SHIFTED YANGIANS AND FINITE W-ALGEBRAS

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

ABSTRACT. We give a presentation for the finite W-algebra associated to a nilpo-
tent matrix inside the general linear Lie algebra over C. In the special case that the
nilpotent matrix consists of n Jordan blocks each of the same size [, the presenta-
tion is that of the Yangian of level | associated to the Lie algebra gl,,, as was first
observed by Ragoucy and Sorba. In the general case, we are lead to introduce some
generalizations of the Yangian which we call the shifted Yangians.

1. INTRODUCTION

Let g be a finite dimensional reductive Lie algebra over C equipped with a non-
degenerate invariant symmetric bilinear form (.,.). Pick a nilpotent element e € g, i.e.
an element which acts nilpotently on every finite dimensional g-module. A Z-grading
g= @jez g; of g is called a good grading for e if e € g2 and the linear map

ade: gj — gjt2
is injective for j < —1, surjective for j > —1. This definition originates in [KRW] in the
study of certain W-algebras defined from affine Lie algebras by quantum Hamiltonian
reduction. A complete classification of all good gradings of simple Lie algebras up to
conjugacy can be found in [EK].

Since ade : g_1 — g; is bijective, the skew-symmetric bilinear form (.,.) on g_;
defined by (x,y) := ([z,y], e) is non-degenerate. Pick a Lagrangian subspace [ of g_1
with respect to the form (., .) and set m := [&€D,<_, g;. This is a nilpotent subalgebra
of g, and the map y : m — C,z — (x,e) defines a representation of m. Let I, denote
the kernel of the corresponding associative algebra homomorphism U(m) — C, where
U(m) denotes the universal enveloping algebra of m. Let

Qx = U(9) ®u(m C = U(g)/U(g)1y
denote the induced g-module, and consider the endomorphism algebra

Wi(x) := EndU(g)(QX)Op.

Following terminology used in the mathematical physics literature, we refer to these
algebras as finite W-algebras; see e.g. [BT]. Applying Frobenius reciprocity, it is often
more convenient to view W () instead as the subspace of U(g)/U(g)I, consisting of all
cosets y+U(g)I, such that [z,y] € U(g)I, for all z € m. In this realization, the algebra
structure on W () is defined by the formula (y+ U(g)L,)(v' +U(g)Iy) = vy’ + U(g) Ly
for y,y' € U(g) such that [z,y], [z,vy'] € U(g)I, for all z € m.

In the special case that our fixed good grading is even, i.e. g; = 0 for all odd j,
the algebras W (y) were already well studied by the end of the 1970s by Lynch [L],
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generalizing work of Kostant [K] treating regular nilpotent elements. Of course in
the even case, we have simply that m = @]372 g;. Letting p := @jzo g;, the PBW
theorem implies that

U(g) =U(p) ® U(g)Ly.
The projection pr, : U(g) — U(p) along this direct sum decomposition induces an

isomorphism U(g)/U(g)I, — U(p) which leads to an easier definition of the algebra
W (x) in the even case as a subalgebra of U(p). To make this precise, define a twisted
action of m on U(p) by = -y := pr,([z,y]) for z € m and y € U(p). Then pr, induces
an isomorphism between W (y) and subalgebra U(p)™ of U(p) consisting of all twisted
m-invariants. This is the original definition used by Kostant and Lynch.

The most important examples of good gradings arise as follows. By the Jacobson-
Morozov theorem, we can embed e into an slo-triple (e, h, f), so [e, f] = h, [h,e] = 2¢
and [h, f| = —2f. Then the representation theory of sly implies that the ad h-
eigenspace decomposition of g is a good grading for e. We refer to a good grading
obtained in this way as a Dynkin grading. For a Dynkin grading, the module @), is a
generalized Gelfand-Graev representation in the sense of Kawanaka [Ka] and Moeglin
[M]. Its endomorphism algebra W (x) has been studied by Premet [P] as an applica-
tion of results on Lie algebras in positive characteristic. Subsequently, a more direct
approach has been given by Gan and Ginzburg [GG] which we follow here.

Returning to an arbitrary good grading, [EK, Lemma 1.1] shows that we can always
embed the given element e € go into an sly-triple (e, h, f) with h € go and f € g_o.
Letting cq(f) denote the centralizer of f and m* := {y € g| (z,y) = 0 for all x € m},
the following crucial formula is proved as in [GG, §2.3], using [EK, Theorem 1.4]:

mb = [m,¢] & cyl(/):

Remarkably, given this formula, all the arguments from [GG] in the context of Dynkin
gradings extend absolutely unchanged to arbitrary good gradings. Let us just state
briefly here the analogue of [P, Proposition 6.3] which we regard as the fundamental
structure theorem for W (x); see also [GG, Theorem 4.1] and [L, Theorem 2.3]. Intro-
duce the Kazhdan filtration --- C FaU(g) C Fg11U(g) C --- of U(g) by declaring that
a generator « € g; is of degree (j+2), i.e. FqU(g) is the span of all monomials x; - - - @,
form > 0and 21 € gj,,...,2m € gj,, With (j1 +2)+---+ (Jm +2) < d. Viewing W (x)
as a subspace of the quotient U(g)/U(g)I, there is an induced Kazhdan filtration
on W(x); we denote the associated graded Poisson algebra by gr W (x). Recall also
that the Slodowy slice through the nilpotent orbit containing e is the affine subspace
e+ cg(f); see [S]. It has a natural Poisson structure which may be defined following
[GG, §3.2] as the Hamiltonian reduction of the Kirillov-Kostant Poisson structure on
g. Now the basic fact is that there is a canonical isomorphism

v:grW(x) = Cle+ cg(f)]

of Poisson algebras; see [GG, §4.4] for its precise definition. Hence, W (x) can be viewed
as a quantization of the Slodowy slice e+c4( f). Moreover, up to canonical isomorphism,
the algebra W (y) is independent of the particular choice of the Lagrangian subspace
[ of g_1; see [GG, §5.5].

Another fundamental result in this subject is Skryabin’s theorem proved in [SK]
for Dynkin gradings; see also [GG, Theorem 6.1]. Again, Skryabin’s proof extends
unchanged to any good grading. To state the result, let C(x) be the category of all
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g-modules on which (z — x(z)) act locally nilpotently for all z € m (“generalized
Whittaker modules”). If M € C(x) then the subspace

M™:={ve M|(x— x(x))v=0 for all z € m} = Homyg)(Qy, M)

is a W (x)-module, hence M — M™ is a functor F' from C(x) to the category W (x)-Mod
of all left W (x)-modules. Also, we have the functor G := Qy®yy(,)? from W(x)-Mod
to C(x). Skryabin’s theorem asserts that the functors F' and G are quasi-inverse
equivalences between C(x) and W (y)-Mod. Moreover, every M € C(x) is an injec-
tive m-module and @, is a free right W (x)-module. Somewhat weaker results in the
even case can already be found in the work of Kostant and Lynch; see for example [L,
Theorems 2.4, 4.1].

In the remainder of the article we study the algebras W () in the special case that
e is a nilpotent matrix of Jordan type p1 < --- < p, inside the Lie algebra g = gly
over C, taking the bilinear form (.,.) to be the usual trace form. Our main result
(Theorem 10.1) gives an explicit set of generators and relations for the algebra W (x).
One surprising consequence of our presentation is that in fact up to isomorphism the
algebras W (x) only depend on the conjugacy class of e, i.e. the partition (p1,...,pn)
of N, not on the particular choice of the good grading for e.

The classification of good gradings for e is described in [EK, Theorem 4.2] in terms
of certain diagrams called pyramids. A consequence of this classification is that, in
type A, it is sufficient in order to define all the algebras W (x) to restrict attention just
to even good gradings. More precisely, every good grading for e is split in the sense
that it is always possible to adjust the grading to obtain a new, even good grading
for e with the property that the subalgebra m defined from the new grading coincides
with the subalgebra m defined from the original grading for some particular choice of
Lagrangian subspace [. Hence the algebra W (x) defined from the new grading is equal
to the algebra W (y) defined from the original grading using this choice of [. (In the
language of [EK, §4], the pyramid defining such a new grading may be obtained from
the pyramid defining the original grading by shifting one place to the left all the boxes
whose first coordinates are of different parity to the first coordinates of the boxes on
the bottom row.)

So we may assume without loss of generality that the given good grading is even.
The even good gradings for e are classified up to conjugacy in [EK, Proposition 4.3]; see
also [L, Lemma 7.2]. Again we visualize the classification in terms of some pyramids
as explained in §7 below. We will explain the idea in this introduction just with one
example: the diagram

5]
= 11|36
214|718

is a pyramid for g = glg of height n = 3. Numbering the bricks 1,...,8 as indicated,
the rows 1,...,3 from top to bottom and the columns 1,...,4 from left to right, we
write row(7) and col(¢) for the row and column numbers of the ith brick in the pyramid,
respectively. Denoting the ij-matrix unit by e; ;, the nilpotent matrix e associated to
7 is the matrix

e=e13+e3pteaq4tes7t+ers
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defined by reading along the rows of the pyramid, and the even good grading associated
to 7 is defined by declaring that e; ; is of degree (col(j) — col(i)); actually, according to
this definition, e is of degree 1 not 2 since in the case of an even good grading we prefer
from now on to divide all degrees by 2. Moreover, the Jordan type (p1,...,p,) of e in
this example is (1,3,4) (“row lengths”) and the parabolic subalgebra p := P> g, is
of standard Levi shape (2,2,3,1) (“column heights”). ;From the pyramid = we also
read off the level | := p, and a certain shift matriz o = (s; j)1<i j<n as explained in §7;
in our example,

=4, o=

NN O
O = =

0
0
0
a

=

From now on we will denote the finite W-algebr (x) instead by W (m); recall it
may be defined in the even case as the subalgebra U(p)™ of all twisted m-invariants
in U(p). Our main theorem (Theorem 10.1) asserts for any pyramid = that W (r)
is isomorphic to the shifted Yangian Y, (o) of level I, namely, the quotient of the

shifted Yangian Y, (o) by the two-sided ideal generated by elements {DY)}DPI. Here,
Y, (o) denotes the algebra defined by generators {Dgr)}lggn’oo, {Efr)}1§i<n,r>si,i+1

and {ﬂ(r)}1§i<n,r>si+1,i subject to the relations (2.4)—(2.15) recorded below. In the
special case that p; = --- = p,, i.e. all the Jordan blocks of e are of the same size
[, the pyramid 7 is an n x [ rectangle and the shift matrix o is the zero matrix, our
presentation is a variation on Drinfeld’s presentation [D] for the Yangian Y,,; of level
[ considered by Cherednik [C]. Hence in this case, W(x) is a quotient of the Yangian
Y., associated to the Lie algebra gl,,, as was first noticed by Ragoucy and Sorba [RS].

The remainder of the article is organized as follows. In §2, we define the shifted
Yangian Y,,(0) and prove a PBW theorem for it. In §3, we introduce some more elab-
orate parabolic presentations for Y;,(o) following [BK1]. These are important because
they allow us in §4 to write down an explicit formula for the so-called baby comultipli-
cations. In §5, we introduce the canonical filtration of Y;,(c), which eventually turns
out to correspond to the Kazhdan filtration of W(x). In §6, we prove a PBW theo-
rem for the finitely generated quotients Y, ;(c) of Y;,(0). Then we turn our attention
back to the finite W-algebras W (), beginning in §7 by explaining the classification
of even good gradings in terms of pyramids. In §8, we recall the setup of [GG]| in our
special case in some detail. The most important section of the article is §9, where
we write down explicit formulae for elements of U(p) which eventually turn out to

be precisely the generators Dl@, Ei(r) and Fi(r) of W(x) that we are after. The main
theorem is then proved by induction in §10, the key tool for the induction step being
the baby comultiplications. In §11 we discuss more general comultiplications. Finally,
§12 gives a much simpler and more direct proof of the main theorem in the special case
p1 = -+ = pn, using a different description of the generators of W(x) in this special
case which is closely related to the Capelli determinant.

We finally note that the exposition in the rest of the article is pretty much self-
contained, apart from appealing to the results of [BK1] and the opening lemma of
[GG]. In a subsequent article [BK2], we will use the presentation for W (x) obtained
here to study its highest weight representation theory.
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2. THE SHIFTED YANGIAN

Fix n > 1 and a matrix o = (s;;)1<i j<n of non-negative integers (“shifts”) such

that
Sij + Sik = Sik (2.1)

whenever |i — j|+|j — k| = | — k|. Note this means that s;; =--- = s, = 0, and the
matrix o is completely determined by the upper diagonal entries s12,523,...,5,—1n
and the lower diagonal entries s21,532,...,5,n—1. We also associate to o the tuple
d = (dy,...,dn—1) of non-negative integers (“differences”) where d; := s; 11 + Sit1,-
Note that di + -+ + dp—1 = s1,n + sp,1 (the “total difference”).

The shifted Yangian associated to the matrix o is the algebra Y, (o) over C defined
by generators

(D" h<icnrs0,
{Ei(r)}1§i<n,7’>si,i+17
{Fz'(r)}lﬁi<nﬂ">8i+1,i

subject to certain relations. In order to write down these relations, let

Di(u) ==Y D" € V(o) [[u™ ] (2.2)

r>0
where DZ(O) := 1, and then define some new elements IN)Z@ of Y,,(0) from the equation
Di(u) =Y D{Mu" := —Dy(u) L. (2.3)

r>0

For example, 51(0) = -1, lN)l(l) = DZQ), 1352) = DZ@) — Dl(l)Dl(l), .... With this notation,
the relations are as follows.

(") )y _
[D;"”, D} =0, (2.4)
r+s—1
r s ~( r+s—1—t
(B ) =05 3 DODETTT, (25)
t=0
r—1
(D, B = (01— dijen) y_ DVEST T, (26)
t=0
r—1
(DI FP) = (81541 — 015) Y FY DY, (2.7)



6 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

s—1 r—1
[El(’l”),El(S)] —_ Z Eft)Efr+8_1_t) o Z EZ(t)EET+8—1—t), (28)
t=s;i+1+1 t=s;i+1+1
r—1 s—1
r s r+s—1— r+s—1—
t=si41,i+1 t=s;41,it1
(ED EST — B EW) = —EWES), (2.10)
[F‘i(r+1)7 Fz(j)l] - [Fz(T)’ Fz(j—fl)] = _F’L(j)lF’L(r)7 (211)
EN EP =0 if|i—j| > 1, (2.12)
(FD FP1=0  ifli—j] > 1, (2.13)
BN ED, BV + (EX, B, EP) =0 ifli-jl=1, (2.14)
D ED FO + FYFD FO =0 i) =1, (2.15)

for all admissible 7, s,t,4,j. (For an example of what we mean by “admissible” here,
the relation (2.10) should be understood to hold for all i =1,...,n—2, 7 > s;,4; and
5> Siy1i42-)

If the matrix o is the zero matrix, we denote Y, (o) simply by Y,,. In this special
case, the above presentation is a variation on Drinfeld’s presentation [D] for the usual
Yangian Y (gl,) associated to the Lie algebra gl,; see [BK1, Remark 5.12]. We will
prove in Corollary 2.2 below that the map sending the generators of Y, (o) to the
elements with the same name in Y, is an injective algebra homomorphism. Given this
fact, the algebra Y, (o) is canonically a subalgebra of the usual Yangian Y,. By the
relations, there is an anti-automorphism 7 : Y, — Y}, of order 2 defined by

(D) =D, (B =F", «(F")=E". (2.16)

)

This obviously interchanges the two subalgebras Y, (o) and Y, (o!) of Y, where o'

denotes the transpose of the matrix ¢. Hence 7 also induces an anti-isomorphism
7:Yu(0) — Yu(ot).

Suppose next that ¢ = (8;;)1<ij<n is another shift matrix satisfying (2.1), such
that $; ;41 +8i414 = Sii+1+Si41, foralli =1,...,n—1, i.e. the differences associated
to & are the same as for o. A check of relations shows that there is a unique algebra
isomorphism ¢ : Y,,(0) — Y, () defined by

(D) = DO, (L) = Bt

7 )

((F) = Blrsnitsin) g 7y

(Here and later on we denote the generators Dl(-T),Ei(T) and Fi(r) of Y,,(¢) instead by

D,Lm, EZ(T) and Fi(r) to avoid potential confusion.) Hence the isomorphism type of the
algebra Y, (o) only depends on the differences 0, rather than on the shift matrix o itself.
However, the embedding of Y;,(o) into Y,, from in the previous paragraph clearly does
depend on the particular choice of o.

Let us now prove as promised that the canonical map Y,(c) — Y, is injective.
Introduce the loop filtration LoY,(0) C L1Y,(c) C --- by declaring that the generators

Dlm,Ei(T) and FZ-(T) of Y,,(0) are of degree (r — 1), i.e. LgY,(0) is the span of all
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monomials in the generators of total degree < d. For 1 <i¢ < j <nand r > s; ;, define

elements E,L(? € Y, (o) recursively by
BN =ED,  EY) .= [EL G BT (2.18)

Similarly, for 1 <14 < j <n and r > s;;, define elements FZ(S) € Y,(o) by

L= ‘F;(T)7 F(T) = [F(Sj,j—1+1) F(T*de'_l)]. (219)

(r)
E i -1 Fijoa

ivit
It is easy to see that El(g) and Fi(;) belong to L,_1Y,(0). For 1 <4i,j <mnandr > s;;,
define
gt DY g = j,
R L) e
eijr =1 &ty B if i < j, (2.20)
gt FUTY it i > g
all elements of the associated graded algebra gr' Y,, (o). Let gl,[t] denote the Lie algebra
gl,, ® C[t] on basis {e; jt" }1<i j<nr>0, viewed as a graded Lie algebra so that e; ;" is
of degree r. In view of the assumption (2.1), the vectors {e;;t"}1<ij<ns>s,; Span
a subalgebra of gl [t] which we denote by gl,[t](c) (the “shifted loop algebra”). The
grading on gl,,[t](c) induces a grading on the universal enveloping algebra U (gl,,[t](o)).

Theorem 2.1. There is an isomorphism m : U(gl,,[t](c)) — gr* Y, (o) of graded alge-
bras such that e; jt" +— €; j.r for each 1 <i,5 <mn andr > s; ;.

Proof. Using the relations like in the proof of [BK1, Lemma 5.8], one shows for all
1< h,i, g,k <n,r>s;; and s > s that

[ei,j;m eh,k;s] = ei,k;r+s(5h,j - 5i,keh,j;r+57 (221)
equality in grY, (o). Hence there is a well-defined surjection 7 : U(gl,[t](c)) —
gr* Y, (o) mapping e; ;t" € gl,,[t](0) to e; ., € gr™ Yy, (o).

In the special case ¢ = 0, the PBW theorem for the usual Yangian Y,, implies that
the ordered monomials in the elements {e; j.r }1<i j<nr>0 are linearly independent in
gr' Yy,; see the proof of [BK1, Lemma 5.10]. Hence 7 is an isomorphism in this case.

In general, the canonical map Y;,(0) — Y}, is a homomorphism of filtered algebras, so
induces a map gr* Y, (o) — gr"Y,, which sends e; ;. € gr'" Y, (o) to e;j;r € gr™Y;, (de-
spite the fact that it does not in general send Ei(,rjﬂ), Fi(’;ﬂ) € Y,(o) to E§;+1), Fi(;-H) €
Y, if j —i > 1). So the previous paragraph implies that the ordered monomials in the
elements {eivj;r}lgi,jgnwzgi’j are linearly independent in gr* Y, (o) too. Hence 7 is an
isomorphism in general. (I

Corollary 2.2. The canonical map Y, (o) — Y, is injective.

Proof. We saw in the proof of Theorem 2.1 that the canonical map Y, (o) — Y, is
filtered and the associated graded map gr" Y, (o) — gr*Y,, is injective. O

The presentation of Y;,(0) is adapted to the natural triangular decomposition of this
algebra. Let Y(;n) denote the subalgebra of Y;,(c) generated by the DZ(T)’S, let Y('fn)(a)

denote the subalgebra of Y, (o) generated by the Ei(r)’s and let Y(;n)(o) denote the
subalgebra generated by the Fi(r)’s, for all admissible ¢, 7.
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Theorem 2.3. (i) The monomials in the elements {DgT)}lgigmwo taken in some
fized order form a basis for Y(in).

(ii) The monomials in the elements {Ei(;)}lgkjgn,msi,j taken in some fixed order
form a basis for Y('fn)(a).

(iii) The monomials in the elements {Fi(;)}lgi<j§n,r>sj7i taken in some fized order
form a basis for Y(In)(a).

(iv) The monomials in the union of the elements listed in (i)—(iii) taken in some
fized order form a basis for Y, (o).

Proof. Part (iv) follows from Theorem 2.1 and the PBW theorem for U(gl,,[t|(¢)). The
other parts are proved similarly, going back to (2.21). O

Corollary 2.4. The natural multiplication map Y(In)(a) ® Y(in) ® Yd‘n)(a) — Y (o)
is a vector space isomorphism.

Remark 2.5. Let us describe the center Z(Y, (o)) of Y,(c). Recalling the notation
(2.2), let

Co(u) =Y Cu™ = Dy(u)Da(u—1) -+ Dp(u—n+1) € Vu(o)[[u]].  (2.22)

r>0

Then, the elements CT(LU, 07(12), ... are algebraically independent and generate Z(Y,(0)).
Indeed, exploiting the embedding Y,,(c) < Y, it is known by [BK1, Theorem 7.2] that

the elements C’T(Ll), C’T(«LZ), ... are algebraically independent and generate Z(Y},), so they
certainly belong to Z(Y,(0)). The fact that Z(Y,(¢)) is no larger than Z(Y,,) may be
proved by passing to the associated graded algebra gr"Y,, (o) and using a variation on
the trick from the proof of [MNO, Theorem 2.13]. We will outline a different argument
in Remark 11.11 below.

3. PARABOLIC PRESENTATIONS

We are going to need various more elaborate presentations of the shifted Yangian
which are analogues of the parabolic presentations of [BK1]. In order to explain the
relationship between all these presentations, we begin with an elementary remark about
Gauss factorizations.

Let T' = (Tij)1<i,j<n be an n x n matrix with entries in some ring such that the
submatrices (7} ;)1<i j<m are invertible for all m = 1,...,n. Fix also a tuple v =
(v1,...,Vm) of positive integers summing to n, which we think of as the shape of the
standard Levi subgroup gl, := gl,, ©--- @ gl, of gl,. Working with m x m block
matrices so that the ab-block is of size v, X v, the matrix T possesses a unique Gauss
factorization T' = Y F¥ DY E; where YD is a block diagonal matrix, Y F is a block upper
unitriangular matrix, and ¥ F' is a block lower unitriangular matrix:

YDy 0 0
0 “Dy 0

D= : : :
0 YDyt 0
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L, "Ei1 x R I, 0 0

0 L, "E : "Fi 1, 0
l/E = S II/3 B . * ? I/F = * VF2 IVS :

0 . VB : 0

0o ... 0 I, 3R S S R
The diagonal blocks of ¥ D define matrices ¥ Dy, ...,"D,,, the upper diagonal blocks
of YE define matrices YF1,...,"E,_1, and the lower diagonal blocks of “F define
matrices YFi,...,"Fn_1. So YD, is a v, X v, matrix, YFE, is a v, X V441 matrix,

and YF, is a vg41 X 1, matrix. Now consider what happens when we split a block
into two: suppose that v, = a + § for some 1 < b < m and «a,0 > 1, and let

w= V1, .., Vp—1,0, B, Vps1,...,Vp). The following lemma shows how to compute the
matrices D1, ... ,*Dpy1,*Er, ..., Ey and #Fy, ... P Fy, just from knowledge of the
matrices YD1, ...," Dy, " E1, ...,V Ep_1 and YFYy, .. Y Fp_q.

Lemma 3.1. In the above notation, define an o X o matriz A, an a X 8 matrix B, a
0 x a matriz C and a B X B matriz D from the equation

vy — (a0 A0 I, B
" \o Is 0 D 0 Iz )
Then,

(i) *Dg =YDy, for a < b, *Dy = A, *Dpr1 = D, and *D. ="D._1 for ¢ >b+1;
(ii) *E, = YE, for a < b— 1, "E,_q is the submatriz consisting of the first «
columns of VEy_1, "By = B, PEp,1 is the submatriz consisting of the last 3
rows of YEy, and "E. =" E._1 forc>b+1;
(iii) »F, ="F, fora <b—1, *F,_4 is the submatriz consisting of the first a rows
of VFy_1, PFy, = C, PFyyq is the submatriz consisting of the last B columns of
VFy, and FF. =VF,. 1 forc>b+1;

Proof. Multiply matrices. O

Now let us briefly recall the parabolic presentations for the Yangian Y;, from [BK1].
As in [MNO], the Yangian can be defined in terms of the RTT presentation as the

algebra over C defined by generators {Ti(;)}lﬁi,jgn,r>0 subject just to the relations

min(r,s)—1

ts—1—t) ot ) (r+s—1—t
73 T30 = (e - T ) (31)
t=0
for every 1 < h,1,j,k <n and r,s > 0, where TZ(?) = 0;j. Let Tj j(u) == Zrzo Ti(;)u_r
and let T'(u) denote the n x n matrix (75 j(u))1<si,j<n. Given a shape v = (v1,...,vp),

consider the Gauss factorization T'(u) = F(u)D(u)E(u) where D(u) is a block diagonal
matrix, E(u) is a block upper unitriangular matrix and F'(u) is a block lower unitrian-
gular matrices, all block matrices being of shape v like before. We will from now omit
any extra superscript v since it should be clear from the context which shape v we have
in mind. The diagonal blocks of D(u) define matrices Dj(u), ..., Dy (u), the upper
diagonal blocks of E(u) define matrices Ej(u),..., Eyn—1(u), and the lower diagonal
blocks of F'(u) define matrices Fi(u), ..., Fim—1(u). Thus Dy(u) = (Daiij(w))1<ij<va
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is a v, X v, matrix, E,(u) = (Fuij(U))1<i<va,1<j<ves: 1S @ Vg X Vgy1 matrix, and
Fa(u) = (Fa;i’j(u))1<i<ya+1’1<‘j<ya is a Vg+1 X Vq matrix. Write

§ E L _ § (r)  —r
a,Z,J Da z,j aﬂa] Ea,z,] Fa;z,] (u) - Fa;i,ju ’

r>0 r>0 r>0

thus defining elements p\) E(T) and F(T) of Yy, all dependent of course on the fixed

a;i,j?

choice of v. Now [BK1, Theorem A] shows that the elements
{Dz(ztz),j}ISaSmJSiJSVa,'r>07
{Ec(bri)j}1<a<m 1<i<ve,1<j<vaq1,7>0s

{ asi J}1<a<m 1<i<vq+1,1<j<vq,r>0

generate Y, subject only to the relations (3.3)-(3.14) below (taking the shift matrix
there to be the zero matrix). For example, the presentation for Y, from §2 is the special
case v = (1™), in which case we denote DE,Tl)l, E(r)1 and F( ) | simply by Dgr), Ei(T) and

F" respectively, while the RTT presentation from (3.1) is the special case v = (n), in

1

which case Dg Z) = T,L(;)

We are going to adapt these parabolic presentations to the shifted Yangian Y, (o).
Return to the setup of §2, assuming that ¢ = (s;;)1<ij<n is a fixed shift matrix
with associated differences 0 = (di,...,d,—1). Suppose in addition that the shape
v=(V1,...,Vn) is admissible for o, meaning that d; = 0 for all v; + -+ + 1,1 < i <

v+--+vy,and a=1,...,m. We will adopt the shorthand

Sa,b(V) 1= Suittva pr oty (3:2)
The shifts (s; j)1<i,j<n can be recovered from the “relative” shifts (sq4(v))1<q,b<m given
the admissible shape v.
Define a new algebra "Y;,(¢) over C, which will shortly be identified with Y,,(o) from
82, by generators

()
{Da;@j}1§a§m,1§i,j§ua,r>()a

(")
{Ea;i,j}1§a<m,1§i§ua,1§jgua+1,r>sa,a+1 (v)»

T
{Fé;i),j}lga<m,1§i§1/a+1,lgjgua,r>sa+1,a(1/)
subject to certain relations. To write down these relations, we must introduce some
further notation. Let D% . := i, Dam(u) = > >0 D) =" and introduce the

a;t,J T ait,j
matrix Dg(u) 1= (Day j(u))1<ij<v,. Let Dq(u) = (Dai,j(u))i<ij<v, denote the ma-
trix —Dg(u)™t, and write Dy j(u) = > r>0 D) u", thus defining elements D) of

a;t, ] asi,j

"Yo(o) foreacha=1,...,m, 1 <i,j < v, and r > 0. In particular, DO — 5.5 and

at,j
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5((1 Z) j D((llz) g Now the relations are:
min(r,s)—1
r) (s) (r+s—1-t) (t) p®) plr+s=1-1)
[DC(l .37 Db ] - 6“ b Z (Da,z,k Da shyg a i IcDa;h,j ) ) (3'3)
t=0
r4+s— 1
a;i,7’? bhk ab azk a+1h,j’ :
r—1 vq
(r+s 1-t) (r+s—1—t
[Dc(u)]7 = 5abeZDa,z,g a;g,k 5h] ab+1ZDb+1,z,k b;h,j )7 (3'5)
t=0 g=1
r—1 vq
D(r) F( s) -5 F (r+s—1— t) () S F(r+s 1— t () 3.6
[ ai,j’ bhkz] abHZ bik b+1h] abzkzz ash,g ag]’ (3.6)
t=0 t=0 g=1
s—1 r—1
r s t r4+s—1—t t r+s—1—t
ES Eaid = > BOLELSTT - Y EQLEGSTTY (3)
t:-sa,aJrl(V)‘f’l tZSa,a+1(V)+1
r—1 s—1
r s r+s—1—t t r+s—1—t t
[Fé;i)d" Fé;fz,k] - Z FcE;i,k )FcE;f)L,j B Z F(S,z,k )Fé f)L,_]7 (3'8)
t:5a+l,a(’/)+1 t:3a+1,a(l/)+1
r s+1 (r+1 (s)
[Ez(z,z),j7 Ec(L+1;i)L,k] [Ea,l,j )’ a+1 h, k Z Ea,z,g a+1,g kéhvﬁ (3'9)
Va+1
r+1 s r s+1)
[Fé,z,] )7 Fé—&—)l;h,k] - [Fé;i),ﬁ aE—&-l shy k _5Z k Z a+1 h,g a g]’ (310)
B = ito>a+loritb=a+1an Js :
ED B ,=0  ifb 1orifb 1and h # j 3.11
(FDUES =0 ifb>a+lorifb=a+1andi#Fk, (3.12)
r s t s T t .
(B LB B N+ ES ED GBS T=0 ifla-b=1,  (3.13)
T s t s r t .
(F) FS) B N+ FS L FS GFD =0 ifla—b] =1, (3.14)

for all admissible a,b, f, g, h,i,7,k,r,s,t.

Observe right away that there is a canonical homomorphism Y, (c) — Y,, mapping
the generators DY) ET and F"). of VY, (o) to the elements of Y;, with the same

a;t,7’ " ai,g azy

names (the ones we defined above in terms of Gauss factorizations). We are going to
prove that this canonical homomorphism is injective and that its image is independent
of the particular choice of the admissible shape v. In particular this will identify Y, (o)
with the algebra Y;,(o) from §2, since that is the special case v = (1") of the present
definition.

The proof that the canonical map "Y,, (o) — Y,, is injective is an extension of the
proof given in §2. For 1 <a <b<m, 1 <i <., 1 <j<ypandr > sq(v), we define
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elements Egz i inductively by

sUs 0,

= [ES, et gy (3.15)

where 1 < k < v,_1. By the relations this definition is independent of the choice of
k; see for instance [BK1, (6.9)] for a similar argument. Similarly for 1 < a < b < m,

1<i<w, 1<j<v,andr> s,(v), we define elements F0 by

E(T) — E(T) ] E(T)

a,a+13,5 ° a;t,g” a,bsi,j

a,bi,j
r T T s +1 r—s
F, a)+1,m Fé;z‘),j’ Féb)u = [Fb(—bi?z‘,li( Y ch b— 1b1:,]1( ) (3.16)

where 1 < k < yp_q. Also let Y, denote the subalgebra of "Y, (o) generated by
the D) s, let YF(0) denote the subalgebra generated by the E™ s and let Y, (o)

a;i,j asi,j
denote the subalgebra generated by the elements F (r ) s for all admissible a,1,j,r

The following theorem generalizes Theorem 2.3.

Theorem 3.2. (i) The monomials in the elements {Daw}a 1y 1 <6, <va,r>0
taken in some fixed order form a basis forY,.
(ii) The monomials in the elements {Embﬂ.’j}1§a<b§m,1§i§,,a71§jgyb,r>sayb(,j) taken
in some fized order form a basis for Y\ (o).
(iii) The monomials in the elements { ab’Lj}1§a<b§m71§i§l’b71§jglja77'>3b,a(V) taken

in some fized order form a basis for Y, (o).
(iv) The monomials in the union of the elements listed in (i)—(iii) taken in some
fized order form a basis for VY, (o).

Proof. Introduce the loop filtration Ly"Y,,(c) C L1"Y,(0) C - -+ of ¥Y,,(0) by declaring
that the generators DY) B and F"). are all of degree (r — 1). Define elements

a;1,37 77051, at,j

{eijirY1<ij<nr>s,,; of the associated graded algebra gr VY, (o) from the equations
Dc(tr:rjl) = €yt tvg 1 Fivr g1+ (317)
Iy E((lle_’Ll_]) = €yt trg 1+ Ay T (3.18)
gl chrbtlj) = Cupte vy i+t va 1T (3.19)

Following the proof of [BK1, Lemma 6.6], one checks that these elements satisfy
the relations (2.21). Hence, there is a well-defined surjective homomorphism 7 :
U(gl,[t](c)) = gr""Y, (o) mapping e; ;t" € U(gl,[t](c0)) to e . € gr™ 7Y, (o).

In the special case o = 0, when we already know that Y, (o) is the usual Yangian
Y,,, one checks using Lemma 3.1 and induction on the length m of the shape v that the
element e; ;. defined here is equal to gry: Ti(gﬂ). In particular e; ;. coincides with the
element of grr Y,, defined by (2.20). Hence like in the proof of Theorem 2.1, the PBW
theorem for the usual Yangian implies that the ordered monomials in the elements
{€ij:r }1<ij<nr>0 are linearly independent in gr"Y,,, and 7 is an isomorphism.

In general, the canonical map "Y,(c) — Y, is a homomorphism of filtered al-
gebras, so induces a map gr*"Y,(c) — gr"Y, which maps e;;, € gr""Y,(o) to
eijir € gr'Y,. So the previous paragraph implies that the ordered monomials in
the elements {e; j.- }1<ij<nsr>s;; are linearly independent in gr*"Y,, (o) too. Hence
is an isomorphism in general.

The theorem now follows like Theorem 2.3. Il
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The following two corollaries generalize Corollaries 2.2 and 2.4.
Corollary 3.3. The canonical map VY, (0) — Y, is injective.

Corollary 3.4. Multiplication Y, (o) x Y, x Y7 (0) — VY, (o) is a vector space iso-
morphism.

So now for each admissible shape v, we have defined a subalgebra *Y;, (o) of Y,,. It
remains to see that these subalgebras coincide for different v. Suppose v, = a + 3
for some 1 <b<mand o, > 1, and let u = (v1,...,p_1,0,3,Vps1,-..,Vm). Then
it suffices to show that "Y;,(c) = #Y, (o) as subalgebras of Y,,. Using Lemma 3.1,
one checks that #Y,,(c) C Y, (0). Now the equality *Y, (o) = YY, (o) follows easily
because we have already seen in the proof of Theorem 3.2 that their associated graded
algebras are equal in grY,,. We have now proved that the relations (3.3)—(3.14) give
presentations for the shifted Yangian Y, (o) = VY, (o) for each admissible shape v.

Remark 3.5. As a first application of these parabolic presentations, one can introduce
analogues of parabolic subalgebras of Y,,(¢): for an admissible shape v, define v (o) :=
Y, Yt (o) and Y?(0) := Y, (0)Y,. By the relations, these are indeed subalgebras
of Y, (). Moreover, there are obvious surjective homomorphisms Y,,n(a) — Y, and
Y?(0) — Y, with kernels generated by all E™  and all FCSTZ) ; respectively.

a3i,j
Remark 3.6. In this remark, we describe the maps 7 and ¢ from (2.16)—(2.17) in
terms of the parabolic generators. The anti-isomorphism 7 satisfies
(D) = D T(ED) =B w(FL) = B (3.20)
cf. [BK1, (6.6)—(6.8)]. Also, in the notation of (2.17) and working with a fixed admis-
sible shape v (for both ¢ and &), the isomorphism ¢ satisfies

) — E'(Tf§a,a+1(l’)+5.a,a+l(”))
a;i,j ’

L(D(T)

a;2,J

=D Bl

at,j

) B F(T_.S(H—La(V)+$a+17a(y))‘ (321)

T Tas,g

L(F(T)

a;i,j
To see this, note by the relations (3.3)—(3.14) that these formulae certainly give a well-
defined isomorphism ¢ : ¥;,(0) — Y, (6). Now use Lemma 3.1 to check inductively that
this is the same map as in (2.17).

Remark 3.7. Finally we wish to write down a formula for the central elements C,,(u)
from (2.22) in terms of the parabolic generators. For this, we need to define the
determinant of an n x n matrix A = (a; ;) with entries in a non-commutative ring.
There are at least two sensible ways to do this, namely,

rdet A = Z sgn(m) a1 w1 -+ * G wn,s (3.22)
weSh

cdet A = Z SgN(T) w11+ Qwnons (3.23)
wWE Sy

according to whether one keeps monomials in “row order” or in “column order”. In
the case of the Yangian Y,, itself, it is well known (see e.g. [BK1, Theorem 8.6]) that
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Cy(u) can be expressed in terms of the Tz(;
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’s as the quantum determinant

lel(u—n—#—l) leg(u—n—i-l) Tlm(u—n—l—l)
Cr(w) = rdet : : : (3.24)
Th-11(u—1) Th-12(u—1) Th-1pn(u—1)
T (w) Th2(u) Ton(u)
T11(w) Ti2(u—1) Tipn(u—n+1)
= cdet : : : (3.25)
Tn-11(u) Th-12(u—1) Thipn(u—n+1)

Tn,l(u) ng (u - 1)

Ton(u—n+1)

The following formula expressing Cy,(u) in terms of parabolic generators of Y, (o) for

an arbitrary admissible shape v = (14, ..

.,Vm) is an immediate consequence:

Cr(u) = Crpy (W) Coypy(u —v1) -+ Crpp (U — 11 — -+ - — V1) (3.26)
where
Dgi1(u—vg+1) Doty (u—vg + 1)
Cayw, (u) = rdet : : (3.27)
Dayy, 1 (u) Doy v (1)
Da;1,1(u) D1y, (u—ve +1)
= cdet : : (3.28)
Dajy,,1(u) Doy e (u—ve +1)
foreacha=1,...,m.

4. BABY COMULTIPLICATIONS

Now let us explain the real reason why the parabolic presentations of Y,, (o) from
§3 are so important. Fix a shift matrix o = (s; j)1<i j<n With associated differences
0 = (di,...,dp—1). Recall a shape v = (v1,...,v,) is admissible if d; = 0 for all
4y, <i<vi+---+vy, and a=1,...,m. Throughout the section, v will
denote the minimal admissible shape for o, that is, the admissible shape of smallest
possible length m. For example if 6 = (5,5,0,1,0,0,0,4) then v = (1,1,2,4,1). We
will always work in terms of the parabolic presentation defined relative to this fixed
shape v. For example in the case of the Yangian Y, itself, this is the RT'T presentation
from (3.1).

Consider first the special case that d; = --- = d,,—1 = 0, i.e. the case when Y,,(0) is
the usual Yangian Y,,. It is well known that Y,, is a Hopf algebra, with comultiplication
A:Y, — Y, ®Y, which may be defined in terms of the RTT presentation by the
equation

AT =331 e, (4.1)
s=0 k=1
There is also the evaluation homomorphism k1 :Y,, — U(gl,,) defined by
r e ifr=1,
m(T5) = { 0" ifr>1. (42)



SHIFTED YANGIANS AND FINITE W-ALGEBRAS 15

Let Ag := (id®k1) oA and Ay, := (k1 ®id) o A, thus defining algebra homomorphisms

Aw:Y, =Y, 0U(@L), T =T o1+ 3 10V 0y, (4.3)
k=1
ALY, —Ugl) @Y, T 10T + Z eiw @ Ty Y. (4.4)

The following theorem defines analogous “baby comultlphcatlons” for the shifted Yan-
gians in general.

Theorem 4.1. Ifdy = --- = d,—1 = 0 then let t = n; otherwise, let t be the smallest
positive integer such that dp—y # 0. For1 <i,j <t, set & :=e; j+0; ;(n—t) € U(gl;).
(i) If either t =mn or sp—tp—t+1 # 0, define & = (5ij)1<ij<n from
. Si,j_l Z'fiﬁn—t<j,
J { Sij otherwise. (4.5)
Then, there is a unique algebra homomorphism Ay : Y, (o) — Y, (6) ® U(gl,)
such that
1) _ -~
D(T) D(T Q14+ 6(1 m Z Dg"l PR

a;t,j a;t,j

ED o BN @14 bam- 1ZEmk ® e,
k=1

FO s BN w1,
for all admissible a, 1, j,r.
(ii) If eithert =n or sp—iy1m—t # 0, define 6 = (5, 5)1<i j<n from

. SiJ—l ifj<mn—t<i,
Sig = { Sij otherwise. (4.6)
Then, there is a unique algebra homomorphism A, : Y, (o) — U(gl,) ® Y, (5)
such that
D" 19 D). +5amzem®DakJ :

a;i,j a;t,j

ED 10 Bl
Féj;)] — 1 ®F51)J +6am 1ZeZk ®Fa(rkjl),
k=1
for all admissible a, i, j,7.

(Recall we are working in terms of the parabolic presentation of shape v, where v =
(U1, ..., Um) is the minimal admissible shape for o; this is also an admissible shape for

g.)
Proof. Check the relations (3.3)—(3.14) (to check the relations (3.13) and (3.14) one
needs to use (3.7), (3.8) and (3.9), (3.10) several times). O
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The next lemma explains how to compute the baby comultiplications on the higher

root elements E\") . - and F\").  still working in terms of the minimal admissible shape

a,bi,j a,b;i,j’
v for o.
Lemma 4.2. (i) Under the hypotheses of Theorem 4.1(i), we have for 1 < a <
b—1<m and all admissible i, j,r that
A(EY) ) = B @1 ‘ 1 ifb<m,
W B B @1 T Bl © ey b =m
An(Fyig) = Fuliy ©1,

forany 1 < h<vp_1.
(ii) Under the hypotheses of Theorem 4.1(ii), we have for 1 <a <b—1<m and
all admissible i, j,r that

AUEY) y=10E")

a7b717] a bﬂ/v]?
(r) .
AL(F(,';)) ) 1 ® Fa7b7 7.7 1 . 1 Zf b < m}
b 7 L O, B O S e Y, b=

forany 1 < h<vp_1.

Proof. Let us just explain how to compute A (E(r) ) for 1 < a < m —1, since all

a’7m727]

the other cases are similar. By definition, E(S Bn i = [Egnzs"lb:f’b’”( ¥) ES"Ll }L';( ] for
any 1 < h < vp,_1. Clearly AR(E((:mST; zlhm( ))) E((;ms"ll ZlhT"( v) ® 1. Hence,
- —om—1m m—1,m 1 m— m ~
AR(E((;TV)n;i,j) = E((zrmilzlh Mg L E(S —1 }w 914 ZET:; 1; ;L k ' ® €k,j
_ [ pr=sm-1,m (@) p(sm-1,m(¥)+1) 1) ~
- [Ea,m—l;i}h 7Em—1;}z,j } ®1+ Z Earm itk ® €k,js
as claimed. O

Remark 4.3. In the notation of Theorem 4.1, the maps Ay and A, are injective.
One can see this as follows. Let € : U(gl;) — C be the homomorphism with (€; ;) =0
for 1 < 4,5 <t. By definition, Y, (o) and Y,,(¢) are subalgebras of the Yangian with
Y, (o) CY,(6). Now the point is that the compositions (id ®e) o Ag and (e®id) o Ay,
coincide (when defined) with the natural embedding Y;,(c) — Y, (&).

5. THE CANONICAL FILTRATION

In this section, we introduce another important filtration of the shifted Yangian.
It is easiest to start with the Yangian Y, itself defined by the RTT presentation as
in §3. The canonical filtration FoY,, C F1Y,, C --- of Y}, is defined by declaring that
the generators TZ(S)
generators of total degree < d. It is obvious from the relations (3.1) that the associated
graded algebra grY,, is commutative.

Suppose instead that we are given a shape v = (v1, ..., ). Using the explicit defi-
nitions from [BK1, (6.1)—(6.4)], one checks that the parabohc generators p") . g

a;i,3° ~a,bii,g

are all of degree 7, i.e. FgY,, is the span of all monomials in these
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)

of Y,, are linear combinations of monomials in the T»(S-

of total degree r
and conversely, if we define Dc(lrz) i E(Srg i j and FCE b) i all to be of degree r, each T( s)

is a linear combination of monomials in these elements of total degree s. Hence FdY
a;i j’ a,bi,j

and F( )

a,byi,j

can also be described as the span of all monomials in the elements and

Fa(?”oftotaldegree<d For1<a,b<m,1<i<1,1<j <y andr >0, define

gr,. D Z) if a = b,
e(r).»7- =9 gr. E 2 if a < b, (5.1)
gr, Fb( " if a > b,

,a;0,7

(r
(r

all elements of gr, Y,. Of course, this notation depends implicitly on the fixed shape
v. The commutativity of grY,, together with Theorem 3.2(iv) imply:

Theorem 5.1. For any shape v = (v1,...,vpy), grY, is the free commutative algebra
on generators {e((;g;i,j}1Sa7bSm,1Si§Va,1SjSVbﬂ’>0'

Now consider the shifted Yangian. So let o = (s;;)1<i j<n be a shift matrix as in
§2. Viewing Y,,(0) as a subalgebra of Y;,, introduce the canonical filtration FyY,, (o) C
F1Y, (o) C --- of Y, (o) by defining FyY,,(0) := Y, (0) N FyY,,. Thus, the inclusion of
Y, (o) into Y, is filtered and the induced map grY, (o) — grY, is injective. Hence,
grY, (o) is identified with a subalgebra of the commutative algebra grY,,. The following
theorem describes this subalgebra explicitly.

Theorem 5.2. For an admissible shape v = (v1,...,Vn), g Y, (o) is the subalgebra of

(r)
grY,, generated by the elements {ea,bﬂ.’j}1§a7b§m71§,~§ya,1§jgyb77«>sa’b(l,).

Proof. Note in view of the relations (3.9)—(3.10) that the element eég” of grY,(o) is
identified with the element of the same name in grY,,. Given this the theorem follows
directly from Theorems 5.1 and 3.2(iv). O

Remark 5.3. Theorem 5.2 means that, given an admissible shape v, we can define
the canonical filtration on Y, (o) intrinsically simply by declaring that the elements
Dgi)J,E((:gM and Fch)zj of Y, (o) are all of degree r, i.e. F;3Y, (o) is the span of all
monomials in these elements of total degree < d. In particular, this definition is
independent of the particular choice of admissible shape v.

Remark 5.4. The comultiplication A :Y,, — Y, ® Y, is a filtered map with respect
to the canonical filtration, as follows immediately from (4.1). Similarly, the baby
comultiplications Ay : Y, (0) — Y, (6) @ U(gl,) and A : Y, (0) — U(gly) ® Y, (6) from
Theorem 4.1 are filtered maps whenever they are defined, providing we extend the
canonical filtration of Y,,(&) to Y, (6) @ U(gl;) and U(gl;) ® Y,,(¢) by declaring that the
matrix units e; ; € gl; are of degree 1. This follows from Theorem 4.1 and Lemma 4.2.
The argument explained in Remark 4.3 shows moreover that the associated graded
maps gr Ag and gr Ay, are injective.

6. TRUNCATION

Continue with a fixed shift matrix o = (s; j)1<i, j<n With associated differences § =
(di,...,dn—1). Fix also an integer [ > dy + -+ 4+ dp—1 = 51, + Sp,1 (the “level”), and
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fori=1,...,n let
pi=l—di—diy1 — - — dp, (6.1)
thus defining a tuple (p1,...,pn) of integers with 0 < p; < --- < p, =1. Ifv =
(v1,...,Vm) is an admissible shape, we will also use the shorthand
Pa(V) = P4t (6.2)

for each a = 1,...,m; cf. (3.2). (A better way to keep track of all this data will be
explained in the next section.)
The shifted Yangian of level I, denoted Y, ;(0), is defined to be the quotient of

Y, (o) by the two-sided ideal generated by the elements {DY)}DM. Alternatively, in
terms of the parabolic presentation relative to an admissible shape v = (v1,...,vpy),
Y, (o) is the quotient of Y, (o) by the two-sided ideal generated by the elements

{DYZ) j}lgi,jgul r>p1- The equivalence of all these definitions is easy to see since Dg? 1=

DY) and all other Dgi), j for r > p; and 1 < 4,5 < vy obviously lie in the two-sided
ideal generated by {D§2,1}T>p1 in view of the relation (3.3). For example, in the case
that o is the zero matrix, when we denote Y, ;(0) simply by Y,,;, this algebra is the
quotient of Y;, by the two-sided ideal generated by {TZ(;) |1 <4i,7 <mn,r > 1}, which
is precisely the definition of the Yangian of level | from [C]. By convention, we also
write Yp o = Yy o(o) for the trivial algebra C.

In the hope that it is clear from context whether we are talking about Y, (o) or
) pr) g

Y, (o), we will abuse notation and use the same symbols Deiiv Dasijr Eopyij and

F CErb) ;.; both for the generators of Y, (o) and for their canonical images in the quotient

Y,:(0). Similarly we use the same notation c{” for the images in Y, (o) of the
central elements of Y;, (o) from (2.22); clearly these are also central in Y}, ;(0). The anti-
isomorphism 7 from (2.16) factors through the quotients to induce an anti-isomorphism

T:Yn(0) = n,l(at). (6.3)

Similarly, given another shift matrix ¢ with the same differences as o, the isomorphism
¢ from (2.17) induces an isomorphism

L:Yp (o) = Y, (0). (6.4)

So the isomorphism type of the algebra Y}, ;(0) only depends on the tuple (p1,...,pn).

We will exploit the canonical filtration FoY;,;(c) € F1Y,,;(0) C --- of ¥, (o) in-
duced by the quotient map Y,(0) — Y;,;(c) and the canonical filtration of Y,,(o) from
§5. Recalling Remark 5.3, this may be defined directly given an admissible shape

v = (vi,...,vm) by declaring all the elements DY) EW and ) of Y, (o) to be

a;i,5° " a,bii,g a,bii,j
of degree r, and then FgY,, ;(0) is the span of all monomials in these elements of total
degree <d. For 1 <a,b <m,1 <i<wv,,1<j<wp,andr > s,p(v), define elements

Zl));i’j of the associated graded algebra grY;, ;(¢) by the formula (5.1). Since grY;, ;(o)

is a quotient of grY,, (o), Theorem 5.2 implies that it is commutative and is generated

e

by all {e,; :}1<ab<m,1<i<va,1 <j<mr>50(0)-
Lemma 6.1. For any admissible shape v = (v1,...,vy), gr Y, (o) is generated just

(r)
by the elements {e, ;.; i}1<a,b<m,1<i<va,1<j<pr50.4(0) <1 <50 () +Pmin(as) (V)"
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Pmof For 1 < ¢ < m, let Q. denote the set
{ a i j}1<a<0 1<4,j<va,0<r<pa (v { a, b i ]}1<a<b<c 1<i<va,1<5<0,84,0 (V) <r<s4,p (V) +pa (V)
U { a,b;i,j}1§a<bSC,1§jSVaJSiSVb,Sb,a(V)<7"§Sb,a(’/)+l7a(’/)’

and let SAZC denote

(r) (r)
{Da;i,j}1§a§c71§i,jgua,r>0 U {Ea bsi j}1<a<b<c 1<i<va, 1< <y, >80 4(v)
{ asz}1<a<b<c 1< <va,1<i<vp,r>sp ¢ (V)

To prove the lemma, we show by induction on ¢ = 1,...,m that every element of ﬁc of
degree r can be expressed as a linear combination of monomials in the elements of €2,
of total degree r. The case ¢ = 1 is clear, since Dg Z)j = 0 for r > p1(v) by definition.

Now take ¢ > 1 and assume the result has been proved for all smaller c.

For 1 <a < ¢— 1, we have by definition that E((lr(z” [E((lrc szlk,C(V)) Eiscl ,2;( )H)]

for some 1 < k < v._1. By induction, E(grc Sf Zlkc@)) is a linear combination of mono-

mials in the elements of Q.1 of total degree (r — Sc—1,¢(v)). By the relations, the

. . _ 1. . o
commutator of any such monomial with EES_CI,IIC";(VH ) is a linear combination of mono-

mials in the elements of €2, of total degree r. Hence, E™ s a linear combination of

a,c;i,j
monomials in the elements of (2, of total degree r. Similarly, so is F| (E C) i
Next, we have by the relations that

r—Sc—1, cW)=1ve_q
( ) _ ( T oc— ,C( )) ( c— 7c( )+1) t)
Bl =D i Bl ] - Z Z DY) crlh] (6.5)
t=1 =

(r—sc—1,c(v))

e—1iid is a linear combination of monomials in the elements of
Qc—1 of total degree (r — s.—1.(v)). Hence by the relations, the first term on the
right hand side of (6.5) is a linear combination of monomials in the elements of .1 U

{E(ETC) i,j}1<a<c 1<i<va, 1<) <Ve,5a.c (V) <r<sa..()+pa(v) Of total degree r. Now using (6.5) and

(r)

induction on r, one deduces that each £, ;. oy is a linear combination of monomials in
the elements of ). of total degree r. A smular argument using the relation

By induction, D

7'Sccl)chl

r (s¢,e—1(v)+1) (r—=sc,c—1(v)) r—t) t
Fly = P50 D55 - Y E :F( D (6.6)
t=1

shows that each F( )1 ey is a linear combination of monomials in the elements of €. of
total degree r, too.

Finally we must consider D( ) . Recall that p.(v) = pe—1(V) + Sc—1,c(V) + S¢,c—1 (V).
By the relations, we have for 1 < k < v._1 that

(r) (t) prsee-1(t)) plsee-1(¥)+1)
DC 19,7 Z Dc 1; k k‘Dc 6] [ c—1:k,j ' Fc—l;i,li ] (67)
By the previous paragraph, Eé:fg,g’;*l(y)) is a linear combination of monomials in the

elements from .1 U {Et(zfg;i,j}1§a<c,1§i§ua,1gjguc,sa,c(u)<r§sa,c(u)+pa(u) of total degree
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(r — s¢c—1(v)). Hence by the relations, the second term on the right hand side of (6.7)
is a linear combination of monomials in the elements of 2. of total degree r. Now

using (6.7) and induction on r one deduces that each D( r) ;; 1s a linear combination of
monomials in the elements of €2, of total degree r, to complete the induction step. [

Assume additionally for the next paragraph that the level [ is > 0. If d; = --- =
dn—1 = 0, we let t := n; otherwise let ¢t be the smallest positive integer such that d,_; #
0. If either t = n or s,—¢pn—t+1 # 0, it is easy to check that the baby comultiplication
Ay from Theorem 4.1(i) factors through the quotients to induce a map

Ag Yy (0) = Yo—1(0) @ U(gly), (6.8)

where ¢ is as in (4.5). Similarly, if either t = n or s,,—t+1,,—¢ # 0, the baby comulti-
plication Ay, from Theorem 4.1(ii) induces a map

AL : Yn,l(a) - U(g[t) ® Yn,l—l(d)a (69)

where ¢ is as in (4.6). Recalling Remark 5.4, these maps Ay and A, are filtered, so
induce homomorphisms

a1 Ag : 81 Vai(0) — gr(Yog 1(6) © Ual), (6.10)
grAy :grY, (o) — gr(U(glh) ® Y, -1(5)) (6.11)

of graded algebras.

Theorem 6.2. For any admissible shape v = (v1,...,Vm), 8 Yy 1(0) is the free com-

mutative algebra on generators {egz);;i,j}1§a,b§m,1§i§ua,1§j§ub,sa,b(u)<r§sa,b(v)+pmin<a,b>(v)-
Moreover, the maps gr Ag and gr A, from (6.10)—(6.11) are injective whenever they
are defined, hence so are the maps (6.8)—(6.9)

Proof. We proceed by induction on the level [, the case | = 0 being trivial. Now
suppose that [ > 0 and that the first statement of the theorem has been proved for all
smaller [. In view of Lemma 6.1, it suffices to check the induction step in the special
case that v = (v1,...,vy,) is the minimal admissible shape for o. At least one of
the maps Ay or Ay is always defined. We will assume without loss of generality that
Ay is defined; the theorem in the other case can be deduced from this one using the
anti-isomorphism 7. Introduce the following elements of gr(Y,,;—1(d) @ U(gl;)):

gr, D() ®1 ifa=h4,

a;i,j
e =1 er, B @1 ifa<b,
gr, ), ®1 ifa>b.

Also let z;; := gri1 ®e;; for 1 <4 ] < t. By Theorem 4.1(i), Lemma 4.2(i) and

Lemma 6.1, there exist polynomials f in all the variables ¢!} . such that gr Ay

i, a,bsi,j
maps
(r) ()
Cabiini ™ Cabiig (6.12)
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for1<a<m,1<b<m,1<i<v,,1<j<yyand s p(v) <7 < 80p(V)+Pmin(ap) (V)
and

t
(T) -(7‘—1) (r)
eavm;i7j = Zea,m,z,kxk’,] + fa,l,] (6-13)
k=1
for 1 <a<m,1<i<uv,l<j<uy,andsem(v) <r < sem(v)+ pa(v), where
ég?m;m := 0;;. By the induction hypothesis and the PBW theorem for U(gl;), the
elements

{zijh1<ij<t,
{é(’“) } A .
a, ;’i,j 1§a§m71§b<m71SZ§Va71§]§Vb7sa,b(y)<rgsa,b(V)+pmin(a,b)(V)’

{ét(li‘zn;i,j}1§a§m71§i§'/a71Sjgl/m»sa,m(’/)'f‘éa,m_1<T§5a,m(y)+pa(y)_1
and are algebraically independent in gr(Y,,;—;(6) ® U(gl;)). Using this and (6.12)-
(6.13), one verifies explicitly that the images of the generators
(r) . :
{€0,biij 1 1<a,b<m, 1 <i<va,1 <5 <vh50.0(0) <P <506 () +Prminga) (V)

of grY,, (o) from Lemma 6.1 under the map gr Ay are algebraically independent in
grY, —1(6) ® U(gl;). Hence gr Ay is injective and these generators must already be
algebraically independent in grY; ;(c). This completes the proof of the induction

step. O
Corollary 6.3. For any admissible shape v = (vi,...,vy), the monomials in the
elements

{D(T) } .
a;i,j J 1<a<m, 1<, <va,0<r<pa (V)

(r)
{E i j 11 <a<b<m,1<i<ra 1<5 <t ,50.0(v) <r <sap (1) +Pa(v)

(r)
(b i 1<a<b<m 1<) <va, 1<i<y 51,0 () <r <sp.a () +Pa(v)

taken in any fized order form a basis for Y, (o).
Remark 6.4. Obviously by their definition there is an inverse system

Yoi(0) « Yo i41(0) « Yy ip0(0) « -
Moreover, the maps are homomorphisms of filtered algebras with respect to the canon-
ical filtrations. Comparing the basis theorems proved in Corollary 6.3 and Theo-
rem 3.2(iv), it follows that Y,,(c) = limY;,;(o) where the inverse limit is taken in the
category of filtered algebras. Hence we can view the shifted Yangian Y, (o) as the
limiting case [ — oo of the shifted Yangians Y;,;(o) of level I.

Remark 6.5. Corollary 6.3 implies in particular that the Yangian Y), 1 of level 1 may
be identified with the universal enveloping algebra U(gl,,) so that, for 1 < i,5 < n,

TZ(;) € Y, 1 is identified with the matrix unit e; ; € gl, and Tz(g) = 0 for r > 1.
Using (3.24)—(3.25), it is easy to describe the power series Cp(u) = 3 5 cur e
Y1 [[u™t]] explicitly under this identification; see also [MNO, Remark 2.11]: we have
that

uu—1)--(u—n+1)Ch(u) = Z,(u) (6.14)
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where
et +tu—n+1 - €1n—1 ein
Zn(u) = rdet : B : : (6.15)
€n—1,1 o ep—lp—1tU— 1 €n—1,n
€n,1 te En,n—1 enn +U
e11+u €1,2 s €1n
€21 eso+u—1 --- €2.n
= cdet ) ) _ ] . (6.16)
€n,1 €n,2 o epptu—n+1

This proves the well known fact that the coefficients ZT(Zl)7 e Z{™ of the series Zn(u) =
Yoo 2Ny € U(gl,,)[u] belong to Z(U(gl,,)); see also [CL, §2.2] where this is de-
duced from the classical Capelli identity or [HU, Appendix A.1] for a self-contained
proof. By considering the images of Zél), cee Z,(ln) under the Harish-Chandra homo-

morphism, one shows moreover that Zq(zl), cees Zfln) are algebraically independent and
generate all of Z(U(gl,)).

Remark 6.6. If p; = 0, i.e. the level [ is equal to the total difference di + --- + d,,_1,
then we can make n smaller as follows. Let v = (v1, ..., 14,) be an admissible shape for
o. Define ¢ to be the (n—v1) x (n—wv1) shift matrix (s; )., <ij<n. Note v := (va,...,vp)
is an admissible shape for . We claim that there is an isomorphism
Yn,l(o-) - Yn—u1,l(é-) (617)
YZ)], Egg;z‘,j and Fl(?” to zero for 1 < b < m, D((ITZ)] to D((;jlw-
m, and Egg;i,j, Fé;);i’j to EC(LT_)Lb_l;m,Fér_)lvb_l;m respectively for 1 < a < b < m. Here,
we are working in terms of parabolic generators with respect to the shape v in Y, ;(o)
and the shape » in Y,_,, ;(¢). In particular, taking v to be the minimal admissible
shape, this isomorphism allows us always to reduce to the situation that either n =0
or p1 > 0. Note also using (3.26) that the map (6.17) sends the generating function
Cn(u) € Yy1(0)[[u™']] to Cry, (u — 11) € Yoy 1(6)[[u]].
To prove the claim, it is easier to construct the inverse map. Note first using the

relations (6.5)—(6.6) that DYZ)] = Eyg.l.j = Fl(?” =0in Y, (o) for 1 < b < m and
(r)

all admissible 4, j, 7. Hence by the relation (6.7) we have that Dy, = 0 for r > pa(v)
and all 7,j5. Now there is obviously a homomorphism Y,,_,, (¢) — Y, (o) such that

5(r) (r) () (r) () (r) :
D Dot Ea,b;i,j — Ea+1,b+1;i,j and Fmb;i’j — Fa+1,b+1;i,j' This factors through
the quotients to induce the desired map Y,,_,, ;(¢) — Y}, (o). Finally this map is an

isomorphism by Corollary 6.3.

mapping D forl <a<

7. PYRAMIDS

In this section we introduce the combinatorics of pyramids. (In the more general
language of [EK, §4] the things we call pyramids here should be called even pyramids.)
Suppose to start with that we are given a tuple (q1, g, ..., q) of positive integers for
some [ > 0. We associate a diagram 7 consisting of ¢; bricks stacked in the first
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(leftmost) column, g2 bricks stacked in the second column, ..., ¢ bricks stacked in the
Ith (rightmost) column. For instance if [ =4 and (q1, ¢2, 93, q4) = (4,2, 3,3), then

(1]
2 7110
T= 1315|811
4161912
Call 7 a pyramid of level l and height max(qz, ..., q) if each row of the diagram consists
of a single connected horizontal strip. Equivalently, 7 is a pyramid if the sequence
(q1,92, ..., q) of column heights is a unimodal sequence, i.e.
O0<qai < <@y G122 >0 (7.1)

for some 0 < k < [. Of course, the above diagram is not a pyramid, since there is a
gap between the entries 2 and 7.

Given a diagram 7 (not necessarily a pyramid), we pick an integer n > max(q, ..., q)
and number the rows of the diagram 1,2,...,n from top to bottom. Let p; denote the
number of bricks in the ith row, thus defining the tuple (p1, ..., p,) of row lengths with

0<pr < <pp=1L (7.2)

Usually we have in mind that n should exactly equal max(qi,...,q), so that either
n =0 or p; > 0, but it is sometimes useful to allow n to be larger (cf. Remark 6.6).
Fix also some numbering of the bricks of the diagram by 1,2,..., N. Usually we have
in mind the numbering down columns from left to right as in the above example but
any bijective numbering will do. For i = 1,..., N, let row(i) and col(i) denote the row
and column numbers of the brick in which ¢ appears, respectively.

Now let g denote the Lie algebra gl over C and introduce a Z-grading g = 6P ez 95
of g by declaring that the ij-matrix unit e; ; is of degree (col(j) — col(i)). Let

p = @gj, b := go, m:= @gj. (7.3)

§>0 §<0
Thus p is a parabolic subalgebra of g with Levi factor h = gl, & --- @ gl,,, and m is
the nilradical of the opposite parabolic to p with respect to h. Let P, H and M be the
corresponding closed subgroups of the algebraic group G := GLy over C. Also let

e .= Z €ij- (74)

1<i,j<N

row (i)=row(j)

col(i)=col(j)—1
By a dimension calculation, one checks that e belongs to the unique dense orbit of
H on g;, regardless of whether the diagram 7 is a pyramid or not. Moreover, the
Jordan block sizes of the matrix e are precisely the lengths of the maximal connected
horizontal strips in the diagram m, hence e is of Jordan type (p1,...,p,) if and only if
the diagram 7 is a pyramid.

Now recall from [Ca, §5.2] that an element e of the nilradical of p is called a Richard-
son element for p if its orbit under the adjoint action of P is dense in the nilradical of
p; equivalently,

dim cg4(e) = dim b. (7.5)
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By another dimension calculation (as observed originally by Kraft [Kr]) the Jordan
type of a Richardson element for p is given by the row lengths (p1,...,p,) of the
diagram 7, again regardless of whether 7 is a pyramid or not. We say that p is a good
parabolic if g; contains a Richardson element for p. Such an element e then clearly
belongs both to the dense orbit of P on the nilradical of p and to the dense orbit of H
on g1. Hence up to conjugacy, we may assume that e given by (7.4). Since its Jordan
type must also be (p1,...,pn), we obtain the following special case of [L, Lemma 7.2]:

Theorem 7.1. p is a good parabolic if and only if the diagram 7 is a pyramid.

Remark 7.2. In view of [EK, Theorem 2.1], this theorem implies that there is a
bijective map from pyramids to conjugacy classes of even good gradings of g = gly, as
defined in the introduction. The map sends a pyramid 7 to twice the grading defined
here, which is an even good grading for the nilpotent matrix e defined by (7.4).

To make the connection with the earlier sections, we point out that pyramids provide
an extremely convenient way to visualize the data needed to define the shifted Yangian
Y,.1(0) of level I. Indeed, given a shift matrix o = (s; j)1<i j<n and alevel I > s1 4551,
we let 6 = (dy,...,d,—1) be the associated differences and define (pi,...,p,) from
pi:=1—d;—---—dy_ like in (6.1). Now draw a pyramid 7 with p; bricks on the ith
row indented s, ; columns from the left hand edge for each i = 1,...,n. Conversely,
given a pyramid 7 of height < n, define a shift matrix ¢ = (s;;)i<i j<n from the
equation

#e=k+1,...0l|i<n—q <j} ifi<y,
where (q1,...,q) are the column heights and k& is chosen as in (7.1). This definition
is independent of the choice of k only if the pyramid 7 is of height exactly n, in which
case s;; is simply the number of bricks the ith row is indented from the jth row at
the left edge of the diagram if ¢ > j, at the right edge of the diagram if ¢ < j. For
example,

_ i
wym{ B hioklizn azd) | Hizg o)

= o O
—_ O =
NN W

l="70=

_ o O =

2 2 0 y \\

Now we have a convenient notation to record the explicit description of the centralizer
cg(€e) of the nilpotent element e associated to a pyramid 7; see [SS, IV.1.6].

Lemma 7.3. Let m be a pyramid of height < n with row lengths (p1,...,pn) and
associated shift matriz o = (s; j)1<ij<n, and let e be the nilpotent matriz defined by
(7.4). For1<i,j<mnandr >0, let

(r) ._
Cij = Z €h.k-

1<h,k<N
row (h)=i,row(k)=j
col(k)—col(h)+1=r

(r) . .
Then, the vectors {cm- }1§i7j§nasi,j<7’§5i,j+pmin(i,j) give a basis for cg(e).
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8. FINITE W-ALGEBRAS

Continue with g = gl and G = GLy acting on g by the adjoint action Ad. Fixing
a pyramid 7 with bricks numbered 1,..., N, we have the associated Z-grading on g
defined as in §7 so that e;; is of degree (col(j) — col(i)). Also define p,h, m and
the nilpotent matrix e € gy according to (7.3)—(7.4). Define h € gy and f € g_1 to
be the unique matrices so that (e, h, f) is an slo-triple in g. Let m* and p* denote
the orthogonal complements of m and p with respect to the trace form (.,.) on g,
respectively, i.e. mt = ®D,<09; and pt = D,-09-
Lemma 8.1. In the above notation,
(i) m* = [m,e] @ cg(f);
(ii) p=[p", f1® cqle);
(iii) cg(f)" =me [ph, f].
Proof. Since e is a Richardson element for p, we know that dimcg(e) = dimb and
cg(e) C p. Hence the map m — [m,e],xz — [z,€] is a bijection. Similarly, dim cg(f) =
dim b and ¢4(f) € mt. Hence the map p~ — [pt, f],y — [y, f] is a bijection. So

dim[m, €] + dim ¢y(f) = dimm + dim h = dimm™,
dim[pt, f] + dim cg(e) = dimp* + dim b = dim p.

Also by sly theory, [m,e] Neg(f) = [pr, f] N cg(e) = 0. Parts (i) and (ii) follow. For
(iii), we have that

dimm + dim[p™, f] = dim g — dim b = dim cg(f),
and clearly m N [pL, f] = 0, so we just have to check that m C ¢4(f)* and that
[pt, f] C cg(f)*. The former statement is true since c4(f) € mt. For the latter, note

for any = € p* and y € ¢4(f) that ([z, f],y) = (x,[f,y]) = 0 by the invariance of the
trace form. g

To recall the definition of the algebra W () from the introduction, let x : m — C
denote the representation mapping = — (x,e) for each € m. Let I, denote the kernel
of the corresponding algebra homomorphism U(m) — C and pr, : U(g) — U(p) be the
projection along the direct sum decomposition

U(g) =U(p) ®U(9)Ly. (8.1)
For x € m and y € U(p), we set x -y := pr,([z,y]) = pr(2y) — x(2)y, to define
the twisted action of m on U(p). Then, the finite W-algebra W (m) associated to the
pyramid 7 denotes the space U(p)™ of twisted m-invariants in U(p). Equivalently,

W(r) ={y € U(p) | (z — x(2))y € U(g)]y for all z € m}, (8:2)

from which it follows easily that W () is actually a subalgebra of U(p). For example,
in the special case that 7 consists of a single column, we obviously have that p = g,
m =0 and e = 0, hence W(7) = U(gly).

We need the Kazhdan filtration --- C FqU(g) € Fg11U(g) C -+ of U(g) defined by
declaring that the generator e; ; is of degree

deg(e; j) := col(j) — col(i) + 1 (8.3)
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foreach 1 <i,j < N, ie. FyU(g) is spanned by all monomials e;, j, - - - €;,,, ., form >0
and deg(e;, j,) + - - - + deg(e;,, j,,) < d. The adjoint action of g on U(g) is filtered in
the sense that [g;, FqU(g)] C Fyq4;U(g) for each j,d € Z. Hence the associated graded
algebra gr U(g) is naturally a graded g-module. Of course by the PBW theorem we can
identify gr U(g) with the symmetric algebra S(g) with the usual g-action, but viewed
as a graded algebra via the Kazhdan grading also defined by (8.3).

There are induced Kazhdan filtrations of the subalgebras U(p) and W (xr) defined
by setting FyU(p) := pr, (FqU(g)) and FgW () := W(m) NF4U(p). This time we have
that FyU(p) = FqgW () = 0 for all d < 0. The projection pr, : U(g) — U(p) is filtered,
hence so is the twisted action of m on U(p), and grpr, : grU(g) — grU(p) is a graded
m-module homomorphism. If we identify gr U(p) with S(p) graded via (8.3), then we
can describe the map grpr, simply as the algebra homomorphism p : S(g) — S(p)
that acts as the identity on elements of p and sends x € m to x(z). This explains the
top left hand quadrant of the following commutative diagram:

~

grU(g) == S —— Clg
grprxl ”l l
gl(p) == Sk —— Cl+m] < Cltm ¥ (8.4)

ol T2
g W () —— Segle)) —— Cle+ ol

To make sense of the bottom left hand quadrant, let i : W (7)) — U(p) be the inclusion,
and let ¢ : S(p) — S(cq(e)) be the algebra homomorphism induced by the projection
p — cg(e) along the direct sum decomposition from Lemma 8.1(ii). Note both [pt, f]
and cg(e) are graded subspaces of g; in the latter case one way to see this is by
Lemma 7.3 since the basis element cgj;-) there is clearly of degree r with respect to the
Kazhdan grading. Hence the map ¢ is a graded map. Finally let § : gr W () — S(cq4(e))
be the composite g o gri.

Now we turn our attention to the right hand half of the diagram. Imitating [GG,
§2.1], let v : C* — G be the group homomorphism defined by letting

7(t) := diag (¢t~ M) ¢l ... g elN)y e GLy (8.5)
for each t € C*. So Ad~(t) acts on g; by the scalar ¢/ for each t € C* and j € Z.
Introduce a linear action p of C* on the variety g by letting
p(t)(z) = £ Ad () (2) (5.6)
for each t € C*,z € g. Thus, p(t)(e;;) = t~ 8¢, ; for each 1 < 4,5 < N. In
particular, p(t)(e) = e for every t € C* and

tlim p(t)(z) =0 (8.7)
for all z € m. We get an induced action p of C* on the coordinate algebra C[g] with
(B (@) = Fpt™H)(x)) (8.8)

for each f € Clg],z € g. Using this, we define a grading on C[g| by declaring that
f € Clg] is of degree j if p(t)(f) = t’ f for each t € C*. Since e is a p-fixed point, it is
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easy to see that each p(t) leaves both e +m' and the Slodowy slice e+ ¢4(f) invariant.
So just like for C[g], we get induced actions p of C* on the coordinate algebras Cle+m-]
and Cle + ¢4(f)] which we use to introduce a grading on these algebras. The natural
restriction maps r : C[g] - Cle+m™] and s : Cle+m*] — Cle+cy(f)] are p-equivariant,
hence are graded.

The trace form defines an isomorphism « : S(g) — Clg| of graded algebras. It maps
the kernel of the homomorphism p : S(g) — S(p) isomorphically onto the annihilator in
Clg] of the closed subvariety e + m*. Hence « induces a graded algebra isomorphism
B : S(p) — Cle + mt]. Similarly by Lemma 8.1(ii),(iii), 8 maps the kernel of the
homomorphism ¢ : S(p) — S(c4(e)) isomorphically onto the annihilator in Cle + m-]
of e + ¢4(f), hence induces a graded algebra isomorphism v : S(cg(e)) — Cle + ¢g(f)]-

To complete the picture, we need to introduce an action of the subgroup M of
G corresponding to the subalgebra m of g. The adjoint action of G on g induces
an action of G on C[g] by algebra automorphisms, such that the derived action of g
corresponds under the isomorphism « to the usual g-action on S(g). The subgroup M
of G leaves e +m* invariant, hence we get induced actions of M and m on Cle +m-],
such that the action of m agrees under the isomorphism ( with the twisted action of
m on S(p). In particular since S(p) is a graded m-module, it follows that the space
Cle + m*]™ = C[e + m*]™ of m-invariants/M-fixed points is a graded subalgebra of
Cle4m™]. One can see this directly by introducing an action p of C* on M x (e +m™)
defined by

p(B)(m, ) = (Y(OmA(t) ), p() (@) (8.9)
for all m € M,z € e+ m*™ and t € C*. The following calculation checks that the
adjoint action ¢ : M X (e + mt) — e +mt is p-equivariant:

Ad(y(m(6) ) p()() = £ Ad () Adm Ad (1) Ad~ (1) ()
=t~ Ady(t) Adm(z) = p(t)(Ad m(z)).

This now implies that the space of M-fixed points in C[e +m™'] is invariant under each
p(t), hence is graded. Let us also note that

Jim (3(H)my ()~ = 1 (8.10)

for all m € M.

It just remains to prove that the composite of the inclusion Cle+m*]M — Cle+m™]
and the projection s : Cle + mt] — Cle + ¢4(f)] is an isomorphism. This follows from
the following key result, which is due originally to Kostant [K, Theorem 1.2], and
is proved in this generality in [L, Theorem 1.2] using Zariski’s Main Theorem. The
alternative argument sketched here is due to Gan and Ginzburg; see [GG, Lemma 2.1].

Theorem 8.2. The adjoint action ¢ : M x (e + ¢4(f)) — e +mT is an isomorphism
of affine varieties.

Proof. We just verify the hypothesis needed to apply the general result from the proof
of [GG, Lemma 2.1]: An equivariant morphism ¢ : X1 — Xo of smooth affine C*-
varieties with contracting C*-actions which induces an isomorphism between the tan-
gent spaces at the C*-fized points must be an isomorphism. We have already defined
actions p of C* on e +mt (8.6) and on M x (e + c4(f)) (8.9) and checked that ¢ is
p-equivariant. By (8.7) and (8.10), we have that lim; .o p(t)(m,x) = (1,e) for each
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(m,z) € M x (e + cg(f)) and that lim;_ p(t)(z) = e for each z € e + m*. Hence
the C*-actions are both contracting. So finally we need to check that the differen-
tial dp(y ) is an isomorphism between the tangent spaces T{; .)(M x (e + ¢4(f))) and
T.(e +mt). But if we identify the tangent spaces with m @ cg(f) and m* respectively,
then the differential is the map (z,y) — [z,e] + y. Hence it is an isomorphism by
Lemma 8.1(i). O

The crucial thing that we can now read off from the diagram (8.4) is the following:

Corollary 8.3. The map 60 : gr W(mw) — S(cg(e)) is an injective graded algebra homo-
morphism.

Proof. Clearly gri maps gr W () injectively into the space of m-invariants in gr U(p).
Hence, 3o gri maps gr W () into Cle +m*]™. Hence s o o gri is injective. But this
is v 0 8 by the commmutativity of the diagram, hence 8 is injective too. O

Remark 8.4. It is known by [L, Theorem 2.3] that the map 6 is actually an iso-
morphism, hence gr W () is isomorphic to the coordinate algebra Cle + ¢4(f)] of the
Slodowy slice as stated in the introduction. A quicker proof can also be given by fol-
lowing the arguments of |GG, §5]. However we do not need to use this fact yet, and
we will be able deduce it later on as a consequence of the main result of the article;
see Corollary 10.2.

Remark 8.5. The restriction of the map pr, : U(g) — U(p) to Z(U(g)) defines an
injective algebra homomorphism ¢ : Z(U(g)) — W (m) whose image is contained in the
center Z(W (m)). The fact that ¢ is an algebra homomorphism with image contained
in Z(W(m)) is easiest to see using the definition of W () as the endomorphism algebra
Endy (g (Qy) given in the introduction, since in those terms 9 is just the representation
Z(U(g)) — Endc(Qy) of Z(U(g)) on the module Q,. The fact that v is injective is
proved in [P, 6.2] or [L, Proposition 2.6] by observing that the (injective) Harish-
Chandra homomorphism factors through the map . In [BK2, §6] we show moreover
using some basic facts about the representation theory of W (m) (some of the proofs
of which depend on knowing the main result of the article below) that the image
of 1 is actually equal to Z(W(r)). Hence, ¢ : Z(U(g)) — Z(W(r)) is actually an
isomorphism.

9. INVARIANTS

In this section we define some remarkable elements of U(p), many of which will
eventually turn out to be m-invariant, i.e. to belong to the subalgebra W (m). Letting
(q1,-..,q) denote the column heights of our fixed pyramid =, pick an integer n >
max(qi,...,q). Define p = (p1,...,pn) by setting

Pi =T = Geol(s) — eol(s)+1 — " — ql- (91)
For 1 <i,j < N, define
&g 1= (=)0 (e 5 46, 5pi), (9.2)
SO
(€3 Enk] = (Eike — 0ikpi)On,j — ik (Enj — On,jpy)- (9-3)
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Let us also spell out the effect of the homorphism U(m) — C induced by the character
x: we have that

_ —1 if row(i) = row(j) and col(i) = col(j) + 1; (9.4)
€irj 0  otherwise. ’
For 1 <i,j < n and signs oy, ...,0, € {£}, we let Tz(g)ah oy =040 and for r > 1
define
” 01, on T Z Z Trow(iz) " Orow(is) Cirgr * " Ciajs (9.5)
s=111,..
jlv-',js
where the second sum is over all 1 < 11,...,4%s,71,...,7Js < N such that

(1) deg(eiy,j,) + - - - 4 deg(es, j,) = r (vecall (8.3));

(2) col(iy) < COl(]t) foreacht =1,...,s;

(3) if orow(j,) = + then col(ji) < col( 1) foreacht=1,...,5s —1;

(4) if 0row(j,) = — then col(jr) > col(izy1) for each t =1,...,s — 1;

(5) row(i1) = 4, row(js) = j;

(6) row(j;) = row(igs1) foreach t =1,...,s — 1.
Note the assumptions (1) and (2) imply that TZ(J)U .o, Delongs to F,.U(p). For z =
0,1,...,n, let Tz(j)x denote Tl(])(71 .o, In the special case that o1 = --+ = 0 = —,
Optl = = 0, = +. Define

Tigialu) 1= TG € U] (9.6)
r>0

Since this is the most critical definition in the entire paper, let us give some simple
examples.

Example 9.1. Forany 1 <i,j <nand z=0,1,...,n,
1 -
The= Y. e
1<h,k<N

row (h)=i,row (k)=j
col(h)=col(k)

2 _ ~ - ~
Tija = > Ch.k - > €hy k1 Cha ko

1<h,k<N 1<hy,ha k1 ,ka<N
row (h)=i,row(k)=j row (h1)=t,row(k1)=row(ha)<z,row(k2)=j
col(h)=col(k)—1 col(h1)=col(k1)>col(ha)=col(k2),

+ Z éhhkl éhz,kQ .
1<hi,ho,k1,ka<N
row (h1)=t,row(k1)=row (h2)>z,row(k2)=j
col(h1)=col(k1)<col(ha)=col(k2),

Lemma 9.2. Suppose 0 <z <y < n.
(i) Ife<i<yandy < j<n then

,ja: Z lek:x Tk,]y( )

k=z+1
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(ii) Ify<i§nand:n<j<ythen

,]ac Z irzk:,y Tk,] 33( )

k=z+1
(iii) Ify <i,j <n then
T jiw(w) = Ti sy ( Z T ke (W) T 0 (W) Ty ().
kl=x+1

(iv) If x <i,7 <y then

Z T‘zkx Tk,]»y( ) 5i:j'

k=z+1

Proof. Let & ; 1= € ju™ deg(eij) for short.
(i) The right hand side of the formula in (i) is a sum of monomials of the form

F(Eir gy Cirgie) Chrdy  Ehale)s (9.7)

for various r > 0,5 > 1, where £&;, j, - - - &, ;. appears in Tj . (u) and £, 1, - - - &g, 1,
appears in T}, j.,(u) for some < k < y. Let X be the sum of all such monomials for
which col(j,) < col(k1) if r > 0 and for which row(l;) ¢ {z+1,...,y} forall1 <t <s.
Let Y be the sum of all remaining monomials. Thus, the right hand side of the formula
in (i) is equal to X +Y. Now we proceed to show that X =T j.»(u) and that Y = 0.

First consider X. Take a monomial of the form (9.7) appearing in X, so col(j,) <
col(ky) if r > 0 and row(ly) ¢ {x+1,...,y} for all 1 <t < s. It is easy to see that this
monomial also appears in the expansion of Tj j.»(u), with the same sign. Moreover,
the monomial (9.7) appears in X exactly once: otherwise we would be able to obtain
this monomial in the expansion of X in another way by splitting it either as

(v gy CirgeShaty  Shle) g lesr " Eksils)

for some 1 <t < s so that, writing h = row(ly), £&, 1 - &irjr ki s - Eky 1, ADDEATS
in Tj pp(u) and £&g,_ g, - - &y, aPPears in Ty, ., (u), or as

F(Givgn + Ciurigums) Giwg = Cir Sk y Skl

for some 1 < u < r so that, writing h = row(iv), &, ji -+ &iu_1,ju_r abpears in Tj p.,(u)
and £&, j, &,k by - ks, appears in Tj, j., (u). The former case does not happen
since we have that h ¢ {x +1,...,y} by assumption. The latter case does not happen
since col(j,) < col(k1) contrary to the definition of the monomials arising in T j.,(u).
To complete the proof that X = Tj;.,(u), we need to show that every monomial
+&p g1 Epu.ge aPPearing in 7 ;.. (u) also appears in X. Take r > 0 to be the maximal
index such that &, ¢, -+ &p, g, appears in T .o (u) for some z < k < y; such an r
exists as for r = 0 the monomial 1 appears in Tj;.;(u). It remains to observe that
col(gr) < col(py4+1) and that row(q) ¢ {x +1,...,y} for all r < t < u, for otherwise
r could be made bigger. In particular this means that +§p, ., 4,1+ &pu,q. aPpears in
T} jiy(u). Hence if we split our monomial as (&p, .1 - &prigr) Epritarsn **  Epuga)> WE
have something of the form (9.7) that appears in X.

Now consider Y. Take a monomial of the form (9.7) appearing in Y, i.e. either
r > 0 and col(j,) > col(k1) or there is some 1 < ¢ < s such that z < row(l;) <y. We
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show that this monomial appears exactly twice in the expansion of Y, with opposite
signs. There are two cases.

Suppose first that » > 0 and that col(j,) > col(ky). Let t < r be the maximal
index such that = < row(i;) < y; such a ¢ exists since row(i1) = 7 and = < i < y.
Let h :=row(i;). Then the monomial £&;, ;, ---&;,_, j,_, appears in T; p.,(u) and the
monomial £&;, j, -+ &, j, ki dy - &kt appears in Tj, j., (u). Moreover, using the facts
that col(j;—1) < col(iy) if t > 1, col(j,) > col(k1), and the maximality of the choice of
t, we see that

i(gil,jl to giryjr)(fk'lyll T é-ks,ls)’ :l:(gil:jl T éit—lyjt—l)(fit,jt’ T 7£ir,jr§k17l1 T é-kSJS)

are the only ways to split the monomial (9.7) so the left hand term occurs in Tj g.,.(u)
and the right hand term appears in T ., (u) for some x < g < y. It just remains to
check that the two have opposite signs.

Suppose instead that col(j,) < col(kp) if 7 > 0 and that < row(l;) < y for some
1 <t < s. Choose the minimal such ¢ and let h := row(l;). Then the monomial
+& 51 &irin &k iy - ket @PPears in Tj p.p (u) and the monomial &g, 7,00 -« ki,
appears in T}, j.,(u). Moreover using the facts that col(j,) < col(ky) if > 0, col(ly) >
col(k¢+1), and the minimality of the choice of ¢, we have that

F(Eirgr Cirge) ks = Ekate)s EGingn  CirgnChastn * Shte) (Shsn degs ** Ekal)

are the only ways to split the monomial (9.7) so the first multiple occurs in T; 4., (u) and
the second multiple appears in T} j.,(u) for some < g < y. The two have opposite
signs.

(ii) Similar.

(iii) Using (ii), we can rewrite (iii) as

y
T jia(u) = Tijy(u) = Z T s () T, iy (w). (9.8)
k=x+1
The terms on the right hand side of (9.8) look like
:I:(fil,]d o 'gir,jr)(gkl,ll T gk’s,ls)v (9.9)

for various r,s > 1, where £&;, j, ...&:, j, appears in Tj ., (u) and £, 1, ... &k, 1,
appears in Ty j.,(u) for some z < k < y. Let X be the sum of all such monomials for
which col(j,) < col(k1) and row(ly) ¢ {x +1,...,y} for all 1 <t < s. Let Y be the
sum of all such monomials for which col(j,) > col(k;1) and row(j;) ¢ {x +1,...,y} for
all 1 <t < r. Let Z be the sum of all the remaining monomials, so the right hand side
of (9.8) is equal to X +Y + Z. We will show that X +Y = T; j.,(u) — T j,y(u) and
that Z = 0.

So first consider X + Y. By definition, Tj j.»(u) is a sum of monomials of the form
+&1.01 Epu,ge- Let A denote the sum of all these monomials with the property that
x < row(q;) <y for some 1 <t < u. Let B be the sum of all the remaining monomials,
so T; j.z(u) = A+ B. Similarly, T j.,(u) is a sum of monomials £&,, ¢, - - &p, .- Let
C' denote the sum of all the ones with the property that < row(¢) < y for some 1 <
t < u. Let D denote the sum of all the rest, so T; j.,(u) = C+ D. Now one checks that
X =AY =—-Cand B=D. Hence X+Y = (A+B)—(C+D) =T, j(uv) =T} jy(u)
as claimed.
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It remains to show that Z = 0. Recall that Z is the sum of all monomials of the
form (9.9) such that either col(j,) < col(k1) and = < row(l;) < y for some 1 < t < s,
or col(j,) > col(k1) and = < row(j;) < y for some 1 < ¢t < r. In the former case,
choose the minimal index ¢ > 1 for which z < row(l;) < y. Then

i(gil,jl T gir:j'r)(gkhll t Ekst)? i(gil,jl t Eiryjrgkhll o gkt,lt)(gkwhlwl o 'gks,ls)

are the only two ways to split the monomial (9.9) so that the left hand term appears in
T;,g:2(u) and the right hand term appears in T} j., (u) for some x < g < y. Moreover,
they appear in the expansion of Z with opposite signs. The latter case is similar, but
one uses the maximal index ¢ < r for which = < row(j;) < y.

(iv) The left hand side of the formula in (iv) is a sum of monomials of the form

(i gy Girge) ks Ekal) (9.10)

for various r,s > 0, where £&;, j, ---&,. . appears in Tjp.(u) and £, 1, - &k, 1.
appears in T} j.,(u) for some < k < y. Note that » = 0 is allowed only if i = F,
and s = 0 is allowed only if k = j. So if ¢ = j we get a contribution —1 from the
r = s = 0 term, while if 7 # j then there is no r = s = 0 term. Now the formula in (iv)
will follow if we can show that whenever (r,s) # (0,0), the monomial (9.10) appears
exactly twice on the left hand side with opposite signs. We consider two cases.

First, suppose that s > 0 and that col(j,.) < col(ky) if » > 0. Let ¢t > 1 be
the minimal index such that x < row(l;) < y; such a t exists as row(l;) = j and
z < j<vy. Let h:=row(l). Then £&, j, ... &, j & k1iy - - - ke 1, apPears in Tj p.p(w),
and &k, 1 0,4y - - - Ekeyl, appears in Tj, ;. (u). Moreover, using the facts that col(l;) >
col(kiy1) if t < s, col(jy) < col(ky) if r > 0, and the minimality of the choice of ¢, we
see that

i(£i17j1 cee gi'ryj'r)(é-khll cee gks,ls)v i(gil,jl cee éiryjré-k17ll cee gkt,lt)(gkt+17lt+1 . 'é-ks,ls)

are the only ways to split the monomial (9.10) so that the left term occurs in Tj 4., (u)
and the right term occurs in T j.,(u) for some z < g < y. The two have opposite
signs.

For the second case, suppose either that s = 0, or that r, s > 0 and col(j,) > col(ky).
Let ¢t < r be the maximal index such that x < row(i;) < y and argue in a similar

fashion. O
To explain the significance of this lemma, let T'(u) := (T j:0(u))1<i,j<n, a0 N X 1
matrix with entries in U(p)[[u~!]]. Also let v = (v1,...,v) be a fixed shape. Con-

sider the Gauss factorization T'(u) = F(u)D(u)E(u) where D(u) is a block diago-
nal matrix, E(u) is a block upper unitriangular matrix, and F(u) is a block lower
unitriangular matrix, all block matrices being of shape v. The diagonal blocks of
D(u) define matrices Di(u), ..., Dy (u), the upper diagonal blocks of E(u) define ma-
trices Fq(u),..., Fm—_1(u), and the lower diagonal matrices of F'(u) define matrices
Fl(u), e ,Fm_l(u). Also let ﬁa(u) = —Da(u)*l. Thus Da(u) = (Da;i7j(u))1§i7jgya

and Ea(u) = (Dam]‘(u))lgi’jgya are Vaxua—matrices, Ea(u) = (Ea;i’j(u))lgigya’lgjg,,(Hl
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is a v X Vg q1-matrix, and F,(u) = (Fuyi (1)) 1<i<vei1,1<j<va 15 & Vaq1 XVq-matrix. Write

Da;i,j(u) = ZDgi),ju_Ta 5a;i,j(u) = ZE((I?,]'U_T7
r>0 r>0

Buig(uw) = Y By, Fug(u) =Y Fyu,
r>0 r>0

thus defining elements Dc(fz) It EC(LTZ) ; and F, CSTZ) ; of U(p), all dependent of course on the

fixed choice of v. All this i)’arallefs the definition of the elements of Y,, with the same
names in the paragraph following Lemma 3.1.

Theorem 9.3. Withv = (v1,...,vn) fized as above and all admissible a,i,j, we have
that

03§ (W) = Ty oetva s i 4o tva i+t (W),
a1, () = Torotv 1 i +odva 1 +jivn otva (W),
(1) = Tyt g1+ oo tva g+t (1),
Fasij(0) = Togtootvabippr o tva 1 +tvg (W)

Proof. Note it suffices to prove the formulae for D, E and F, since the one for D follows
from the one for D by Lemma 9.2(iv) taking x = v1+ -+ vg—1 and y = v + - - + 1.
Now we proceed by induction on m, the base case m = 1 being trivial. For the
induction step, suppose the theorem has been proved for the shape v = (v1,...,vp).
So, in terms of matrices, we have that

VD(Z(U) = (Tl/l+'“+Va—1+i,l/1+"'+l/a71+].;l/1+"'+Va71 (u))lfi,jgua )
yEa(u) = (TI/1+“'+Va—1+i,V1+-“+Va+j;V1+“‘+Va (u))lgigua,lgjgua+1 )

VFll(u) = (TVI+'“+Va+i71’1+-"+l/a71+j§1/1+"~+l/a (u))lﬁifl/mrl,lﬁjﬁl’a )

where we have added a superscript v for clarity. Write v, = a+ 3 for some 1 < b <m
and a, 3 > 1, and let p = (v1,...,p—1,Q, B, Vpt1,--.,Vm). Define matrices A, B,C
and D by

= TV1+"'+Vb_1+i,l/1+"'+Vb_1+j;l/1+"‘+Vb—1 (u)) 1<ij<a’

= TV1+"'+Vb_1+i,V1+"'+Vb_1+Oé+j;l/1+"'+l/b_1+04 (U)) 1<i<a,1<5<8

A= (

B=(

C = (T4 tvy s +atian+otvp+iw -t 1+a() | cic g 1< ja
D = (Tyy 4ty tatiwn oty +actjin -+t 1+a(W)) 1< o

2

that

Y Dy(u) = A AB (I, 0 A0 I, B
=\ ca p+caB )=\ c 15 ) o D)o 1I3)
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Lemma 3.1 explains how to read off the matrices D, (u),*E,(u) and #Fy(u) from this
factorization to get that

#Da(u) = (Tul+---+ua71+i,u1+---+#a71+j,u1+---+ua71(“))1§i,jéua ’
#Ea(u) = (Tul+'“+Ma—1+i,u1+"'+#a+jyli1+"'+ua (U))lgiguaylg‘jgﬂa+l )

MFCL(U) = (TH1+"'+/Ja+i7,L’41+“'+Haf1+j7“1+"'+;ua (u))lﬁiS#aJrl,lSjS#a .

This completes the induction step. O

In the extreme case that v = (1™), we write simply DZ(T), 5@? EZ.(T) and Fl-(r) for the

)

elements Dgl)’l, Dz(Tl)p E.(,Tl)1 and Fi(,T) of U(p), respectively.

ﬁl(T) T( r) E(”) T'Z(erl y and Fz(r) — T(T)

1,250 i+1,250°

Corollary 9.4. DZ(T) )

2,2;0—17
10. MAIN THEOREM

Let m be a pyramid of level | with column heights (q1,...,q). Pick an integer
n > max(qi,...,q) and read off from the pyramid 7 a shift matrix o = (s;;)1<ij<n
according to (7.6). Define the finite W-algebra W(m) = U(p)™ viewed as a filtered
algebra via the Kazhdan filtration as in §8. Define the shifted Yangian Y, ;(c) of level
[ viewed as a filtered algebra via the canonical filtration as in §§2, 5 and 6. Suppose also

that v = (v1,..., ) is an admissible shape for o, and recall the notation s, (v) and
pa(v) from (3.2) and (6.2). We have the elements DC(”)]7 Dgrl)j, E(SZ)] and Fé Z)] of U(p)

defined as in §9 relative to this fixed shape; see Theorem 9.3 for the explicit formulae.
We also have the parabolic generators DY) . DY B and ") of Y, (o) as in §3.

at,j? T ai,g? a2] a;i,j
The main result of the article is as follows.

Theorem 10.1. There is a unique isomorphism Y, (o) = W (x) of filtered algebras
such that for any admissible shape v = (v1,...,vy) the generators

(r)
{Da i 11<a<m,1<i,j<va,r>0;
{ ai J}1<a<m 1<i<v6,1<j<Va11,7>54,5 (V)

{ a,z,]}1<a<m 1<i<va41,1<j<vqa,r>8p 4 (V)

of Y,1(0) map to the elements of U(p) with the same names. In particular, these
elements of U(p) are m-invariants and they generate W ().

The proof will take up most of the rest of the section. First however let us record a
couple of corollaries of the theorem.

Corollary 10.2. The map 0 : gr W(m) — S(cg4(e)) from (8.4) is an isomorphism.

Proof. Since we already know by Corollary 8.3 that the map 0 is an injective, graded
homomorphism, it suffices given Theorem 10.1 to show that grY;, ;(o) and S(c4(e)) have
the same dimension in each degree. This follows from Theorem 6.2 and Lemma 7.3

(r )

(the element ¢; ; there is of degree r with respect to the Kazhdan grading). O

For the next corollary7 let 7 be another pyramid with the same row lengths as 7, i.e.
the nilpotent matrix é defined from 7 is conjugate to the nilpotent matrix e defined
from 7. Let & = ($;)1<i j<n be a shift matrix corresponding to the pyramid 7. By
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Theorem 10.1, the formulae in §9 define generators D((lrl) T E (r ) ; and F, (E Z) ; of W (7) for
each admissible shape v.

Corollary 10.3. There is an algebra isomorphism ¢ : W(mw) — W(#) defined on
parabolic generators with respect to an admissible shape v by the formulae (3.21).

Proof. This follows from Theorem 10.1 and (6.4). O

So now we must prove Theorem 10.1. The first reduction is to observe that it suffices
to prove it in the special case that v is the minimal admissible shape for o. It then
follows for all other admissible shapes by Lemma 3.1 and induction on the length of
the shape. So we assume from now on that v = (v, ..., v,) is the minimal admissible
shape for o, and let ¢ := v, = min(q1,q). We proceed to prove Theorem 10.1 by
induction on the level [.

Consider first the base case [ = 1, i.e. 7 consists of a single column of height t.
Since the nilpotent element e from (7.4) is zero in this case, we have by definition

that W(m) = U(gl,). Moreover, according to Theorem 9.3, we have that p

miij
€ij =€ j+0;(n—t)for1 <ij <t and all other elements D((”)J,E((:Z)j and Fé?J

of W(r) are equal to zero. On the other hand, Remarks 6.6 and 6.5 imply that there
is an isomorphism Y, 1(0) = Y1 = U(gl;) such that Dﬁi?m — e;,j, with all the other

parabolic DY EM and F) . of Y,.1(c) mapping to zero. Composing with the

a;,) " ai,g a;t,]
automorphism e; j — &; ; of U(gl,) gives the required isomorphism Y;, 1(o) = W ().

Assume from now on that [ > 1 and that the theorem has been proved for all smaller
levels. The verification of the induction step splits into two cases corresponding to the
two possible baby comultiplications Ay and A, that were defined in (6.8)—(6.9):

Case Ag: either t =n or s, p—t41 # 0;

Case Ay: either t =n or s,_y1n—t # 0.

The argument in the two cases is quite similar. We will explain it in detail in case Ag,
then briefly indicate the changes in case A.

So assume that either t = n or s,—tp—t+1 = Sm—1,m(v) # 0; in particular, ¢ > ¢.
For notational convenience, assume that the numbering of the bricks of the pyramid
7 is the standard numbering down columns from left to right. Let 7 be the pyramid
obtained from 7 by removing the rightmost column, i.e. the bricks numbered (N —
t+1),(N —t+2),...,N, from the pyramid 7. Let ¢ = (5;;)1<ij<n be the shift
matrix corresponding to the pyramid 7 defined by (4.5). Define p,m and ¢é in g =
gly_,; according to (7.3)—(7.4) and let x : m — C be the character z — (z,¢é). Let

. ~(r) .
Dg;j, D, i E(Yi)j and F( ) denote the elements of U(p) as defined in §9 relative to
the shape v. By the 1nduct10n hypothesis, Theorem 10.1 holds for 7, so we know
already that the following elements of U(p) are invariant under the twisted action of
m, i.e. they belong to finite W-algebra W () = U(p)™:
= (r )
()D(r) and D, ; for 1 <a<m,1<4,j <vgand r > 0;

a;i,j

(ii) E o8, for1<a<m 1<i<vg, 1<j<vgq and r > Sq441(V) — dgm—1;

a;t,j

(iii) .(SZ)] forl1<a<m,1<i<vgi1,1<j<v,andr > seq1,4(V).

Recalling (9.2), we must work now with the non-standard embedding of U(g) into
U(g) under which the generators €; ; of U(g) defined from the pyramid 7 map to the
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generators €; ; of U(g) defined from the pyramid =, for 1 <i,j < N —¢. This also
embeds U(p) into U(p) and m into m. Moreover, recalling (9.4), the character x of m
is the restriction of the character x of m, hence the twisted action of m on U(p) is the
restriction of the twisted action of m on U(p). The following crucial lemma gives us
an inductive description of the elements DU B and ") of U (p) in terms of the

at,j) a;i,g a;i,j

elements (i)—(iii) of U(p); this should be compared with Theorem 4.1(i).

Lemma 10.4. The following equations hold for r > 0, all admissible a,i,j and any
fizred 1 < h <t:

DY) = DY)+ Gam (Z DY Ven iinn—iaj + (DU, éN—2t+h,N—t+j]> , (10.1)

t
Byl = By + o (Z By en it + By, 5N2t+h,Nt+j]> , (10:2)
k=1

P _ ) (10.3)

asi,j a;ij
where for (10.2) we are assuming that r > 1 if a = m — 1.
)

Proof. This follows using Theorem 9.3 and the explicit form of the elements TZ(; ,, from
(9.5). O

In the next few lemmas we will use these inductive descriptions to show that the
elements D) ., B and F, r ) . of U(p) are m-invariants for the appropriate r.

a;i,j asi,g

Lemma 10.5. The followmg elements of U(p) are invariant under the twisted action
of m:

(i)D(T) and D" fori<a<m-—1,1<14,j<v, andr > 0;

a;i,j az]
(ii) EC(LTZ)J foril1<a<m—1,1<i<v,, 1 <j<vs1 andr > sqa+1(v);
(iii) FC(”)] fora=1<a<m,1<i<vyey1, 1 <j<vy, andr > s441,4(V).

()
Proof. By Lemma 10.4 and the definitions of D((l ") and D,.; j, all these elements of U (p)

coincide with the corresponding elements of U (p) Hence by the induction hypothesis
we already know they are invariant under the twisted action of m. It remains to show
that the elements are invariant under the twisted action of all €7, with 1 < g <
N —t < f < N. By Theorem 9.3 and the explicit form of (9.5), all the elements we
are considering are linear combinations of monomials of the form é&;, j, ---€;, ;. € U(p)
with 1 < i3 < N—-tand 1 < j3 < N —2t for all s = 1,...,r. Using just the
fact that x(efq) = 0 forall 1 < g < N—-2tand N —t < f < N, it is easy to
see that all such monomials are invariant under the twisted action of all €;, with
1<g<N-t<f<N. O

Lemma 10.6. The following elements of U(p) are invariant under the twisted action
of m:
(i) DY) for1<ij< o and > 0;

(ii) (assumingt <n)E Jor 1 <i<uvy_1,1<j<uvy andr > spm_1m(v).

11]
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Proof. (i) Take x € m. According to Lemma 10.4, we have that

. (1) - Cr—1) -
D(mr)” - Dg)zg + Z Dr(wz;i,k)eN*t+k7N*t+j + [Df:b;z',h)? 6N72t+h,N*t+]']'
k=1
Noting that [, én_i4x,N—t+j] = [, EN—2t4hn N—t+;] = 0 and using the induction hy-

pothesis, one deduces easily from this equation that pr, ([, DS;)Z ]]) = 0 as required.

(ii) Similar. O
Lemma 10.7. The following elements of U(p) are invariant under the twisted action
of épg foralll1<g< N—-t<f<N:

e ;o .
(i) Dm”forlgz,] < Upm;

for 1 <4,j < uvpy;
for 1 <i<wvy, 1,1 <7< vy

(i) (assumingt <n and Spm—1,m(v) =1) D

mz]

(iii) (assuming t <n and sp—1m(v) =1) E(Q) Lij
Proof. Part (i) is easily checked directly using (9.3), (9.4) and the explicit formula for

DS)Z ; given by Theorem 9.3 and Example 9.1. The proofs of (ii) and (iii) are similar,
though the calculations are not so easy. (Il

Lemma 10.8. Suppose that t < n and sy,—1,m(v) = 1. Then, the following equations
hold in U(p) for r > 1, all admissible i,j and any fired 1 < g < vpy_1:

+1 2 (r+1
Dg;i,j) = [F7(nzl;i,g’ m LQJ + ZD;; Lgsg nj,m’ (10'4)
VUm—1
+1 2) 1)
Er(;—l;)w [DT(n 1;i,9° m Lg,J Z D7(n Lz,f fr:) Lf.g: (10'5)

Proof. We prove (10.5), the first equation being a similar trick. By the induction
hypothesis and the relation (3.5), we know for all » > 0 that

Vm—1

(2 () (r+1) 1)
(DX 1 B 1] = B+ Z DY B

By Lemma 10.4, we have for » > 1 that

1) 1
E1(7:)71;g,j = m 1;9,5 + ZE7(7: 1gkeN*t+k7N*t+]' + [E7(n l)g h’eN 2t+h,N— t+]]
Obviously, [Dg) 1:igr EN—t+k,N— t+j] = 0. Moreover, by Theorem 9.3 and the form

(2)

m—1:i,g VOlves any matrix unit of the

of (9.5), no monomial in the expansion of D

form é» n_o44n, hence [D(Q)

19> €N72t+h’N7t+J] = 0 too. Now we can commute with
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H®  _p®

m—1ii,9 m—1;i,g

to deduce that

Vm—1

2 (r+1 (1) :
(D 1 B 5] = B s+ §:<Dm i B g

VUm—1

1 ~
+Z E(T “tik T Z Dm lz,fE7(7: 1)f, EN—t+k,N—t+j

Vm—1

(r-1)
+ m l,z,h + Z Dm 1,1,fEm 1fha€N—2t+h,N—t+j

Finally rewrite the rlght hand side using Lemma 10.4 again to see that it equals

(r+1) Vin— (r)
m12f+2: le v, Em=1;1,4° =

Lemma 10.9. Suppose thatt =n and | > 1 or that t <n and Sy—1,m(v) > 1. Then
the following elements of U(p) are invariant under the twisted action of EN_¢y f N—2t4¢
for all 1 <f,g<t

(i) muforl<zy<ym and r > 1;

(ii) (assumingt <n)E )1” for1<i<vp_1,1<j<vmandr > sp_1,m(v).

Proof. (i) Let 7 denote the pyramid obtained by removing the rightmost column from
the pyramid 7, i.e. the bricks numbered (N —2t+1),(N —2t+2),...,(N —t). Define
p,mand € in § = gly_o according to (7.3)—(7.4), and embed U(§) into U(g) in exactly
the same (non-standard) way as we embedded U (g) into U(g). We will make use of the
clements D) . of W (7). By Lemma 10.4 applied to 7, the following equation holds

a;t,j

forr>0,1§2j<ymandanyﬁxed1§h§t:
1)~ s (r—1)
Dfn)m Df,:w + Z Dr,:z C)eN 24e,N—2t4+5 + [DS;Z,,}, EN—3t-+h,N—2t+j)-

Substituting this into (10.1) and simplifying a little using (9.3) we deduce for r > 1
that D), = A+ B+ C+ D+ E+ F + G + H where

m;ii,j
(r) H(r—2) ~ ~
A= Dm”7 E= E D, i EN=2t4¢,N—2t+ kEN—t+k,N—t+j>
k,c=1
t t
B D D(T 2) ~
E s Den_ Yte,N—2t+j, F = E [Dyih s EN=3t+h, N =26+ k) EN—t+k,N—t-+5
c=1 =
(r-1) ;
A(r—1) ~ (r—2)
C=[Dy,; 1 eN-3t+nN-2045], G= E Dy JEN 2t e N— 45
=1
D=S"D" H=[D"'7?
mlkeN t+k,N—t47s —[ mzh?eN 3t+h,N— t+]]

Now commute each of these elements in turn with « := én_¢4 ¢ N—2t44 then apply pr,,
using (9.1), (9.3), (9.4) and the observation that x commutes with all elements of U (p),
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to deduce that
pry([z, A]) =0, pry ([z,C]) =0,
v ([, B) = —6;, D0 pry([z, D)) = 870,51

v [z, B) = 67,002 — DS en_vapn- t+3+5f,JZszc€N 2t+e,N-2t+g)

c=1
v ([, F)) = 8750025 ensvinnais),
al = (r72) 45 D(r 2) 5. D(er)~
er([x’ ]) - ng EN—t+f,N—t+j £rimsiLg f.3 Z myi,c CN—2t+¢,N—2t+g>
c=1
pry (2, H]) = =055 [D55) v son v o).
These sum to zero, hence pr, ([z, Dfn)u]) =0.
(ii) Similar. O

Lemma 10.10. The following elements of U(p) are invariant under the twisted action
of m:

()D(r for1<a<m,1<i,57<v, andr >0;

az]

(ii) a”for1<a<m 1<i<vg, 1 <j<vgp1 andr > Sqa+1(V);
(iii) a”for1<a<m 1<i<va41,1<j<vg andr> sqi1,4(V).

Proof. This is just a matter of assembling the pieces. Lemma 10.5 covers all the

elements except Dﬁn)l j and (assuming ¢t < n) Er():)fl;i, e Since m is generated by m and

the elements é;, for all 1 < f,g < N with col(f) = I,col(g) = [ — 1, Lemma 10.6
reduces the problem to showing that the elements Dg)” for r > 0 and (assuming
t<n) Eq(j;) i

t = n. Then the required invariance is checked in Lemma 10.7(i) and Lemma 10.9(i).
(1) (2)
D

m71’7j ’ m7l7]

for 7 > sp,—1,m(v) are invariant under all such € . Suppose first that

Now assume that ¢ < n. If s;,_1,,(v) = 1, then the invariance of D and

E® is checked in Lemma 10.7. The invariance of all higher D). and E)

m_17l7] m;,J m— ]-1/7]
then follows by Lemma 10.5, Lemma 10.8 and induction on r. Finally if s,,—1 m(v) > 1
1)

then the invariance of D, ; . is checked in Lemma 10.7(i), and the remaining elements
are covered by Lemma 10.9. O

Now we complete the proof of the induction step in case Ag. By the induction

hypothesis, we can identify the shifted Yangian Y, ;_1(¢) with W (w) C U(p), so that
the generators Dl(l Z)], Effl)] and Fé l)j of ¥;,;-1(¢) coincide with the elements of W ()
with the same name. Theorem 6.2 then shows that there is an injective algebra homo-

morphism Ay : Y}, ;(0) — U(p) ® U(gl;). Observe moreover comparing Theorem 6.2
with Lemma 7.3 (like in the proof of Corollary 10.2) that for each d > 0,

dim AR(FdYn,l(U)) = dim FdYn,l(O') = dim FdS(cg(e)), (106)
where FyS(cq4(e)) denotes the sum of all the graded pieces of S(cg(e)) of degree < d in

the Kazhdan grading. Define elements Eérg i, and F é b) ij of F,.U(p) recursively by the
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formulae (3.15)—(3.16). Let X, denote the subspace of U(p) spanned by all monomials
in
{D((l"“l ]}1<a<m 1<4,j<vq,0<r<sq(v)»

(r)
(B i i 1 1<a<b<m 1 <i<va1<5<vp,50.5 () <1<50.0 (1) +pa(v):

) ) .

{F b1 1 <a<b<m, 1<i<uy, 1< <va 51,0 () <r<sp o (1) +0a ()

taken in some fixed order and of total degree < d. By Lemma 10.10, X, is actually a

subspace of F4W (7). Define an algebra homomorphism ¢y : U(p) — U(p) @ U(gl,) by
€i;®1 if col(i) < col(j) <1 -1,

or(€ij) =< 0 if col(i) <1 —1,1 = col(y), (10.7)

1 ® éi—Ntj—N4t if I = col(i) = col(j),

where for the rightmost tensor é;_ ¢ j—n++ € U(gl;) denotes e;— N4t j— N4t +0;(n—1)

like in Theorem 4.1. By Lemma 10.4, we have that

en(DL) ) =D 1+5amZDmk ® Ek ) (10.8)
k=1

@R(Egi),j) ( ) ;®1+0am—1 ZEIS Z_kl ® €k,j, (10.9)

QOR(F(EZ)]) Fé z)] & L. (1010)

Comparing this with Theorem 4.1(i) and recalling the PBW basis for FgY;, (o) from
Theorem 6.2 and Corollary 6.3, we see that ¢g(Xg) = Ar(FqY,(0)). Combining this
with (10.6) and Corollary 8.3, we deduce that

dimFgS(cg(e)) = dim pr(Xg) < dim Xg < dim FgW (m) < dimFgS(cg(e)).

Hence equality holds everywhere, so we get that Xy = FyW () for each d > 0, and the
map ¢g : W(m) — U(p) ® U(gl;) is injective with the same image as Ay : Y, (o) —
U(p) ® U(gl,). In particular this shows that the elements listed in Theorem 10.1
generate W (r), and the map o' o Ay : Y, — W(n) is exactly the filtered algebra
isomorphism described in the statement of Theorem 10.1. This completes the proof of
the induction step in the case Ag.

Finally we must sketch the proof of the induction step in the case A;. So assume
that either ¢ = n or Sp—ty1n—t = Smm—1(v) # 0; in particular, g1 < ¢. This time
it is notationally convenient to number of the bricks of the pyramid = down columns
from right to left, not from left to right as before. For instance, the entries down the
first (leftmost) column of the pyramid are (N —¢+1), (N —t+2),..., N in this new
numbering. Let = be the pyramid obtained from 7 by removing this column from the
pyramid m. Let 6 = ($;)1<i j<n be the shift matrix corresponding to the pyramid
7 defined by (4.6). Define p,m and ¢ in g = gly_, C g according to (7.3)—(7.4).
This time, it happens that the natural embedding of U(g) into U(g) induced by the
embedding of g into g already maps the elements €; ; of U(g) to the elements €; ; of U(g)
for 1 <i,j < N —t. The algebra W (#) = U(p)™ is a subalgebra of U(p) C U(p), m is
a subalgebra of m, and the twisted action of  on U(p) is the restriction of the twisted

- (r) .
action of m on U(p). Let Dl(fl)], D, i EC(LTZ)] and FUE l)] denote the elements of U(p) as
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defined in §9 relative to the shape v. The all-important analogue of Lemma 10.4 is as
follows.

Lemma 10.11. The following equations hold for r > 0, all admissible a,i,j and any
fized 1 <1 < t:

t

DO(L’) = D( ) i 0am (Z éN—t+i,N—t+kDg,;;) + [EN—t4i,N—2t+h D&,f]) , (10.11)
k=1

B0 = E) (10.12)

a’7l7] a; 2]7

t
F! Z)] Fé?j + da,m—1 (Z éN—t—i—i,N—t—i—kngjjl) + [éN—t—l—z‘,N—Qt—l—haFCS?h’jl)]) ;

k=1
(10.13)

where for (10.13) we are assuming that r > 1 if a =m — 1.

Combining this with the induction hypothesis and imitating the arguments in Lem-
mas 10.5-10.10 one can now check:

Lemma 10.12. The following elements of U(p) are invariant under the twisted action
of m:

(i) a”for1<a<m 1<i4,j<v, andr > 0;
(ii) a”for1<a<m 1<i<v,, 1 <j<vsp andr > Sqa+1(v);
(iii) é”for1<a<m 1<i<ve41,1<j<v, andr > sq41,4(V).

Finally, define an algebra homomorphism ¢, : U(p) — U(gl,) ® U(p) by
€i—N+t,j—N+t @ 1 if col(i) = col(j) =1,
oL(éj) =4 0 if col(i) = 1,2 < col(j), (10.14)
1®é; if 2 < col(i) < col(j),
where for the leftmost tensor é;_n4¢j—n+¢ € U(gl;) denotes e;— Nt j— N4+ 05 (n —1)
like in Theorem 4.1. By Lemma 10.11, we have that

pu(DY) ) =10 D). +5amzezk®pfl,”>, (10.15)
k=1
PL(ES) ) =10 ED) +6 Ze ® B (10.16)
aii,j a,m—1 i,k ak,j .
k=1

pu(FR) =10 B (10.17)

If we identify Y,,;_1(¢) with W (7) C U(p) using the induction hypothesis, these are
the same as the images of the corresponding elements of Y,, ;(¢) under the baby co-
multiplication A, from Theorem 4.1(ii). So now the proof of the induction step in the
case Ay can be completed like before. Theorem 10.1 is proved.

11. GROWN-UP COMULTIPLICATION

Fix a pyramid 7 of height < n with column heights (q1,...,q). Throughout the
section, we will work with the numbering of the bricks of m# down columns from left to
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right. Define p,h, m and e from (7.3), and let W (m) := U(p)™ be the corresponding
finite WW-algebra. Suppose we are given I',1” > 0 with I’ +1” = [. Let «’ and 7"
denote the pyramids consisting just of the leftmost I’ and the rightmost {” columns
of 7, respectively. We write 7 = 7/ ® 7’ whenever a pyramid is split in this way; for
example,

4] 4]

58 5] [1]
2[6]9 2[6] [2] 3
(1[3]7[w0[11] = [1[3]7]w[3 4®®®®

Let p/,m’ e’ and p”,m” e’ be defined from the pyramids 7/ and 7" inside the Lie
algebras g’ = gl and g” = gly», respectively. So N = N’ + N”. Let W(xn') =
U(p)™ and W(x") = U(p")™". Recall also the elements &; ; of U(p), U(p’) and U(p")
defined by (9.2) but working from the pyramids m, 7’ and 7", respectively. Define a
homomorphism Ay v : U(p) — U(p’) ® U(p”) by declaring that
€ij®1 if col(z) < col(j) <V,
Al’,l”(éi,j) = 0 if CO](’L) < l,, U +1< COl(j), (111)
1®é_nrj_n ifl'+1 < col(i) < col(y),
for all e; ; € p. This map is obviously filtered with respect to the Kazhdan filtrations.

The following lemma describes the effect of Ay ;v in terms of the elements ! ])0 of
U(p), U(p') and U(p”) defined as in §9, but again working from the pyramids 7, 7’ and
" respectively. This should be compared with (4.1).

'L]O ZZ kO®T,]O'

s=0 k=1
Proof. Clear from (9.5). O

Lemma 11.1. For1<i,j5<n andr >0, Ay (T,

One should visualize the map Ay ;» as follows. The standard embedding of g’ @ g”
into g also embeds p’ @ p” into p and m’ & m” into m. Then the map Ay is just
induced by the obvious projection p — p’ @ p” followed by a constant shift. The
character ' @ x” of m’ @ m” defined by taking the trace form with € + ¢” is the
restriction of the character x of m. So the map Ay ;v sends twisted m-invariants in
U(p) to twisted (m’ @ m”)-invariants in U(p’) @ U(p”). This shows that the restriction
of Ay ;v defines an algebra homomorphism

AZ/JN : W(T[') - W(ﬂ'/) & W(ﬂ'//), (11.2)

which is again a filtered map with respect to the Kazhdan filtrations. This defines
a comultiplication Ay ;» between the finite W-algebras which is coassociative in the
following sense:
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Lemma 11.2. If 7 = #’ @ 7" @ «#"” is a pyramid, where 7', 7" and 7" are of levels
1" and 1" respectively, then the following diagram commutes:

Al/+l/l’l/ll
s

W(ﬂ./ ® 7.‘.// R 7_‘.//) W(T['/ R 7_‘.//) ® W(ﬂ.///)

Al’,l”Jrl’”J( lAl/JN@l

1QA 1 i
W(ﬂ'/) ® W(ﬂ'// ® 7r”/) Ut W(ﬂ'/) ® W(Tr”) ® W(Tr”/)

Proof. Obvious from (11.1). O

Read off a shift matrix ¢ = (s;;)1<ij<n from the pyramid 7 according to (7.6).
JFrom now on we will identify the algebra W(m) with the shifted Yangian Y, (o)
of level [ using the isomorphism from Theorem 10.1. Let ¢ := min(qi, q). Suppose
first that the baby comultiplication Ar : Y, (o) — Y;,;-1(6) ® U(gl;) from (6.8) is
defined, i.e. either ¢ = n or s,_¢n—t4+1 7# 0. The pyramid corresponding to the level
(I — 1) and the shift matrix ¢ here (which is defined by (4.5)) is simply the pyramid
n’ obtained from 7 by removing the rightmost column. So, identifying Y}, ;_1 (&) with
W (7') according to Theorem 10.1 again, the map Ay is therefore identified with a map
Ay W(m) — W(n")®@U(gl;), just like the map A;_; ;. Suppose instead that the baby
comultiplication Ay, : Y, ;(0) — U(gly) ® Yy ;—1(6) from (6.9) is defined, i.e. either
t =n or S,_441,n—t # 0. This time, the pyramid corresponding to the level (I — 1)
and the shift matrix ¢ (defined now by (4.6)) is the pyramid 7" obtained from 7 by
removing the leftmost column. So Ay, is identified with a map W () — U(gl,) @ W ("),
just like the map Aq ;.

Lemma 11.3. Whenever the baby comultiplications Agx and Ay are defined, they are
equal to Aj_11 and Ay 1, respectively.

Proof. This is obvious in the case [ = 1, so assume that [ > 1. Assume the map Ay is
defined. Comparing (11.1) with (10.7), it is clear that the map A;_;; coincides with
the map g defined in the proof of Theorem 10.1. Comparing (10.8)—(10.10) with
Theorem 4.1(i), the map ¢y coincides with Ay under the identifications of W (7) with
Y, (o) and W(n') with Y}, ;_1(¢). Hence, A;_1; = Ag. The proof that A;;_; = A
is similar, using (10.14), (10.15)—(10.17) and Theorem 4.1(ii). O

If we iterate the comultiplication (in any order by coassociativity) a total of (I — 1)
times to split the pyramid 7 into its individual columns, we obtain a homomorphism

p:Wir) — U(gly,) @ @ U(gly,) (11.3)

Let us give a direct description of this map. The elements {egj]‘}lﬁrél,léi,jéqr defined

[r]
,J
Identify U(h) with U(gl,, ) ®--- @ U(gl,,) so that eg-z]- is identified with 19N @ ¢, ; ®
12(=7) The map (11.3) is then identified with a homomorphism

p:W(r)— U(bh) (11.4)

which is a filtered map with respect to the Kazhdan filtration of W () and the standard
filtration of FoU(h) C F1U(h) C --- of U(h); we will write gr U(h) for the associated

from e; : = €q4-tqo_1+iqi++q_1+; form a basis for the Levi subalgebra b of p.
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graded algebra here. Let

n:U®) = Ub), e} e} +0i5(gr + -+ a): (11.5)
Let m: U(p) — U(h) be the algebra homomorphism induced by the natural projection
p — bh. Then, it is easy to see from (11.1) that u is precisely the restriction of the
map nom to W(m). By analogy with the language used in [BT], we call u the Miura
transform; in [L] it is called the generalized Harish-Chandra homomorphism. The
following result is due to Lynch [L, Corollary 2.3.2].

Theorem 11.4. The map gr p : gr W(w) — grU () is injective, hence so is the Miura
transform p : W(mw) — U(h) itself.

Proof. By Lemma 11.3 and the definition (11.3), we can factor p as a composition of
(I — 1) maps of the form Ar or A;. Now the theorem follows from the injectivity of
gr Ag and gr Ay proved in Theorem 6.2. O

Corollary 11.5. The map gr Ay : gr W (m) — gr W(n") @ W(x") is injective for any
' +1" =1. Hence so is the comultiplication Ay v : W (m) — W(n') @ W(x").

Proof. We can factor p as a composition of Ay ;» followed by (I — 2) more maps. [

For the next lemma, we recall from Corollary 10.3 that if 7 and 7 are two pyramids
with the same row lengths, then there is a canonical isomorphism ¢ : W(w) — W (7).
The following lemma shows that the comultiplication is compatible with these isomor-
phisms.

Lemma 11.6. Suppose that 1 = 7' @n" and 7# = 7' @7" are pyramids such that @' and
7" have the same row lengths as 7' and 7", respectively. Then the following diagram

commutes: A
W(r) —% Wi(n') @ W(r")

Al 1"
W(#) —= W) e W(E"),

where © and 7" are of levels I' and 1", respectively.

Proof. Proceed by induction on [ = 1" +1”. If either I’ = 0 or I” = 0, the statement of
the lemma is vacuous, so the base case [ = 1 is trivial. Now suppose that I’,1” > 0,
so [ > 1, and that the lemma has been proved for all smaller levels. Read off a shift
matrix o from the pyramid 7 and identify W () with Y;,;(0) as usual. At least one of
the baby comultiplications Ay and A;, from (6.8)-(6.9) is always defined; we explain
the proof of the induction step just in the case that Ay is defined, the argument being
entirely similar in the other case. Also read off a shift matrix ¢ from the pyramid 7 and
identify W (7) with Y, ;(¢); we can ensure in doing this that the baby comultiplication
Ay is defined for Y, (&) too.

Suppose first that I” = 1. Then by Lemma 11.3, Ay v is equal in either case to
the map Ag, and the commutativity of the diagram is easy to check explicitly on the
generators of W (), using (3.21) and Theorem 4.1(i).

Now suppose that [” > 1. Let p,p,p and p denote the pyramids obtained from
m, 7, 7" and 7", respectively, by removing the rightmost column (which is of height ¢
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in all cases). Consider the following cube

/ W (7) —  W(p)@U(gly,)
W () ﬁ’ W(p) @ U(gl,,)
WY@ W(E") ——— | = W(@) @ W () @ U(gl,)

/ /

Wr)eWr") ——— W(n) o W(')eU(gl,)

where the maps on the front and back faces are defined from the comultiplications, and
the remaining maps are isomorphisms built from ¢. The front and back faces commute
by Lemma 11.2. The top and bottom faces commute by the special case considered in
the preceeding paragraph. The right hand face commutes by the induction hypothesis.
Since the comultiplication map W (#') @ W (#") — W(#") @ W (p') @ U(gl,,) is injective
by Corollary 11.5, it therefore follows that the left face commutes too. This completes
the proof of the induction step. (I

In the remainder of the section, we are going to lift the comultiplication to the shifted
Yangian Y, (o) itself. First, we must explain one other basic operation on pyramids,
that of column removal. Let 1 <1y < --- <4; <[ be some subset of the columns of the
pyramid 7, and let 7 be the pyramid with column heights (g, ,...,g;;). We can read
off shift matrices o = (s;)1<ij<n and & = ($;;)1<ij<n from the pyramids = and 7’
respectively in such a way as to ensure $; ; < s; ; for all 1 <7, j < n. Hence embedding
Y, (o) and Y, (6) into Y, in the canonical way, we have that Y,(c) C Y,,(6). This
inclusion Y, (¢) < Y,,(¢) factors through the quotients to induce a map

C: Yoao) = Y, (). (11.6)

Equivalently, identifying Y}, ;(¢) with W (m) and Y, ;(¢) with W (7) by Theorem 10.1,

this defines a homomorphism
C:W(r) — W(x) (11.7)
sending the generators DZ(T), EZ-(T) and Fi(r) of W () for all admissible 4,  to the elements
DZ@, E’l-(r) and Fi(r) of W (1), respectively.
In order to understand the relationship between this “column removal homomor-
phism” ¢ and the comultiplication, we need another description of ¢. Let p: W(r) —

U(h) and o : W () — U(h) be the Miura transforms defined by (11.4). There is an
obvious projection ¢ : h — b defined by

[s] . . .
o lly ) e it r =i forsomes=1,...,[
cler) { 0  otherwise.



46 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Lemma 11.7. With the above notation, the following diagram commutes

W (r) —£— U(h)

cl lé

W) — Uh)
Proof. One checks explicitly from Corollary 9.4 and the definition (9.5) that ¢ maps
the elements M(DZ(T)), ,u(Ei(T)) and ,u(Fi(r)) to u(Dlm), ﬂ(Ei(T)) and ,[L(Fl.(r)). O

Corollary 11.8. Suppose that 7 = 7' @ © and # = ' @ @, where @’ and 7" are
obtained by removing columns from the pyramids ' and w", respectively. Then, the
following diagram commutes

W(ﬂ-) Al’,l”

Cl lC®C

A'/ i’
W(i) —= W) e W)

where 7', 7" are of widths I',1" and 7', %" are of widths I, 1".

Proof. In view of Lemma 11.7 and the injectivity of the Miura transforms, this follows
from the commutativity of the following diagram:

U(h) —— UH) @ U(h")

| et
U(h) —— U®)2U(®H")
where the horizontal maps are induced by the obvious isomorphisms h = b’ @ " and
h=i =
Now we can prove the main theorem of the section:

Theorem 11.9. Let o be a shift matriz and write o = o' +0" where o' is strictly lower
triangular and o is strictly upper triangular. Embedding Yy, (o), Y, (0") and Y, (") into
Y, in the standard way, the restriction of the comultiplication A 1Y, — Y, ® Y, gives
a homomorphism
A:Y,(0) = Y, (o) @ Y, (o").

Moreover, forl' > sp1,1" > s1., andl = U'+1", this map A factors through the quotients
to define a homomorphism Yy, (o) — Yy, y(0') @Yy, (") which, on identifying Y, (o)
with W (r), Y, (o) with W(n') and Yy, (") with W (x") as usual, is precisely the
comultiplication Ap g from (11.2).

Proof. Start from the map Ay : Y, (0) — Y, (0') ® Y, r(0”) from (11.2). Recall
from Remark 6.4 how Y,,(0),Y,(c") and Y,,(¢”) are identified with the inverse limits
limY,, (o), limY,, 1 (0”) and lim Y;, (o), respectively. Corollary 11.8 is exactly what
is needed to ensure that the maps Ay ;» are stable as I,{” — oco. Hence there is an
induced homomorphism lim Ay j» : Yy, (o) — Y, (o) @ Y, (0”) lifting the maps Ay for
all I’ > sp1,1" > s1,. Now we just need to show that this map lim Ay agrees with
the restriction of the comultiplication A on Y.
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Let X be some generator DET),EZ-(T) or Fi(r) of ¥,,(¢) C Y,. Consider how one
computes A(X) in practice: first one expresses X as a linear combination of monomials
in the Ti(;-) as explained in §3 (see also the explicit formulae [BK1, (5.2)—(5.4)]); then

one computes A(X) in terms of T,Sslz’s using the definition (4.1); finally one rewrites

all T; ,Eslz appearing in the resulting expression back in terms of the generators DZ(T), EZ-(T)

and Fi(r). But in view of Lemma 11.1, exactly the same procedure may be used to
compute the effect of Ay v on the image of X in Y, ;(0) for each I. The point is

that the formula expressing Tz(;)o in terms of the elements DZ(T), EZ-(T) and Fi(r) of U(p)
explained in §9 is identical to the formula doing the same thing in Y, explained in §3.
It follows that A = liLnAl’,l”- O

Remark 11.10. Using Theorem 11.9 and Lemma 11.6, one can express all of the
comultiplications Ay v : W(n) — W (n') @ W(x") in terms of the comultiplication A
of Y,,, as follows. Let 7’ denote the right-justified pyramid with the same row lengths
as 7', and let 7" denote the left-justified pyramid with the same row lengths as 7. Let
7= 7' @ 7". By Lemma 11.6, the comultiplication Ay » : W(mw) — W(n') @ W(x")
can be recovered from Ay : W(r) — W(a') ® W(7") using the isomorphisms ¢.
Finally Ay v : W(7) — W(7') @ W(#") is one of the comultiplications described by
Theorem 11.9.

Remark 11.11. We can now complete our discussion of the center Z(W (x)). Let 7 be
a pyramid with row lengths (p1,...,pn) and column heights (q1,...,¢q) as usual. Re-
call the definition of Zy(u) = Zivzo Z](G)UN_” € U(gly)[u] from (6.15)—(6.16). ;From
Remark 8.5, there is an isomorphism ¢ : Z(U(gly)) — Z(W(m)) (the proof of sur-
jectivity being deferred to [BK2]). Hence the elements w(Z](\})), . ,w(Z](VN)) are al-
gebraically independent and generate Z(W (w)). Using the rdet formulation of the
definition of Zy(u) and the description of the Miura transform p as the compos-
ite n o 7 given after (11.5), one can compute the image of Zy(u) under the map
pot: Z(U(gly)) — U(gly,) ®--- @ Ul(gl,,) explicitly:
poP(Zn(u)) = Zgy (u) @ Zgy (u) @ - - @ Zy, (u). (11.8)
Now let o be a shift matrix associated to 7 and identify W(n) = Y,,;(0) according
to Theorem 10.1. Consider the power series Cy,(u) € Yy, (0)[[u™!]] from (2.22); let us
also write C,,(u) for the corresponding power series in the quotient W (m)[[u™!]]. Tt is
well known that the comultiplication A :Y,, — Y, ® Y;, maps Cy,(u) to Cp,(u) @ Cp,(u);
see e.g. [BK1, Lemma 8.1] or [NT, Proposition 1.11]. Applying Theorem 11.9 and
Remark 11.10, we deduce that the comultiplication Ay v : W(w) — W (") @ W(n")
from (11.2) also has the property that
Al'7l"(Cn(u)) = Cn(u) & Cn(u)a (11.9)

identifying W (n’) resp. W (n") with Y, 7(¢”) resp. Y,, ;7 (c”) for suitable shift matrices
o’ resp. o”. Iterating (11.9) a total of (I — 1) times and using the definition (11.3) of
the Miura transform combined with (6.14) and Remarks 6.6 and 6.5, we deduce that

(u+n—1P(u+n—2)P2 - uPrp(Cp(u)) = Zg (u) @ Zg,(u) @ - -+ & Zg,(w). (11.10)
Comparing with (11.8), we have proved the following identity written in W (m)[ul:
(u+n—1DP(u+n—2)P . uPrCp(u) = P(Zn(u)). (11.11)
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Hence the elements C’él), C’,(LQ), ... of Y, (o) must also generate Z(Y,,;(0)). Since this

is true for all levels [, Remark 6.4 implies easily that the elements Cfll),C’éz), ... of
Y, (o) itself generate Z(Y;,(0)), and the quotient map Y, (o) — Y;, (o) maps Z(Yy,(0))
surjectively onto Z(Y,,(o)).

12. A SPECIAL CASE

In this section, we give a much more direct proof of the main results of the article
in the special case that the nilpotent matrix e consists of n Jordan blocks all of the
same size [, i.e. the pyramid = is an n x [ rectangle and N = nl. The main theorem in
this case was first noticed by Ragoucy and Sorba [RS]; see also [BR] which is closer to
the present exposition. We will identify g = gl with the tensor product gl; ® gl,, so
that the matrix unit e;_1)44(s—1)+; € 8ly is identified with e, s ® €; ; € gl; ® gl,, for
1<rs<I1<1,j7 <n. Numbering the bricks of the pyramid = down columns from
left to right as usual, the sla-triple (e, h, f) introduced at the beginning of §8 is given
explicitly in this case by

-1 l -1
€:Z€r,r+1®fn, h= Z (+1-2r)e, @1, f= Z (Il —=1)ery1,r @ In.
r=1 r=1 r=1
Let M,, denote the algebra of n x n matrices over C and let T'(gl;) denote the tensor
algebra on the vector space gl;. Define an algebra homomorphism

T:T(gY) — M, @ U(gly) (12.1)

sending a generator ¥ € glj to T'(z) = 31", 1€, @ (v ®€;5) € Mp, @ U(gly). Also
define maps

Tij - T(gl) — Ulgly) (12.2)
for each 1 < i, j < n from the equation T'(z) = 3°7;_; €;; ® T; j(x), for any x € T(gl).
Thus, thinking of T'(z) as an n x n matrix with entries in U(gly), T; j(x) is the ij-entry
of T(xz). We have by definition that T'(zy) = T'(2)T(y) for any z,y € T(gl;), which
implies that

T j (zy) ZTzk Tk:,] (12.3)
In particular, T; ;(1) = 6; ; and
Tjm @ - @z)= > (11@e€i)([@2@einm) (1 @6, )  (124)
1<i0,i1,0enyir <n
t0=1,ir=Jj
for arbitrary x1,...,x, € gl;. If u is an indeterminate, we will also write T; ; for the

map obtained from 7 ; by extending scalars from C to C[u].

Lemma 12.1. For 1 < h,i,5,k <n and x,y1,...,Yr € 81,

T
T3 (@), T @ - @) =Y Thj(n @ -+ @ ys ) Tip(2ys @ Ys11 @ -+~ D yy)

> T @ @ Ys—1 @ Yst) Tk (Ys 1 @ -+ @ yr),

where xys and ysx denote the usual products of matrices in M;.
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Proof. Use (12.3) and induction on 7. O
Define ©;(u) to be the following I x [ matrix with entries in T'(gl;)[u]:
ein+tu—(—1)n e1,2 €13 e el
1 e22+u—(1—2)n
0 €1—2

: 1 ey t+tu—m e_q;
0 0 1 e+ u

This matrix should be compared with (6.15). Recalling the definitions (3.22) and
(12.2), define

l
Tiju) =Y T U = Ty (rdet Q (u)) (12.5)

/L?]
r=0
for each 7,5 = 1,...,n. It is easy to see for r = 0,1,...,[ that TZ-(;) is precisely the
element Tz(;)o of F,U(p) defined in (9.6). We also set Ti(g.) := 0 for r > [. In the next

lemma, we check directly that these elements belong to the algebra W(rn) = U(p)™
introduced in §8.

Lemma 12.2. For each 1 < 4,57 <n andr > 0, Ti(;') s invariant under the twisted
action of m.

Proof. Since m is generated by elements of the form e, 11, ®e; ;, it suffices to show that
pry ([Tij(€ry1), Thor(rdet Q(u))]) = 0 for every 1 < h,d, j,k <nandr=1,...,1 - 1.
Let us write €, ;(u) for the submatrix of {3;(u) consisting only of rows and columns
numbered 7,...,s. We compute using Lemma 12.1 to get that

[Ti.j(erq1), Thye(rdet (u))] = T j(rdet ;g (u))

€r+1,r €r4+1,r+1 T €ri1,
1 erpipt1+u—(l—r—1n - ey
Tk | rdet ) )

0 1 eg+u

eigtu—(1—1)n --- el,r e1,r
1
— Ty j rdet

€ry T U — (l - T)n Err

0 co 1 Crtl,r
X T o (rdet Qo gy ().
In order to apply pr,, to the right hand side, we observe that for any 1 < m <mn,

pry (Ti,m (er-&-lm (€r+1,r+1 +u—(-r—1)n))) = Tim (er-i-l,r-i-l +u—(—r)n).
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Hence, we get that

pry ([Tij(erv1,), Tho(rdet Q(u))]) = Thj(rdet Qp g7 (u)) X

1 €r+1,r+1 Tt Gyl
T, | rdet 1 et tu=({f=rjn o €r4.r1,z
6 - 1 el —|— U
elg+tu—(1—1)n --- €1,r €1,r
— T}, ; | rdet 1

: err+u—(—r)n e,
0 1 1

x T;  (rdet Q19 5y ().

Making the obvious row and column operations gives that

1 Cr41,r+1 ce €r+1,l
1 Ertlr+l T U — (l - ’I”)TL te €r+1,l
rdet .
0 . 1 eyp+u
= (u— (I —r)n)rdet Q. 95(u),
elgtu—(1—1)n --- elr e1,r
rdet 1

: err+u—(I—r)n e,
0 1 1

= (u— (I —r)n)rdet Q-1 (u).

Now substituting these into the above formula for pr, ([T ;(er+1,), Th(rdet i (u))])
shows that it is zero. O

Denoting the matrix unit e, , ® e; ; instead by e%, the subalgebra f = g[fl of g has

basis {egfj]'}lgrgl,lgi,jgn~ Let
n:Ub) = U®W), el ell 48, rn. (12.6)

Let 7 : U(p) — U(h) be the algebra homomorphism induced by the natural projection
p — bh. The composite p := n o is precisely the Miura transform from (11.4).

Lemma 12.3. For 1 <1i,j <n andr > 0, the Miura transform p maps the element
Tl(;) of U(p) to the element

> X aldnodrs (12.1)

1<s1<<sr <1 1<ig, o yir S
i0=1,ir=J

of U(h).
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Proof. Applying the map e, s — 0y seyr + (I —7)n to the matrix Q;(u) gives a diagonal
matrix with determinant (u+ej1)(u+e22) - (u+er,). The u!~"-coefficient of this is
the (non-commutative) elementary symmetric function Zl§51<~~<srgl €s1,51 " Csposy-
Now the lemma follows from (12.4). O

Finally let Yn 1 denote the Yangian of level /. This may be defined as the algebra on

generators { }1<m<n r>0 subject to the relations (3.1) and in addition T(j) =0 for
all1 <i4,5 < n and r > 1. We will work now with the canonical filtration on Y,,; and
the Kazhdan filtration of W (), as defined in sections 5 and 8 respectively. The main
theorem in our special case is as follows.

Theorem 12.4. There is an isomorphism Y, 5 W(n) of filtered algebras such that

the generators {1}(7;)}131'7j§n7r>0 of Yn 1 map to the elements of W (m) with the same
names. Moreover, the Miura transform p : W(mw) — U(h) is injective, and the map 0
from the diagram (8.4) is an isomorphism.

Proof. By the PBW theorem for Y,,; proved in [BK1, Theorem 3.1], the set of all
monomials in the elements {Ti(g)}lgi,jgn,lgrgl taken in some fixed order and of total
degree < d form a basis for F;Y,, ;. Moreover, loc. cit. shows that there is an injective
algebra homomorphism &; : Y, ; — U(h) mapping Tl(;) € Y, to precisely the element
(12.7). We also note from Lemma 7.3 that for each d > 0,

dim K/l(FdYn,l) = dim FdYn,l = dim FdS(Cg(€>), (128)

where FgS(cg(e)) denotes the sum of all the graded pieces of S(cy4(e)) of degree < d
for the Kazhdan grading.

Let X; denote the subspace of U(p) spanned by all monomials in the elements
{T(r }1<m<n o<r<i taken in some fixed order and of total degree < d. By Lemma 12.3
and the previous paragraph, p(X4) = k;(FqY5,). Hence, since we know by Lemma 12.2

that X4 C FqW (m), we get by (12.8) and Corollary 8.3 that
dim FgS(cg(e)) = dim p(Xg) < dim Xg < dimFgW () < dimFgS(cq(e)).

Hence equality holds everywhere, which means that X; = FyW (x), the Miura trans-
form p is injective with the same image as x;, and the map 6 is an isomorphism.
Hence the composite u~! o k; gives the required isomorphism Y, — W(n) of filtered

algebras. O
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