS)Q)ZQ‘q§C<Z|detA|(’_~/)eMpA< Z ’SP)ZPD)

scale(Q)=j i<j scale(P)=i
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Therefore, by Minkowski’s inequality for £9 spaces

||-A1S||fg,q < CH(Z (Z'detA|i€MpA< Z |SP)?P|))‘1>1/61

Jje€Z ~i<0 scale(P)=j—i LP ()
a\ /4

S (P CAIGP SR D

Je€zZ scale(P)= LP (1)
By Theorem 2.8 we conclude that
p 1/q
I Aisljoq < CH (Z |sp%p| ) = Clslljoa -

g P LP(w) b

To show the corresponding estimate for Ay, we apply the same argument as for .4 using the con-
dition
10|

1/2+€ 5
— —p—€
kop(€) < C(m) (1 + 1P palxp —XQ)) .

Therefore, both A and A; are bounded on f'g’q and, hence, A is also bounded when p < oco.

The case min(p, g) < 1 can be shown in two ways. One can estimate ||Asllf0,q directly
P

using Lemma 8.1 for appropriate choices of parameters a, r, A as in the proof of Lemma 3.10.
Alternatively, the case r = min(p, g) < 1 canbereducedtothecaser > 1asin[20, Theorem 3.3]
and [5, Theorem 4.1]. For the sake of completeness we recall this argument.

We observe that A = {agp}o,p is almost diagonal on i"o’q, i.e., (4.1) holds for some € > 0
if and only if
A =dpply p = {lagel"(QINPDY>Y, ,
is almost diagonal on fg’/qr/r, i.e., (4.1) holds for {aj,p}o, p and € = re. Hence, we can pick
an 7 < r so close to r that the almost diagonal condition (4.1) still holds with » = min(p, gq)
replaced by 7. This means that p/7 > 1, g/r > 1, and that the matrix

5 1o\ /22
A: a = =2
ol (2) .,

satisfies the almost diagonal condition (4.1) on £/

- p/r
J = Bmax(1,7/p,7/q) = B. Indeed, we have

1/2 _ —BF/r—rFe re BF/r+re
lagr| < c<@> (1 4 palo —xp) xP)) min [(@) , (ﬂ) } .
|P| max(|Q|, [P]) |P| 10|

Given s € fy'?, define 1 = {19} by tg = |Q|"/*7/|so|". Then

1/ iy ie aF)
Il = H( > (101" Pisol %) )
/T QEQ

for a smaller value of € than €’ = re, since

17
= lIslljo.q - 4.2)
P

LP/ ()
The equality (4.2) also holds for p = oo, where the localized definition (3.6) is used instead
of (3.4). By the r-inequality, we have

;,'

N\ ) 1/ N _ .
(As)ol < (Zlagp|’|sp|’) = (|Q|’/2—”2§ \égphrm) = (101>~ 2 (Ar) )" .
P P
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Hence, using (4.2) twice

G 1/F
I Asllzoq < | At]l0h s < ClleldE ;= Clislizo
P P

0.q/F = 20./F
frr f/r

since A is bounded on t"g’/q;/ f(A, ), by Theorem 4.2 in the already shown case min(p, g¢) > 1.

Finally, the case p = oo and g > 1 requires a special argument due to localized definition
of t"f,"q spaces. A direct approach is quite complicated since it must involve local estimates as in
the proof of Lemma 3.10 when p = oo. Instead, it is easier to apply the duality argument using
the results established in [4]. By [4, Corollary 3.5], the spaces fgéq (A, n) do not depend on the
choice of p, at least when diu = w dx for some w € A. Hence, without much loss of generality
we can restrict ourselves to the unweighted case. By [4, Corollary 4.5] we have the duality

(t"?’q,)* ~ %7, where 1/g 4 1/g' = 1. Define the transpose of A by A’ = {@pg}g.pco. Since
A is almost diagonal on £7 by the symmetry and J = 1, sois A’ on f? " By the already shown

case A’ is bounded on f“?’q/. Hence, its adjoint operator (A’)* = A is bounded on (f ?’q,)* ~ 29,
Note that the identification (A’)* = A follows from the duality pairing given by the usual scalar
product of sequences indexed by Q. This completes the proof of Theorem 4.2. L]

5. Smooth atomic and molecular decompositions

In this section we extend smooth atomic and molecular decompositions of Frazier and Jaw-
erth [20] to the setting of expansive dilations and doubling measures. The corresponding results
for Ay, weights in the case p < oo were shown in [5] and here we describe the necessary
modifications which are needed for these arguments to work.

We start by recalling the definitions of smooth molecules.
Definition 5.1. Supposea € R,0 < p, g < 00, and u is a p4-doubling measure with doubling
constant 8. Let J/ = Bmax(1,1/p, 1/gq) and N = max(|(J —o — 1)/¢_], —1).

We say that W (x) is a smooth synthesis molecule for F%’q (R", A, u) supported near Q € Q
with scale(Q) = —j and j € Z, if there exist M > J such that

|det A|//2
(1+ pal(x — ijQ))M
| det A|//?
(1+ pa (AT (x — xg)))"x M MT=e)z+/e)"

/xy‘IJQ(x)dxzo for |y| < N. (5.3)

07 [Wo(A™ )] < for |yl <la/c_+1,  (5.1)

[Wox)| < (5.2)

We say that @ o (x) is a smooth analysis molecule for F5 7 (R", A, 1) supported near Q € Q
with scale(Q) = —j and j € Z, if there exists M > J such that

| det A|//2
(1+ palx — Aixg))
| det A|//2
(1+ pa(Aix— xQ)))max(le‘WQ/{:&-M—J) ’

/xVCDQ(x) dx =0 for |y| < |aj¢_]. (5.6)

07 [@o(A77 )]0 < = for [y|<N+1, (5.4)

[Do()]| <

(5.5)
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We say that {®p}pcg is a family of smooth synthesis (analysis) molecules, if each @ is a
smooth synthesis (analysis) molecule supported near Q.

Remark 5.2. Note that the above definition of smooth molecules is identical with [5, Defi-
nition 5.1]. The only exception is the method of determining the decay parameter J, and con-
sequently, the vanishing moment parameter N. Recall from [5] that when w € A, the decay
parameter defined by J = max(1, ro/p, 1/q), where ro = inf{r : w € A,}, coincides with the
decay parameter in the definition of almost diagonal operators in [5, Definition 4.1]. Therefore,
in both situations the decay parameter J originates in the same way.

The key ingredient in proving smooth molecular decompositions is the following lemma,
which is a nonisotropic variant of [20, Corollary B.3].

Lemma 5.3. _ Suppose that {P g} and {Vg}¢ are families of smooth analysis and synthesis
molecules for F},?, respectively. Then the matrix {agp}, given by agp = (Wp, @), is almost
diagonal on ff,"q. More precisely, there exist C > 0 and € > 0, such that

(Wp, Do)| < Ckople)  forall Q,PeQ.

In the setting of nonexpansive dilations and Ao, weights Lemma 5.3 was proved in [5].
In fact, a close inspection of this argument shows that given any J > 1, ¢ € R, and families
of functions {Wgp} and {® g} satisfying (5.1)—(5.6), the matrix {{(Wp, o)}, p satisfies almost
diagonality estimate (4.1) for some € > 0. Therefore, Remark 5.2 shows that Lemma 5.3 holds
in the current setting of p4-doubling measures.

As a consequence of Lemma 5.3 we obtain the following result.
Theorem 5.4 (Smooth Molecular Analysis and Synthesis).  Suppose that A is an expansive
matrix, « € R, 0 < p,q < 00, and i is a ps-doubling measure. Then there exists a constant

C > 0, such that:

(i) If{¥g}g is a family of smooth synthesis molecules for Fg’q (R™, A, ), then
‘ Z soW¥o

0eQ
(i) If{®g}¢ is a family of smooth analysis molecules, then

, = Clisllgga forall s ={so}o € f59(A, 1) .

O,
Fp

I(f, @o)ollms < Cllflljas  forall feFyI®R", A, u).

The proof of Theorem 5.4 follows along the lines of the corresponding results in [5] with the
use of Lemma 5.3. The biggest technical difficulty in the proof of the above theorem is to justify
the meaningfulness of the pairing ( f, o) since f € F%’q is an equivalence class in S’/P, and
® o may not even belong to S. However, the usual pairing procedure as in [5, Lemma 5.7] works.

Lemma 5.5. Suppose that f € F‘;’,’q(R", A, ) and ® g is a smooth analysis molecule for
F,9(R", A, ) supported near Q € Q. Then for any ¢, ¥ € S(R") satisfying (2.7) and (2.8),
the series

(f, o)=Y (@i * V= f. Do)=Y (f op){¥p, Do) (5.7)

JEZ PeQ
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converges absolutely and its value is independent of the choice of ¢ and  satisfying (2.7)
and (2.8).

The proof of Lemma 5.5 is exactly the same as that of [5, Lemma 5.7] and uses Proposi-
tion 3.15 and Corollary 3.16, and hence it is skipped. Finally, we assert that the elements of
F,9([R", A, 1) admit smooth atomic decompositions.

Definition 5.6. A function ag(x) is said to be a smooth atom supported near a cube Q =
A7/([0, 11" + k) € Q if it satisfies

suppag C A~/ ([=80, 1 + 801" + k) , (5.8)
where §p > 0 is some fixed constant, and

07 [ag(A™ )]@)| < 1Q17"*  for |yl <K, (5.9)

/xVaQ(x)dx=0 for |y| <N, (5.10)
Rn

where N > N is the same as in Definition 5.1 and K > max(la/¢—] + 1, 0). Recall that
N =max(|(J —a —1)/¢—],—1) where J = Bmax(l,1/p,1/q).

We say that {ag}pcg is a family of smooth atoms, if each function a is a smooth atom supported
near Q.

Theorem 5.7 (Smooth Atomic Decomposition).  Suppose that A is an expansive matrix,
@ €R,0 < p,q <00, and u is a pa-doubling measure. For any f & ¥, ? there exists a family
of smooth atoms {ap} and a sequence of coefficients s = {sg} € ff,"q, such that,

f=7 soag. and lslzs < Clfllgea . (5.11)
eQ

where the above series converges unconditionally in FZ’q. Conversely, for any family of smooth
atoms {ag},

” ZsQaQH , = Clislljza - (5.12)
0

Fy

The proof of Theorem 5.7 uses Theorems 3.12 and 5.4 and is a verbatim copy of the corre-
sponding result in [5]. Hence, it is skipped.

Remark 5.8. At this point, it should be clear that the theory of anisotropic Triebel-Lizorkin
spaces introduced in [5] extends to the setting of doubling measures. In particular, the results
for inhomogeneous Triebel-Lizorkin spaces can be deduced from the corresponding results for
homogeneous F‘;‘,’q spaces by the same arguments as in [5, 20]. Moreover, we conjecture that
the results in the inhomogeneous case are valid under a weaker hypothesis of local doubling, i.e.,
(2.3) holds only for r < 1. Indeed, Rychkov [30] extended several results on inhomogeneous
Triebel-Lizorkin and Besov spaces to the weighted (but isotropic) setting for the class of local
Muckenhoupt weights A};’C. Hence, it seems very plausible that similar results can be obtained
in the nonisotropic setting. However, we will not pursue this direction here.
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Remark 5.9. Despite certain gain of generality of this work compared to its predecessor [5],
one should emphasize that the results obtained here and there have some fundamental differences.
For example, the decay and vanishing moment parameters in the definition of smooth molecules
depend on the doubling constant of a measure p instead of the regularity of a weight w € A
as in [5]. Consequently, the results of [5] have better quantitative characteristics than the ones
obtained here as long as we stay in the realm of A, weights. This is a prize to be paid by studying
Triebel-Lizorkin spaces with doubling measures instead of A, weights.

6. Nonsmooth atomic decompositions of Fi‘,’q spacesfor0 < p <1

The goal of this section is to establish a more traditional type of atomic decomposition of
Fg’q spaces than Theorem 5.7, where the coefficients in atomic decompositions are controlled by
the €7 norms rather than more cumbersome fg’q norms. Obviously, there is a prize to pay for this.
One must restrict the range to 0 < p < 1 and allow less regular atoms in our decompositions.

We will follow a more direct approach to nonsmooth atomic decompositions as described
by Grafakos [24] instead of a slightly roundabout approach via real interpolation by Frazier and
Jawerth [20, Section 7]. Naturally, we will work on the sequence space level and hence we start
by introducing the concept of atoms for t"g’q (A, ) spaces.

Definition 6.1. Suppose thata € R, 0 < p < 00,0 < ¢ < oo, and p is a ps-doubling
measure. We_say that a sequence r = {rg}¢ is a pj-atom for fg’q(A, uw), where p < p1 < oo, if
there exists Q € Q such that

ro=0 if scale(Q) > scale(Q)or |QNQ|=0, 6.1)
|G o1y = 1(2)77 (6.2)

where

1/q
G*1(r) = ( > (|P|°‘|rp|>zp)") : 6.3)

PecQ

Remark 6.2. In other words, (6.1) says that the support of an atom r must be located at the
tent 7 (Q) over Q._ That is,_rQ could be nonzero only on the cubes Q_ € Q which have nonzero
intersection with Q, |Q N Q| > 0, and lie at scales at most of scale(Q).

Forany p < p1 < p2 < oo, every pp-atom r for f5,' is also a pj-atom modulo a multi-
plicative constant ¢ independent of r, i.e., cr is a p1-atom for f'g’q. To see this, it suffices to use
Holder’s inequality, and observe that the support of G% 9 (r) is contained in a dilated ball B with
scale(B) controlled by scale(Q) due to Lemma 2.9. Hence, we will work mostly with co-atoms
r, which satisfy

|6%4 )| < 1(0)~7. (6.4)

Note that we adopt a slightly more restrictive definition of co-atoms than the original approach
of Frazier and Jawerth [20] by following [24, Section 6.6.c]. Indeed, (6.4) is replaced in [20] by

1Fllges < u(Q) ™7

The following concept of order between cubes, introduced by the author in [2], plays an
important role in our arguments.
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Definition 6.3. 'We say thata cube Q € Q is stacked below the cube P € Q, and write Q < P,
if there is a chain of cubes Q = Qg, Q1, ..., Qs = P € Q such that

scale(Q;) < scale(Q;+1) and |QiNQit1] >0 forall i=0,...,s—1.
The relation < induces a partial order in Q.

Remark 6.4. Suppose that Q' is a subfamily of Q. Let max(Q’) be the set of maximal elements
in @ with respect to the relation <. If a subfamily Q' does not contain arbitrary large cubes, i.e.,
supgeg scale(Q) < oo, then for any cube Q € Q' there is always a cube P € max(Q’) with
O < P. In general, a maximal cube P is not unique unless, for example, the dilation A = 2Id
and we work with nicely nested dyadic cubes.

We shall need a simple geometric lemma; for the proof see [2, p. 105].

Lemma 6.5. There is a universal constant n € N such that whenever we have two cubes
Q,P e QwithQ < P = A0, 11" + ko) then

oc |J Ar(l0.11" +k).

[k—kol<n

The main technical result of this section is the following theorem which is a generalization
of a result which can be found in [24, Theorem 6.6.5].

Theorem 6.6. Supposex € R, 0 < p < 00,0 < g < 00, and u is a ps-doubling measure.
Then for any s € £, (A, ), there exists a sequence of scalars {};}, and co-atoms {r;} for f,?
such that

1/p
s=) hjrj, and <Z I/\,-I”> < Clislljza , (6.5)
j j

for some constant C independent of s.

Proof.  Suppose s is an arbitrary element of f‘g’q(A, ). As a preliminary step, we wish to
replace s by its majorant sequence s* = s;'jl, where r > 0 and A > B max(1,r/q,r/p) are the
same as in Lemma 3.10. The advantage of s* over s is that the sequence s* is locally almost
constant within each scale, and yet, it still belongs to fg’q (A, ). This allows us to remedy some
serious difficulties arising from the fact the family of dilated cubes Q is generally not nested.

For j € Z, define a function gj.{’q(s*) by

1/q
gj"‘%s*):( > (|P|—“|s;‘:|zp)")

PeQ, scale(P)>j

For the purposes of the proof, it is useful to insist that P € Q are of the form P = A/ ([0, 1)" +k)
and hence dilated cubes are disjoint (versus having common faces) within each scale. Note that
for every x € R", g?’q(s*)(x) > gj.‘fl (s*)(x), and

lim g‘;*q (s*)x) =0, jlin;o gj.l’q (s%) @) = G*(s*) (x) . (6.6)

J—>00
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Indeed, (6.6) is obvious when 0 < g < 0co. When ¢ = oo, one must use that G*9(s*) € L”(u)
and the fact that

i J ) — i J(r— ny) — n\ _
jll)n;OM(A ([0, 11M)) _jlglgou(A (I-1,11")) = u(R") = o0 , (6.7)
which is a consequence of Proposition 2.10.

For k € Z, we define a family of dilated cubes
QO = {Q € Q: sup g;)[c’zﬁe(Q)(s*)(x) > 2k} .
xeQ

Clearly, Q; C Qj.1, and by (6.6),

Q= {xeR":G¥(s"x) =2 c | 0. (6.8)
QeQ;
Moreover, we claim that there is m € N, independent of k, such that the converse inclusion holds
U ocim. (6.9)
QeQy

Indeed, take any Q € Oy and x = x(Q) € Q such that g‘;’q(s*)(x) > 2k where j = scale(Q).
Then for any Py, P, € Q, scale(P;) = scale(P;) > j,and |P1NQ|, |P,N Q| > 0,by Lemma 6.5
we have

- A
(sp)" = Z spI”(1+ P11~ palxp, — xp))
PeQ, |P|=|P|
- - —x
= Z |SP|r(1+H|P2| 1;OA()CPl —xp,) + H|P| I)OA(XPZ_XP))
PeQ, |P|=|Py|
> sup (H + Hpa(k)) S isel (L IP  pater, —xp)) = c(sh,)
i< PeQ, |PI=|P,|

Here, c is the value of supremum above, and 7 is the same as in Lemma 6.5. Hence,
G*(y) > g?’q (s*)» = cl/rg;l’q (s*) @) > cl/rok 5 gk=m forall ye Q,

—1/r

where m € N is chosen so that 2™ > ¢ , which proves (6.9).

Observe that the definition of family Qy implies that

1/q
|P|7%|s% | 5p(x))? <2 forall xeR". (6.10)
P
PeQ\Qx

Indeed, take any xo € R” and suppose that G (s*)(xg) > 2k; otherwise, the conclusion is
trivial. By (6.6), let jo € Z be the unique integer such that

g?o’q (s*)(xo) > 2% and g?o’il(s*)(xo) <2k
For any scale j € Z, let P; be the unique dilated cube such that scale(P;) = j and xo € P;. Note
that P; € Qi forevery j < jo, and hence

1/q 1/q
(Z 2 (|R,~|‘“|s%_,.|>m<xo>>"> =<Z 2 (|P,~|—a|s;j|xp,.<xo>)q)
JEZ P;jeQ\Qx Jj>jo PjeQ\Qx

< g3 (s%) o) <25,
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which shows (6.10).

Let My = max(Qx \ Qk+1) be the family of maximal cubes in Oy \ Qx4 with respect to
the partial order . We claim that for any cube P € Qi \ Qk41, there is Q € My, such that
P < Q. Indeed, take any Q € O \ Qx+1 with P < Q. Fix xg € P, and let Q" € Q be such that
x0 € Q" and scale(Q’) = scale(Q). Then by Lemma 6.5, u(Q’) < cu(Q), where c is the same
constant as in Proposition 2.10(a). By (6.9), O C 2_,, and consequently,

M(Q/) <cu(Q) < c2m=kp ”Ga,q (s*)”p — pm=kp ||S*H§j o0 .

LP () (A, <

Therefore, by Proposition 2.10(b), scale(Q’) must be bounded from above. Consequently,
sup{scale(Q) : Q € Ok \ Qk+1, P < 0} <00,

which proves the claim.
Let M), be the inflated version of M defined by
M ={P € Q:30 € My, scale(Q) = scale(P), |k —ko| <7,
where P = A/([0,1)" + k), Q = A/([0, )" + ko)} .

Let {Qk.1}ier, be any enumeration of cubes in /\/l;( Lemma 6.5 guarantees that for any P €
Qi \ Qk+1 there is Ok € M;{ such that [P N Q| > 0. Thus, we can inductively define a
partition of the family Oy \ Q41 into subfamilies {Qy ;}; such that

P € Qr; = scale(P) <scale(Q)and [P N Q] >0. (6.11)

Hence, a subfamily O ; consists of a certain portion of cubes in Q \ Qk+1 which have nonzero
intersection with Qy ; and scales lower than scale(Qx ;). Note that it might happen that some
subfamilies Qy ;’s are empty due to the fact that either all cubes in Qy \ Qi1 lying below Oy ;
were assigned to a different subfamily or there were no such cubes in the first place.

By (6.8) and (6.9), {Qx \ Qr+1}keN is a partition of the entire family Q. Consequently,
{Qk.1}kez icL, 1salsoapartition of Q. This partition induces sequences skl = {S];;l}peg by setting

kil {SP PeQyy,

g 0  otherwise .
Obviously,
s= 3k
keZ leLy
By (6.10),

/g
G“’q(sk’l)(x)§< > (|P|—“ys;z|)zp(x))q> <2l forall xeR". (6.12)
PeQi\ Q1

Finally, define atoms {r*}; ; as appropriate normalizations of {s*/}; ;,
k.l —k— —1/p k.l
ryt =275 (0 VRS for PeQ.

To verify that each r* is an co-atom for t"g’q with respect to the cube Qy ; it suffices to use (6.11)
and (6.12),

|65 = 27 Qe ™[ G (") | o = m(Qen ™7
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Clearly,

s = Z Z )\k,lsk’l, where Ax; = ZkHM(QkJ)l/” .
keZ leLy

Note that for each k € Z,

Dou@in= Y w@<ck Y M(Q)ScKpc( U Q>,

leLy QeM; QeMy Q€ \ Q41

where the constant c is the same as in Proposition 2.10(a), and K is the cardinality of Z" N B(0, n).
Therefore, by (6.9),

DO aal? =) 2% N Qr) < ek Y 2% TP (@)

keZ leLy keZ leLg keZ

= cKZ(mH)pl Z kaPM({x : G*1 (s*)(x) > 2kl })
keZ

=< Cfoo p)»pflu({x 1 G*(s*)(x) > A}) dA
0

= Clls™ gy = CMsllgia g -

where the last step follows from Lemma 3.10. This shows (6.5) and completes the proof of
Theorem 6.6. L]

As a corollary, we obtain an atomic characterization of f';f’q-spaces which is a generalization
of [20, Theorem 7.2].

Theorem 6.7. Suppose0 < p <1,p <q < o0, a € R, and p is a ps-doubling measure.
Then for any p < p; < 00,

1/p .
lIsllja = inf{<2|kj|p> is = ijrj and each r is a p-atom for ff,""} . (6.13)
j j

Proof. By Remark 6.2, every co-atom r is also a pj-atom (modulo a multiplicative constant).
Hence, the lower bound for ||s| |fg,q follows immediately from Theorem 6.6. To prove the upper

bound one must use

p p p
s + tllEeg < 11s11Eeq + 12120 -
P P P

which is a consequence of p-triangle inequality and Minkowski’s inequality with exponent ¢/ p.
By Remark 6.2, every p;-atom r is also a p-atom (modulo a multiplicative constant) and hence,
||r||fqu < C. Ifsisasin (6.13), then

P
I11£.g = H S aril = AP, < C Y AP O
4 N th,q " P N
J p J J

Obviously, Theorem 6.7 is most interesting when p; = oo, since it yields atomic decom-
position into the most restrictive class of co-atoms. Hence, we will restrict ourselves to this
case.
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Finally, we define nonsmooth atoms for F‘;’q spaces as conglomerates of smooth atoms for F‘;‘,’q
with coefficients given by atoms for fg’q.

Deﬁnition 6.8. SupposethatO < p < land p < g < co. We say that b is a nonsmooth atom
for F,;7 if b = Y g roag, where r = {ro}geg is an oo-atom for £, for some fixed cube

0 € Q, and each ag is a smooth atom supported near a cube Q.

. N, . . .
Obviously, one can also define nonsmooth atoms for F,  with more general normalizations,

where r = {rg}pecg is a p1-atom for i"g’q, instead of an co-atom and p; > p. As a consequence
of (5.8) and (6.1), observe that there exists a universal constant R > 0 such that

suppb C A~/ ([—R, R1" + k) (6.14)

for any atom b corresponding to @ = A~/ ([0, 1]" 4 k). By Theorem 5.7, every atom b for F;’q
satisfies ||b||F;v),q < C for some universal constant C.

Finally, we can prove nonsmooth atomic decomposition of F‘Ix,’q spaces.

Theorem 6.9. Supposethat0) < p <1,p < g < oo,a € R, and i is a p4-doubling measure.
Then for any f € S'/P,

1/p .
IIfIIF(;.q = inf{(Z |Aj|p> f= ijbj and each bjis a nonsmooth atom for Fp’q} . (6.15)
J J

Proof. The lower bound of || f| |FL;,q is a direct consequence of smooth atomic decomposition

for F, 7 -spaces and Theorem 6.7. Indeed, for any f € ¥, find its decomposition f = Y sgag
into smooth atoms {a¢} and group them according to atomic decomposition of s = {sg} € fg’q.

TO prOVe the upper bOllIld one must use
/ g 0, q S LG 8 LG

which is a consequence of p-triangle inequality and Minkowski’s inequality with exponent g/ p.
Since every (nonsmooth) atom b for ¥, ? satisfies [Ibllgea < C. the upper bound of || f||jea

follows immediately. L

In the next section we explore the connections between atomic decompositions of Hardy
spaces and Theorem 6.9.

7. Identification with anisotropic Hardy spaces

The goal of this section is to identify unweighted F?,’z(A, R"™) spaces with the (real) Hardy
spaces H X for 0 < p < oo in the context of expansive dilations A. The corresponding isotropic
result is well known and boils down to the square function characterization of Hardy spaces, e.g.,
[24, Theorem 6.4.15].

For various equivalent ways of introducing the usual isotropic Hardy spaces on R"” we refer
to [16, 31]. In the context of expansive dilations A, anisotropic Hardy space H ;'; R™) were
studied by the author [2]. There are several equivalent definitions of Hardy spaces using maximal
functions or atomic decompositions. Theorem 7.1 establishes the square function characterization
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stated informally as
1/2
feH(R") < S(f) = (kaj *f|2> eL”,
JEL
where ¢ € S satisfies (3.2) and (3.3).

Theorem 7.1.  Suppose that A is an expansive dilation and ¢ € S(R") satisfies

supp@ C [—m, 7"\ {0}  and Z|¢3((A*)j$)|2=1 forall €#0. (7.1)
JezZ

Then H/’;(R”) = FS’Z(R", A) for all0 < p < oo. More precisely, any [ € F?f c 8'/Pis
identified with its canonical representative

= (f 000
0eQ

where the series converges in S’ and we have

1Al = \If g2 forall fes'. (7.2)

Proof. The condition (7.1) assures that ¢ is a tight frame wavelet associated with A with all
vanishing moments. Hence, by [2, Lemma 6.3 and Theorem 6.7 in Ch. 2] for 0 < p < 1 and [2,
Lemma 6.10 and Theorem 6.13 in Ch. 2] for 1 < p < o0, the following diagram commutes and
the maps S, and T, are bounded

¢0,2

i92(4)

S Ty . (7.3)
1d
Hy(R") B Hy(R")

Here, S, and T, are the usual analysis and synthesis transform. Moreover, for any s € f'g’z(A),
the series Ty,s = ZQ c0 S0® converges unconditionally in H /[; (R") and hence in &’. On the
other hand, Theorem 3.12 shows that we a similar commutative diagram

¢0,2
i92(4)

Sy Ty . (7.4)

FO2R", A) 1d FO2R", A) .
A priori, Theorem 3.12 says that Tys € F(,),’z and hence it is an element of S&’/P. Since the
sequence space is the same in both cases, T,,s can be identified with a specific element of H f\’ and

hence &’ by (7.3). Combining diagrams (7.3) and (7.4) shows (7.2). L]

As an immediate corollary of Theorems 3.12 and 7.1 we have the following.
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Corollary 7.2. Suppose that0 < p < oo and ¢ € S satisfies (3.2) and (3.3). Then for any
f €&, there exists a unique polynomial P € P such that

1/2
I = Pllgr = H(Zm * f|2)

JEZL

(7.5)

Lp

Note that the square function S( f) on right-hand side of (7.5) does not “detect” polynomials,
ie., S(f) = S(f — P). Hence, an appropriate representative in the equivalence class of f in
&’ /P must be chosen to yield a valid member f — P of the Hardy space H /‘Z .

Finally, we are ready to discuss Theorem 6.9 in the setting of Hardy spaces. Letb = )" rpag

be any nonsmooth atom for F%Z, 0 < p < 1, supported around cube Q. Then for any 1 < py <
OO,

AL/ p1i—=1/p
6]l Lro = IIbIIF%Oz < C||r||f262 < C|0| -

By (6.14) the support of b is contained in enlarged copy of Q. Since the series b = 3 roag
converges in F(I),’lz = LP! norm, the vanishing moments of ag’s are inherited by b, i.e.,

/ xVb(x)dx =0 for |y| <N,

where N > N = max([(J — 1)/¢-],—1) = [(1/p — 1)/¢—]. Hence, up to a multiplicative
constant, a nonsmooth atom b for F(,),’z is a (p, p1, N)-atom in the setting of anisotropic Hardy
spaces, see [2, Definition 4.1]. Therefore, Theorem 6.9 yields the atomic decomposition of H 5
spaces into LP!-atoms for 1 < p; < oo. Furthermore, when p; = oo, Theorem 6.9 yields the
atomic decomposition into “BMO-atoms” instead of more familiar L°°-atoms, see [20, Section 7].

8. Proofs of auxiliary results

8.1. Proof of Lemma 3.10

To prove Lemma 3.10 we need two auxiliary lemmas. Lemma 8.1 is a generalization of [5,
Lemma 6.2] for maximal functions associated with p4-doubling measures. Lemma 8.2 is a
geometric result on the family of dilated cubes Q.

Lemma 8.1. Suppose 0 < a <r < oo, A > Br/a, and i, j € Z. Then for any sequence
s = {sp}p and for each cube Q € Q withscale(Q) = j we have

A(-x _ XP) A 1/r
< Z |SP|r/<1+'OQ—> ) @1
scale(P)=i max(| P, | Q)
. 1/a
< C|det A|U—)+Bla (Mm( )3 |SP|aXP>(X)) forall xc0.
scale(P)=i

where the constant C depends only on A — fr/a. In particular, ifi = j, then

a\ 1/a
Z (S;fx)QXQSC<MpA( Z ISQI)ZQ>) 8.2)

scale(Q)=j scale(Q)=j



Anisotropic Triebel-Lizorkin Spaces with Doubling Measures 417
with the same constant C.
Proof. Fix Q € Q with scale(Q) = j. Consider the first case when i > j. Define

Ag={P € Q:scale(P) =i and pa(xg —xp)/|P| <1},
Ax={P e Q:scale(P)=i and |detA[""' < pa(xg —xp)/IP| < |det A}  k>1.

Then
3 lspl” < Cldet AT 37 [sp| < C|detA|‘“< > lsel )’/”
PeA; (1+ palxg —xp)/IPD* PeAy PeA
= C|det A|” “(/ Z et pyxrd M)r/a,
PeA;
where

J P cB:=B,,(xg.2H|det A|*) .
PeAy

Since p is p4-doubling
1(B) < Cldet AP*u(P)  forany P e Ay, k>0.

Hence, by the definition of the maximal operator, we have

r/a

lsp|”
> < Cldet A|~1HHPr/ ) > Iselxpdu

Pea, (14 palxg —xp)/IPD* — B pen,
r/a
|SP|aXP)(x)>

< C|det A|~kO—Br/@ (M,,A

/—\

scale(P)=i

foranyx € Q C B. Summing over k > 0, yields (8.1).

In the second case i < j, we redefine A;’s by

Ag={P e Q:scale(P) =i and pa(xg —xp)/|0| <1},
Ar={P e Q:scale(P)=i and |detA[*"' < pa(xg —xp)/IQ] < |detAI}  k>1.

Then, as before

r/a
lsp|” — kB (k 1

> < C|det A|~R+HPUF=Dr/a > Isel“xe

— A=
5 (L pateg —xp)/10)) u(B) B i

o r/a

sC|detA|<f—'>ﬁ’/“—k“—ﬂ”“>(MpA( > |sp|“xP)<x)>
scale(P)=i

for any x € Q C B. Here, we used that

U P € B:= By, (x0.2H| det A}
PeAy
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and
/L([?) < C| detA|’3(k+j_i)u(P) forany P € Ax, k>0.
Summing over k > 0, yields (8.1).
To see (8.2), multiply both sides of (8.1) by x ¢, and sumover all Q € Q withscale(Q) = j,

Yo (sh)oie=C Y] (MpA< > |SPI)?P>a)1/aXQ

scale(Q)=j scale(Q)=j scale(P)=j
a\ 1/a
= C<MpA< > |sp|xp> ) :
scale(P)=j
since {Q € Q : scale(Q) = j} is a partition of R". L]

Len~lma 8.2. Suppose that P = AN([0, 11" + ko) € Q, where jo € Z, ko € Z". Whenever
0, 0 € Q satisty

j = scale(Q) = scale(Q) < scale(P) = jo (8.3)
and
ONP +0, ON(P+AMk)#£9  forsome keZ", patk) > K, (8.4)

then we have

| det A|2~/ p4 (k)

i (8.5)

101 palxo — xX5) =
Moreover, the constant K > 0 is independent of the choice of P, Q, and Q

Proof. Let K = 2H SUp ey pa(y), where U = 2(Uy — Up) and Uy = U,SO Al([O, 17M).
Sjnce Up, and hence U, are compact we have K < oco. Take any Q = AJ([0, 11" + k1) and
0 =A([0, 11" + kp), j < joand k1, ko € Z", satisfying (8.3) and (8.4). Since

ATTR([0, 11" + k1) N ([0, 11" + ko) # 8, AT0([0, 11" + k) N ([0, 11" + ko + k) # @
we have
Ajijokl—kero—Uo, Ajijokz—k()—ker—Uo.

Hence, A7~/ (k; — ko) + k € U. Thus,

. . k
pA(AT K = ) = (1/H)pah) = sup pa(y) = (1/H)pa(h) = K /H) = p?z({) ’
ye
since pa (k) > K. This shows (8.5), since | Q| ™" pa(xg — x5) = pa(ki — k2). U

Proof of Lemma 3.10.  The case p < oo is a consequence of Lemma 8.1. Indeed, take
any r > 0 and A > Bmax(l,r/q,r/p). If r < min(g, p), then we set a = r. Otherwise, if
r > min(g, p), then take a such that Br/A < a < min(r, g, p). It is possible to choose such an
a, since A > Bmax(l,r/q, r/p) implies fr/A < min(r, g, p). In both cases we have that

O<a<r<oo, A>pPrfa, ql/a>1, pla>1.
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Therefore, (8.2) in Lemma 8.1 yields

<Z (M"A< 2 |Q|—°‘|sQ|>zQ>”>q/“>a/q

Jez |Ql=det A~/

1/a

“srA”f“‘f(A W = C‘

Lplau)

Since g/a > 1 and p/a > 1, by the Fefferman-Stein vector-valued maximal inequality we can
remove M, from the above estimate (by increasing a constant C) to obtain

”erHf‘“f(A W = C”S”f‘“’(A D

Next, we consider the case p = oo. Without any loss we can also assume that 0 < g < oo,
since the proof of the case p = ¢ = oo is immediate.

_Take any r > 0 and 2 > Bmax(l, r/q). Fix a dilated cube P = AJ ([0, 11" + ko) € Q and
let P be the union of neighboring dilated cubes to P, i.e.,

P= Y (P+Al),

keZ", pak)<K
where K is the same as in Lemma 8.2. Define sequences t = {fp}pcg and u = {ug}pcg by

up =so —to .
0  otherwise , e ¢ ¢

:sQ QcP, |ol<|Pl,
lQ=

Then we have

r

(572) = (1) + (u7s)y  forall QeQ,

and hence there is a constant ¢ (dependent on g and r) such that
1
(572) g = () + (#72)5)  forall QeQ.

Consequently, the estimate of f5?-norm of s* 5. will follow from the corresponding bounds on 7",
and u; , . By the already proved Lemma 3. 10 and p = g < oo we have

M(P)/ Y (1017 (55) g o) dutx) < (P)f Z 1017%(53) g X ()" dpa(x)

[QI=IP|
1 1 By )
= (P) ” r)»“ 0“1 = M(P)”t”?;x.q = (P) /n Z (|Q| |SQ|XQ(x))q du(x)
QcP, |QI=|P|
= 2 / > (1017 Is0l%o@)" dux) < Clisli
P'CP, |P’|:|P\ [QI=<IP|

To estimate u, we must invoke Lemma 8.2. Namely, if for Q, 0€Q10/=10| <|P|
QNP #@Pand Q ¢ P, then (8.5) holds. Hence,

P )/ Q%ﬂ 10174 (1) g X0 () dpe(x)
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Ji —a—1/2(,, .1\4
=ﬁ2 S wenm Y (1217 lugl)

— x
Jj=—o00 scale(Q)=j ‘Q|:|Q\ (1 + |Q| 1’0A(XQ - XQ))
Jo A
(2ZH) Al—a—1/2 q
< — (0] lugl)
/_ZOO /g scale%%:j (| det[4|]0_lpA(k)))L ¢

PAR=K 50 bt a0 k)20

Jo N Go—i
N |detA|(/3 )(Jjo 1)[ 1 5 - a1/2) qi|

=
j=—o00 kez! scale(Q)=j
pat)>K ON(P+A70 k)20
< Cllullfaq = Clls|lfuq -
o0 oo

Here, we used that u(P + Ak) < C| detAlﬂ(-/O_j)/dL(Q), the expression in the bracket is
dominated by ||u| |ga,q by (3.11), and the fact that the series outside the bracket is finite. Combining

the above estimates yields ||s:j N |f§gq < C||s| |f§c;"’ which completes the proof of Lemma 3.10. []

8.2. Proof of Lemma 3.11

To prove Lemma 3.11 we need the following adaptation of Peetre’s mean value inequality,
see [20, Lemma A.4].

Lemma 8.3. Let K be a compact subset of R" and r,. > 0. Suppose that f € S’ and
supp f C K. Fory € N, define sequences {ag}pcg and {bp}gcg by

ag = sup | f(y)] bg = sup{inf |f(y)| : scale(P) = scale(Q) —y, PN QO #0}. (8.6)
yeQ yep

Then for sufficiently large y we have
(a:“)\)Q = (bf,A)Q forall Q e Q, scale(Q) =0, 8.7

with constants independent of f and Q.

Proof. Assume that 0 = [0, 11" + ko, where ko € Z". Initially, we will show that (8.7) holds
for f € S with supp f C K. Take any P € Q with scale(P) = 0. By the mean value theorem

ap < bp +diam (A7 ([0, 11")) sup [V f(»)| < bp + c(h_)7dp | (8.8)
yeP

where dp = sup,cp |V f(y)|. In the last step we used that A is expansive, i.e., for y > 0,
|A7 x| < )77 |x], xeR".

Pick g € S such that supp ¢ is compact and g(§) = 1 for &€ € K. Note that f = f * g and for
arbitrary M > 0, |Vg(2)| < C(1 + ,oA(z))_M, where C = C(M) > 0. Hence, if r > 1, then by
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Holder’s inequality 1/r + 1/r" =1,

dp < sup/ DIV — ldy

xeP JR"

1/r , 1/r
< Csup (/R [fODI"(1+ palx — y))_’(M_”dy> (/R I+ palx —yN™" dy)

xeP

1/r
< C( Z (ar) (1 + palxp — xL))—r(M—1)>

LeQ, scale(L)=0

In the last step we split integration over cubes L = [+ [0, 1]7,] € Z", and we used the inequality

2 . .
palxp —xp) < H (2 diam,, ([0, 1]") + xelgﬁ}‘*eL palx — y)) -

Hence, taking M > 2 + A yields

( r)»)
1/r
S @) A palrr =) MDA pa g — ) )

<%cale(P) =0 scale(L)=0

1/r
<C () (1 +patxg —x) ™ > (1+ palap — xL))—V(M—l)H»)

%cale(L) 0 scale(P)=0
< C(am)Q .

Here, we used the estimates

D A+ palh)) ™70 < o, §>0,

keZ

and

H(+ paxp —xp))(1 + palxg —xp)) = (1 + palxg —x1)) .

Likewise, if 0 < r < 1, then it suffices to use r-triangle inequality to obtain the same estimate
(df)o = C(a);) - Thus, by (8.8),

(a72) g = 2" ((072) g + O (d73) o) = 217 ((07) g + €O (47) ) -

Since f € S, (a;“’}h) o < 00. Therefore, by taking sufficiently large y we have (azk) 0 < C(bj"k) 0,
where the constant C is independent of f and Q. This shows (8.7) for f € S, since the converse
estimate (b*x)Q < (ar ;) o is trivial.

To remove the assumption that f € S, we apply a standard regularization argument. Let
h € § satisty supph C B(,1), h(E) > 0, and h(0) = 1. By the Fourier i inversion formula,
|h(x)] < 1forallx € R*. For0 < é < 1, let fs(x) = f(x)h(6x). Then supp fg C K+ B(0,1),
fs €S, |fs(x)] < |f(x)] for all x, and f5(x) — f(x) uniformly on compact sets as § — O.
Applying (8.7) to f5 and letting § — 0, we obtain (8.7) for a general f € S'. L]
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Recall that in Lemma 3.11 we require that ¢ € S(R") is such that supp ¢ is compact and
bounded away from the origin. For any f € S’/P and y € N we also recall that the sequence

inf(f) = {inf o (f)}peg is given by
inf o(f) = |0/"*sup { }ig) @ % f()| : scale(P) = scale(Q) —y, PN Q # 0},
where j = —scale(Q) and Q € Q. Under these assumptions we have the following lemma.
Lemma 8.4. Suppose thata € R and0 < p,q < oo. Then for any y > 0 we have
(Pl a0 < CI Nl g a o) -
where C is independent of f € S8’/ P.

Proof. For fixed y > 0 define the sequence s = {sp} by

sp = |P|'/? 322 |Gi—y x f(y)|  for P e Q, scale(P) = —i.

Clearly, we have

1017 2inf o(f) = sup {|PI7"2|sp| : PN Q # ¥, scale(P) = scale(Q) — y} .

Fix j € Z and Q € Q with scale(Q) = —j. Suppose that P, P, € Q are such that
scale(P)) =scale(P) =—j—y, y1€PINQ#W, yeP,NQ#0. (8.9)
Then by (2.2)
pa(xp, —xp,) < H*(pa(xp, — y1) + pa(y1 — y2) + pa(y2 — xp,)) < C|Q] .
Then forany 0 <r <ocoand A > 1,
spy < (L+ palep, —xp)/IPIDY (s55) p, < Cldet A7 (s5) 5, -

Combining this with (8.9) yields

Y info(f)fg < Cldet AP > (s72) p X -

scale(Q)=—j PeQ, scale(P)=—j—y

Choosing r > 0 and A > S max(l,r/q, r/p) as in Lemma 3.10 we have
[1inf ()]s < C| det A A= || 5%, ||fz.q <C| detA|V<*/’*“)||s||fz.q

(Z (1 det A[|G;_, * f|)q>1/q

i€l
A
= C|det A|” /’||f||Fg,q(Rn,A,m(@ .

< C|det A|Y*/r—)

LP ()

Note that the last estimate works also in the case p = oo with F‘;,’q and fg’q norms replaced by
their localized analogues Fao! and foo?. L]

Lemma 3.11 is now a simple consequence of Lemmas 8.3 and 8.4.
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Proof of Lemma 3.11.  The estimate

||f||FZ’q(R",A,/A)(¢) <l Sup(f)llfqu(A,H)

is easily verified from the definitions.

Fix any Qo € Q with scale(Qo) = —j, j € Z. Define g(x) = (¢; * f)(A’jx). Note that
supp § C K := supp ¢. Define sequences {agp} and {bp} by (8.6) with f replaced by g. A direct
calculation shows that

ayio=101""*supo(f).  baig=10""*info(f), QeQ.
Hence, by Lemma 8.3 applied to the cube A/ Qy,
(sup()72) g, = 1Q01"*(75) 41 g, = €101 (b73) i g, = €(f(F)7) g, -
Since Q¢ € Q is arbitrary, by choosing r > 0 and A > 1 as in Lemma 3.10 we have
[ Sup(f) gz a < IOl a -

Combining the above with Lemma 8.4 completes the proof of Lemma 3.11. L]
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