REPRESENTATIONS OF SHIFTED YANGIANS

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

ABSTRACT. We study highest weight representations of shifted Yangians over an
algebraically closed field of characteristic 0. In particular, we classify the finite
dimensional irreducible representations and explain how to compute their Gelfand-
Tsetlin characters in terms of known characters of standard modules and certain
Kazhdan-Lusztig polynomials. Our approach exploits the relationship between
shifted Yangians and the finite W-algebras associated to nilpotent orbits in general
linear Lie algebras. At the end of the introduction, we formulate some conjectures.
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1. INTRODUCTION

Following work of Premet, there has been renewed interest recently in the repre-
sentation theory of certain algebras that are associated to nilpotent orbits in complex
semisimple Lie algebras. We refer to these algebras as finite W -algebras. They should
be viewed as analogues of universal enveloping algebras for the Slodowy slice through
the nilpotent orbit in question. Actually, in the special cases considered in this ar-
ticle, the definition of these algebras first appeared in 1979 in the Ph.D. thesis of
Lynch [Ly], extending the celebrated work of Kostant [Ko2] treating regular nilpo-
tent orbits. However, despite quite a lot of attention by a number of authors since
then, see e.g. [Ka, M, Ma, BT, VD, GG, P1, P2], there is still surprisingly little
concrete information about the representation theory of these algebras to be found
in the literature. The goal in this article is to undertake a thorough study of finite
dimensional representations of the finite W-algebras associated to nilpotent orbits in
the Lie algebra gl (C). We are able to make progress in this case thanks largely
to the relationship between finite W-algebras and shifted Yangians first noticed in
[RS, BR| and developed in full generality in [BK5].

Fix for the remainder of the introduction a partition A = (p; < --- < p,,) of N.
We draw the Young diagram of A in a slightly unconventional way, so that there
are p; boxes in the ith row, numbering rows 1,...,n from top to bottom in order of
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increasing length. Also number the non-empty columns of this diagram by 1,...,[
from left to right, and let ¢; denote the number of boxes in the ith column, so X' =
(g1 > --- > q) is the transpose partition to A. For example, if (p1,p2,p3) = (2,3,4)
then the Young diagram of X is

1[4
2[5]7
3/6[8]9]

and (q1,42,93,q4) = (3,3,2,1). We number the boxes of the diagram by 1,2,..., N
down columns from left to right, and let row(i) and col(z) denote the row and column
numbers of the 7th box.

Writing e; ; for the ij-matrix unit in the Lie algebra g = gly(C), let e denote
the matrix }_, ;€; ; summing over all 1 < 4,5 < N such that row(i) = row(j) and

col(i) = col(j) — 1. This is a nilpotent matrix of Jordan type A. For instance, if \ is
as above, then e = e; 4 +e25+e57+e36+¢e68+eg9. Define a Z-grading g = @jez gj
of the Lie algebra g by declaring that each e; ; is of degree (col(j) — col(¢)). This is a
good grading for e € g; in the sense of [KRW] (see also [EK] for the full classification).
However, it is not the usual Dynkin grading arising from an slo-triple unless all the
parts of A are equal. Actually, in the main body of the article, we work with more
general good gradings than the one described here, replacing the Young diagram of
A with a more general diagram called a pyramid and denoted by the symbol 7; see
§3.1. When the pyramid 7 is left-justified, it coincides with the Young diagram of
A. We have chosen to focus just on this case in the introduction, since it plays a
distinguished role in the theory.

Now we give a formal definition of the finite W-algebra W (\) associated to this
data. Let p denote the parabolic subalgebra € >0 9 of g with Levi factor h = gg, and
let m denote the opposite nilradical <095 r_fakimg the trace form with e defines
a one dimensional representation y : m — C. Let pr, : U(g) — U(p) denote the
projection along the direct sum decomposition U(g) = U(p) & U(g)Iy, where U(g)I,
is the left ideal of U(g) generated by the elements {x — x(z) |z € m}. Define a twisted
action of z € m on U(p) by setting = - u := pr, ([z,u]) for all u € U(p). Then, W(A)
is the subalgebra U(p)™ of all twisted m-invariants in U(p); see §3.2. For example, if
the Young diagram of A consists of a single column and e is the zero matrix, W(\)
coincides with the entire universal enveloping algebra U(g). At the other extreme, if
the Young diagram of A\ consists of a single row and e is a regular nilpotent element,
the work of Kostant [Ko2] shows that W (A) is isomorphic to the center of U(g), in
particular it is commutative.

Let £ : U(p) — U(h) be the algebra homomorphism induced by the natural projec-
tionp — . Let n : U(h) — U(h) be the automorphism mapping a matrix unit e; ; € b
to e; j+0; (qcol(l‘)+1 +---+¢q); this simply provides a convenient renormalization of the
generators. The restriction of the composition no¢ to W () defines an injective alge-
bra homomorphism p : W(A) < U(h) which we call the Miura transform; see §3.6. To
explain its importance in the theory, we note that h = gl, (C)®---® gl (C), so U(h)
is naturally identified with the tensor product U(gl,, (C)) ® --- ® U(gl,, (C)). Given
gl,, (C)-modules M, for each k = 1,...,l, the outer tensor product M; X --- X M,
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is therefore a U(h)-module in the natural way. Hence, via the Miura transform,
M ®--- K M; is a W(A)-module too. This construction plays the role of tensor
product in the representation theory of W (A).

Next we want to recall the connection between W () and shifted Yangians. Let o
be the upper triangular nxn matrix with ij-entry (p;—p;) for each 1 <i < j <n. The
shifted Yangian Y, (o) associated to o is the associative algebra over C with generators
Dlm (1<i<mn,r> 0),Ei(r) (1 <i<mn,r>pi+1—pi) and Fi(r) (1<i<mn,r>0)
subject to certain relations recorded explicitly in §2.1. In the case that o is the zero
matrix, i.e. all parts of A are equal, Y;,(o) is precisely the usual Yangian Y;, associated
to the Lie algebra gl,,(C) and the defining relations are a variation on the Drinfeld
presentation of [D]; see [BK4]. In general, the presentation of Y, (o) is adapted to
its natural triangular decomposition, allowing us to study representations in terms of
highest weight theory. In particular, the subalgebra generated by all the elements DZ(T)
is a maximal commutative subalgebra which we call the Gelfand-Tsetlin subalgebra.
We often work with the generating functions

Di(u) =14 DVt + DPu? 4 - € V(o) [[u ).

The main result of [BK5] shows that the finite W-algebra W (\) is isomorphic to the
quotient of Y, (o) by the two-sided ideal generated by all DY) (r > p1). A precise
identification of W () with this quotient is explained in §3.4, using explicit formulae
for invariants in U(p)™. Under this identification, the tensor product construction
defined using the Miura transform in the previous paragraph is induced by the co-
multiplication on the Hopf algebra Y,,; see §2.5.

We are ready to describe the first results about representation theory. We call a

vector v in a Y, (0)-module M a highest weight vector if it is annihilated by all Ei(r)
and each DET) acts on v by a scalar. A critical point is that if v is a highest weight
vector in a W(A)-module, viewed as a Y, (c)-module via the map Y,(c) — W()),
then in fact Dlmv = 0 for all » > p;. This is obvious for ¢ = 1, since the image
of Dgr) in W(A) is zero by the definition of the map for all » > p;. For i > 1, it
follows from the following fundamental result proved in §3.7: for any ¢ and r > p;,
the image of Dlm in W(A) is congruent to zero modulo the left ideal generated by
all E](.S). Hence, if v is a highest weight vector in a W (A)-module, then there exist
scalars (a; j)i<i<n,i<j<p;, such that
uPDi(u)v = (u+a11)(u+ai2) - (u+aip)v,

(u—=1)Da(u—1)v = (u+az1)(u+azz): - (u+azp,)v,

(u—n+1DDyp(u—n+1v=(u+an1)(u+an2) - (u+anp,)v.

Let A be the A-tableau obtained by writing the scalars a; 1, ...,a;,, into the boxes
on the ith row of the Young diagram of A. In this way, the set of highest weights
that can arise in W(\)-modules are parametrized by the set Row(\) of row sym-
metrized A-tableauz, i.e. tableaux of shape A with entries from C viewed up to row
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equivalence. Conversely, given any row symmetrized A-tableau A € Row(\), there
exists a (non-zero) universal highest weight module M(A) € W(A)-mod generated
by such a highest weight vector; see §6.1. We call M (A) the Verma module of type
A. By familiar arguments, M (A) has a unique irreducible quotient L(A). The mod-
ules {L(A) | A € Row(A)} are all irreducible highest weight modules for W(\) up to
isomorphism.

There is a natural abelian category M () which is an analogue of the BGG category
O for the algebra W(\); see §7.5. (Actually, M(\) is more like the category O
obtained by weakening the hypothesis that a Cartan subalgebra acts semisimply in
the usual definition of O.) All objects in M()\) are of finite length, and the simple
objects are precisely the irreducible highest weight modules, hence the isomorphism
classes {[L(A)] | A € Row(\)} give a canonical basis for the Grothendieck group
[M(X)] of the category M(\). Verma modules belong to M(A), and it is natural to
consider the composition multiplicities [M(A) : L(B)] for A, B € Row(\). We will
formulate a precise combinatorial conjecture for these, in the spirit of the Kazhdan-
Lusztig conjecture, later on in the introduction. For now, we just record the following
basic result about the structure of Verma modules; see §6.3. For the statement, let
< denote the Bruhat ordering on row symmetrized A-tableaux; see §4.1.

Theorem A (Linkage principle). For A, B € Row(\), the composition multiplicity
[M(A): L(A)] is equal to 1, and [M(A) : L(B)] # 0 if and only if B < A in the Bruhat

ordering.

Hence, {[M(A)]| A € Row(\)} is another natural basis for the Grothendieck group
[M(X)]. We want to say a few words about the proof of Theorem A, since it involves
an important technique. Modules in the category M(\) possess Gelfand-Tsetlin char-
acters; see §5.2. This is a formal notion that keeps track of the dimensions of the gen-
eralized weight space decomposition of a module with respect to the Gelfand-Tsetlin
subalgebra of Y,,(¢), similar in spirit to the g-characters of Frenkel and Reshetikhin
[FR]. The map sending a module to its Gelfand-Tsetlin character induces an em-
bedding of the Grothendieck group [M(\)] into a certain completion of the ring of
Laurent polynomials Z[yf[a1 |i=1,...,n,a € C], for indeterminates y; . The key step
in our proof of Theorem A is the computation of the Gelfand-Tsetlin character of the
Verma module M (A) itself; see §6.2 for the precise statement. In general, ch M (A) is
an infinite sum of monomials in the yzi; ’s involving both positive and negative powers,

but the highest weight vector of M(A) contributes just the positive monomial

Yla11Y1la12 " Ylarp, Y2,021Y2,002 """ Y2,02 5, " Ynyan1Yn,ana """ Yn,an p, s

where a; 1, ..., a;p, are the entries in the ith row of A as above. The highest weight
vector of any composition factor contributes a similar such positive monomial. So
by analyzing the positive monomials appearing in the formula for ch M(A), we get
information about the possible L(B)’s that can be composition factors of M (A). The
Bruhat ordering on tableaux emerges naturally out of these considerations.

Another important property of Verma modules has to do with tensor products. Let
A € Row(\) be a row equivalence class of A-tableaux. Pick a representative for A and
let Ay denote its kth column with entries a1, ..., axq, read from top to bottom, for
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each k = 1,...,1. Let M(Ay) denote the Verma module for the Lie algebra gl , (C)
generated by a highest weight vector m4 which is annihilated by all strictly upper
triangular matrices and on which e; ; acts as the scalar (ay;+i—1) for each 1 <i < gy.
Via the Miura transform, the tensor product M (A;)X---X M (A;) is then naturally a
W (A)-module as explained above, and the vector m4 ®---®@m. is an obvious highest
weight vector in this tensor product of highest weight A. In fact, our formula for the
Gelfand-Tsetlin character of M (A) implies that

[M(A)] = [M (A1) K- B M(A)],

equality in the Grothendieck group [M(\)]. Generically, M (A) is irreducible, hence
it is actually isomorphic to M(A;) X --- X M(A4;) as a module. But there are exam-
ples when, although equal in the Grothendieck group, M(A) is never isomorphic to
M(A) K- XK M(4), for any choice of representative for A. The first part of next
theorem, proved in §6.4, is a consequence of this equality in the Grothendieck group;
the second part is an application of [FO].

Theorem B (Structure of center). The restriction of the linear map pr,, : U(g) —
U(p) defines an algebra isomorphism Z(U(g)) — Z(W (X)) between the center of U(g)
and the center of W(\). Moreover, W () is free as a module over its center.

Now we switch our attention to finite dimensional W (A)-modules. Let F () denote
the category of all finite dimensional W (A)-module, viewed as a subcategory of the
category M (). The problem of classifying all finite dimensional irreducible W (\)-
modules reduces to determining precisely which A € Row(\) have the property that
L(A) is finite dimensional. To formulate the final result, we need one more definition.
Call a A-tableau A with entries in C column strict if in every column the entries belong
to the same coset of C modulo Z and are strictly increasing from bottom to top. Let
Col(A) denote the set of all such column strict A-tableaux. There is an obvious map

R : Col(A\) — Row(\)

mapping a A-tableau to its row equivalence class. Let Dom(\) denote the image of
this map, the set of all dominant row symmetrized A-tableaux.

Theorem C (Finite dimensional irreducible representations).  For A €
Row(A), the irreducible highest weight module L(A) is finite dimensional if and only
if A is dominant. Hence, the modules {L(A)| A € Dom(\)} form a complete set of
pairwise non-isomorphic finite dimensional irreducible W (\)-modules.

To prove this, there are two steps: one needs to show first that each L(A) with A €
Dom(]) is finite dimensional, and second that all other L(A)’s are infinite dimensional.
Let us explain the argument for the first step. Given A € Col(\) and k =1,...,1, let
Ay, denote its kth column and let L(Ay) denote the irreducible highest weight module
for the Lie algebra gl, (C) of the same highest weight as the Verma module M (Ayg)
introduced above. Because A is column strict, each L(Ay) is finite dimensional. Hence
we obtain a finite dimensional W (\)-module

V(A) = L(A) X --- X L(A),
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which we call the standard module corresponding to A € Col(A). It contains an
obvious highest weight vector of highest weight equal to the image of A in Row(\).
This simple construction is enough to finish the first step of the proof. The second
step is actually much harder, and is an extension of the proof due to Tarasov [T1, T2]
and Drinfeld [D] of the classification of finite dimensional irreducible representations
of the Yangian Y,, by Drinfeld polynomials. It is based on the remarkable fact that
when n = 2, i.e. the Young diagram of A has just two rows, every L(A) (A € Row()))
can be expressed as an irreducible tensor product; see §7.1.

Amongst all the standard modules, there are some special ones which are highest
weight modules, and whose isomorphism classes form a basis for the Grothendieck
group of the category F(A). To formulate the key result here, we need one more
combinatorial definition. Let A € Col(\) be a column strict A-tableau with entries
@i1,---,0;p, in its ith row read from left to right. We say that A is standard if
a;; < a;p forevery 1 <i¢ <nand1 < j <k <p;such that a; ; and a; ; belong to the
same coset of C modulo Z. If all entries of A are integers, this is the usual definition
of a standard tableau: entries increase strictly up columns and weakly along rows.
Our proof of the next theorem is based on an argument due to Chari [C2] in the
context of quantum affine algebras; see §7.3.

Theorem D (Highest weight standard modules). If A € Col()\) is standard,
then the standard module V (A) is a highest weight module of highest weight equal to
the row equivalence class of A.

Most of the results so far are analogous to well known results in the representation
theory of Yangians and quantum affine algebras, and do not exploit the finite W-
algebra side of the picture in any significant way. To remedy this, we need to apply
Skryabin’s theorem from [Sk|; see §8.1. This gives an explicit equivalence of categories
between the category of all W (A)-modules and the category W(A) of all generalized
Whittaker modules, namely, all g-modules on which (x — x(z)) acts locally nilpotently
for all z € m. For any finite dimensional g-module V, it is obvious that the functor
? ® V maps objects in W(A) to objects in W(A). Transporting through Skryabin’s
equivalence of categories, we obtain a functor 7® V on W (\)-mod itself; see §8.2. In
this way, one can introduce translation functors on the categories M(A) and F(A).
Actually, we just need some special translation functors, peculiar to the type A theory
and denoted e;, f; for i € C, which arise from ®’ing with the natural gl (C)-module
and its dual. These functors fit into the axiomatic framework developed by Chuang
and Rouquier [CR]; see §8.3.

Now recall the parabolic subalgebra p of g with Levi factor h. We let O(\) denote
the corresponding parabolic category O, the category of all finitely generated g-
modules on which p acts locally finitely and h acts semisimply. For A € Col(\)
with entry a; in its ith box, we let N(A) € O(\) denote the parabolic Verma module
generated by a highest weight vector my that is annihilated by all strictly upper
triangular matrices in g and on which e;; acts as the scalar (a; + 4 — 1) for each
i =1,...,N. Let K(A) denote the unique irreducible quotient of N(A). Both of
the sets {[NV(A)] | A € Col(\)} and {[K(A)]| A € Col(A)} form natural bases for the
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Grothendieck group [O(A)]. There is a remarkable functor
F: 0\ — F\)

which is essentially the same as the Whittaker functor studied by Kostant and Lynch;
see §8.4. It is an exact functor preserving central characters and commuting with
translation functors. Moreover, it maps the parabolic Verma module N(A) to the
standard module V(A) for every A € Col(\). The culmination of this article is the
following theorem.

Theorem E (Construction of irreducible modules). The functor F : O(\) —
F(A) sends irreducible modules to irreducible modules or zero. More precisely, take
any A € Col(A\) and let B € Row(\) be its row equivalence class. Then,

~ | L(B) if Ais standard,
F(K(A)) = { 0 otherwise.

Every finite dimensional irreducible W (X\)-module arises in this way.

There are three main ingredients to the proof of this theorem. First, we need
detailed information about the translation functors e;, f;, much of which is provided
by [CR] as an application of the representation theory of degenerate affine Hecke
algebras. Second, we need to know that the standard modules V(A) have simple
cosocle whenever A is standard, which follows from Theorem D. Finally, we need to
apply the Kazhdan-Lusztig conjecture for the Lie algebra gl (C) in order to determine
exactly when F'(K(A)) is non-zero.

Let us discuss some of the combinatorial consequences of Theorem E in more detail.
For this, we at last restrict our attention just to modules having integral central char-
acter. Let Colp(\), Domg(\) and Rowg(A) denote the subsets of Col(A), Dom(\) and
Row(\) consisting of the tableaux all of whose entries are integers. Also let Stdg(\)
denote the set of all standard tableaux in Colg(\). So elements of Stdp(\) are tableaux
of shape A having entries from Z, such that entries are weakly increasing along rows
from left to right and strictly increasing up columns from bottom to top. The map
R actually gives a bijection between the set Stdo(A) and Domg(A). Let Og(N), Fo(A)
and Mo(\) denote the full subcategories of O(\), F(A) and M(A) that consist of
objects all of whose composition factors are of the form {K(A) | A € Coly(N)},
{L(A) | A € Domy(\)} and {L(A) | A € Rowg(A)}, respectively. The isomorphism
classes of these three sets of objects give canonical bases for the Grothendieck groups
[Oo(N)], [Fo(A)] and [Mo(N)], as do the isomorphism classes of the parabolic Verma
modules {N(A) | A € Colg(\)}, the standard modules {V(A)| A € Stdo(A)}, and the
Verma modules {M(A) | A € Rowg()\)}, respectively.

The functor F' above restricts to an exact functor F' : Oy(A) — Fo(N), and we
also have the natural embedding I of the category Fu(A) into Mo(A). At the level of
Grothendieck groups, these functors induce maps

[Oo(N)] = [Fo(N)] < [Mo(V)]-

The translation functors e;, f; for i € Z (and more generally their divided powers

el(»r), fi(r) defined as in [CR]) induce maps also denoted e;, f; on all these Grothendieck
groups. The resulting maps satisfy the relations of the Chevalley generators (and
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their divided powers) for the Kostant Z-form Uy of the universal enveloping algebra
of the Lie algebra gl (C), that is, the Lie algebra of matrices with rows and columns
labelled by Z all but finitely many of which are zero. The maps F' and I are then
Uz-module homomorphisms with respect to these actions.

Now the point is that all of this categorifies a well known situation in linear algebra.
Let V7 denote the natural Uz-module, on basis v; (i € Z). We write /\’\/(VZ) for the
tensor product A (Vz) @ ---® A%(Vz) and S*(Vz) for the tensor product SP! (V) ®
- ® 8P (Vz). These free Z-modules have natural monomial bases denoted {N4| A €
Colp(A)} and {M4 | A € Rowg(\)}, respectively; see §4.2. A well known consequence
of the Littlewood-Richardson rule is that the space

Home, (A" (Vz), 5%(V2))

is a free Z-module of rank one; indeed, there is a canonical Uz-module homomorphism
F: /\X(VZ) — S*(Vz) that generates the space of all such maps. The image of this
map F is P*(V7), the familiar irreducible polynomial representation of Uz, labelled by
the partition A. Recall P*(V7) also possesses a standard monomial basis {V4 | A €
Stdo(A)}, defined from V4 = F'(N4). Finally, let i : /\X(VZ) — [0o(N)], 7 : PMNVz) —
[Fo(\)] and & : S*(Vz) — [Mg(N\)] be the Z-module homomorphisms sending Ny —
N(A),Vy — [V(A)] and My — [M(A)] for A € Colp(A), A € Stdp(A) and A €
Rowq (), respectively.

Theorem F (Categorification of polynomial functors). The maps i, j, k are all
isomorphisms of Uz-modules, and the following diagram commutes:

A (V) —— PN1g) —1— S5\1)

O] —— [FoN)] —— [Mo(N)].

Moreover, setting Ly = j~*([L(A)]) for A € Domg()\), the basis {La | A € Domg()\)}
of PN(Vy) coincides with Lusztig’s dual canonical basis.

Again, the Kazhdan-Lusztig conjecture for the Lie algebra gl (C) plays the central
role in the proof of this theorem. Actually, we use the following increasingly well
known reformulation of the Kazhdan-Lusztig conjecture in type A: setting K4 =
i~L([K(A)]), the basis { K4|A € Coly()\)} coincides with Lusztig’s dual canonical basis

for the space /\/\/(VZ). In particular, this implies that the decomposition numbers
[V(A) : L(B)] for A € Stdp(\) and B € Domg(A) can be computed in terms of certain
Kazhdan-Lusztig polynomials associated to the symmetric group Sy evaluated at
g = 1. From a special case, one can also recover the analogous result for the Yangian
Y, itself. We mention this, because it is interesting to compare the strategy followed
here with that of Arakawa [A1l], who also computes the decomposition matrices of
the Yangian in terms of Kazhdan-Lusztig polynomials starting from the Kazhdan-
Lusztig conjecture for the Lie algebra gly(C), via [AS]. There should also be a
geometric approach to representation theory of shifted Yangians in the spirit of [V].
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As promised earlier in the introduction, let us now formulate a precise conjecture
that explains how to compute the decomposition numbers [M(A) : L(B)] of Verma
modules for A, B € Rowg(\), also in terms of Kazhdan-Lusztig polynomials associated
to the symmetric group Sy. Setting L = k~1([L(A)]) for any A € Rowg(\), we
conjecture that {L4 | A € Rowg(A)} coincides with Lusztig’s dual canonical basis for
the space S*(Vz); see §7.5. This is a purely combinatorial reformulation in type A of
the conjecture of de Vos and van Driel [VD] for arbitrary finite W-algebras, and is
consistent with an idea of Premet that there should be an equivalence of categories
between the category M(\) here and a certain category N () considered by Mili¢ic
and Soergel [MS]. Our conjecture is known to be true in the special case that the
Young diagram of A consists of a single column: in that case it is precisely the
Kazhdan-Lusztig conjecture for the Lie algebra gl (C). It is also true if the Young
diagram of A has at most two rows, as can be verified by comparing the explicit
construction of the simple highest weight modules in the two row case from §7.1 with
the explicit description of the dual canonical basis in this case from [B, Theorem 20].
Finally, Theorem E would be an easy consequence of this conjecture.

Despite the unreasonable length of this article, we seem to have only just broken
the surface of this remarkably rich subject, and only in type A at that. There are
a number of exciting directions for future research. In a subsequent paper [BK6],
we will investigate two natural subcategories P(A) and R(\) of F(A), consisting of
polynomial and rational representations of W (M), respectively. Let us make a few
further, informal and in part conjectural, remarks about this forthcoming work that
might help the reader to put this subject into context.

First, the category P()) is defined from P(\) = @ ;5o Pa(A), where Py(N) is the
category of all finite dimensional W (\)-modules that are annihilated by the annihi-
lator of the tensor space C, ® V®d, Here, V is the natural gly(C)-module and C, is
the trivial W (A)-module; see §3.6. Assuming at least d parts of A are equal to [, we
can prove a generalization of Schur-Weyl duality giving an equivalence of categories
between the category P4(\) of polynomial representations of W () of degree d and
the cyclotomic quotients of the degenerate affine Hecke algebra H, associated to the
weight Zf;=1 Ay —g, for the affine Lie algebra gA[oo((C). In fact, one can recover the

irreducible integrable highest weight representation of g[oo((C) labelled by this level
[ dominant integral weight by considering the Grothendieck group of the category
P(A) and taking a natural limit n — oco. This can be viewed as a categorification of
the semi-infinite wedge construction for higher levels.

Second, the category R(\) of rational representations consists of all W (\)-modules
M with the property that M & det” is polynomial for some p > 0. We expect,
but have not yet been able to prove, that the functor F' : Og(A) — Fo(\) restricts
to give an essentially surjective quotient functor F' : Op(A) — R(A). Let us re-
formulate this statement in a way which should be compared with [Ba, S]. Let
P(A) = Daestaon) P(A), where P(A) is the projective cover of K(A) in the cat-
egory Op(A). These are precisely the self-dual PIMs in Op(A); see [I, MSt]. Let
C(X) = Endg(P(\))°P. Then, our statement is equivalent to saying that there is an
equivalence of categories G : R(A) — C(A)-mof such that G o F' = Homg(P()),?),
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equality of functors from Op(A) to C(A\)-mof. If true, this could have implications
for vertex W-algebras, like in [A2].

Notation. Throughout we work over an algebraically closed field F of characteristic
0. Let > denote the partial order on I defined by = > y if (z — y) € N, where N
denotes {0,1,2,...} C F. We write simply gl,, for the Lie algebra gl (FF).

Acknowledgements. Part of this research was carried out during a stay by the first
author at the (ex-) Institut Girard Desargues, Université Lyon I in Spring 2004. He
would like to thank Meinolf Geck and the other members of the institute for their
hospitality during this time.

2. SHIFTED YANGIANS

In this preliminary chapter, we collect some basic definitions and results about
shifted Yangians, most of which are taken from [BK5].

2.1. Generators and relations. By a shift matriz we mean a matrix o = (8; j)1<i,j<n
of non-negative integers such that

Sij T Sk = Sik (2.1)
whenever |i —j|+|j — k| = |i —k|. Note this means that s;; = --- = s, =0, and the
matrix o is completely determined by the upper diagonal entries s12,523,...,8h-1,n
and the lower diagonal entries 521,532, ..., Snn—1-

The shifted Yangian associated to the matrix o is the algebra Y,,(¢) over F defined
by generators

(D" |1 <i<n,r>0} (2.2)
(EM1<i<nr>siinh (2.3)
(FP11<i<nr> s} (2.4)
subject to certain relations. In order to write down these relations, let
Di(u) == 3" Du" € V(o) [[u™ ] (2.5)
>0

(r)
Di(u) =Y D{Mu" = —Dy(u) L. (2.6)

r>0

where DEO) := 1, and then define some new elements D." of Y, (o) from the equation

With this notation, the relations are as follows.

D", D1 =0, (2.7)

B F =6, > DYDY, (2.8)
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r—1
[Dzm, E]('S)] = (6i,j — dij+1) Dz(t)Ey('Hs_l_t)’ (2.9)
t=0
r—1
D F) = (8451 — 015) > FUHT0DY, (2.10)
t=0
0, B < B0, ) - EORO 1 EORO, e
FY EO) = (FO R = FOES + FURD, (212)
B B = (B B = BB, (213)
F, F - (FO, FG = -FQFD, (2.14)
EN EP =0 if|i-j>1, (2.15)
[Fl(r),F](S)] -0 if |i — j| > 1, (2.16)
ES, BS, B+ [ED, B B =0 ifli-jl=1,  (217)
EDED BN+ B ED =0 ifli-jl=1,  (218)
for all meaningful r, s, t,4,7. (For example, the relation (2.13) should be understood
to hold for all i =1,...,n —2,r > s;;41 and s > 3i+1,i+2-)

It is often helpful to view Y;,(o) as an algebra graded by the root lattice @, associ-
ated to the Lie algebra gl,. Let 0,, be the (abelian) Lie subalgebra of Y, (o) spanned

by the elements Dgl), ey D,(ll). Let €1,...,e, be the basis for 9} dual to the basis

D%l), ceey D,(ll). We refer to elements of 0, as weights and elements of
n
Py =P ze o (2.19)
i=1

as integral weights. The root lattice associated to the Lie algebra gl,, is then the
Z-submodule @, of P, spanned by the simple roots ¢; — ;41 for i = 1,...,n — 1.
We have the usual dominance ordering on 0} defined by o« > f if (o — 3) is a sum
of simple roots. With this notation set up, the relations imply that we can define a
Qn-grading

Yalo) = @ Valo))a (2.20)

a€Qn

of the algebra Y, (o) by declaring that the generators DZ(T), Ei(r) and Fi(r) are of degrees
0,e; — €i+1 and €41 — &;, respectively.

2.2. PBW theorem. For 1 <i < j <n and r > s;; resp. r > s;;, we inductively
(

define the higher root elements Ei? resp. Fi(g) of Y,,(¢) from the formulae

EQ = BD, By =By, B, (2.21)
F’L(,:-)i-l = Fi(r)7 Fz(,;) — [Fj(ijl,j—1+1)7Fi(;:ij,j—l)]‘ (2'22)
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Introduce the canonical filtration FoY,(c) C F1Y,(0) C --- of Y, (o) by declaring
that all DZ(T) Z(Z) and I} ; ™) are of degree r, i.e. F3Y, (o) is the span of all monomials
in these elements of total degree < d. Then [BK5, Theorem 5.2] shows that the

associated graded algebra grY, (o ) is free commutative on generators

{grD |1 <i<m,s;; <r}, (2.23)
{grEij\1<i<j<nsij<r} (2.24)
{ng |1 <i<j<n,sj; <t} (2.25)

It follows immediately that the monomials in the elements
(DI |1<i<n,si; <t} (2.26)
(B |1<i<j<nsi<r, (2.27)
{(FD1<i<j<nsj;<r} (2.28)

taken in some fixed order give a basis for the algebra Y;,(c). Moreover, letting Y{;»)
resp. Y(ln)( o) resp. Y(In)(a) denote the subalgebra of Y;,(0) generated by the Dlm’s

resp. the EZ( Vg resp. the Fl-(r)’s, the monomials just in the elements (2.26) resp.
(2.27) resp. (2.28) taken in some fixed order give bases for these subalgebras; see
[BK5, Theorem 2.3]. These basis theorems imply in particular that multiplication
defines a vector space isomorphism

1/( )( ) ® }/(1”) ® (1n)( ) o Yn(O'), (2.29)
giving us a triangular decomposztwn of the shifted Yangian. Also define the positive
and negative Borel subalgebras Y(ln)( o) = Y(ln)Y(J{n)(a) and Y(bln)(a) = Y(In)(U)Y(w)-
By the relations, these are indeed subalgebras of Y,,(c). Moreover, there are obvious
surjective homomorphisms

with kernels K?ln)(a) and K(bln)(a) generated by all E(T) and all Fl(]), respectively.
We now introduce a new basis for Y, (o), which Wlll play a central role in this

article. First, define the power series
_ (r), — 7“) -
- Z Ejju, Z Fiju™ (2.31)
>S4, >80
for 1 <i < j <n,and set E;;(u) = F;;(u) := 1 by convention. Recalling (2.5), let
D(u) denote the n x n diagonal matrix with ii-entry D;(u) for 1 < i < n, let E(u)
denote the n x n upper triangular matrix with ij-entry E; j(u) for 1 <i < j <n, and

let F'(u) denote the n x n lower triangular matrix with ji-entry F; ;(u) for 1 <7 <
j < n. Consider the product

T(u) = F(u)D(u)E(u) (2.32)
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of matrices with entries in Y, (o)[[u"!]]. The ij-entry of the matrix T'(u) defines a
power series

min(%,5)
=S"Tuw = Y Fii(u)Di(u) By y(u) (2.33)
r>0 k=1

for some new elements TZ(;) € F,Y,(0). Note that Ti(g») = 9;; and TZ(;) = 0 for
0<r< Si,5-

Lemma 2.1. The associated graded algebra grY, (o) is free commutative on gen-
erators {gr, TZ(; |1 < 4,5 < n,s;; <r}. Hence, the monomials in the elements

{Ti(;) |1 <i,j <n,s;j <r} taken in some fized order form a basis for Y,(o).

Proof.  Recall that TZ(;) =0 for 0 <r < s;;. Given this, it is easy to see, e.g. by
solving the equation (2.32) in terms of quasi-determinants as in [BK4, (5.2)—(5.4)],

that each of the elements DZ(T),EZ(;) and FZ(;) of Y,,(0) can be written as a linear
combination of monomials of total degree r in the elements {Ti(j) |1 <i,j<mn,s; <
s}. Since we already know that gr Y, (o) is free commutative on the generators (2.23)—
(2.25), it follows that the elements {gr, 1(]) |1 <i4,5 < mn,s;; <r} also generate
grY, (o). Now the lemma follows by dimension considerations. O

2.3. Some automorphisms. Let & = ($; j)1<i j<n be another shift matrix such that
8ii+1+8i414 = Siji+1+8i4+1,4 foralli =1,...,n—1. Then the defining relations imply
that there is a unique algebra isomorphism ¢ : Y, (0) — Y,,(¢) defined on generators
by the equations

WD) =D, (B = BT ) () =
Another useful map is the anti-isomorphism 7 : Y,,(0) — Y, (o) defined by
DM =p",  F(EMN=F", ~(F")=E", (2.35)

where o! denotes the transpose of the shift matrix o. Note from (2.21)—(2.22) and
(2.33) that

F(T Si41, ’L+S’L+1 ’L) (234>

)

(BN =F",  c(F=E"D, @) =1. (2.36)

2y} 2,7 7 2V VA
Finally for any power series f(u) € 1+ u™'F[[u~]], it is easy to check from the
relations that there is an automorphism py : Y, (o) — Y, (o) fixing each El.(r) and FZ.(T)
and mapping the power series D;(u) to the product f(u)D;(u), i.e.
uy(DY) = ZasD(’" U ED) =ED, (B =FD, (@31

)

if f(u> = ZSZO asu
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2.4. Parabolic generators. In this section, we recall some more complicated par-
abolic presentations of Y, (o) from [BK5]. Actually the parabolic generators defined
here will be needed later on only in §3.7. By a shape we mean a tuple v = (v1, ..., V)
of positive integers summing to n, which we think of as the shape of the standard
Levi subalgebra gl,, @ --- @ gl, of gl,,. We say that a shape v = (v1,...,vpy) is
admissible (for o) if s;; = 0forall vy + - +v41 +1 < 4,5 <vy+ -+ 1, and
a=1,...,m, in which case we define

8a7b(V> = SV1+...+VQ7V1+...+Vb (238)
for 1 < a,b < m. An important role is played by the minimal admissible shape (for
o), namely, the admissible shape whose length m is as small as possible.

Suppose that we are given an admissible shape v = (v1,...,1,). Writing e; ; for
the ij-matrix unit in the space M, s of r x s matrices over I, define

Tap() = Y €ij © Toptotvasbimtotu145() € My, ® Yo(0)[[u™"]] (2:39)

1<i<y,
1<j<wp

for each 1 < a,b < m. Let "T'(u) denote the m x m matrix with ab-entry YT, ;(u).

Generalizing (2.32) (which is the special case v = (1") of the present definition),
consider the Gauss factorization

YT(u) =¥ F(u)” D(u)’ E(u) (2.40)

where ¥ D(u) is an m x m diagonal matrix with aa-entry denoted ¥ D, (u) € M,, ,, ®
Y, (o)[[u™!]] for 1 < a < m, YE(u) is an m x m upper unitriangular matrix with
ab-entry denoted VEqp(u) € My, ., ® Yo(o)[[u™]] and YF(u) is an m x m lower
unitriangular matrix with ba-entry denoted F, ,(u) € My, ,, ® Yo(o)[[u"t]. So,
YEqq(u) and ¥ F, o(u) are both the identity and

min(a,b)
"Top(u) = Y Fea(w) De(u)” Ecp(u). (2.41)
c=1
Also for 1 < a <m let B
YDa(u) := =YDy (u) ™1, (2.42)
inverse computed in the algebra M,, ,, ® Yy, (o)[[u™!]]. We expand
VDa(u) = Z eiyj ® VDan'J (U) = Z 61'7]' ® VDC(LZ)J’LL_T, (243)
1<i,j<vq 1<i,j<va
r>0
"Da(u) = Y €ij®"Daj(u)= Y. ej @D u, (2.44)
1<i,j<va 1<i,j<va
r>0
Eup(w)= Y iy @ Bapijlu)= > ey ®EU) u, (245
1<i<vq 1<i<v,
15520, 155y,

r>54 (V)
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v _ o v () -7
E €ij @ Fopyj(u) = E €ij @ Fa,b;i,ju ) (2.46)
1<i<uy 1<i<uy,
1<j<va 1<5<v,
r>5p (V)

where ¥ Dy j(u), ”ﬁaﬂ-,j(u), Y Eopij(w) and ¥ Fy . ;(u) are power series in Yy, (o) [[u™]],
and VD( ) E(T) VE(T)

wijr Dasijr " g by and VF, (") are elements of Y, (0). We will usually omit

ndF()

aiig Pasijr Pabiinj ab”,andalsoabbreviate

the superscript v, writing simply D) D(T) g
ET by BV and F")

a,a+1;2,7 a;t,j a,a+1;2,7
from (2.35) satisfies

(DS =D, (B,

as follows from (2.41) and (2.36).
In [BKS5, §3], we proved that Y, (o) is generated by the elements

by F, (r ) . Note finally that the anti-isomorphism 7

y=E") (2.47)

a,b;j,1’

T(F(T)

a,bsi,j

) — F(T)

a,b;j,i’

(DY) la=1,....m1<i,j <var>0}, (2.48)
{Eéri),j | a = ]_7 e, — ]., 1 S ) S Va, 1 S j S Vg+1,T > 8a7a+1(l/)}, (249)
{ a,w la=1,....m—1,1<i<wu1,1 <j<var>s1141)} (2.50)

subject to certain relations recorded explicitly in [BK5, (3.3)—(3.14)]. Moreover, the
monomials in the elements

(DU 11 <a<m1<i,j < va,saalv) <1}, (2.51)
{Ecgrb13|1<a<b<m1<Z<Va71<.7<V675ab()<T}, (252)
(F) 11<a<b<m1<i<u, 1<) <vgspa(v) <7} (2.53)

taken in some fixed order form a basis for Y,,(¢). Actually the definition of the higher

root elements Egg” and Féb)”

[BK5]. The equivalence of the two definitions is verified by the following lemma.

given here is different from the definition given in

Lemma 2.2. For1 <a<b—1<m,1<i<v,1<j<uyandr > sq.p(v), we

have that ") (r=sp-16(0)) pr(sp-1.0()41)
r r—sp_1,p(v sp—1,p(V
Ea,b;i,j = [Ea,b—lb;i,lkb 7Eb—bl;ll<:,l} ]

forany 1 <k <wvy_1. Similarly, for 1 <a<b—1<m, 1 <i<1,1<j5 <y, and
r > 8p.4(v), we have that

_ [F(Sb,b 1(v)+1) F(T Spp—1(V ))]

(r)
Fou. b—1;i,k a,b—1;k,j

a7b?i7j -
forany 1 <k <wyp_q.

Proof.  We just prove the statement about the E’s; the statement about the F’s
then follows on applying the anti-isomorphism 7. Proceed by downward induction
on the length of the admissible shape v = (v1,...,,). The base case m = n is the
definition (2.21), so suppose m < n. Pick 1 < p < m and z,y > 0 such that v, = z+vy,
then let = (v1,...,Vp—1,2,Y,Vpt+1,-..,Vm), an admissible shape of strictly longer
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length. A matrix calculation from the definitions shows for each 1 < a < b < m,
1<i<vy,and 1 <j <y that

¥ B bii,j (u) if b < p;
“Eab,z,]( ) ifb=p,j<wx
a b4+158,5— x(u) if b= p7j > X
Y Eapij(w) = ¢ P Eqpt1i,5(w) ifa <p,b>p;

“Bapi1ii (W) = 301 *Baariiin(WH Bagpring(v) if a =p,i <
FEqi1,br15i—a,j (1) ifa=p,i>u;
" Eat1,b4+1;0,5 (1) if a > p.

Now suppose that b > a 4+ 1. We need to prove that

v 14 v 1 — v
Ea,b;Lj(u) = [ Ea,b—l;i,k’( ) ElSSbl ]lg,l;( g )]u so-1()

for each 1 < k < 1p_1. The strategy is as follows: rewrite both sides of the identity
we are trying to prove in terms of the #E’s and then use the induction hypothesis,
which asserts that

_ +1 _
" EBabij(u) = [ Eap—1;ik(u),” Ezssfl;llé,l}(u) uso-10(8)

foreach 1 <a<b—1<m,1 <i< gl <j<pmand 1l <k < pp_ 1. Most of the
cases follow at once on doing this; we just discuss the more difficult ones in detail
below.

Case one: b < p. Easy.

Case two: b=p,j < x. Easy.

Case three: b =p,j > x. We have by induction that

+1 _
" Eapt15i-2 (W) = [ Eqpin(w), “Eésijﬂx(m s )

for 1 < h < z. Noting that spp11(p) = 0 and that “EIS}ZJ = ”Dél}zj, this shows

that Y Egpj(u) = ["Eqgpin(u), ”Dl(),zj] Using the cases already considered and the
relations, we get that

VE VD( ) VR ) l/E(Sb 1,6(¥)+1) VD(l) —sp—1,5(V)

[ a,b;z,h( ) b: hj] [[ a,b—l;z,k( ) b—1;k,h ] b;h,j]u

v v 1 — v
= ["Eap—1;i,k(u), EISSblllfl;(V)+ Nu=sv-100)

forany 1 <k <wyp_q.
Case four: a < p,b > p. Easyifb >p—+1orifb=p+1 and k > z. Now suppose
that b=p+ 1 and k£ < x. We know already that

+1 _
VEa,b;i,j(u) — [VEa,b—l;i,ac—H( ) VEISSbl ;i(lj )]u 8571,b(v).

(r)

Using the cases already considered to express ¥ a,b—1;i ) 5 & commutator then using

the relation [BK5, (3.11)], we have that [”Ec(lg ik ”EIS )1 w+1,) = 0. Bracketing with

v Dl()l—)l;k,x 41 and using the relations one deduces that [ vE") vp()

ab—15,2+10 Fo— 1x+1,ﬂ =
v () v ()
[Ea’b_l;i’k, Eb lk]] Hence,

_ v)+1 1
[VEa,b—l;i,:H-l(u)’ 158_61;51[;1(13 )] = [VEa,b—l'i k( ) VEISSbl ]1§;7bj( * )]
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Using this we do indeed get that ¥ Eq . j(u) = [V Eqp—1;i,k(u), ”Elgsbl }1€bj( )H)]u_sb*lvb(”).

Case five: a = p,i < x. The left hand side of the identity we are trying to prove is
equal to

ab+1,l,j Z Eanrl,z,h ) Ea+1,b+1;h,j(u)~

The right hand side equals
+1); _
2 Z“Ea w155 (W Byt g (), Eprt 1 0 s (),

Now apply the mductlon hypothesis together with the fact from the relations that

w , g (Spp41()+1)
Ea’a_t'_l.ﬂ’h(u) and By commute.
Case siz: a = p,i > x. Easy.

Case seven: a > p. Easy. 0O

We also introduce here one more family of elements of Y;,(0) needed in §3.7. Con-

tinue with v = (v1,...,vy,) being a fixed admissible shape for o. Recalling that
YEqq(u) and Y Fy o(u) are both the identity, we define
~ b—1
VEa,b(u> — VEa,b(u) N Z VEzz,c(U)VE(Ei,C’b(U)Jrl)u_sc’b(y)_l7 (2'54>
c=a
b—1 )
YFap(u) = "Fugp(u) = Y VES VR, (a7 (2.55)
c=a
for 1 <a <b<m. Asin (2.45)-(2.46), we expand
Z €i,j () VEa,b;i,j (’LL) = Z €i,j ® VE[E ;ZJ T7 (256)
1<i<vq 1<i<va
1<j<wy 1<j<wm
r>54 (V)41
Z €ij ® Fabz i(u) = Z €ij & VFé b),z,J -, (2.57)
1<i<yy, 1<i<yy
1<j<va 1<j<v,
r>5p q(V)+1
where Y Ey . ;(u) and YF,p; ;(u) are power series in Y, (o)[[u"!]], and ”E[(lgw and
YF é b) i j are elements of Y,,(0). We usually drop the superscript v from this notation.
Lemma 2.3. For1<a<b—1<m,1<i<y,1<j<wandr > sq(v)+1, we
have that (r) ( -1 (1)+2)
— r—S S
Eat‘b;i,] [Ea b— lb,z,lkb Eb bl Ilcfy ]

forany 1 <k <wp_1. Similarly, for Ll <a<b—1<m,1<i<uy,1<j<y, and
r > spq(v) + 1, we have that

(r) (s (v)+2) (r—sp,p—1(r)—1)
arb ii,J [Fb bl?l,kl: Fa,b—lb;kbvjl ]

forany 1l <k <wy_;.
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Proof.  We just prove the statement about the E’s; the statement for the F’s then
follows on applying the anti-isomorphism 7. We need to prove that

- - +2 — _
Ea,b;i,j(u) — [Ea,b—l;i,k(u)aElgs_bl;]i;:l;'(y) )]u Sbfl,b(l/) 1.

Proceed by induction on b = a + 2,...,m. For the base case b = a + 2, we have by
the relation [BK5, (3.9)] that

Sp— v)+2 Sp_ v)+1
[Ea,b—l;i,k(u)aE[E_bl;llg’;( )+ )} I [Ea,b—l;i,k(u) E( b—1,6(V)+ )]u —

’ b_17k7]
Vp—1
(Sa,p—1()+1) (sp-1,6(W)+1)g —s, (sp—1,6()+1)
— (B B e @) N By () BT
h=1
Multiplying by v ~*-16)~1 and using Lemma 2.2, this shows that
_ v)+2 _ _
[Ea,b—l;z',k(U)aEzgs—bl;ilc’,;( 10l = B ()
Vp—1
ap@)+1) _ _ +1) _ _
_Esb;ﬁgy) )u Sap(V)—1 _ ZEa,bfl;i,h(U)Eé?l;;ll’g(y) )u sp—1,6(v) 1
h=1

The right hand side is exactly the definition (2.54) of Eqp; ;(u) in this case. Now
assume that b > a + 2 and calculate using Lemma 2.2, relations [BK5, (3.9)] and
[BK5, (3.11)] and the induction hypothesis:

_ 2, _
[Ea,bfm,k(u),Elgsjl;llc,g(uH )]u 1

:[[Eab72'i1(u) E(Sb—Q,b—l(V)+1)] E(Sb—l,b(y)+2)]ufsbfgybfl(I/)fl

) b—2;1,k P b—15k,j

—op—1(v)+1 _ v)+2 _ _

:[Ea,b—Q;i,l(U)7[Elgs_bg;ii 1(v) )7Eé?1;11€,,l}( ) )Hu sp—2,p—1(v)—1

—2p—1(v)+2 — v)+1 _ _

[Bap2i1(w), [Ezgs_bg;il;g 1(v) )7E1§?1;;1€’3( ) )Hu sp—2,6—1(V)—1
Vp_1

= S B, B 15 VB e 01

h=1

(B2 (), By ) B ez 00

Vp—1

_ Z[Ea,bfzi,l(u% Elgs_biil;;l(V)+1)]EZ§?1—;}11,’1}(V)+1)ufsbfz,bfl(lf)*l
h=1

Vp—1

_ +1 _ +1) _—
~(Baprip (), Byt = S Bapogin ) By L
h=1

Multiplying both sides by u~*-16(*) and using the definition (2.54) together with
Lemma 2.2 once more gives the conclusion. O



REPRESENTATIONS OF SHIFTED YANGIANS 19

2.5. Hopf algebra structure. In the special case that the shift matrix o is the
zero matrix, we denote Y, (o) simply by Y,,. Observe that the parabolic generators

pr)

Dy.;; of Y, defined from (2.40) relative to the admissible shape v = (n) are simply

equal to the elements Tl( j) from (2.33). Hence the parabolic presentation from [BK5,
(3.3)—(3.14)] asserts in this case that the elements {T@(Z) |1 <i,j <n,r >0} generate
Y,, subject only to the relations
min(r,s)—1
+s—1—t) (¢ t) (r+s—1—t
=S (L -t s
=0

for every 1 < h,4,j,k <n and r,s > 0, where T(]) = 0; ;. This is precisely the RTT
presentation for the Yangian associated to the Lie algebra gl,, originating in the work
of Faddeev, Reshetikhin and Takhtadzhyan [FRT]; see also [D] and [MNO, §1]. It
is well known that the Yangian Y,, is actually a Hopf algebra with comultiplication

A:Y,—Y,®Y, and counit ¢ : Y, — F defined in terms of the generating function
(2.33) by

= Ti(u) @ T j(w), (2.59)
k=1
e(Ti5(u) = by 5. (2.60)

Note also that the algebra anti-automorphism 7 : Y, — Y,, from (2.36) is a coalgebra
anti-automorphism, i.e. we have that

Aor=Po(T®T1)0A (2.61)
where P denotes the permutation operator x ® y — y ® .
It is usually difficult to compute the comultiplication A : Y, — Y, ® Y}, in terms

of the generators DET),EZ.(T) and FZ-(T). At least the case n = 2 can be worked out
explicitly like in [M1, Definition 2.24]: we have that

A(D;y(u)) = Dy(u) ® Dy(u) + Dy (u)Ey(u) @ Fl( )D1(u), (2.62)
A(Ds(u)) = Dy(u) @ Dy(u) + > _(=1)¥Dy(u) By (u)* @ Fy(u)* Dy (), (2.63)
k>1
A(Ey(u) =1® Ey(u) + Y _(~1DFE1(u)* @ Dy (u)Fy (u)*' Dy(u), (2.64)
k>1
A(Fy(u)) = Fi(u)® 1+ Y (=1)*Dy(u) By (u)* ' Dy (u) @ Fy(u)*, (2.65)
k>1

as can be checked directly from (2.59) and (2.32). The next lemma gives some further
information about A for n > 2; cf. [CP2, Lemma 2.1]. To formulate the lemma
precisely, recall from (2.20) how Y, is viewed as a @Q,-graded algebra; the elements
Tl(g) are of degree (g; —¢;) for this grading. For any s > 0 and m > 1 with m+s <n
there is an algebra embedding

s : Y = Yy, DO D BT ED R o FD (2.66)
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A different description of this map in terms of the generators TZ(;) of Y,, is given in
[BK4, (4.2)]. The map v, is not a Hopf algebra embedding; in particular, the maps
Ao and (Y5 ® 1) o A from Y, to Y, ® Y, are definitely different if m < n.

Lemma 2.4. For any x € Y, such that ¥s(z) € (Y,)a for some a € Q,, we have
that
A(s(2) = (s @) (A@) € Y (Ya)g ® Ya)ap
0#£B€Qst
where Q' here denotes the set of all elements Z?:_ll ci(ei — €iq1) of the root lattice
Qn such that ¢; >0 for alli € {1,...,s}U{m+s,...,n—1}.

Proof. It suffices to prove the lemma in the two special cases s = 0 and m + s = n.

Consider first the case that s = 0. Then v¢; : Y,, — Y, is just the map sending
Tl(;) €Y, to Tz(;) €Y, for 1 <i,5 <m and r > 0. For these elements the statement
of the lemma is clear from the explicit formula for A from (2.59). It follows in general
since Y,, is generated by these elements and @, is closed under addition.

Instead suppose that m + s = n. Let i(;) = _S(Ti(;)) where S is the antipode.

Then by [BK4, (4.2)], s : Yy < Y, is the map sending 7.} € Y, to T, € Yy
for 1 <i,7 <m,r > 0. Since (2.59) implies that

n T
= =) o (=t
ST =33 T T
k=1 t=0
the proof can now be completed as in the previous paragraph. 0O

Now we can formulate a very useful result describing the effect of A on the gener-
ators of Y,, in general. Recall from (2.30) that K?ln)(a) resp. K?ln)(a) denotes the

two-sided ideal of the Borel subalgebra Y(ﬁln)(a) resp. Y(bln)(a) generated by the El-(r)

i

resp. the FZ-(T); in the case o is the zero matrix, we denote these simply by K (1n

K(bln). Also define

) and

Hi(u) = > Hu™" := Di(u) Dis1(u) (2.67)
r>0

for each i = 1,...,n — 1. Since D;(u) = —D;(u)~!, we have that Hi(o) =—1.
Theorem 2.5. The comultiplication A :Y,, — Y, ® Y, has the following properties:

(i) ADD) =0 DY @ D™ (mod KP,y @ K2,,0):

(i) AE) =10 BD -3 B @ H™ (mod (K/1,))? ® K}\));

(i) AR = RV @1 =0 BV @ Y (mod Ky @ (Kfy))?).
Proof.  This follows from Lemma 2.4, (2.62)—(2.65) and [BK5, Corollary 11.11]. 0O

Returning to the general case, there is for any shift matrix o = (s;)1<ij<n 2
canonical embedding Y,,(0) < Y, such that the generators D(r),EZ-(T) and Fi(T) of

%

Y, (o) from (2.2)—(2.4) map to the elements of Y;, with the same name. However, the
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higher root elements EZ(? and Fl( j) of Y, (o) do not in general map to the elements of
Y,, with the same name under this embedding, and the elements 1—‘7,(;) of Y,,(0) do not
in general map to the elements TZ-(;.) of Y,,. In particular, if 0 # 0 we do not know a
full set of relations for the generators Tz(;) of Y, (o).

Write 0 = o’/ + ¢ where ¢’ is strictly lower triangular and ¢” is strictly upper
triangular. Embedding the shifted Yangians Y;,(0), Y,,(¢’) and Y, (¢”) into Y,, in the

canonical way, the first part of [BK5, Theorem 11.9] asserts that the comultiplication
A:Y, —Y,®Y, restricts to a map

A:Y,(0) = Yu(o) @ Y,(a"). (2.68)
Also the restriction of the counit ¢ : Y,, — [ gives us the trivial representation
e:Yp(o) = F (2.69)

of the shifted Yangian, with ¢(D;(u)) =1 and ¢(E;(u)) = e(Fi(u)) = 0.

2.6. The center of Y, (o). Let us finally describe the center Z (Y, (o)) of Y, (o).
Recalling the notation (2.5), let

Cn(u) =Y Cu™ 1= Dy(u)Da(u—1) -+ Dp(u—n+1) € Vu(o)[[u”]].  (2.70)
r>0
In the case of the Yangian Y, itself, there is a well known alternative description of
the power series Cy,(u) in terms of quantum determinants due to Drinfeld [D] (see
also [BK4, Theorem 8.6]). To recall this, given an n x n matrix A = (a; j)1<; j<n With
entries in some (not necessarily commutative) ring, set

rdet A := Z sgn(w) a1 w1a2.w2 * * * An,wn, (2.71)
wWESy

cdet A := Z SEN(W) Ap1,1Qw2,2 * * * Qwnyn,s (2.72)
wESy

where S, is the symmetric group. Then, working in Y,[[u~!]], we have that

lel(u—n—i—l) TLQ(U—TL—}—l) Tl,n(u—n—kl)
Chp(u) = rdet : : : (2.73)
Tnfl’l(’u, — 1) Tnfl’g(u — 1) LR Tnfl’n(u — 1)
T, (w) Th2(u) . Thn (1)
Tl,l(u) TLQ(U — 1) e TLn(u —n + 1)
= cdet : : : (2.74)
Tho1a(u) Tho12(u—1) -+ Thoqgp(u—n+1)
T (u) Tho(u—1) -+ Thplu—n+1)

In particular, in view of this alternative description, [MNO, Proposition 2.19] shows
that
A(Cp(u)) = Ch(u) @ Cp(u). (2.75)
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Theorem 2.6. The elements C’T(Ll), C’,(LQ), ... are algebraically independent and gener-
ate Z(Yn(0)).

Proof.  Exploiting the embedding Y;,(c) < Y}, it is known by [MNO, Theorem 2.13]

that the elements 07(11)7 07(12) , ... are algebraically independent and generate Z(Y,,) (see
also [BK4, Theorem 7.2] for a slight variation on this argument). So they certainly
belong to Z(Y,,(0)). The fact that Z(Y,,(0)) is no larger than Z(Y,,) may be proved
by passing to the associated graded algebra gr" Y, (o) from [BK5, Theorem 2.1] and
using a variation on the trick from the proof of [MNO, Theorem 2.13]. We omit the
details since we give an alternative argument in Corollary 6.11 below. 0O

Recall the automorphisms (s : Y;,(0) — Yy (o) from (2.37). Define

SY,(0) i={x € Yo(o) | uy(x) = x for all f(u) € 1 +u "Flu"]}. (2.76)

Like in [MNO, Proposition 2.16], one can show that multiplication defines an algebra
isomorphism

Z(Yn(0)) ® SY,(0) = Yyu(o). (2.77)

Recalling (2.67), ordered monomials in the elements {Hi(r) li=1,...,n— 1,7 > 0},

k{gEZ(’r]() |)1 <i<j<n,r>s;)and {Fl(;) |1 <i<j<n,r>s;;} form a basis for

Y. (o).

3. FINITE W-ALGEBRAS

In this chapter we review the definition of the finite W-algebras associated to
nilpotent orbits in the Lie algebra glp, then explain their connection to the shifted
Yangians. Again, much of this material is taken from [BK5], though there are some
important new results too.

3.1. Pyramids. By a pyramid we mean a sequence m = (qi,...,q) of integers such
that

O<q < <@y qGr12>2--2q>0 (3.1)
for some 0 < k < [. We visualize m by means of a diagram consisting of ¢; bricks
stacked in the first column, g9 bricks stacked in the second column, ..., ¢ bricks
stacked in the [th column, where columns are numbered 1,2,...,1 from left to right.
The level of the pyramid = is then the number [ of non-empty columns and the height
is the number max(q, ..., q) of non-empty rows in the diagram. For example, the
pyramid 7 = (1,2,4,3,1) is of level 5 and height 4, and its diagram is

(4]
5|8
1[3]7]10[11]-
As in this example, we always number the bricks of the diagram 1,2,..., N down

columns starting with the first column. Let col(i) denote the number of the column
containing the entry [7] in the diagram. We say that the pyramid is left-justified if
q1 > -+ > q and right-justified if ¢ < --- < q.
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We often need to make the following two additional choices:

(a) an integer n greater than or equal to the height of 7;
(b) an integer k with 0 < k < [ such that ¢1 < -+ < qg, Qg1 > -+ > q as in

(3.1).
Having made such choices, we read off various further pieces of data from m. First,
numbering the rows of the diagram of w by 1,2, ..., n from top to bottom so that the

nth row is the last row containing [ bricks, let p; denote the number of bricks on the
ith row. This defines the tuple (p1,...,p,) of row lengths, with

0<pi<---<pn=L. (3.3)

Write row(i) for the number of the row containing the entry [7] in the diagram of .
Next, define a shift matrix o = (s;j)1<i j<n from the equation

P #{c=1,...)k|i>n—q.>j} if ¢ > 7, (3.4)
bl #e=k+1,...,0|li<n—q.<j} ifi<j. :

To make sense of this formula, we just point out that the pyramid 7 (hence all the
other data) can easily be recovered given just this shift matrix o and the level [, since
its diagram consists of p; = [ — s, ; — s;, bricks on the 7th row indented s, ; columns
from the left edge and s;, columns from the right edge. Finally, let

Sij = 8i;j + Pmin(i,j)- (3.5)
3.2. Finite W-algebras. Let g denote the Lie algebra gl,, equipped with the trace
form (.,.). Given a pyramid © = (q1,...,q) with N bricks, there is a corresponding

Z-grading g = P ez 85 defined by declaring that the ij-matrix unit e; ; is of degree
(col(j) — col(i)) for each 1 <4,j < N. Let b := go,p := P50, and m:= P, 9,
Thus p is a standard parabolic subalgebra of g with Levi factor h = gl, & --- @ gl,,,
and m is the opposite nilradical. Let e € p denote the nilpotent matrix

e = Z €i,5 (36)
1,]

summing over all pairs of adjacent entries in the diagram; for example if 7 is as in
(3.2) then e = es8+e26+e69+ersztesr+erioternir. The Z-grading g = @jez gj
is then a good grading for e € g1 in the sense of [KRW, EK].

The map x : m — F,x — (z,e) is a Lie algebra homomorphism. Let I, denote
the kernel of the associated homomorphism U(m) — [ (here U(.) denotes universal
enveloping algebra). We will work with the twisted action of m on U(p) defined by
setting

x - u = pry([z,u]) (3.7)
for z € m,u € U(p), where pr, : U(g) — U(p) denotes the projection along the direct
sum decomposition U(g) = U(p) & U(g)I,. Following [BK5, §8], we define the finite
W -algebra corresponding to the pyramid 7 to be the subalgebra

W(r) = U(p)™ = {u € Up) | [v,u] € U(g)], for all 2 € m} (3.8)

of U(p). In this form, the definition of the algebra W () goes back to Kostant [Ko2]
and Lynch [Ly]; it is a special case of the construction due to Premet [P1] then
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Gan and Ginzburg [GG] of non-commutative filtered deformations of the coordinate
algebra of the Slodowy slice associated to the nilpotent orbit containing e.

To make the last statement precise, we need to introduce the Kazhdan filtration
FoU(p) CFU(p) C --- of U(p). This can be defined simply by declaring that each
matrix unit e; ; € p is of degree

deg(e; ;) == (1 + col(y) — col(z)), (3.9)
i.e. FqU(p) is the span of all monomials e;, j, - - - €;, ;. in U(p) with deg(e;, j,)+---+
deg(e;, j,) < d. The associated graded algebra grU(p) is obviously identified with
the symmetric algebra S(p) viewed as a graded algebra via (3.9) once more. We
get induced a filtration FoW (7)) C FiW(w) C --- of W(n), also called the Kazhdan
filtration, by setting FyW (7) := W(mr) N FaU(p); so gr W (m) is naturally a graded
subalgebra of gr U(p) = S(p). Let c,(e) denote the centralizer of e in g and p denote
the nilradical of p. Also define elements h € gy and f € g1 so that (e, h, f) is an
slo-triple in g (taking h = f = 0 in the degenerate case e = 0). By [BK5, Lemma
8.1(ii)], we have that
b= cale) @ [0, f). (3.10)
The projection p — cg(e) along this direct sum decomposition induces a homomor-
phism S(p) — S(cg(e)). Now the precise statement is that the restriction of this
homomorphism to gr W (w) is an isomorphism gr W (m) = S(cq(e)) of graded alge-
bras; see [Ly, Theorem 2.3].

3.3. Invariants. Given a pyramid © = (qi,...,q), choose integers n and k and use
these choices to read off the extra data (pi1,...,pn) and o = (s;)1<i j<n as in §3.1.
Let p: U(p) — F be the homomorphism with

p(e€ij) = 0ij(qeol(j) + Qeol(j)+1 + -+ @ — n). (3.11)

The corresponding one dimensional p-module will be denoted F,. We stress that this
depends on our fixed choice of n, as do many subsequent definitions. For 1 <i,j5 < N,
introduce the shorthand

&g = (~1) V7 We, 1+ 6;5(n = deoli) = deol(iy 11— - — @): (3.12)
So, €;; acts as zero on the module F,. For 1 <4,7 <n,0 <z <n and r > 1 define
(I Z Y (mpFtisheertiovissle, G, (3.13)
s=1 141,...,0s
jl7"'7js
where the second sum is over all 1 <41,...,45,71,...,7s < N such that

(a) deg(es, j,) + - -+ deg(e;, j,) = (recall (3.9));

(b) col(i) < COl(jt) foreacht =1,...,s;

(c) if row(j;) > x then col(j) < col( 1) foreacht=1,...,s —1;
(d) if row(j;) < x then col(j;) > col(z’t+1) foreacht =1,...,s —1;
(e) row(ir) = 7, 1ow(j,) = J;

(f) )—r0w(2t+1) foreacht=1,...,5— 1.
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Also set
1 ifi=j>u,
79 ={ -1 ifi=j<ua, (3.14)
’ 0 ifi#j,
and introduce the generating function
Tija(w) = D T3 u™ € U(p)[fuw) (3.15)
r>0

These remarkable elements were first introduced in [BK5, (9.6)]. As we will explain

in the next section, certain Tz(;)z in fact generate the subalgebra W (m) = U(p)™ of
twisted m-invariants.

Here is a quite different description of the elements T r g)o in the spirit of [BKS5,
(12.6)]. If either the ith or the jth row of the diagram is empty then we have simply
that T; j.0(u) = 0;;. Otherwise, let @ € {1,...,l} be minimal such that i > n — ¢,
and let b € {2,...,l+ 1} be maximal such that j > n — ¢_;. Using the shorthand
w(r,c) for the entry (q1 + -+ 4 gc + 7 — n) in the rth row and the cth column of the

diagram of 7 (which makes sense only if » > n — ¢.), we have that

—S;
Ti,j;O( = 7 Z Z H Er(ri—1,ct—1),m(re,ce—1) + 571'(7’t—lzct—l):77(7’t,ct*1)u)

m=170,---"m t=1
€O, rCm

(3.16)
where the second summation is over all rows rq, ..., 7, and columns cg, ..., ¢, such
that a =co < -+ < ¢p=0,r90=1and r, = j, and max(n — ¢¢,—1," — q¢,) <1t <N
for each t =1,...,m — 1. This identity is proved by multiplying out the parentheses
and comparing with the original definition (3.13).

3.4. Finite W-algebras are quotients of shifted Yangians. Now we can formu-
late the main theorem from [BK5] precisely. Continue with the notation from §3.3; in
particular, we have made a fixed choice o = (s; j)1<i j<n of shift matrix corresponding
to the pyramid 7. Then, [BK5, Theorem 10.1] asserts that the elements

{ zzz 1‘2_1 n7T>8i7i}7 ( 17)
{Ti(gru‘i: L...o,n—=1,r> 3i,i+1}, (3.18)
(T ali=1, . ,n—1,r > sip11) (3.19)

of U(p) from (3.13) generate the subalgebra W (mw) = U(p)™. Moreover, there is a
unique surjective homomorphism

K:Yy(o) > W(n) (3.20)
under which the generators (2.2)—(2.4) of Y,,(¢) map to the corresponding generators
(3.17)~(3.19) of W (m), ie. w(D") = T}y, w(E) = T\, and w(F") = ﬂLl
The kernel of k is the two-sided ideal of Y;,(0) generated by the elements {D1 |r >
p1}. Finally, viewing Y, (o) as a filtered algebra via the canonical filtration and W ()
as a filtered algebra via the Kazhdan filtration, we have that x(F;Y,,(0)) = F4W (7).
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From now onwards we will abuse notation by using exactly the same notation for
the elements of Y, (o) (or Y, (o)[[u"!]]) introduced in chapter 2 as for their images
in W(r) (or W(m)[[u"!]]) under the map &, relying on context to decide which we
mean. So in particular we will denote the invariants (3.17)-(3.19) from now on just

by D(T), E™ and F. Thus, W (m) is generated by these elements subject only to

7 7 7

the relations (2.7)—(2.18) together with the one additional relation
DY) =0 for r > p;. (3.21)

More generally, given an admissible shape v = (v4,...,vy,) for o, W(7) is generated
by the parabolic generators (2.48)—(2.50) subject only to the relations from [BKS5,
(3.3)—(3.14)] together with the one additional relation

D). =0 for 1 <i,j < andr > p. (3.22)

These parabolic generators of W () are also equal to certain of the Tz(g)x’s, see [BK5,
Theorem 9.3] for the precise statement here.

We should also mention the special case that the pyramid 7 is an n x [ rectangle,
when the nilpotent matrix e consists of n Jordan blocks all of the same size [ and the
shift matrix o is the zero matrix. In this case, the relation (3.22) implies that W ()
is the quotient of the usual Yangian Y,, from §2.5 by the two-sided ideal generated
by {TZ(;) |1 <i4,j <n,r >1}. Hence W(n) is isomorphic to the Yangian of level |
introduced by Cherednik [C1, C2], as was first noticed by Ragoucy and Sorba [RS].

3.5. More automorphisms. The isomorphism type of the algebra W () only ac-
tually depends on the conjugacy class of the nilpotent matrix e € gly, i.e. on the
row lengths (p1,...,pn) of m, not on the pyramid = itself. To be precise, suppose
that 7 is another pyramid with the same row lengths as 7, and choose a shift matrix
6 = (8i)1<ij<n corresponding to 7. Then, viewing W (m) as a quotient of Y, (o)
and W (m) as a quotient of Y;,(¢), the automorphism ¢ from (2.34) obviously factors
through the quotients to induce an isomorphism

v:W(m) — W(nr). (3.23)
In a similar fashion, the map 7 from (2.35) induces an anti-isomorphism

7 :W(n) — W(xnh), (3.24)
where here 7t denotes the transpose pyramid (qi,...,q1) obtained by reversing the

order of the columns of 7.
Here is a useful invariant definition of 7. Recalling (3.11), let p: U(p) — F be the
homomorphism with

pleij) = dij(q1+ g2+ + Geol(j) — 1)- (3.25)
The corresponding one dimensional p-module will be denoted F;. Also let w, €
Sy denote the permutation which when applied to the entries of the diagram =
numbered in the standard way down columns from left to right gives the num-
bering down columns from right to left. For example, if 7 is as in (3.2) then
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wy = (111)(2931045678):

(4] 5|
518 62
21619 Wn, 91713
1{3|7(10[11 1111018 |4 |1

Let p7 denote the parabolic Subalgebra of gl associated to the pyramld wt. This is
related to the usual transpose p’ of the subalgebra p by p™ = w,plw_ !, viewing w,
here as a permutation matrix in the usual way. Define an algebra anti-isomorphism
7:U(p) = U(p™) (3.26)

mapping z € p to wyrlw t + (p — p)(x) € U(p”). In other words, the elements
é;; € U(p) from (3.12) map to the analogously defined elements €,, (;) .y € U(p7).
Considering the form of the definition (3.13) explicitly, one deduces from this that
r(T5) =T}, (3.27)
forall 1 <4,5 <n,0 <z <nandr >0. Combining this with the results of §3.4, it
follows that 7 : U(p) — U(p”) maps the subalgebra W () of U(p) to the subalgebra
W (') of U(p™), and moreover its restriction to W (r) coincides with the map (3.24).
There is one more useful automorphism of W (w). For a scalar ¢ € F, let 7. :
U(gly) — U(gly) be the algebra automorphism mapping e; j — e; ; + J; jc for each
1 <4,7 < N. It is obvious from the definitions in §3.2 that this leaves the subalgebra
W (m) of U(gly) invariant, hence it restricts to an algebra automorphism

Ne : W(m) — W(n) (3.28)
The following lemma gives a description of 7. in terms of the generators of W (x).

Lemma 3.1. For any c € F, the following equations hold:
(i) ne(uPiD;i(u)) = (u+ c)PiDi(u + ¢) for 1 <i < mn;
(ii) ne(u®> 1 Eij(u)) = (u+c)* 1 Ej(u+c) for 1 <i<mn;
(iii) c( SitLi [y (u)) = (u+ ¢)*+ViFj(u+c¢) for 1 <i<n.
Proof. It is immediate from (3.16) that

Ne(u™ 9 Ty jo(w)) = (u+ )39 T o (u + c).
We will deduce the lemma from this formula. To do so, let f(u) denote the n X n ma-
trix with ij-entry 7T; j.o(u). Consider the Gauss factorization T'(u) = F'(u)D(u)E(u)
where D(u) is a diagonal matrix with di-entry D;(u) € U(p)[[u™"]], E(u) is an upper
unitriangular matrix with ij-entry Ew( ) € U(p)[[uY]] and F(u) is a lower unitri-
angular matrix with ji-entry F; ;(u) € U(p)[[u~]]. Thus,

min(i,j)
T jo(u) = Fi(uw) Dy (u) By ().
k=1
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Since S;; = s;k + Pk + Sk, j, it follows that
min(i,5)
ne(Tigo(w) = Y (14 cu™ ) By i(u)(1 4 cu™ )Pk Dg(u)(1 + cu™")* By j(u).
k=1
From this equation we can read oﬁf immediz}:cely the Gaus/s\ factorization of the matrix
ne(T(u)), hence the matrices nc(D( ))sne(E(u)) and n.(F(u)), to get that

ne(u Di(u)) = (u+ )" Di(u + c),
Ne(u*9 E; j(u)) = (u+ )" Ej j(u + ),
ne(u Fyj(w) = (u+ )" Fj(u + o).
TAhe first of these equations gives (i), since by [BK5, Corollary 9.4] we have that
Di(u) = D;(u) in U(p)[[u~!]]. Similarly, (ii) and (iii) follow from the second and

third equations with j = ¢ + 1, looking just at the negative powers of u and using
[BK5, Corollary 9.4] again. O

The quotient map « : Y, () = W (r) from (3.20) of course depends on the choice of

the shift matrix o = (s;5)1<i,<n. Hence the particular choice of generators DZ@, EZ-(T)

and Fi(T) in our presentation of the algebra W (w) also depends ultimately on the
choice of the integers n and k made in §3.1. Using Lemma 3.1, we can explain what
happens when we switch to a different choice & = ($;j)1<i j<n of shift matrix coming
from different choices 7 and k of these integers. Assume without loss of generality
that n > n and set ¢ :=n — n. When working with &, we are numbering the rows of
m by 1,2,...,7n rather than by 1,2,...,n; in particular, the row lengths (p1,...,ps)

defined from ¢ are related to the original row lengths (p1,...,p,) by the formula
Pi = Dite-
Lemma 3.2. With the above notation, the generators D( ), EZ(Z), FZ(;) and TZ-(;) of
W (r) defined relative to ¢ are related to the original generators by the equations
(u+ )P Di(u + ¢) = uPite Dy o(u),

(u+c)* i B j(u+ ¢) = uSiteite By iy o(u),

(u + C)éj’iFi7j (u + C) = U5j+c’i+CE+C,j+c(U)a

(1 )3T+ €) = US04 Th ).

Moreover, for 1 < i < ¢, we have that D;(u) = 1 and E; j(u) = F; j(u) = 0 for all
Jj>i.

Proof. By the definition (3.13), the elements TZ( J)x of U(p) defined relative to &
are related to the original elements Tl( ])x by the formula nc(TZ(:)x) = TI(J:)C jteate the
automorphism 7. appears here because the elements é; ; from (3.12) involve n. Given
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this, it follows by Lemma 3.1 that
(u-+ € Difu + ¢) = uP* Dy ),
(u+ c)‘éi”'“Ei(u +¢) = ubitertite By (u),
(u+ c)‘é"“viFi(u + ¢) = ufittteite By (u).

The remaining equations follow directly from these using (2.21)—(2.22) and (2.33).
(|

3.6. Miura transform. Recall from the definition that W () is a subalgebra of
U(p), where p is the parabolic subalgebra @jzo g; of g = gly with Levi factor h =

go = gl, ®--- ®gl,. The elements {egcl |1 < e <1 <4,j < g} defined from

egc; = €yt qe1+i,qi+tqe_1+j form a basis for h. We will often identify U(h) with

Ulgl,) ®- - ®U(gly,) so that el is identified with 121 @ ¢; ; © 19(-9). Following
[BK5, (11.5)], we define an algebra automorphism

n:U®0) = U®D), el el +6(ges+ +a) (3.29)

Also let £ : U(p) — U(h) be the algebra homomorphism induced by the natural
projection p — h. The composite

pi=mnog&: W(m)— U(b) (3.30)

is called the Miura transform. By [BK5, Theorem 11.4] or [Ly, Corollary 2.3.2], u
is an injective algebra homomorphism, allowing us to view W (7) as a subalgebra of
U ().

Now suppose that [ = I’+1" for non-negative integers ', 1", and let 7’ := (¢1,...,q)
and 7 := (qyy1,...,q). We write 7 = 7’ ® 7" whenever a pyramid is cut into two in
this way. Letting b’ := gl ®-- -@gl,, and b = gly, ., © - ®gly, the Miura transform
allows us to view the algebras W (n') and W (n") as subalgebras of U (') and U(h"),
respectively. Moreover, identifying h with b’ @& h” hence U(h) with U(h") @ U(h"),
it follows from the definition [BK5, (11.2)] and injectivity of the Miura transforms
that the subalgebra W (m) of U(h) is contained in the subalgebra W (n') @ W (n") of
Uh) @ U(h"). We denote the resulting inclusion homomorphism by

Al’,l” W(mr) — W(Tl'/) & W(ﬂ'”). (3.31)

This is precisely the comultiplication from [BK5, §11]. It is coassociative in an obvious
sense; see [BK5, Lemma 11.2]. Observing in the case 7 consists of a single column
of height ¢ that W () is simply equal to U(gl;), the Miura transform p for general 7
may be recovered by iterating the comultiplication a total of (I — 1) times to split 7
into its individual columns.

Let us explain the relationship between Ay ;» and the comultiplication A from
(2.68). Let 7" be the right-justified pyramid with the same row lengths as 7/, and let
7" be the left-justified pyramid with the same row lengths as 7#”. So 7 := 7’ @ 7" is
a pyramid with the same row lengths as 7. Fixing an integer n greater than or equal
to the height of 7, read off a shift matrix o = (s;)1<s,j<n from the pyramid 7 by
choosing the integer k in (3.4) to equal the integer I’. Finally define o’ resp. ¢” to
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be the strictly lower resp. upper triangular matrices with o = o’ + ¢”. Then, W ()
is naturally a quotient of the shifted Yangian Y,,(c) and similarly W (7") @ W (7") is
a quotient of Y, (0) ® Y, (¢”). Composing these quotient maps with the canonical
isomorphisms W () = W (x) and W (7" )@W (") = W (7" )@W (7") defined by (3.23),
we obtain epimorphisms Y,,(c) - W (r) and Y, (¢") @Y, (¢”) - W (7" )@ W (x"). Now
the second part of [BK5, Theorem 11.9] together with [BK5, Remark 11.10] asserts
that the following diagram commutes:

Yo(0) —2— Ya(0)) @ Y (0"

l l (3.32)

Wr) S5 W) @ W),
Using this diagram, the results about A obtained in §2.5 easily lead to analogous
statements for the maps Ay v : W(n) — W(n') @ W(n") in general. For example,
(2.61) implies that

Al”,l’ or=Por®To0 Al/JN, (333)
equality of maps from W (r) to W ((7")") @ W((n")!). This can also be seen directly
from the alternative description of 7 as the restriction of the map (3.26).

Note finally that the trivial Y, (o)-module from (2.69) factors through the quotient

map « to induce a one dimensional W (7)-module on which DZ(T), EZ-(T) and Fi(r) act as
zero for all meaningful ¢ and r > 0. We call this the trivial W (m)-module. Recalling
(3.12)-(3.13), the trivial W (m)-module is precisely the restriction of the U(p)-module
F, from (3.11) to the subalgebra W ().

3.7. Vanishing of higher Ti(;.)’s. Continue with the notation of §3.3; in particular,
we have chosen n, k and the shift matrix o = (Sz’,j)lgi,jgn as there. We wish to show

that Ti(,j) € W(mr), i.e. the image of the element Tl(;) € Y, (o) from (2.33) under the
homomorphism & : Y, (0) — W(n), is zero whenever r > S; ;. In order to prove this,

we first derive a recursive formula for TZ(;) as an element of U(p).

Givenl <z < k+1land k <y <[, let m;, denote the subpyramid (¢z, ¢z+1,---,qy)
of level (y —x + 1) of our fixed pyramid 7 = (g1, ..., q) of level I. Fix the choice o,
of shift matrix for m,, defined according to the formula (3.4) but replacing k there
by (k —x +1). Writing p,, for the parabolic associated to 7, define an algebra
embedding

oy Upay) — U(p) (3.34)
mapping e;; € U(pzy) 10 €qyttgy 1 +igittar1+i = 0ij(@y1 + -+ @) € Ulp).
In other words, € ; € U(pzy) maps to g+ tqe 1+iqi+tq1+; € U(p). In the
remainder of the section, we need to consider elements both of W () C U(p) and of
W (mzy) C U(psy), relying on the context to discern which we mean. For instance,

recalling the definitions from §2.4, the notation Jl,l_l(E’(T)

a.bi ;) in the following lemma

means the image of the element Egg,ij of W(my,—1) under the map Jy ;1.

Lemma 3.3. Assume that | > 2 and work relative to the minimal admissible shape
v=(v1,...,Um) foro.
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(i) If @ > q and k < 1 — 1, then the following equalities hold in U(p) for all
meaningful a,b,, j,r:

VUm
(r) _ (r) (r=1)y5
Da;i,j - JLl*l(Da;i,j) + 5a,m E :Jl,lfl(Dm;z',h )eq1+"'+Ql—l+h:‘h+"'+Ql71+]’
h=1

(r=1)y 5
+ da,m [Jl,lfl(Dm;i,j )7eql+"'+QZ—1+j_QZ7q1+"'+QZ—1+j )

r .
Jlalfl(E(S,,lz;i,j) Zfb <m,
()
(r) Jl,lfl(Ea,m;i,j)
,b;‘,‘ - VUm (T—l) =
@t + 2020 J1-1(Eg i n) €qrt a1+ +-+a 1+

(r=1) \ - _—
+ Jl,l—l(Ea,m;i,j)’ Cattati—a.at++a-1+i if b=m,

F(T) — Jl,l—l(F(r)

a,b;i,j a,b;i,j)'
(ii)) If 1 < q and k > 1, then the following equalities hold in U(p) for all
meaningful a,b, 1, j,r:

DY), = 1au(DY)) + 8am S Eindni(DSt)) + o [Gigusis a5 )]
h=1
Et(ITlZz] = J2,I(E¢(:lz;i,j)a
JQ,Z(F(ET[J);L]') ifb<m,
Fyb)z] = JQJ(FLE;Z%;LJ') . )
+ohm Eindaa (Bl )+ |Eigari JZ,Z(an:;i,)j)} if b=m.

(r)

a;t,J
case b = a+1 follow immediately from [BK5, Lemma 10.4]. The second two equations
for b > a + 1 may then be deduced in exactly the same way as [BK5, Lemma 4.2]. In
the difficult case when b = m, one needs to use Lemma 2.3 and also the observation

that

Proof. (i) The first equation involving D and the second two equations in the

—Sm—1m V) ~
Jl,lfl(E((:ms_l;i}h ( ))7eq1+-~~+¢n—1+j—QL7(I1+-~~+qz—1+j =0
for any 1 < h < v, along the way. The latter fact is checked by considering the
expansion of Eg;i”llfil,’f(y)) using [BK5, Theorem 9.3] and Lemma 2.2.

(ii) Argue similarly using [BK5, Lemma 10.11] instead of [BK5, Lemma 10.4], or
alternatively apply the map 7 from (3.26) to (i). O

Lemma 3.4. Assume thatl>2,1<4,57<n andr > 0.
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(i) If @ > q and k <1 —1 then

T = hua ) = 30 T (@) haa (@)
1<h<n—q
Sh,j <T

(r—1)\ ~
+ E : Jl,l*1<Tz‘,h )em+'"+fn+h*n,q1+--'+€Iz+j*n
n—q<h<n

(r=1)y =
+ [Jl,l—l(Tm‘ ) €qutta_1ti—ngittation|

omitting the last three terms on the right hand side if j < n — q.
(ii) If ¢ < q and k > 1 then

T(T) — J2J<Ti(,7]“')) _ Z J2,l(7}(,2i’h))t]2 l( (7" Si, h))

/L’]
1<h<n—q
83, h<T
1 1
+ Z eql-H n,q1+h— nJ2l( f(LT] )) + €q1+z n,q1+q2+i—n; JQZ( (T )) )
n—q1<h<n
omitting the last three terms on the right hand side if j < n — q;.
Proof. (i) Let v = (v1,...,Vy) be the minimal admissible shape for o. Take
1<a,b<m,1<i<r,1<j<p andr > 0. By definition,
min(a,b) v,
T+ tva—1 i+t 1+] Z Z Fe a,z,s cs,t(u)Ec,b;t,j(u)-

c=1 s,t=1

Now apply Lemma 3.3(i) to rewrite the terms on the right hand side then simplify
using the definition (2.54).
(ii) Similar, or apply 7 to (i). O

Theorem 3.5. The generators T of W (m) are zero for alll <i,j <mn andr > S; ;.

Proof.  Proceed by induction on the level [. The base case [ = 1 is easy to verify
directly from the definitions. For [ > 1, assume that ¢; > ¢;, the argument in the
case q1 < q; being entirely similar. In view of Lemma 3.2 we just need to prove the
result for one particular choice of the shift matrix o, so we may assume moreover
that £ <1 — 1. Noting that S; ; — s ; = S;p for ¢, h < j, the induction hypothesis
implies that all the terms on the right hand side of Lemma 3.4(i) are zero if r > S; ;.

Hence TZ(;) = 0 as required. O

Finally we describe some PBW bases for the algebra W (). Recalling the definition
of the Kazhdan filtration on W(7) from §3.2, [BK5, Theorem 6.2] shows that the
associated graded algebra gr W( ) is free commutative on generators

{grD |1<i<mn,s;;<r<Si} (3.35)
{grE |1<i<j<m,si; <r<.5S;;}, (3.36)
{gr, i,j) |1<i<j<m,s;; <r <8} (3.37)
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Hence, as in [BK5, Corollary 6.3], the monomials in the elements

(DI [1<i<nsi;<r< 8, (3.38)
{EZ.(Z) |1<i<j<n,sij<r<Sijl, (3.39)
(FD11<i<j<nsj<r<S;) (3.40)

taken in some fixed order give a basis for the algebra W ().

Lemma 3.6. The associated graded algebra gr W (m) is free commutative on genera-
tors {gr, Ti(z) |1 <i,j <n,s,5 <r < 8S;;}. Hence, the monomials in the elements

{Tz‘(;) |1<i,5<m,s;; <r<S8;;} taken in some fized order form a basis for W (m).

Proof.  Similar to the proof of Lemma 2.1, but using Theorem 3.5 too. O

3.8. Harish-Chandra homomorphisms. Finally in this chapter we review the
classical description of the center Z(U(gly)). Recalling the notation (2.71)—(2.72),
define a monic polynomial

N
Zn(w) =Y Z{uN " € Ulaly)[u] (3.41)
r=0
by setting
et1+u—N+1 --- €1,N-1 €1,N
Zn(u) :=rdet : - i i (3.42)
eN—-1,1 o+ eN—iN-1FTu—1 en_1nN
€N,1 T €N,N—-1 EN,N T U
el t+u €1,2 e €1,N
€2.1 eso+u—1 --- €2 N
=cdet ) . ] . . (3.43)
EN,1 EN,2 - enntu—N+1
Then, the coefficients Z](\}), e Z](VN) of this polynomial are algebraically independent

and generate the center Z(U(gly)). For a proof, see [CL, §2.2] where this is deduced
from the classical Capelli identity or [MNO, Remark 2.11] where it is deduced from
(2.73)-(2.74).

So it is natural to parametrize the central characters of U(gly) by monic polyno-
mials in Flu] of degree N, the polynomial f(u) corresponding to the central character
Z(U(gly)) = F, Zn(u) — f(u). Let P denote the free abelian group

P =P ze,. (3.44)
a€F
Given a monic f(u) € Flu] of degree N, we associate the element

0=> cega€P (3.45)
a€clF
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whose coefficients {c, | a € F} are defined from the factorization

flu) = JJ(u+a)™. (3.46)
aclF
This defines a bijection between the set of monic polynomials of degree N and the
set of elements # € P whose coefficients are non-negative integers summing to N. We
will from now on always use this latter set to parametrize central characters.

Let us compute the images of the elements Z (1), cees Z](VN) under the Harish-Chandra
homomorphism. Let dy denote the standard Cartan subalgebra of gl with basis
e11,---,en,ny and let e1,...,exy be the dual basis for 93,. We often represent an
element a € 0}, simply as an N-tuple o = (a1,...,an) of elements of the field F,
defined from o = Zf\il a;e;. Also let by be the standard Borel subalgebra consisting
of upper triangular matrices. We will parametrize highest weight modules already
in “p-shifted notation”: for o € v}, let M(a) denote the Verma module of highest
weight (o — p), namely, the module

M(a) := U(gly) ®u(by) Fa—p (3.47)
induced from the one dimensional by-module of weight (o — p), where p in this place
only means the weight —eg — 2e5 — -+ — (N — 1)ey. Thus, if @ = (ay,...,an),

the diagonal matrix e;; acts on the highest weight space of M (a) by the scalar
(a; +1i—1). Viewing the symmetric algebra S(dy) as an algebra of functions on 07},
with the symmetric group Sy acting by we; ; := €y wi as usual, the Harish-Chandra
homomorphism

Uy Z(U(gly)) = S(on)°N (3.48)
may be defined as the map sending z € Z(U(gly)) to the unique element of S(dy)
with the property that z acts on M(«) by the scalar (Uy(2))(a) for each o € 0.
Using (3.43) it is easy to see directly from this definition that

Un(Zn(u) = (u+ern)(utezp) - (utenn). (3.49)

The coeflicients on the right hand side are the elementary symmetric functions. Define
the content 6(a) of the weight o = (a1, ...,an) € 0} by setting

O(a) :==¢€q, + - +cay €P. (3.50)

By (3.49), the central character of the Verma module M («) is precisely the central
character parametrized by 6(«).

Now return to the setup of §3.2. The restriction of the projection pr, : U(g) — U(p)
defined after (3.7) defines an algebra homomorphism

¥ Z(U(gly)) — Z(W(m)). (3.51)

Applying this to the polynomial Zy(u) we obtain elements ’QZJ(Z](\})), e ,@ZJ(Z](VN)) of
Z(W(m)). The following lemma explains the relationship between these elements and
the elements C\,C{?, ... of Z(W(r)) defined by the formula (2.70).

Lemma 3.7. ¢(Zn(u)) = uP (u —1)P2 - (u —n+ 1)PrCy(u).
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Proof.  Using (3.42), it is easy to see that the image of ¢(Zy(u)) under the Miura
transform p : W(r) — U(gl,,) ® --- @ U(gl,,) from (3.30) is equal to Z,, (u) ® - -+ ®
Zg,(u). So, since p is injective, we have to check that p(uP*(u — 1)P?---(u —n +
1)P»Cp(u)) also equals Zg, (u) ® -+ @ Zg,(u). By (2.75), we have that u(Cy(u)) =
Cn(u)®-+-®Cp(u) (I times). Therefore it just remains to observe in the special case
that 7 consists of a single column of height ¢ < n, i.e. when W (xw) = U(gl,), that

(u—n+t)---(u—n+2)(u—n+1)Ch(u) = Zi(u).

To see this, one reduces using Lemma 3.2 to the case ¢ = n, when it follows as in
[MNO, Remark 2.11]. O

We can also consider the Harish-Chandra homomorphism
Uy @ @Y, : Z(U(h)) = S(oy)Sn S (3.52)

for the Levi subalgebra h = gl ©- - -@gl,,, identifying U(h) with U(gl,,)®---@U(gl,,)-
It follows immediately from (3.49) and the explicit computation of (1) (Zy(u))) made
in the proof of Lemma 3.7 that the following diagram commutes:

~

2W(ly)  ——  Sew)™

pow | | (3.53)

Z(U ~ S Sqp XX S,
(U(b)) Yooty (On)
where the right hand map is the obvious inclusion. Hence the Harish-Chandra ho-
momorphism Wy factors through the map 1, as has been observed in much greater
generality than this by Lynch [Ly, Proposition 2.6] and Premet [P1, 6.2]. In partic-

ular this shows that ¢ is injective, so the elements ¢ (Z (1)), . ,w(Z](VN)) of Z(W(m))
are actually algebraically independent.

4. DUAL CANONICAL BASES

The appropriate setting for the combinatorics underlying the representation theory
of the algebras W (m) is provided by certain dual canonical bases for representations
of the Lie algebra gl . In this chapter we review these matters following [B] closely.
Throughout, 7 denotes a fixed pyramid (q1, ..., q) with row lengths (p1,...,p,), and
N=pi+-+p=q+ - +aq.

4.1. Tableaux. By a w-tableau we mean a filling of the boxes of the diagram of w
with arbitrary elements of the ground field F. Let Tab(w) denote the set of all such
m-tableaux. If 7 = #’ @ ©” for pyramids 7’ and 7" and we are given a 7’'-tableau A’
and a 7"-tableau A”, we write A’ @ A” for the m-tableau obtained by concatenating
A" and A”. For example,

1] 1]
A=l0]3[2] =0

3
4131 413

We always number the rows of A € Tab(n) by 1,...,n from top to bottom and the
columns by 1,...,[ from left to right, like for the dlagram of .
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We will use two different ways of reading the entries of a m-tableau A to get an
N-tuple o = (ay,...,an) € FV, ie. a weight in 0%. The first is the row reading
denoted p(A) defined by reading the entries of A along rows starting with the top
row (confusion with (3.11) seems unlikely), the second is the column reading denoted
~v(A) defined by reading the entries of A down columns starting with the leftmost
column. For example, if A is as in the previous paragraph, p(4) = (1,0, 3,2,4,3,1)
and v(A) = (1,0,4,3,3,2,1). Define the content §(A) of A to be the content of either
of the weights p(A) or v(A) in the sense of (3.50), an element of the free abelian
group P = @, cp Zéeq.

We say that two m-tableaux A and B are row equivalent, written A ~., B, if
one can be obtained from the other by permuting entries within rows. The notion
~eo Of column equivalence is defined similarly. Let Row(w) denote the set of all row
equivalence classes of m-tableaux. We refer to elements of Row(7) as row symmetrized
m-tableaux. Also define the set Col(w) of column strict w-tableaux, namely, the 7-
tableaux whose entries are strictly increasing up columns from bottom to top in the
partial order > on FF defined at the end of the introduction. We stress the deliberate
asymmetry of these definitions: Col(7) is a subset of Tab(7) but Row () is a quotient.

We need a couple of variations on the usual definition of the Bruhat ordering on
tableaux. First we have the ordering > on the set Row (), defined as follows. Given
m-tableaux A and B, write A | B if B is obtained from A by swapping an entry x
in the ith row of A with an entry y in the jth row of A, and moreover we have that
1 < j and z > y. For example,

2|5

213
[dEd 73] .
3]3[5] 5/ [7]5]5]

Now A > B means that there exists r > 1 and w-tableaux A1, ..., A, such that
A’\'ro AlllAT ~ro B. (41)

It is obvious that if A > B then 0(A) = 6(B); conversely, if (A) = 6(B) then there
exists C' € Row(w) such that A > C' < B. Similarly, we define an ordering >’ on
the set Col(w). Given 7m-tableaux A and B, write A — B if B is obtained from A by
swapping an entry x in the ith column with an entry y in the jth column, such that
i< jand x >y. Then A >’ B means that there exist Ay,..., A, € Tab(r) such that

A~ Al — - — A, ~go B. (4.2)

Also define an equivalence relation || on Col(7) by declaring that A || B if B can be
obtained from A by shuffling the columns in such a way that the relative position of
all columns belonging to the same coset of F modulo Z remains the same. The partial
order >’ on Col(7) induces a partial order also denoted > on ||-equivalence classes.
It just remains to introduce notions of dominant and of standard m-tableaux. The
first of these is easy: call an element A € Row(mw) dominant if it has a representative
belonging to Col(7) and let Dom(w) denote the set of all such dominant row sym-
metrized w-tableaux. The notion of a standard w-tableau is more subtle. Suppose
first that = is left-justified, when its diagram is a Young diagram in the usual sense.
In that case, a m-tableau A € Col(w) with entries a;1,...,a;p, in its ith row read

(Do

w
(S8 N (O]
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from left to right is called standard if a; j # a;p forall 1 <i<nand1<j <k <p;.
If A has integer entries (rather than arbitrary elements of F) this is just saying that
the entries of A are strictly increasing up columns from bottom to top and weakly
increasing along rows from left to right, i.e. it is the usual notion of standard tableau.

Lemma 4.1. Assume that 7 is left-justified. Then any element A € Dom(w) has a
representative that is standard.

Proof. By definition, we can choose a representative for A that is column strict.
Let a;1,...,a;p, be the entries on the ith row of this representative read from left
to right, for each ¢ = 1,...,n. We need to show that we can permute entries within
rows so that it becomes standard. Proceed by induction on #{(7,7,k)|1 <i<n,1 <
Jj < k < p; such that a; ; > a;}. If this number is zero then our tableau is already
standard. Otherwise we can pick 1 <i <n and 1 < j <k < p; such that a; ; > a;,
none of @; j41,-..,a;k—1 lie in the same coset of F modulo Z as a; j, and either i = n
or a;11,; # itk Then define 1 < h < to be minimal so that & < p;, and a,; > a,
for all h < r <. Thus our tableau contains the following entries:

ap—1; < Gp_1k
ap,; > ap.k
ah+1,; > Ohtlk

a; j > Qi k
air1,; < Qir1k,

where entries on the (h — 1)th and/or (i 4+ 1)th rows should be omitted if they do not
exist. Now swap the entries ay ; < apk, Ght1,j < Qhgik, - - - Gij < a; ) and observe
that the resulting tableau is still column strict. Finally by the induction hypothesis
we get that the new tableau is row equivalent to a standard tableau. 0O

To define what it means for A € Col(m) to be standard for more general pyramids
7 we need to recall the notion of row insertion; see e.g. [F, §1.1]. Suppose we are
given an N-tuple (ay,...,ay) € FV. We decide if it is admissible, and if so construct
an element of Row(7), according to the following algorithm. Start from the diagram
of m with all boxes empty. Insert a; into some box in the bottom (nth) row. Then if
as £ a1 insert as into the bottom row too; else replace the entry a; by ao and insert
a1 into the next row up instead. Continue in this way: at the ith step the pyramid =
has (i — 1) boxes filled in and we need to insert the entry a; into the bottom row. If
a; is &£ all of the entries in this row, simply add it to the row; else find the smallest
entry b in the row that is strictly larger than a;, replace this entry b with a;, then
insert b into the next row up in similar fashion. If at any stage of this process one
gets more than p; entries in the ith row for some i, the algorithm terminates and the
tuple (a1,...,ay) is inadmissible; else, the tuple (ai,...,ay) is admissible and we
have successfully computed a tableau A € Row (7).

Now, for any pyramid m, we say that A € Col(w) is standard if the tuple y(A)
obtained from the column reading of A is admissible. In that case, we define the
rectification R(A) € Row(w) to be the row symmetrized w-tableau computed from
the tuple v(A) by the algorithm described in the previous paragraph. Actually it is
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clear from the algorithm that R(A) belongs to Dom(r), i.e. it has a representative
that is column strict. Moreover, if A || B for some B € Col(r), then A is standard
if and only if B is standard, and R(A) = R(B). Let Std(mw) denote the set of all
||-equivalence classes of standard m-tableaux. The rectification map R induces a well-
defined map

R : Std(7) — Dom(m). (4.3)
In the special case that 7 is left justified, it is straightforward to check that the
new definition of standard tableau agrees with the one given before Lemma 4.1,
and moreover in this case the map R is simply the map sending a tableau to its
row equivalence class. In general, the map R always defines a bijection between the
sets Std(m) and Dom(w). This follows in the left-justified case using Lemma 4.1,
and then in general by a result of Lascoux and Schiitzenberger [LS]; see [F, §A.5]
and [B, §2]. The partial orders <" on Col(7) and < on Row(7) give partial orders
<" on Std(7r) and < on Dom(7) too. In the case that 7 is left-justified, the map
R : Std(m) — Dom(m) is actually an isomorphism between the partially ordered sets
(Std(n), <’) and (Dom(7), <); see [B, Lemma 1]. This is definitely not the case for
more general pyramids 7.

We have now introduced four sets Row(7), Col(7), Dom(7) and Std(m) of tableaux
which will be needed later on to parametrize the various bases/modules that we
will meet. One more thing: for any a € F we write Row,(7), Col, (), Domg ()
and Std, () for the subsets of Row (), Col(m), Dom(7) and Std(w) consisting just
of the tableaux all of whose entries belong to the same coset of F modulo Z as a.
We will often restrict our attention just to the sets Rowq(m), Colg(m), Domg(7) and
Stdo(7), since this covers the most important situation when all the tableaux have
integer entries. In fact, most of the problems that we will meet are reduced in a
straightforward fashion to this special situation. Often, we will identify an element
A € Rowp(m) with its unique representative in Tab(w) whose entries are weakly
increasing along rows from left to right.

4.2. Dual canonical bases. Now let gl , denote the Lie algebra of matrices with
rows and columns labelled by Z, all but finitely many entries of which are zero. It
is generated by the usual Chevalley generators e;, f;, i.e. the matrix units e; ;41 and
€i+1,, together with the diagonal matrix units d; = e; ;, for each i € Z. The associated
integral weight lattice P, is the free abelian group on basis {¢; | i € Z}, with simple
roots €, —¢&; 41 for i € Z; we will view P, as a subgroup of the group P from (3.44). We
let Uz be the Kostant Z-form for the universal enveloping algebra U (gl ), generated

by the divided powers e} /7!, f/'/r! and the elements (;) = dildiz1)- (d —r+D for all
i € Z,r > 0. Let V be the natural gl,.-module with usual basis v; (¢ 6 Z). Let Vz be
the Z-submodule generated by these basis vectors, which is naturally a module for
the Z-form Uy,

Consider to start with the Uz-module arising as the Nth tensor power T% (V)
of Vz. It is a free Z-module with the monomial basis {M, | o € ZV} defined from
My =04, @ -+ @ gy for a = (a1,...,an) € ZN. We also need the dual canonical
basis {La | a € ZN}. The best way to define this is to first quantize, then define L,
using a natural bar involution on the g-tensor space, then specialize to ¢ = 1 at the
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end. We refer to [B, §4] for the details of this construction (which is due to Lusztig
[L, ch.27]); the only significant difference is that in [B] the Lie algebra gl,, is used
in place of the Lie algebra gl,, here. We just content ourselves with writing down
an explicit formula for the expansion of M, as a linear combination of Lg’s in terms
of the usual Kazhdan-Lusztig polynomials P, ,(q) associated to the symmetric group
Sy from [KL] evaluated at ¢ = 1. To do this, let Sy act on the right on the set Z
in the natural way, and given any o € Z" define d(a)) € Sy to be the unique element
of minimal length with the property that a - d(a)~! is a weakly increasing sequence.
Then, by [B, §4], we have that

Mo =" Pyayuwod@)w (1) Ls, (4.4)
BezZN
writing wq for the longest element of Sy .

We also need to consider certain tensor products of symmetric and exterior powers
of Vz. Let SN (Vz) denote the Nth symmetric power of V7, defined as a quotient
of TN(Vz) in the usual way. Also let A" (Vz) denote the Nth exterior power of Vz,
viewed as the subspace of TV (Vz) consisting of all skew-symmetric tensors. Recalling
the fixed pyramid , let

SW(VZ) = S (Vz) Q- ® 8P (Vz), (4.5)
N (Vz) = N"(Vz) @ - @ N (Va). (4.6)

Thus, S™(Vz) is a quotient of the space TV (Vz), while A" (V7) is a subspace. Following
[B, §5], both of these free Z-modules have two natural bases, a monomial basis and a
dual canonical basis, parametrized by the sets Rowo(7) and Coly(), respectively.

First we define these two bases for the space S™(V7z). Take A € Rowy(w), and
identify A with its unique representative in Tab(m) having weakly increasing rows as
indicated in the last sentence of the previous section. Define M4 to be the image of
M4y and L4 to be the image of L, 4) under the canonical quotient map T N(Vz) —
S™(Vz), where p(A) is the row reading as defined in the previous section. Then, the
monomial basis for S™(Vz) is {M4 | A € Rowg(n)}, and the dual canonical basis is
{LA ‘ A€ ROW()(?T)}.

Now we define the two bases for the space A" (V7). For A € Coly(r), let

Nai= Y (=)"™PIM,p), (4.7)
BrocA

where ¢(A, B) denotes the minimal number of transpositions of adjacent elements in
the same column needed to get from A to B and (B) is the column reading of B as
defined in the previous section. Also let K4 denote the vector L, 4) € TN (Vz). Then,
both N4 and K4 belong to the subspace \”(Vz) of TV (Vz); see [B, §5]. Moreover,
{N4|A € Coly(m)} and {K4|A € Coly(m)} are bases for A" (Vz), giving the monomial
basis and the dual canonical basis, respectively.

The following formulae, derived in [B, §5] as consequences of (4.4), express the
monomial bases in terms of the dual canonical bases and certain Kazhdan-Lusztig
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polynomials:
Ma= > Papayuodpsym()Lls, (4.8)
BeRowg()
Na= ). ( > (1V(A’C)Pd(w(C))wo,dMB))wo(1)> Kp, (4.9)
BeColp(r) \CrcoA

for A € Rowq(m) and A € Coly(r), respectively.

Notice that S™(V7) is a summand of the commutative algebra S(Vz)®---® S(Vz),
that is, the tensor product of n copies of the symmetric algebra S(V7). In particular,
if 7 = 7’ @ 7", the multiplication in this algebra defines a Uz-module homomorphism

p:S™ (V) @ S™ (Vg) — S™(Vy). (4.10)

Decompose 7 into its individual columns as 7 = m ® - - - ® m; and note that 7% (Vz) ®

e @TU(Vy) = 8™ (Vz)® -+ ®8S™(Vy). Now we can define the canonical Uz-module
homomorphism

F:N"(Vz) — S™(Vz) (4.11)

to be the composite first of the natural inclusion A" (Vz) — T4 (Vz) ® --- @ T%(Vy)

then the multiplication map S™ (Vz) ® - -- ® S™(Vz) — S™(Vz) obtained by iterating

the map (4.10) a total of (I — 1) times. We define P™(Vz) to be the image of the

map F' just constructed. It is a well known Z-form for the irreducible polynomial

representation of gl parametrized by the partition A = (p1,...,p,). For any A €
Coly(r), define

Vi :=F(Njy). (4.12)

By [B, Theorem 26], PA(Vz) is a free Z-module with standard monomial basis given

by the vectors {V4 | A € Stdo(7)}. Moreover, for A € Coly(m), we have that

o LR(A) if Ae Stdo(ﬂ'),
F(Ka) = { 0 otherwise,

recalling the rectification map R from (4.3). The vectors {L4 | A € Domg(m)} give
another basis for the submodule P™(V7), which is the dual canonical basis of Lusztig,
or Kashiwara’s upper global crystal basis. Finally, by (4.9) and (4.13), we have for
any A € Colg(m) that

Va= >, ( > (—1)“A’C)Pd(v(C))wo,dm(B))wo(1)> Lyp)- (4.14)

BeStdg (71') CrcoA

(4.13)

4.3. Crystals. In this section, we introduce the crystals underlying the modules
TN (Vz), N"(Vz), S™(Vz) and P™(Vz). First, we define a crystal (ZV,é&;, f;, i, @i, 0)

in the sense of Kashiwara [K2], as follows. Take o = (a1,...,ay) € Z" and i € Z.
The i-signature of « is the tuple (o1,...,0n) defined from
+ if a; =1,
05 = - ifaj:i—i—l, (4.15)

0 otherwise.
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From this the reduced i-signature is computed by successively replacing subsequences
of the form —+ (possibly separated by 0’s) in the signature with 00 until no — appears
to the left of a +. Let §; denote the N-tuple (0,...,0,1,0,...,0) where 1 appears in
the jth place. Now define

&i(a) = %] if there are no —’s in the reduced i-signature, (4.16)
STl =45 if the leftmost — is in position j; '
Fila) == 1%} if there are no +’s in the reduced i-signature, (4.17)
! a+9; if the rightmost + is in position j; )
gi(a) = the total number of —’s in the reduced i-signature; (4.18)
@i(a) = the total number of +’s in the reduced i-signature. (4.19)

Finally define the weight function @ : Z" — P, to be the restriction of the map (3.50).
This completes the definition of the crystal (ZV, &;, fi, &, @i, 0). It is the N-fold tensor
product of the usual crystal associated to the gl -module V', but for the opposite
tensor product to the one used in [K2]. This crystal carries information about the
action of the Chevalley generators of Uz on the dual canonical basis {L, | a € ZN}
of TN(Vz), thanks to the following result of Kashiwara [K1, Proposition 5.3.1]: for
a € ZN | we have that

eiLo, = EZ'(Od)Léi(a) + Z :EgﬁLg (4.20)
pezN
gi(B)<ei(a)-1
fila = @i(@) iy + D, vasls (4.21)
pezN

ei(B)<pi(e)—1
for xgﬂ, ygﬁ € Z. The right hand side of (4.20) resp. (4.21) should be interpreted as
zero if €;(a) = 0 resp. pi(a) =0.

There are also crystals attached to the modules S™(V7) and A" (V7). To define
them, identify Rowq(m) with a subset of ZV via the row reading p : Rowq(7) — Z~
(again we are viewing elements of Rowq(m) as elements of Tab(w) with weakly in-
creasing rows), and identify Coly(7) with a subset of Z" via the column reading
7 : Colg(r) < ZN. In this way, both Rowq(n) and Coly(m) become identified with
subcrystals of the crystal (ZV,é;, fi,ai, ©i,0) via these maps. This defines crystals
(Rowo(), &, fi, i, vi,0) and (Colp(m), &;, fi, &, 5, 0). These crystals control the ac-
tion of the Chevalley generators of Uz on the dual canonical bases {L4]A € Rowg(m)}
and {K4 | A € Colg(m)}, just like in (4.20)—(4.21). First, for A € Rowg (), we have
that

BeRowg()
Si(B)<67;(A)—1
fila=eiMLiwm+ D Yaumle: (4.23)
BeRowg ()

i(B)<pi(A)—1
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Second, for A € Coly(m), we have that

elKa=ci(AKm+ Y, 2y mEs (4.24)
BeColg(m)
Ei(B)<€i(A)—1
K=o+ D thaamEs (4.25)
BeColg(n)

pi(B)<pi(A)-1

Finally, there is a well known crystal attached to the irreducible polynomial rep-
resentation P™ (V7). This has various different realizations, in terms of either the set
Domyg(m) or the set Stdg(); the realization as Stdg(7) when 7 is left-justified is the
usual description from [KN]. In the first case, we note that Domg(7) is a subcrys-
tal of the crystal (Rowq(m), é;, fi &, vi, ), indeed it is the connected component of
this crystal generated by the row equivalence class of ground-state tableau A, that
is, the tableau having all entries on row i equal to (1 — ). In the second case, as
explained in [B, §2], Stdg(m) is a subcrystal of the crystal (Coly(r),é;, fi, &, ©i, 0),
indeed again it is the connected component of this crystal generated by the ground-
state tableau A. In this way, we obtain two new crystals (Domg (), é;, fi &, ©i, 0)
and (Stdo(7), &, fi, i, 0i,0). The rectification map R : Stdo(m) — Domyg(7) is the
unique isomorphism between these crystals, and it sends the ground-state tableau A,
to its row equivalence class.

4.4. Consequences of the Kazhdan-Lusztig conjecture. In this section, we
record a representation theoretic interpretation of the dual canonical basis of the
spaces T (Vz) and A™(Vz), which is a well known reformulation of the Kazhdan-
Lusztig conjecture for gl [BB, BrK]. Later on in the article we will formulate analo-
gous interpretations for the dual canonical bases of the spaces S™(V7) (conjecturally)
and P™(Vz). Going back to the notation from §3.8, let O denote the [BGG3] category
of all finitely generated gly-modules which are locally finite over by and semisimple
over 0y. The basic objects in O are the Verma modules M («) and their unique
irreducible quotients L(«) for o = (a1,...,ay) € FV, using the p-shifted notation
explained by (3.47). Also recall that we have parametrized the central characters of
U(gly) by the set of elements 6 of P = P,y Ze, whose coefficients are non-negative
integers summing to N.

For 0 € P, let O(0) denote the full subcategory of O consisting of the objects all of
whose composition factors are of central character 6, setting O(f) = 0 by convention
if the coefficients of 8 are not non-negative integers summing to N. The category O
has the following block decomposition:

0 =P o). (4.26)
fecP

We will write prg : O — O(0) for the natural projection functor. To be absolutely
explicit, if the coefficients of 8 € P are non-negative integers summing to N, so 6
corresponds to the polynomial f(u) = u™ + fMuN=1 4 ...+ f(N) € Flu] according
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to (3.45)—(3.46), we have that

(M) c M for each r =1,..., N there exists p > 0
r = .
el Y such that (Z]((,") — fpy =0
We have already observed in §3.8 that the Verma module M («) is of central character
6(a). Hence, for any 6§ € P, the modules {L(a) | a € FVY with §(a) = 0} form a
complete set of pairwise non-isomorphic irreducibles in the category O(0).

Recall that the integral weight lattice Py, of gl is the subgroup €
Let us restrict our attention from now on to the full subcategory

0= P 0 (4.28)

0P CP

(4.27)

icZ ZEi of P.

of O corresponding just to integral central characters. The Grothendieck group [Op]
of this category has the two natural bases {{M ()] | a € ZN} and {[L(a)]| o € Z}.
Define a Z-module isomorphism

j TN (Vz) — (O], M, — [M(a)]. (4.29)

Note this isomorphism sends the 6-weight space of TN (Vz) isomorphically onto the
block component [O(6)] of [Op], for each 6 € P,,. The Kazhdan-Lusztig conjecture
[KL], proved in [BB, BrK], can be formulated as follows for the special case of the
Lie algebra gly.

Theorem 4.2. The map j sends the dual canonical basis element Lo of TN (Vz) to
the class [L(a)] of the irreducible module L(c).

Proof.  In view of (4.4), it suffices to show for a,3 € Z" that the composition
multiplicity of L(3) in the Verma module M («) is given by the formula

[M(c) : L(B)] = Pagaywo,d(@ywo (1)-
This is well known consequence of the Kazhdan-Lusztig conjecture combined with
the translation principle for singular weights, or see [BGS, Theorem 3.11.4]. O

Using (4.29) we can view the action of Uz on TV (Vz) instead as an action on the
Grothendieck group [Op]. The resulting actions of the Chevalley generators e;, f; of
Uz on [Op] are in fact induced by some exact functors e;, f; : Op — Op on the category
Oy itself. Like in [BK1], these functors are certain translation functors arising from
tensoring with the natural gl module Vy or its dual V3 then projecting onto certain
blocks. To be precise, for ¢ € Z, we have that

&= @ Prot(ci—ei41) © (T ® V) © pry, (4.30)
0€ P

fi= @ Pro—(;—c;11) © (7@ Viv) 0 pro. (4.31)
0€Py

Recall that these exact functors are both left and right adjoint to each other in a
canonical way. The next lemma is a standard consequence of the tensor identity.

Lemma 4.3. For a € FV, the module M (o)) ® Viy has a filtration with factors M(3)
for all tuples B € FN obtained from the tuple o by adding 1 to one of its entries.
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Similarly, the module M(a) @ V¥ has a filtration with factors M(3) for all tuples
B € FN obtained from the tuple o by subtracting 1 from one of its entries.

Taking blocks and passing to the Grothendieck group, we deduce for a € ZY and

¢ € Z that
[esM ()] =Y _[M(B)] (4.32)
B
summing over all tuples 3 € Z~ obtained from the tuple o by replacing an entry
equal to (i + 1) by an ¢, and

[fiM(a)] =) [M(B)] (4.33)
B

summing over all tuples 3 € Z~ obtained from the tuple o by replacing an entry
equal to 7 by an (i 4+ 1). This verifies that the maps on the Grothendieck group [Op]
induced by the exact functors e;, f; really do coincide with the action of the Chevalley
generators of Uz from (4.29).

Here is an alternative definition of the functors e; and f;, explained in detail in
[CR, §7.4]. Let Q = Zgjzl eij®eji € U(gly) ® U(gly). This element centralizes
the image of U(gly) under the comultiplication A : U(gly) — U(gly) ® Ul(gly).
For any M € Oq, f;M is precisely the generalized i-eigenspace of the operator {2
acting on M ® Vi, for any M € Oq. Similarly, e;M is precisely the generalized
— (N + i)-eigenspace of Q acting on M ® V.

We need to recall a little more of the setup from [CR]. Define an endomorphism x
of the functor ? ® Vi by letting 7 : M ® Viy — M ® Vv be left multiplication by (2,
for all g-modules M. Also define an endomorphism s of the functor 7 ® Vy ® Vi by
letting sps : MRVN@VN — M@VN@Vy be the permutation m®@uv; @v; — m@v; @v;.
By [CR, Lemma 7.21], we have that

spo(xy ® idVN) =Tymevy ©Sm — idmevyevy (4.34)

for any g-module M, equality of maps from M ® Vy ® Vy to itself. It follows that
z and s restrict to well-defined endomorphisms of the functors f; and ff; we denote
these restrictions by x and s too. Moreover, we have that

(Slfz) © (1f18) ° (Slfz) = (]'fzs) ° (Slfz) ° (]‘fis)’ (4.35)
=1 12 (4.36)
so(lyx) = (zlg)o0s— L, (4.37)

equality of endomorphisms of f3, fZ and f?, respectively. In the language of [CR,
§5.2.1], this shows that the category Oy equipped with the adjoint pair of functors
(fi,e:) and the endomorphisms z € End(f;) and s € End(f?) is an sly-categorification
for each ¢ € Z. This has a number of important consequences, explored in detail in
[CR]. We just record one more thing here, our proof of which also depends on The-
orem 4.2; see [Ku] for an independent proof. Recall for the statement the definition
of the crystal (ZN,é;, f, i, i, 0) from (4.16)—(4.19).

Theorem 4.4. Let « € ZN and i € Z.
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(i) Ifei(a) =0 then e;L(cr) = 0. Otherwise, e;L(c) is an indecomposable module
with irreducible socle and cosocle isomorphic to L(é;(a)).

(i) If pi(a) = O then fiL(ar) = 0. Otherwise, fiL(a) is an indecomposable
module with irreducible socle and cosocle isomorphic to L(fi(c)).

Proof. (i) For a € Z¥, let €/(«) be the maximal integer k > 0 such that (e;)*L(a) #
0. If €/(a) > 0, then [CR, Proposition 5.23] shows that e;L(«) is an indecomposable
module with irreducible socle and cosocle isomorphic to L(é)(a)) for some é&;(a) €
ZN. Moreover, using [CR, Lemma 4.3] too, ¢}(&/(a)) = €i(a) — 1 and all remaining
composition factors of e;L(a) not isomorphic to L(€(«)) are of the form L(f) for
B € ZN with /(B) < el(a) — 1.

Observe from (4.20) that £;(c) is the maximal integer k& > 0 such that (e;)*L, # 0,
and assuming ¢;(a) > 0 we know that ;Lo = €i(a)Lg, (o) plus a linear combination
of Lg’s with ;(8) < e;(a) — 1. Applying Theorem 4.2 and comparing the preceeding
paragraph, it follows immediately that ¢;(a) = €}(«), in which case &;(a) = €(a).
This completes the proof.

(ii) Similar, or follows from (i) using adjointness. O

It just remains to extend all of this to the parabolic case. Continuing with the
fixed pyramid © = (q1,...,q), recall from (3.2) that h denotes the standard Levi
subalgebra gl, & --- @ gl, of g = gly and p is the corresponding standard parabolic
subalgebra of g. Let O(m) denote the parabolic category O consisting of all finitely
generated g-modules that are locally finite dimensional over p and semisimple over
h. Note O(m) is a full subcategory of the category O. To define the basic modules
in O(n), let A € Col(r) be a column strict 7-tableau and let o = (ay,...,ay) € FV
denote the tuple y(A) obtained from column reading A as in §4.1. Let Y (A4) denote
the usual finite dimensional irreducible h-module of highest weight o — p = a1e1 +
(ag +1)ea + -+ (any + N — 1)en. View Y(A) as a p-module through the natural
projection p — B, then form the parabolic Verma module

N(A) :=U(g) QU (p) Y(A). (4.38)

The unique irreducible quotient of N(A) is denoted K(A); by comparing highest
weights we have that K(A) = L(vy(A)). In this way, we obtain two natural bases
{[N(A)] | A € Col(m)} and {[K(A)] | A € Col(m)} for the Grothendieck group [O(7)]
of the category O(m). The vectors {[N(A)]| A € Coly(m)} and {[K(A)]| A € Coly(m)}
form bases for the Grothendieck group [Op(w)] of the full subcategory Oy(m) :=
O(m)NOy. Moreover, the translation functors e;, f; from (4.30)—(4.31) send modules in
Op(m) to modules in Oy(), hence the Grothendieck group [Oy(m)] is a Uz-submodule
of [Op(m)]. Also recall the definition of the crystal structure on Colg(7) from §4.3.

Theorem 4.5. There is a unique Uz-module isomorphism i : \"(Vz) — [Og(7)]
such that i(Na) = [N(A)] and i(K4) = [K(A)] for each A € Coly(w). Moreover, for
A € Colyg(m) and i € Z, the following properties hold:
(i) If €i(A) = O then e, K(A) = 0. Otherwise, e;K(A) is an indecomposable
module with irreducible socle and cosocle isomorphic to K(&;(A)).
(ii) If pi(A) = 0 then fiK(A) = 0. Otherwise, f;K(A) is an indecomposable
module with irreducible socle and cosocle isomorphic to K(fz(A))
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Proof.  Define a Z-module isomorphism i : A" (Vz) — [Op()] by setting i(Ny4) :=
[N(A)] for each A € Colp(mw). We observe that the following diagram commutes:

N (Vz) —— TN(Vz)

l l i (4.39)
[Oo(m)] —— [0

where the horizontal maps are the natural inclusions. This is checked by computing
the image either way round the diagram of N4: one way round one uses the definitions
(4.7) and (4.29); the other way round uses the Weyl character formula to express
[Y(A)] as a linear combination of Verma modules over b, then exactness of the functor
U(9)®u(p)? to express [N(A)] as a linear combination of [M(«)]’s. Since we already
know that all of the maps apart from ¢ are Uz-module homomorphisms, it then
follows that i is too. To complete the proof of the first statement of the theorem,
it just remains to show that i(K4) = [K(A)]. This follows by Theorem 4.2 because
K(A) = L(v(A)) and K4 = Ly (4). The remaining statements (i) and (ii) follow from
Theorem 4.4. O

5. HIGHEST WEIGHT THEORY

In this chapter, we set up the usual machinery of highest weight theory for the
shifted Yangian Y,,(o), exploiting its triangular decomposition. Fix throughout a
Shift matrix o = (Si,j)lgi,jgn-

5.1. Admissible modules. Recall the definition of the subalgebra 0,, of Y;,(o) from
§2.1, and the root decomposition (2.20). Given a 9,-module M and a weight o € 07,
the (generalized) a-weight space of M is the subspace
for each i = 1,...,n there exists p > 0
such that (Dz(l) - a(DEl)))pv =0
We say that M is admissible if

(a) M is the direct sum of its weight spaces, i.e. M = @@ cor Ma;

M, = {v eM (5.1)

(b) each M, is finite dimensional;
(c) the set of all @ € 9 such that M, is non-zero is contained in a finite union
of sets of the form D(fB) := {a €0} | a < 3} for 5 € 0.
For example, all finite dimensional Y;,(¢)-modules are automatically admissible.
Given an admissible Y, (c)-module M, let M7 be the Y,(o!)-module equal as a
vector space to
M= P (Mo)* € M* (5.2)
agcoy,
with action defined by (zf)(v) = f(r(z)v) for each f € MT,v € M and = € Y, (o),
where 7 : Y,(0) — Y, (0') is the anti-isomorphism from (2.35). It is obvious that
MT is also admissible. Indeed, making the obvious definition on morphisms, 7 can
be viewed as a contravariant equivalence between the categories of admissible Y;,(o)-
and Y, (c!)-modules.
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5.2. Gelfand-Tsetlin characters. Next, let &, denote the set of all power series
A(u) = Ay (u1)Az(ug) - - - Ap(uy,) in indeterminates uq, . .., uy, with the property that
each A;(u) belongs to 1 + v 'F[[u~!]]. Note that &, is an abelian group under
multiplication. For A(u) € &, we always write A;(u) for the ith power series defined
from the equation A(u) = Aj(uq) - - Ap(uy,) and AZ(-T) for the u~"-coefficient of A;(u).
The associated weight of A(u) € &2, is defined by

wt A(u) = AVe; + AV ey + -+ AWe, e 0. (5.3)
Now we form the completed group algebra 2[3%] The elements of Z[2,] consist of
formal sums S = ZA(u)effn m ) [A(u)] for integers m 4,y with the property that
(a) the set {wt A(u)| A(u) € supp S} is contained in a finite union of sets of the
form D(3) for 5 € 0};
(b) for each o € 0} the set {A(u) € supp S | wt A(u) = «} is finite,
where supp S denotes {A(u) € &, | mae,) # 0}. There is an obvious multiplication
on Z[#,] extending the rule [A(u)][B(u)] = [A(u)B(u))].
Given an admissible Y;,(o)-module M and A(u) € &, the corresponding Gelfand-
Tsetlin subspace of M is defined by

M o c M for each i = 1,...,n and r > 0 there exists (5.4)
Alw =AY p > 0 such that (DET) — AET))”U =0 '
Since the weight spaces of M are finite dimensional and the operators Dgr) commute
with each other, we have for each o € 9}, that
Moo= @B M (5.5)
A(uw)eP,
wt A(u)=«

Hence, since M is the direct sum of its weight spaces, it is also the direct sum of its
Gelfand-Tsetlin subspaces: M = A(u)e Pn M (). Now we are ready to introduce
a notion of Gelfand-Tsetlin character of an admissible Y, (0)-module M, which is
analogous to the characters of Knight [Kn| for Yangians in general and of Frenkel
and Reshetikhin [FR] in the setting of quantum affine algebras: set

ch M= ) (dim Ma,)[A(u)]. (5.6)
A(uw)ePn

By the definition of admissibility, ch M belongs to the completed group algebra 2[%]
For example, the Gelfand-Tsetlin character of the trivial Y,,(c)-module is [1].

For the first lemma, recall the comultiplication A : Y, (0) — Y,(¢') ® Y,(c")
from (2.68), where ¢’ resp. ¢” is the strictly lower resp. upper triangular matrix
such that 0 = o’ + ¢”. This allows us to view the tensor product of a Y, (o’)-
module M’ and a Y,,(¢”)-module M" as a Y, (c)-module. We will always denote this
“external” tensor product by M’ X M”, to avoid confusion with the usual “internal”
tensor product on gly-modules which we will also exploit later on. We point out

that A(D,fl)) = Dgl) ®1+1® D,fl), so the a-weight space of M X N is equal to
> peoy M © Mo—p.
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Lemma 5.1. Suppose that M' is an admissible Y, (c")-module and M" is an admis-
sible Yy, (c")-module. Then, M' R M" is an admissible Yy, (c)-module, and

ch(M' R M") = (ch M")(ch M").

Proof.  The fact that M’ X M" is admissible is obvious. To compute its character,
order the set of weights of M as a1, s, ... so that a; > oy, = j < k. Let M denote
> 1<k<j Mq, - Then Theorem 2.5(i) implies that the subspace M; @ M" of M'® M"
. (r)

is invariant under the action of all D;

of M’ M", we can replace it by
DM, © M) /(M]_, & M") = DMLM_,) & M
Jj=1 Jj=1

with D;(u) acting as D;(u) ® D;(u). O

. Moreover in order to compute the character

The next lemma is concerned with the duality 7 on admissible modules from (5.2).

Lemma 5.2. For an admissible Y, (o)-module M, we have that ch(M™) = ch M.
Proof. T(DET)) = DZ(T). ]

5.3. Highest weight modules. A vector v in a Y,,(¢)-module M is called a highest
weight vector of type A(u) € &), if

(a) Ei(r)v =0foralli=1,...,n—1and r > s;41;

(b) DZ(T)’U = Agr)v foralli=1,...,n and r > 0.
We call M a highest weight module of type A(u) if it is generated by such a highest
weight vector. The following lemma gives an equivalent way to state these definitions

in terms of the elements Tl(g) from (2.33).

Lemma 5.3. A vector v in a Y,(co)-module is a highest weight vector of type A(u)
if and only if TZ-(;)U =0 foralll <i<j<nandr>s;j, and Ti(;)v = Agr)v for all
t=1,....,n andr > 0.

Proof. By the definition (2.33), the left ideal of Y;,(0) generated by {Ei(r) |7 =
1,...,n—1,7 > s; 41} coincides with the left ideal generated by {TZ(Z) [1<i<y

IN

n,r > s;;}. Moreover, TZ(:) = Dgr) modulo this left ideal. 0O

In the next lemma, we write o = ¢’ + ¢ where ¢’ resp. ¢” is strictly lower resp.
upper triangular.

Lemma 5.4. Suppose v is a highest weight vector in a Y, (c)-module M of type A(u)
and w is a highest weight vector in a Y, (¢")-module N of type B(u). Then v ® w is
a highest weight vector in the Y, (o)-module M W N of type A(u)B(u).

Proof.  Apply Theorem 2.5. 0O

To construct the universal highest weight module of type A(u), let F A(u) denote
(r) (r)
i

the one dimensional Y(jn)-module on which D;" acts as the scalar A; . Inflating
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through the epimorphism Y(ﬁln)(a) — Y(qn) from (2.30), we can view I 4, instead as

a Yt

(ln)(a)—module. Now form the induced module

Mn(07 A(u)) = Yn(a) ®Y(ﬁln)(a) IEQ‘A(u) (57)

This is a highest weight module of type A(u), generated by the highest weight vector
my = 1® 1. Clearly it is the universal such module, i.e. all other highest weight
modules of this type are quotients of M, (o, A(u)). In the next theorem we record
two natural bases for M, (o, A(u)).

Theorem 5.5. For any A(u) € &, the following sets of vectors give bases for the
module My, (o, A(u)):
(i) {zm4 | x € X}, where X denotes the collection of all monomials in the
elements {FZ(;) |1 <i<j<mn,sj; <r} taken in some fized order;
(ii) {ymy |y € Y}, where Y denotes the collection of all monomials in the
elements {Tj(:) |1 <i<j<mn,sj; <r} taken in some fized order.

Proof.  Let M := M,(o, A(u)).

(i) The isomorphism (2.29) implies that Y;,(o) is a free right Y(ﬁn)(a)—module with
basis X. Hence M has basis {xmy |z € X}.

(ii) Recall the definition of the canonical filtration FoY, (o) C F1Y, (o) C --- of
Y, (o) from §2.2. In view of Lemma 2.1, it may also be defined by declaring that all

TZ(;) are of degree r. Also introduce a filtration FoM C F1M C --- of M by setting
FyM := FyY,(0)my. Let X@ resp. V(49 denote the set of all monomials in the
elements X resp. Y of total degree at most d in the canonical filtration. Applying
(i), one deduces at once that the set of all vectors of the form {zm, |z € X (d)}
form a basis for F4M. On the other hand using Lemmas 2.1 and 5.3, the vectors
{mer ly € Y(d)} span FgM. By dimension they must be linearly independent too.
Since M = U o FaM, this implies that the vectors {ym, |y € Y} give a basis for
M itself. O

This implies in particular that the wt A(u)-weight space of M, (o, A(u)) is one
dimensional, spanned by the vector m,, while all other weights are strictly lower in
the dominance ordering. Given this, the usual argument shows that M, (o, A(u)) has
a unique maximal submodule denoted rad M, (o, A(u)). Set

Ly(0,A(u)) := My, (0, A(u))/rad My, (o, A(u)). (5.8)
This is the unique (up to isomorphism) irreducible highest weight module of type A(u)
for the algebra Y;,(c). We also note that
dim Endy;, () (Ln (0, A(u))) = 1 (5.9)
for any A(u) € £,

5.4. Classification of admissible irreducible representations. A natural ques-
tion arises at this point: the module M, (o, A(u)) is certainly not admissible, since
all of its weight spaces other than the highest one are infinite dimensional, but the
irreducible quotient Ly, (o, A(u)) may well be.
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Theorem 5.6. For A(u) € &, the irreducible Y, (o)-module L, (o, A(u)) is admis-
sible if and only if A;(u)/Ai+1(u) is a rational function for each i =1,...,n — 1.

Proof.  («). Suppose that each A;(u)/A;+1(u) is a rational function. For f(u) €
1 4+ u'F[[u™Y]], the twist of L, (o, A(u)) by the automorphism pf from (2.37) is
isomorphic to Ly (o, f(uy - up)A(u)). This allows us to reduce to the case that
each A;(u) is actually a polynomial in u~!. Assuming this, there certainly exists
[ > sy,,1+ 51, such that, on setting p; := [ — sy,; — Si.n, uP*A;(u) is a monic polynomial

in u of degree p; for each i =1,...,n. Let m = (qi1,...,q) be the pyramid associated
to the shift matrix o and the level . For each i = 1,...,n, factorize uP'A;(u) as
(u+a;n) - (u+tagp,) for a; j € F, and write the numbers a; 1, . .., a;p, into the boxes

on the 7th row of 7 from left to right. For each j =1,...,1,let b;1,...,b;, denote the
entries in the jth column of the resulting m-tableau read from top to bottom. Let M;
denote the Verma module for the Lie algebra aly, of highest weight bj 161+ -+bjq.€q,,
as in (3.47). The tensor product M; X --- X M is naturally a W (mr)-module, hence
a Y, (0)-module via the quotient map (3.20). Applying Lemmas 5.1 and 5.4, it is
an admissible Y}, (¢)-module and it contains an obvious highest weight vector of type
A(u).

(=). Assume to start with that the shift matrix o is the zero matrix, i.e. ¥, (o)
is just the usual Yangian Y;,. Writing simply L,,(A(u)) instead of L, (o, A(u)) in this
case, assume that L,(A(u)) is admissible for some A(u) € &2,. In particular, for
each i = 1,...,n — 1, the (wt A(u) — &; + €;41)-weight space of L, (A(u)) is finite
dimensional. Given this an argument due originally to Tarasov [T1, Theorem 1],
see e.g. the proof of [M2, Proposition 3.5], shows that A;(u)/A;+1(u) is a rational
function for each i =1,...,n — 1.

Assume next that o is lower triangular, and consider the canonical embedding
Y,(0) — Y,. Given A(u) € &£, such that L,(o,A(u)) is admissible, the PBW
theorem implies that the induced module Y}, ®y; (o) Ln(o, A(u)) is also admissible
and contains a non-zero highest weight vector of type A(u). Hence by the preceeding
paragraph A;(u)/A;+1(u) is a rational function for each i =1,...,n — 1.

Finally suppose that o is arbitrary. Recalling the isomorphism ¢ from (2.34), the
twist of a highest weight module by ¢ is again a highest weight module of the same
type, and the twist of an admissible module is again admissible. So the conclusion in
general follows from the lower triangular case. 0O

In view of this result, let us define

Ai(u)/A;11(u) is a rational function (5.10)
foreachi=1,...,n—1 ' ‘

Dy, = {A(u) € 2,

Then, Theorem 5.6 implies that the modules {L, (o, A(u)) | A(u) € 2, } give a full set
of pairwise non-isomorphic admissible irreducible Y}, (¢)-modules. Moreover, the con-
struction explained in the proof shows that every admissible irreducible Y,,(¢)-module
can be obtained from an admissible irreducible W (7)-module via the homomorphism

Koy :Yy(o)— W(n), (5.11)

for some pyramid 7 associated to the shift matrix o and some f(u) € 1+u'F[[u™]].
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5.5. Composition multiplicities. The final job in this chapter is to make precise
the sense in which Gelfand-Tsetlin characters characterize admissible modules. We
need to be a little careful here since admissible modules need not possess a composition
series. Nevertheless, given admissible Y, (0)-modules M and L with L irreducible, we
define the composition multiplicity of L in M by

[M: Ll :=sup#{i=1,...,r| M;/M;—1 = L} (5.12)

where the supremum is taken over all finite filtrations 0 = My Cc My C --- C M, = M.
By general principles, this multiplicity is additive on short exact sequences. Now we
repeat some standard arguments from [K, ch. 9].

Lemma 5.7. Let M be an admissible Y, (0)-module and « € 0}, be a fized weight.
Then, there is a filtration 0 = My C My C --- C M, = M and a subset I C{1,...,r}
such that

(i) for eachi € I, M;/M;_1 = Ly (0, AD(w)) for AD(u) € 2, with wt A (u) >

(ii) /?Zr each i ¢ I, (M;/M;—1)3 =0 for all B > c.
In particular, given A(u) € 2,, with wt A(u) > «, we have that
[M : Ly(o, A(w))] = #{i € I | AD(u) = A(u)}.
Proof.  Adapt the proof of [K, Lemma 9.6]. 0O

Corollary 5.8. For an admissible Y, (o)-module M, we have that
chM= > [M:Ly(o,A(w))]ch Ly(o, A(u)).
A(uw)EZ2n

Proof.  Argue using the lemma exactly as in [K, Proposition 9.7]. O

Theorem 5.9. Let M and N be admissible Y, (o)-modules such that ch M = ch N.
Then M and N have all the same composition multiplicities.

Proof.  This follows from Corollary 5.8 once we check that the ch L, (0, A(u))’s are
linearly independent in an appropriate sense. To be precise we need to show, given

S= Y mawchLn(o, A(u) € Z[2,)]
A(u)E2n

for coefficients m () € Z satisfying the conditions from §5.2(a),(b), that S = 0
implies each my(,) = 0. Suppose for a contradiction that myq,) # 0 for some
A(u). Amongst all such A(u)’s, pick one with wt A(u) maximal in the dominance
ordering. But then, since ch L, (0, A(u)) equals [A(u)] plus a (possibly infinite) lin-
ear combination of [B(u)]’s for wt(B(u)) < wt(A(u)), the coefficient of [A(u)] in
> A(u)e2, MA) h Ln(o, A(u)) is non-zero, which is the desired contradiction. O

Corollary 5.10. For A(u) € 2,,, we have that Ly(o, A(u))™ = L,(c!, A(u)).

Proof.  Using (2.34), it is clear that L, (o, A(u)) and L,(c, A(u)) have the same
formal characters. Hence by Lemma 5.2 so do Ly (o, A(u))”™ and L, (o%, A(u)). O
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6. VERMA MODULES

Now we turn our attention to studying highest weight modules over the algebras
W () themselves. Fix throughout the chapter a pyramid = = (qi1,...,q) of height
< n, let (p1,...,pn) be the tuple of row lengths, and choose a corresponding shift
matrix o = (s;;)1<ij<n as usual. Notions of weights, highest weight vectors etc...
are exactly as in the previous chapter, viewing W (7r)-modules as Y,,(o)-modules via
the quotient map « : Yy, (o) — W(m) from (3.20).

6.1. Parametrization of highest weights. Our first task is to understand the
universal highest weight module of type A(u) € &2, for the algebra W(m). This
module is obviously the unique largest quotient of the Y (¢)-module M, (o, A(u))
from (5.7) on which the kernel of the homomorphism & : Y;,(c) — W () from (3.20)
acts as zero. In other words, it is the W (r)-module W (7) ®y; (o) Mn(o, A(u)). We
will abuse notation and write simply m4 instead of 1 ® my for the highest weight
vector in W(rm) ®y;, (o) Mn(0, A(u)).

Theorem 6.1. For A(u) € &, W(m) ®y,, (5) Mn(o, A(u)) is non-zero if and only if
uPiA;(u) € Flu] for each i = 1,...,n. In that case, the following sets of vectors give
bases for W () ®Y, (o) M, (o, A(u)):
(i) {xmy | x € X}, where X denotes the collection of all monomials in the
elements {FZ(;) |1<i<j<m,sj; <r<S8;;} taken in some fized order;
(ii) {ymy |y € Y}, where Y denotes the collection of all monomials in the
elements {T](:) |1<i<j<mn,sj; <r <8} taken in some fized order.
Proof.  (ii) Let us work with the following reformulation of the definition (5.7):
the module M, (o, A(u)) is the quotient of Y, (o) by the left ideal J generated by
the elements {Ei(r) li=1,....,n—1,7 > 841} U {DZ@ — AZ@ li=1,...,n,r > 0}.
Equivalently, by Lemma 5.3, J is the left ideal of Y,,(0) generated by the elements
P:={T)|1<i<j<nsi;<rtU{T) — A" |1<i<nsy; <r}

Also let Q := {TJ(: |1 <i<j<n,sj; <r}. Pick an ordering on P U Q so that the
elements of () preceed the elements of P. Obviously all ordered monomials in the
elements PU() containing at least one element of P belong to J. Hence by Lemma 2.1
and Theorem 5.5(ii), the ordered monomials in the elements PU() containing at least
one element of P in fact form a basis for J.

Now it is clear that W (7) ®y;, (o) Mn(0, A(u)) is the quotient of W (r) by the image
J of J under the map k : Y, (o) — W (x). If AZ(-T) # 0 for some 1 <1i <n and r > p;,
i.e. uPiA;(u) ¢ Flu], then the image of TZ(:) —Agr) gives us a unit in J by Theorem 3.5,
hence W () ®y; (o) Mn(0, A(u)) = 0 in this case. On the other hand, if all u”A;(u)
belong to Flu], we let

=T |1<i<j<nsiy<r<SyULTY — AP |1<i<n s <r< S,

{TT)\1<Z<]<n sji<r <S5}
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Then Theorem 3.5 implies that J is spanned by all ordered monomials in the elements
PUQ containing at least one element of P. By Lemma 3.6, these monomials are also
linearly independent, hence form a basis for .J. It follows that the image of Y gives a
basis for W (m)/J, proving (ii).

(i) This follows from (ii) by reversing the argument used to deduce (ii) from (i) in
the proof of Theorem 5.5. O

Now suppose that m4 is a non-zero highest weight vector in some W (m)-module
M. By Theorem 6.1, there exist elements (a; j)1<i<n,1<j<p;, of F such that

w Dy(u)my = (u+a1)(u+are) - (utaip)my,  (6.1)
(u—=1)PDa(u—1)my = (u+az1)(u+agg) - (u+agp)my,  (6.2)

(u—n+1)"Dy(u—n+1)my = (u+an1)(u+an2) - (u+anp,)my.  (6.3)

In this way, the highest weight vector m. defines a row symmetrized m-tableau A in
the sense of §4.1, namely, the unique element of Row(7) with entries a;1,...,a;,, on
its ith row. From now on, we will say simply that the highest weight vector m is of
type A if these equations hold.

Conversely, suppose that we are given A € Row(7) with entries a;1,. .., a;p, on its
ith row. Define the corresponding Verma module M(A) to be the universal highest
weight module of type A, i.e.

M(A) = W(r) ®y, (s) Mn(o, A(u)) (6.4)

where A(u) = Aj(uy)--- Ap(uy) is defined from (u — i+ 1)Pidj(u —i+1) = (u+
a;i1)(u+a;2) - (u+a;yp,) for each ¢ = 1,...,n. Theorem 6.1 then shows that the
vector my € M(A) is a non-zero highest weight vector of type A. Moreover, M(A)
is admissible and, as in §5.3, it has a unique maximal submodule denoted rad M (A).
The quotient

L(A) := M(A)/rad M(A) = W (r) ®y, (o) Ln(o, A(u)) (6.5)

is the unique (up to isomorphism) irreducible highest weight module of type A. The
modules {L(A) | A € Row(w)} give a complete set of pairwise non-isomorphic irre-
ducible admissible representations of the algebra W (7).

An important point to make here is that although all these definitions required us
at the outset to make fixed choices of n and k in order to realize W () as a quotient
of Y, (o), the notion of highest weight vector of type A is actually an intrinsic notion
independent of these choices, as follows from Lemma 3.2. Hence the Verma module
M(A) and the irreducible module L(A) also only depend (up to isomorphism) on the
m-tableau A, not on the particular choices of n or k.

Let us describe in detail the situation when the pyramid 7 consists of a single
column of height n. In this case we have simply that W (r) = U(gl,,) according to
the definition (3.8). Let A be a m-tableau with entries ay,...,a, € F read from top
to bottom and let @ = (ay,...,a,) € F". A highest weight vector for W (7) of type
A means a vector m4 with the properties

(a) eijmy =0 forall 1 <i<j<mg
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(b) (eij—i+1)my =aymy foralli=1,...,n.
This is the usual definition of a highest weight vector of weight (a— p) = a1e1 + (az +
1)ea + -+ + (ap + n — 1)g, for the Lie algebra gl,,. Hence the module M(A) here
coincides with the Verma module M («) from (3.47).

For another example, the trivial W (mr)-module, which we defined earlier as the
restriction of the U(p)-module F, from (3.11), is isomorphic to the module L(Ax)
where A, is the ground state tableau from §4.3, i.e. the tableau having all entries on
its ith row equal to (1 — 7).

6.2. Characters of Verma modules. By the character ch, M of an admissible
W (m)-module M, we mean its Gelfand-Tsetlin character when viewed as a Y, (0)-
module via the homomorphism & : Y,,(¢) — W(w). Thus ch,, M is an element of
the completed group algebra 2[94 from §5.2. We include the extra subscript n
here to emphasize that this notion definitely does depend on the particular choice of
n (though it is independent of the other choice k£ made when determining the shift
matrix o).

Given a decomposition 7 = 7 ® ©” with 7’ of level I’ and 7" of level 1", the
comultiplication Ay v from (3.31) allows us to view the tensor product of a W (n')-
module M’ and a W (7" )-module M" as a W (7)-module, denoted M'XM". Assuming
M’ and M" are both admissible, Lemma 5.1 and (3.32) imply that M’ X M" is also
admissible and

ch,(M'® M") = (ch,, M")(ch,, M"). (6.6)
Lemma 5.4 also carries over in an obvious way to this setting.

Introduce the following shorthand for some special elements of the completed group

algebra Z[2,):

Tig:=[1+ (ui+a+i—1)"",

Yia =1+ (a+i—1)u; '], (6.8)
for 1 <i<n and a € F. We note that

Yia/Yia—k = Tia—1Tia—2 " Tiag—k (6.9)
for any k£ € N. The following theorem implies in particular that the character of
any admissible W (7)-module actually belongs to the completion of the subalgebra of
Z|Zy) generated just by the elements {yj'ta1 |li=1,...,n,a € F}.

Theorem 6.2. For A € Row(w) with entries a;1,...,aip, on its ith row for each
1=1,...,n, we have that
n_ pi

n
Yk,ai j—(cijrr1t+¢ijn)
ch, M(A) = Z H H {yi,ai,j_(Ci,j,i+1+”'+ci,j7n) H a; j—(Ci j k41 Cij }

¢ i=1j=1 peiz1 Jkaig—(cijptteign)

where the sum is over all tuples ¢ = (Ci,j,k)1§i<k§n,1§j§pi of natural numbers.

The proof of this is more technical than conceptual, so we postpone it to §6.5,
preferring to illustrate its importance with some applications first.
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Corollary 6.3. Let Ay,...,A; be the columns of any representative of A € Row(r),
so that A ~po A1 ®---® A;. Then,

chy, M(A) = (ch,, M(A1)) x -+ x (chy M(A)) = chy(M(A1) K - K M(A)).

Proof.  This follows from the theorem on interchanging the first two products on
the right hand side. O

In order to derive the next corollary we need to explain an alternative way of
managing the combinatorics in Theorem 6.2. Continue with A € Row(7) with entries
ai1,--.,0;p; on its ith row as in the statement of the theorem. By a tabloid we mean
an array t = (ti,j,a)1§i§n,1§j§p¢,a<a¢7j of integers from the set {1,...,n} such that

(@) -+ <tijai,;—3 < tijai;—2 < tija,,—1;

(b) tija = 1 for a < a;.j;
for each 1 < 7 < n, 1 < j < p;. Draw a diagram with rows parametrized by
pairs (i,7) for 1 < i < n,1 < j < p; such that the (7, j)th row consists of a strip
of infinitely many boxes, one in each of the columns parametrized by the numbers
.oy Qi5 — 3,a;5 — 2,a;; — 1. Then the tabloid ¢ can be recorded on the diagram by
writing the number ¢; ; , into the box in the ath column of the (¢, j)th row. In this
way tabloids can be thought of as fillings of the boxes of the diagram by integers from
the set {1,...,n} so that the entries on each row are weakly increasing and all but
finitely many entries on row (i, j) are equal to .

Given a tabloid t = (t; ja)1<i<n,1<j<p;,a<a; ;> define a tuple ¢ = (¢; jx)1<ick<n,1<j<p;
by declaring that c; j = #{a < a;;|tija = k}, i.e. ¢; 1 counts the number of entries
equal to k appearing in the (4, j)th row of the tabloid ¢. In this way we obtain a bijec-
tion ¢ — c from the set of all tabloids to the set of all tuples of natural numbers as in
the statement of Theorem 6.2. Moreover, for ¢ corresponding to ¢ via this bijection,
the identity (6.9) implies that

n  Pi

n n  Pi
Yk,ai j—(cijrrrt-+cijn) |
|| R —— | =1L I =

k=i+1 Yk,ai;—(cijpt-+cijn)

i=1j=1 i=1j=1a<a,
where the infinite product on the right hand side is interpreted using the convention
that z;,—1Tiq—2 -+ = yiq for any ¢ = 1,...,n and @ € F. Now we can restate
Theorem 6.2: »
n i

chy M(A) = > TTII II =00 (6.10)

t i=1j=1a<a;
where the first summation is over all tabloids t = (#; j.4)1<i<n,1<j<p;.a<a; ;-

Corollary 6.4. For any A € Row(w), all Gelfand-Tsetlin subspaces of M(A) are of
dimension less than or equal to p1!(p1 +p2)! -+ (p1 +p2+ -+ + Pn—1)!.

Proof.  Two different tabloids ¢ and ¢ contribute the same monomial to the right
hand side of (6.10) if and only if they have the same number of entries equal to i
appearing in column a for each i = 1,...,n and a € F. So, given non-negative integers
kiq for each i =1,...,n and a € F, we need to show by (6.10) that there are at most
pi!(p1 +p2)!---(p1 + -+ + pp—1)! different tabloids with k;, entries equal to ¢ in
column a for each i = 1,...,n and a € F. Given such a tabloid, all entries in the rows
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parametrized by (n,1),..., (n,p,) must equal to n, while in every other row there are
only finitely many entries equal to n and all these entries must form a connected strip
at the end of the row. So on removing all the boxes containing the entry n we obtain
a smaller diagram with rows indexed by pairs (i,j) fori=1,...,n—1,7=1,...,p;.
By induction there are at most p1!(p1 + p2)!--- (p1 + - - + pr—2)! admissible ways of
filling the boxes of this smaller diagram with k;, entries equal to 7 in column a for
each i = 1,...,n— 1 and a € F. Therefore we just need to show that there are at
most (p1+---+pn—1)! admissible ways of inserting k,, , entries equal to n into column
a for each a € F. This follows from the following claim:

Suppose we are given ai,...,an € F and non-negative integers k, for each a € F, all
but finitely many of which are zero. Draw a diagram with rows numbered 1,..., N
such that the ith row consists of an infinite strip of boxes, one in each of the columns
parametrized by ...,a; — 3,a; — 2,a; — 1. Then there are at most N! different ways
of deleting boxes from the ends of each row in such a way that a total of k, bozxes are
removed from column a for each a € F.

This may be proved by reducing first to the case that all a; belong to the same coset
of F modulo Z, then to the case that all a; are equal. After these reductions it follows
from the obvious fact that there are at most N! different N-part compositions with
prescribed transpose partition. O

Remark 6.5. On analyzing the proof of the corollary more carefully, one sees that
this upper bound p1!(p1 +p2)! -+ (p1+ -+ -+ pn—1)! for the dimensions of the Gelfand-
Tsetlin subspaces of M(A) is attained if and only if all entries in the first (n —1) rows
of the tableau A belong to the same coset of F modulo Z. At the other extreme, all
Gelfand-Tsetlin subspaces of M(A) are one dimensional if and only if all entries in
the first (n — 1) rows of the tableau A belong to different cosets of F modulo Z.

6.3. The linkage principle. Our next application of Theorem 6.2 is to prove a
“linkage principle” showing that the row ordering from (4.1) controls the types of
composition factors that can occur in a Verma module. In the special case that w
consists of a single column of height n, i.e. W(w) = U(gl,), this result is [BGG2,
Theorem Al]; even in this case the proof given here is quite different.

Lemma 6.6. Suppose A | B. Then ch, M(A) = ch, M(B) + (x) where () is the
character of some admissible W ()-module.

Proof. In view of Corollary 6.3, it suffices prove this in the special case that 7
consists of a single column, i.e. W(mw) = U(gl,) for some ¢ > 0. But in that case it
is well known that A | B implies that there is an embedding M (B) — M(A); see
[BGG1] or [Di, Lemma 7.6.13]. O

Theorem 6.7. Let A,B € Row(w) with entries a;1,...,aip, and b;1,...,bip on
their ith rows, respectively. The following are equivalent:

(i) A> B;

(i) [M(A): L(B)] # 0;
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(ili) there exists a tuple ¢ = (¢;jk)1<ick<n,i<j<p; Of natural numbers such that

i —(cij, “+Cijn

H H Yibiy = H H {yiaai,j_(Ci,j,i+1+"‘+ci,j,n) H . LR . } :
i=1j=1 i=1j=1 kiz1 Ikaig—(cijrtteign)

Proof.  (i)=(ii). If A > B then Lemma 6.6 implies that ch,, M (A) = ch,, M (B)+(x),

where (%) is the character of some admissible W (m)-module. Hence [M(A) : L(B)] >

[M(B): L(B)] = 1.

(ii)=(iii). Suppose that [M(A) : L(B)] # 0. The highest weight vector my
of L(B) contributes [[;", H?Ll Yib,; to the formal character ch,, L(B). Hence, by
Corollary 5.8, we see that ch, M(A) also involves [[;", H?;l Yib;; With non-zero
coefficient. In view of Theorem 6.2 this implies (iii).

(iii)=-(i). Suppose that

n  pi n  Pi
v : yka” Cz]k+1+ +Cz]n)
[I Lo, = T 11

1= 1] 1 1= 1_] 1 k=i+1 yka’b] (cljk+ +C'L]n)

for some tuple ¢ = (¢; jk)1<i<k<n,i1<j<p; Of natural numbers. We show by induction
on Y ¢k that A> B. If " ¢; ;1 = 0 this is trivial since then A ~,, B. Otherwise,
let io be maximal such that ¢; j;, 7# 0 for some 1 <1 < iz and 1 < j < p;. Considering
the y;, »’s on either side of our equation gives that

DPig Dig i2—1 pi

yZ27a1]
Lvinn, = vioa,, < TT 11
7=1 7=1

i=1 j= 1yz2vaz] Ci,j,ig

Hence there exist 1 < 77 < ig, 1 <j1 <pj; and 1 < jo < p;, such that a;, j, =
iy jy — Citjia 7 @iy jr- Let A = (@ j)1<i<n,1<j<p; be the m-tableau obtained from
A by swapping the entries a;, j, and a;, j,. Define a new tuple (& jx)1<i<j<n,1<j<p;

from . . . . . .
e = b cigr 105 k) # (i, g1 d2),
L3k 0 if (i,7,k) = (i1, j1,i2).
Now using the maximality of the choice of i, one checks that

pi

n n _ _ _

Yk,ai ;—(Ci j pp1++E jn) _
HH Yiai, j— (@i git1++8ijn) H B
=1

=1;j=1 k=i+1 Yk.ai ;— (@ jpt+2ijn)
n P Vi " ) n pPi
s, 5 — C/L Gk +1T TG n -
TTTT s seosensr 11 =111 vss
=1 j=1 peiv1 Jksaig—(cijrttcign) i=1j=1

Since Y@ jrx < > cijk we deduce by induction that A > B. Since A | A this
completes the proof. 0O

Corollary 6.8. For A € Row(m) with entries a; 1, ..., a;p, on its ith row, the follow-
ing are equivalent:
(i) M(A) is irreducible;
(ii) A is minimal with respect to the ordering >;
(ill) @i jy # iy, 4o for every 1 <iy <ig <m, 1 <j1 <p; and 1 < ja < pj,.



58 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Moreover, assuming (i)—(iii) hold, let Ay, ..., A; be the columns of any representative
of A read from left to right, so that A ~.o A1 ® ---® A;. Then, we have that

Proof.  The equivalence of (i) and (ii) follows from Theorem 6.7. The equivalence of
(ii) and (iii) is clear from the definition of the Bruhat ordering. The final statement
follows from Corollary 6.3 and Theorem 5.9. O

6.4. The center of W (7). Our final application of Theorem 6.2 is to prove that the

center Z(W (m)) is a polynomial algebra on generators w(Z](\})), e ,w(Z](VN))7 notation
as in §3.8. In the case that 7 is an n x [ rectangle, when W (7) is the Yangian of level
[, this result is due to Cherednik [C1, C2]; see also [M3, Corollary 4.1]. For the first
lemma, recall the definition of the Miura transform p : W(r) — U(h) from (3.30).

Lemma 6.9. u(Z(W(r))) C Z(U(h)).

Proof. Take z € Z(W(m)) and u € U(h). We need to show that [u(z),u] = 0. This
follows by [Di, Theorem 8.4.4] if we can show that [u(z), u] annihilates a generic Verma
module for h. Corollary 6.8 shows that a generic Verma module for § is irreducible
when viewed as a W (7)-module via p. Hence p(z) acts on it as a scalar by (5.9). So
certainly [u(z),u] acts as zero. 0O

Theorem 6.10. The map v : Z(U(gly)) — Z(W(x)) from (3.51) is an isomorphism.

Hence, the elements ¢(Z](\})), - ,¢(Z](VN)) are algebraically independent and generate
the center Z(W(m)).

Proof.  In view of Lemma 6.9 and the commutativity of the diagram (3.53), we just
need to show that the image of an element z € Z(W (7)) under the map (¥, ® -+ ®
V,,) o p is invariant under the action of all of Sy. This follows from Theorem 5.9,
Corollary 6.3 and the definition of the map ¥, ® --- @ ¥,,. 0O

We remark that there is now a quite different proof of this, valid in arbitrary type,
due to Ginzburg. For a sketch of the argument, see the footnote to [P2, Question
5.1].

Corollary 6.11. The elements Cr(Ll), CT(LZ), ... of Y, (o) are algebraically independent
and generate the center Z(Y,(o)). Moreover, the epimorphism k : Yp(o) — W (m)
from (3.20) maps Z (Y, (o)) surjectively onto Z(W (r)).

Proof.  This is immediate from the theorem on recalling that Y, (o) is a filtered
inverse limit of W (m)’s as explained in [BK5, Remark 6.4]. O

We are grateful to one of the referees of [BK5] for pointing out that we are already
in a position to apply [FO] to obtain the following generalization of a theorem of
Kostant from [Kol]. In the case W(n) is the Yangian of level [ this result is [FO,
Theorem 2.

Theorem 6.12. The algebra W (w) is free as a module over its center.
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Proof.  Recall by the PBW theorem that the associated graded algebra gr W (r) is
free commutative on generators (3.35)—(3.37), in particular W () is a special filtered
algebra in the sense of [FO|. Let A be the quotient of gr W () by the ideal generated

by the elements (3.36)—(3.37). Let dlm resp. cg) denote the image of gr, Dlm resp.
gr, 07(:") in A. Thus, A is the free polynomial algebra F[dzm li=1,...,n,r=1,...,p].
Moreover by Theorem 3.5 and (2.33) we have that dzm =0 for r > p;. It follows from
this and (2.70) that if we set

Pi

di(w) =Y dur

r=0
N
cn(u) = Z My N=r

r=0
then ¢, (u) = dy(u)da(u) - - - dy(u). Now applying [FO, Theorem 1] as in the proof of
[FO, Theorem 2], it suffices to show that cgll),cg),...,cgN) is a regular sequence
in A. Hence by [FO, Proposition 1(5)] we need to check that the variety Z =
V(cgll), ol cSLN)) is equidimensional of dimension 0. Consider the morphism ¢ : FV —

FY mapping a point (ZCET))lgignJgrgpi to the coeflicients of the following monic poly-

nomial:
n

[T +dVur=t + - ).

i=1
Obviously Z = ¢~1(0). Since F[u] is a unique factorization domain, u” = u?t - .. uPn
is the unique decomposition of u” as a product of monic polynomials of degrees
Piy...,Pn. Hence Z = {0}. O

In view of Theorem 6.10, the center of W (m) is canonically isomorphic to the
center of U(gly). So we can parametrize the central characters of W () in exactly
the same way as we did for U(gly) in §3.8, by the set of § € P = @,y Ze, whose
coefficients are non-negative integers summing to N. Given such an element 6, define
f(u) = uN + fOuN-1 ... 4 fN) ¢ Flu] according to (3.45)-(3.46). Then, for an
admissible W (7)-module M, define

for each r = 1,..., N there exists p > 0
prg(M):=<3veM ") (s . (6.11)
such that ¥(Zy’ — f")Pv =0
Equivalently, by (2.70) and Lemma 3.7, we have that
pry(M) = @ Ma) (6.12)
A(u)

where the direct sum is over all A(u) € &2, such that
wPru—1)P2 - (u—n+1)Pr A (u)As(u—1) - Ap(u —n+1) = f(u).
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Since the admissible W (m)-module M is the direct sum of its Gelfand-Tsetlin sub-
spaces, it follows that
M = EPpry(M), (6.13)
0P
with the convention that pry(M) = 0 if the coefficients of 6 are not non-negative
integers summing to N. This is clearly a decomposition of M as a W (m)-module.

Lemma 6.13. All highest weight W (m)-modules of type A € Row(w) are of central
character 6(A).

Proof.  Suppose that the entries on the ith row of A are a;1,...,a;p,. By (2.70),
Lemma 3.7 and the definition (6.1)—(6.3), 1»(Zn(u)) acts on any highest weight mod-
ule of type A as the scalar [];"; ?i:l(u +a;;). O

6.5. Proof of Theorem 6.2. Let 7™ denote the pyramid obtained from 7 by re-
moving the bottom row. The tuple of row lengths corresponding to the pyramid
7 is (p1,...,pn—1) and the submatrix ¢ = (s;;)1<i j<n—1 of the shift matrix ¢ =
(sij)1<ij<n chosen for m gives a shift matrix for 7. It is elementary to see from
the relations that there is a homomorphism W (7) — W{(xr) mapping the genera-
tors DZ(T) (i=1,...,n—1,7 > 0), EZ-(T) (t=1,...,n—2,7 > s;;+1) and Fi(r) (1 =
1,...,n—=2,7 > si41,) of W(7) to the elements with the same names in W (). By the
PBW theorem this map is in fact injective, allowing us to view W (7) as a subalgebra
of W(m). We will in fact prove the following branching theorem for Verma modules.

Theorem 6.14. Let A € Row(m) with entries a;1,...,a;,, on its ith row for each
i=1,...,n. There is a filtration 0 = My C My C --- of M(A) as a W (w)-module
with J;~o Mi; = M(A) and subquotients isomorphic to the Verma modules M(B) for
B € Row(7) such that B has the entries (a;1 — ¢i1),-- -, (@ip; — Cip;) on its ith row
for eachi=1,...,n—1, one for each tuple (¢; j)i1<i<n—1,1<j<p; of natural numbers.

Let us first explain how to deduce Theorem 6.2 from this. Proceed by induction
on n, the case n = 1 being trivial. For the induction step, we have by Theorem 6.14

and the induction hypothesis that the character of resMW/Eg M (A) equals

n—1 p; n—1
: ‘ yk,al‘,j*(Ci7j7k+1+'”+cz‘,j,n)
E : | | | | Yi,a; j—(cigit1+-+cijn) H ’

¢ i=1 j=1 k—iz1 Jkaig—(cijrtteign)

where the first sum is over all tuples ¢ = (¢; j k)1<i<k<n—1,1<j<p; of natural numbers.
But just like in the proof of Lemma 6.13, v (u — 1)P2--- (u — n + 1)P» Dy (u) Da(u —
1)---Dy(u — n+1) acts on M(A) as the scalar [[;_; [Tf2, (u + a; ;). Hence recall-
ing (6.8), each monomial appearing in the expansion of ch,, M(A) must simplify to
[T, ?i:l (u+a; ;) on replacing y; o by (u+a) everywhere. In this way we can recover
chy,, M (A) uniquely from the above expression to complete the proof of Theorem 6.2.

To prove Theorem 6.14, we will assume from now on that the shift matrix o is upper
triangular; the result in general then follows easily by twisting with the isomorphism
¢ from (2.34). Exploiting this assumption, the following lemma can be checked using
the formulae in [BK4, §5] and some elementary inductive arguments.
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Lemma 6.15. The following relations hold in W ().
(i) For alli < j, [Fj;(u)D;(u), F; j(v)D;i(v)] = 0.
(ii) For alli < j <k, (u—v)[Fjr(u), F;;j(v)] equals
Z(_l)r Z Fir,ir+1 (u) T Fil,lé (u)(FZﬂl (U) - Fi7i1 (u))

>0 i<i1 <--<ip<j
ir+1 =k

(ili) For alli < j and k < i ork > j, [Dg(u), F; j(v)] = 0.
(iv) For alli < j, (u—v)[Di(u), F; j(v)] = (F; j(u) — F; j(v))D;(u).
(v) For alli < j, (u—wv)[Dj(u), Fj;(v)] equals
SNEDT Y Fra () Fay iy (w)(Fiy (v) = Fiy (w) Dy (w).

r>0 7:<’L'1'<"'<7:'7‘<j
r4+1=]

(vi) Foralli < j <k, (u—wv)[Dj(u),F;r(v)] equals
Z(_l)r Z Er,ir+1 (u) T Fil,iz (u) (Fi,il (U) - Fi,il (u))Fj7k(u)Dj (u)
r>0 1<i1 <+ <lpy1=J
(vil) For alli < j <k, (u—v)[Fji(u)Dj(u), Fir(v)] equals
(=17 > Fia () Fiy iy (u)(F, (v) = Figy (w) Fy e (w) Dy (w).

r>0 1<ty <+ <10 <J
1=k

Recalling Theorem 3.5, introduce the shorthand

DPi
Li(u) = 3" Ll = T, i (u) € W ()[u) (6.14)
r=0
for each 1 < ¢ < n. Also for h > 0 set
z’hu._h!duhzu. .

We will apply the following simple observation repeatedly from now on: given a vector
m of weight o in a W (m)-module M with the property that o +¢; —¢; is not a weight
of M for any 1 < j < ¢, we have by (2.32) that L;(u)m = uP'F; ,(u)D;(u)m.
Lemma 6.16. Suppose we are given 1 < i < n and a vector m of weight o in a
W (r)-module M such that
(i) a—d(ej —en) + €5 — €; is not a weight of M for any 1 < j <i and d > 0;
(ii) wPiD;(u)m = (u+a1) - - - (u+ap,)m (mod M'[u]) for some scalars ay, ..., ap, €
F and some subspace M' of M.
For j=1,...,p;, define mj := L; pj)(—aj)m where h(j) = #{k=1,...,j — 1] ar =
a;}. Then we have that

uP' Di(u)ym; = (u+a1) - (u+aj_1)(u+a; —1)(u+ ajr1) - - (u+ ap,)m;

(utar) - (u+ap,) Di -
_ Z (u_|_aj)h(j)*h(k)+1 mg (mod E Lz M’[u])
k=1,...j—1

ap=a;

r=1



62 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Moreover, the subspace of M spanned by the vectors my,...,my, coincides with the

W, ..., 1P

subspace spanned by the vectors L, m.

Proof. By Lemma 6.15(iv) and the assumptions (i)—(ii), we have that

(u—v)[wP'D;(u), Li(v)jm = (v+a1) - - (v+ ap,) Li(u)m
pi
—(u+a1) - (u+ap,)Li(v)m (mod ZLET)M’[U,, v]).
r=1
Hence,

uP Di(u)Li(v)m = (u+a1) - - - (u+ ap,) Li(v)m — (utar) - (ut api)Li(U)m

U—v
L ota) - (wtap)Li)
U—v
Apply the operator h(l) dd h(g])) to both sides using the Leibnitz rule then set v := —a,;

to deduce that

uP Di(u) Ly p(jy(—aj)m = (u+a1) - - - (u+ ap,) L i) (—aj)m
h(3)

(u+a1) - (u+ap,)
_Z (u + a;)h@)—k+1 Lik(=aj)m.

The left hand side equals ©”* D;(u)m; by deﬁn1t10n The right hand side simplifies to
give

h(j)—1

“z): (u+ar) - (u+ap,)

S (u+ a;) ) —k+1

which is exactly what we need to prove the first part of the lemma.
For the second part, we observe that the transition matrix between the vectors

Li(ui)m, - -, Li(up,)m and Lgl)m, e L(pi)m is a Vandermonde matrix with deter-

minant H1§j<k§pi (uj —ug). Apply h(b) h(zj)) for j =1,...,p; to deduce that the de-

(utar) - (uta;—1)-(utap)m; - Lik(—aj)m

terminant of the transition matrix between the vectors Li py(ui)m, - -+, Ly pp,) (up; )m
and Lgl)m, e ,Lgp")m is
1 a0 dhPi)
AR hp)! g D g ko) H () — ug).
s P duy dup;™" 1<j<k<p,
Evaluate this expression at u; = —a; for each j = 1,...,p; to get
1<j<k<p;
ajFak
Hence the transition matrix between the vectors myq,...,m,, and Lgl)m, e ,Lgp")m

is invertible, so they span the same space. 0O
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Lemma 6.17. Under the same assumptions as Lemma 6.16, let Cy denote the set of
all pi-tuples ¢ = (c1, ..., ¢p,) of natural numbers summing to d. Put a total order on
Cy so that ¢ < c if ¢ is lexicographically greater than c. For ¢ € Cy let

Pi €

me =[] I] Loy (—a; + k= )m

j=1k=1

where he(j, k) =#{l=1,...,5—1|ag—c =aj — k+1}. Then,
u”' Di(u)yme = (u+ar —c1) -+ (u+ ap, — cp,)me  (mod M[u])

where M is the subspace of M spanned by all my for ¢ < ¢ and by all Ll(.”) e Lgrd)M’
for 1 <ry,...,rq < p;. Moreover, the vectors {m. |c € Cy} span the same subspace

of M as the vectors Lgrl) - Lgrd)m foralll1 <ry,...,rq <p;.

Proof.  Note first that the definition of the vectors m, does not depend on the order
taken in the products, thanks to Lemma 6.15(i). Now proceed by induction on d,
the case d = 1 being precisely the result of the previous lemma. For d > 1, define
vectors my, ..., mp, according to the preceeding lemma. For r =1,...,p;, let M/ be

the subspace spanned by ms,...,m,_1 and LES)M’ for all s = 1,...,p;. Then the
preceeding lemma shows that

wP Di(uym, = (u+a1) - (u+ap — 1) (u+ ap,)m, (mod M;[u])

and that mq,..., m,, span the same space as the vectors Lgl)m, e Lgpi)m.
Force Cy_iandr=1,...,p;, let
Pi G
M = [ [ T] Litnoiy (—a5 + 05r + & — D)m,
j=1k=1

where hy (5, k) == #{l=1,...,5 —1|a;— 0,y —c1 = aj — 0pj — k + 1}. Let M] . be

the subspace of M spanned by all m, » for ¢ < c together with LE”) . ~L§rd’1)M;
forall 1 <ry,...,7q_1 < p;. Then by the induction hypothesis,

wPDi(u)ymye = (utay—c1) - (uta, —1—cp) - (u+tap, —cp)mpe (mod M [u]).

Moreover the vectors {m,. | c € C4_1} span the same subspace of M as the vectors

LETI) . Lgrd_l)mr forall 1 <ry,...,74-1 < p;. Now observe that if ¢ € Cy_ satisfies

1 =--+=c¢p—1 =0, then m, . = mes, where c+9, € Cyis the tuple (c1,...,¢r—1, ¢+
1, ¢r41, ..., Cp,); Otherwise, m, . lies in the subspace spanned by the mg » for s < r, ¢ €
Cy—1. The lemma follows. O

At last we can complete the proof of Theorem 6.14. Let C denote the set of all
tuples ¢ = (¢;,j)1<i<n—1,1<j<p; of natural numbers. Writing |c|; for Z?:l ¢;,j and |c|
for |c|1 + |c|o + -+ + |¢|n—1, we put a total order on C so that ¢’ < ¢ if any of the
following hold:

(a) | <|el;
(b) |¢'] = le| but [¢[n—1 = [eln—1,|¢'In—2 = |c|n—2,-- -, [¢'[ix1 = [cli+1 and [c[; >
|c|; for some ¢ € {1,...,n —1};
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(c¢) |'li = [cli but the tuple (c;;,...,c},, ) is lexicographically greater than or
equal to the tuple (¢;1,...,¢ip,) forevery i =1,...,n — 1.
Now let M := M (A) for short. For each ¢ € C, define a vector m. € M by

n—1 pi Cij

me =[] S T T Zihetigm (—ais + k= 1) p my

i=1 | j=1k=1

where he(i,75,k) =#{l=1,...,5—1|aj; — ¢iy = a;j; — k + 1} and the first product
is taken in order of increasing i from left to right. The second part of Lemma 6.17
and Theorem 6.1(ii) imply that the vectors {ym. |y € Y,c € C} form a basis for M,
where Y here denotes the set of all monomials in the elements {T](:) 11<i<j<
n—1,r=1,...,p;}. For each ¢ € C, let M, resp. M, denote the subspace of M
spanned by the vectors {ymy |y € Y, < ¢} resp. {ymy |y € Y, < ¢}. Clearly
M = J.ec M. Now we complete the proof of Theorem 6.14 by showing that each
M, is actually a W (7)-submodule of M with M./M/ = M(B) for B € Row(7) such
that B has entries (a;1 —¢;1), ..., (@ip, — Cip;) on its ith row for eachi =1,...,n—1.

Proceeding by induction on the total ordering on C, the induction hypothesis allows
us to assume that M/ is a W (7)-submodule of M. Then the vectors

{yme + M|y €Y, > c}
form a basis for the W (7)-module M /M. Hence the vector m,. := m.+ M, is a vector
of maximal weight in M /M/, so it is annihilated by all EZ-(T) (t=1,...,n=2,r > S it1).
Moreover, using Lemma 6.15(iii),(vi) and (vii), Lemma 6.17 and the PBW theorem

for Y(bln)(a), one checks that

upiDi(u)mc = (U + a1 — C@]) s (’LL + Qip, — Ci7pi)mc.
Hence, m. € M /M is a highest weight vector of type B as claimed. Now it follows

easily using Theorem 6.1(ii) and the universal property of Verma modules that M, is
a W(7)-submodule of M and M./M/ = M(B).

7. STANDARD MODULES

In this chapter, we begin by classifying the irreducible finite dimensional represen-
tations of W (m) and of Y,,(0), following the argument in the case of the Yangian Y,
itself due to Tarasov [T2] and Drinfeld [D]. Then we define and study another family
of finite dimensional W (7)-modules which we call standard modules.

7.1. Two rows. In this section we assume that n = 2 and let m be any pyramid
with just two rows of lengths p; < po. We will represent the w-tableau with entries
ai,...,ap, onits first row and b1, ..., by, on its second row by Zig:; The first lemma
is well known; see e.g. [CP1]. We reproduce here the detailed argument following

[M2, Proposition 3.6] since we need to slightly weaken the hypotheses later on.

Lemma 7.1. Assume py =py =1 and ay,...,a;,b1,...,b,,a,b€F.
(i) If a; > b implies that a; > a > b for each i =1,...,l, then all highest weight

vectors in the module L(%, " p') R L(§) are scalar multiples of my @ m.y.
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(ii) If a > b; implies that a > b > b; for each i = 1,...,1, then all highest weight
vectors in the module L(§) X L(3,5') are scalar multiples of my ® m.y.

Proof. (i) Abbreviate e := ej2, d2 := eg2 and f := ez in the Lie algebra gl,.
Let f() denote f7/rl. Recall that the irreducible gly-module L($) of highest weight
(ag1+ (b+1)ey) has basis my, fmy, f@my, ... ifa ¥ bormy, fmy,..., OO0 Dm,
if a >b. Also ef"*Vmy = (a—b—7r—1)f"m,.

Suppose that L(};5') M L(§) contains a highest weight vector v that is not a scalar
multiple of my ® m4. We can write

k
v = Z m; ® f(k_i)m+
=0

for vectors mg # 0,m1,...,mi and k > 0 with kK < a — b in case a > b. The element

Tl(?;rl) acts on the tensor product as Tl(,r;l) ®1 +T1(T2) QRdy —l—Tl(j? ®e € W(m)@U(gly).

T(T’+1)
1,2

Apply to the vector v and compute the ?®y*)m_ -coefficient to deduce that

T o + (04 k4 )T mo =0

for all » > 0. It follows that T1(T2) mgo = 0 for all r > 0, hence my is a scalar multiple of

the canonical highest weight vector m4. of L(3;3!). Moreover we must in fact have
that k > 1 since v is not a multiple of m4 ® m4.

Next compute the 7 ® f(k_l)er—coeﬂ"lcient of Tl(j;rl)v to get that

T my 4 (b + k)T my + (a — b — k)T mg = 0.

Multiply by (—(b+ &))"~" and sum over r = 0,1,...,1 to deduce that
1
TV + (a—b— k) Y (—(b+ k)" T{)mg = 0.
r=0

But Tl(l; D'~ 0in W (m) by a trivial special case of Theorem 3.5. Moreover, by the
definition (6.1), we have that erzo ul_”Tl(jnl)mo = (u+ai)- - (u+a;)mgy. So we have
shown that

(a—b—k)(a—b—k)laa—b—k)---(ag—b—Fk)=0.

Since k > 1 and k < a—b in case a > b, we have that (a —b— k) # 0. Hence we must
have that a; = b+ k for some i = 1,...,[, i.e. a; > b and either a ¥ b or a; < a. This
is a contradiction.

(ii) Similar. O

Corollary 7.2. Assume py =p2 =1 and a1,...,a;,b1,...,b,a,b €F.
(i) If b < a; implies that b < a < a; for each i =1,...,1, then L(§) R L(5 . 3') is
a highest weight module generated by the highest weight vector m4y ® my..
(i) If b; < a implies that b; < b < a for each i =1,...,1, then L(3 3") B L(}) is
a highest weight module generated by the highest weight vector m4y ® my..
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Proof. (i) By Lemma 7.1(i), L(%, 5/ )X L($) has simple socle generated by the high-
est weight vector m4 ® m4. Now apply the duality 7 from (5.2) using Corollary 5.10
and (3.33) to deduce that

(L(pyb) B L(5))™ 2 L(5) B L3, %))
has a unique maximal submodule and that the highest weight vector m; ® m4 does
not belong to this submodule. Hence it is a highest weight module generated by the

vector my @ my.
(ii) Similar. O

Remark 7.3. The module L(3.. ') in the statement of Corollary 7.2 can in fact
be replaced by any non-zero quotient of the Verma module M (5 3"). This follows
because the only property of L(31. ') needed for the proof of Lemma 7.1 is that all
its highest weight vectors are scalar multiples of m,; any non-zero submodule of the

dual Verma module M (5. 3')" also has this property.

Lemma 7.4. Assume p1 < p2 and a1,...,ap,,b1,...,b,,,b € F.
(i) If a; > b implies that a; > b; > b for eachi = 1,...,p; then all highest weight

vectors in the module L(‘ZiZg) X L(p) are scalar multiples of m4y ® m...

(i1) All highest weight vectors in the module L() @L(Zigﬁ;) are scalar multiples
of my @ my.
Proof.  Let 0 = (s;;)1<ij<2 be a shift matrix corresponding to the pyramid 7.
Also note that L(,) is just the one dimensional gl;-module with basis m4 such that
e11m4 = bm.
(i) Suppose that m @ m is a non-zero highest weight vector in L(5 . ;") & L(,).

b1-bpy
So we have that EYH)(m ®@my) =0 for all > s1 9 and
uPrDi(u)(m@my) = (u+c1)(u+c2) - (u+cp ) (m@my)
for some scalars c1,...,¢, €.
By [BK5, Lemma 11.3] and [BK5, Theorem 4.1(i)], we have that Am,l(EY—H)) =
EYH) ®1 —|—E§T) @ (e11+1) for all r > s19. Hence EYH)m—i- (b+ 1)E£T)m = 0 for all

r > s12. On setting m' := E§81’2H)m, we deduce that E§31’2+T+1)m =(=(b+1)m
for all > 0, i.e.
U_51’2_1

T

!/

Ei(wym=(1—0b+Du '+ (b+1)% w2 - Ju2>"

If m’ = 0 then we have that EY)m = 0 for all » > s1 2, hence m is a scalar multiple
of m as required. So assume from now on that m’ # 0 and aim for a contradiction.

Since Apz,l(DY)) = DY) ® 1 for all » > 0 we have that
Di(wym = (1 +ciu ) (1 +cou™) - (1 + cpyuHm.
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The last two equations combined with the identity [D1 (u), Eisl’ﬁl)] = u®12Dq(u) Ey (u)
in W (m)[[u"!]] show that
A+cau™)-- (1 +cpu )1+ b+ 1)u—1)m,

D f =
1(uw)m 1+but

Since DY) = 0 for r > p; it follows from this that b = ¢; for some 1 < i < p;. Without
loss of generality we may as well assume that b = ¢;. Then we have shown that

Di(w)ym' = (1+ (c1 + Du (1 +cou™t) -+ (1 + cpuHym'.

Now we claim that if we have any non-zero vector in L(ZiZﬁ;) on which Dj(u) acts
as the scalar (1+dju™1) - (1+dp,u™!) then there exists a permutation w € S, such
that a; > d,,; and moreover if a; > b; then d,,; > b;, for each ¢ = 1,...,p;. To prove
this, we may as well replace the module L(Zi}fﬁ;) with the tensor product L(j) X
X L(Z:i) X L(p,, 1) M- & L(p,,), since that contains L(Zigﬁ;) (possibly twisted
by the isomorphism ¢) as a subquotient. Now the claim follows from Lemma 5.1 and
the familiar fact that if we have a non-zero vector in the irreducible gl,-module L()
on which Dj(u) acts as the scalar (1 4+ du~"') then a > d and moreover if a > b then
d>b.

. . ai--a

Applying the claim to the non-zero vectors m and m’ of L(bl_.b::;
reordering if necessary) that there exists a permutation w € S, such that

), we deduce (after

(a) a1 > ¢1+1 and moreover if a; > by then ¢; +1 > by; ag > ¢ and moreover if

az > by then co > ba; ... ; ap, > cp, and moreover if a,, > by, then ¢, > b, ;

(b) a1 > c¢y1 and moreover if a; > by then ¢, > by; aa > cy2 and moreover
if ag > ba then cy2 > ba; ... ; ap, > cup, and moreover if a,, > b, then
Cuwpy > bp,.

From this we can derive the required contradiction, as follows. Suppose that we know
that ¢; > b for some i. Then a; > ¢; > b, hence by the hypothesis from the statement
of the lemma a; > ¢,; > b; > b. Hence c¢,; > b. Now we do know that ¢; = b. Hence
a1 > c1+1>0b 80a; > cy1 > b > b. Hence ¢p1 > b. Combining this with the
preceeding observation we deduce that c,x; > b for all £ > 1, hence in particular
c1 > b.

(ii) We have that Aq,, (EY)) =1® EY) for all » > s12. So if m4 ® m is a highest
weight vector in L(;) X L(%igﬁ;) then EY)m = 0 for all » > s12. Hence m is a scalar
multiple of my as required. O

Corollary 7.5. Assume p1 < p2 and ai,...,ap,,b1,...,bp,,b €.

(i) If b < a; implies that b < b; < a; for each i = 1,...,p1 then the module
L(y) X L(Zig:;) 15 a highest weight module generated by the highest weight
vector my & my.

(ii) The module L(iigﬁ;) X L() is a highest weight module generated by the
highest weight vector mi ® my.

Proof.  Argue using the duality 7 exactly as in the proof of Corollary 7.2. O
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Remark 7.6. As in Remark 7.3, the module L(%ig:;) in the statement of Corol-
lary 7.5(ii) can be replaced by any non-zero quotient of the Verma module M (Zigﬁ;)
We can not quite say the same thing for Corollary 7.5(i), but by the proof we
can at least replace L(Zi,‘jj;) by any non-zero quotient M of the Verma mod-
ule M(Zi,‘fj;) with the property that all of its Gelfand-Tsetlin weights, i.e. the
A(u) € P5 such that My, # 0, are also Gelfand-Tsetlin weights of the module

a
L(py) R W L(p,, ) W L(y,,40) K- B L(p,, ).
Now we can prove the main theorem of the section. This is new only if p; # ps.

Theorem 7.7. Assume p1 < ps and ai,...,ap,,b1,...,bp, € F are scalars such that
the following property holds for each i =1,...,p1:
If the set {aj — by |i < j < p1,i < k < po such that a; > by} is
non-empty then (a; — b;) is its smallest element.

Then the irreducible W (m)-module L((Zigﬁzl) is isomorphic to the tensor product of

a.
L(lel)7 Tt L(bﬁi)? L(bp1+l)) e ’L(bpg)
taken in any order that makes sense.

the modules

Proof.  Assume to start with that the pyramid = is left-justified. First we show for
p1 > 0 that

L(pyobp') = L(5) B L 0).
Since a; > b; implies that a3 > b; > b; for all @ = 2,...,p;, Lemma 7.1(ii) implies
that m4 ® m4 is the unique (up to scalars) highest weight vector in the module on
the right hand side. Since b; < a; implies by < a; < a;, Corollary 7.2(i) shows that
this vector generates the whole module. Hence it is irreducible, so isomorphic to

ay---ap,

L(bl---bm) by Lemma 5.4. Next we show for ps > p1 that
L(a1-~-llp1) o~ L(a1--.ap1 )IEL(bp2)-

bl"'bp2 b1~~~bp2,1

Since a; > by, implies a; > b; > by, Lemma 7.4(i) implies that m, @ m4 is the unique
(up to scalars) highest weight vector in the module on the right hand side. But by
Corollary 7.5(ii) this vector generates the whole module, hence it is irreducible. Using
these two facts, it follows by induction on ps that

a
L(pyotye) 2 L(3) B - B L") B L(py, 1) K- - R L(s,, ).

This proves the theorem for one particular ordering of the tensor product and for
one particular choice of the pyramid 7 with row lengths (p1,p2). The theorem for all
other orderings and pyramids follows from this by character considerations. O

Suppose finally that we are given an arbitrary two row tableau A with entries
ai,...,ap, onrow one and by,..., by, on row two. We can always reindex the entries
in the rows so that the hypothesis of Theorem 7.7 is satisfied: first reindex to ensure
if possible that a; — by is the minimal positive integer difference amongst all the df-
ferences a; — b;, then inductively reindex the remaining entries ag, ..., ap,,b2,...,bp,.
Hence Theorem 7.7 shows that every irreducible admissible W (7)-module can be
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realized as a tensor product of irreducible gl,- and gl;-modules. This remarkable
observation was first made by Tarasov [T2] in the case p; = pa.

Corollary 7.8. If L(EZ;;) is finite dimensional for scalars ay,...,ap,,b1,...,bp, €
[ then there exists a permutation w € Sp, such that ar > by1,a2 > by2,...,ap, >
bup, -

Proof. Reindexing if necessary, we may assume that the hypothesis of Theorem 7.7
is satisfied. Then by the theorem we must have that L(j}) is finite dimensional for
eachi=1,...,p1, i.e a; > b; for each such i. 0O

7.2. Classification of finite dimensional irreducible representations. Now as-
sume that 7 = (q1,...,q) is an arbitrary pyramid with row lengths (pi,...,pn).
Recall the definitions of the sets Row(7) of row symmetrized m-tableaux, Col(r) of
column strict w-tableaux and Dom(7) of dominant row symmetrized m-tableaux from

§4.1.

Theorem 7.9. For A € Row(n), the irreducible W (m)-module L(A) is finite dimen-
sional if and only if A is dominant, i.e. it has a representative belonging to Col(r).

Proof.  Suppose first that L(A) is finite dimensional. Let 0 = (s;;)1<ij<n be a
shift matrix corresponding to 7, so that W () is canonically a quotient of the shifted

Yangian Y,,(0). For each i =1,...,n — 1, let 0; denote the 2 x 2 submatrix
Sig Siji+1
Si+li  Si+l,i+1
of the matrix o. Also let a;1,...,a;p, be the entries in the ith row of A for each

i = 1,...,n. The map 1;—1 from (2.66) obviously induces an embedding of the
shifted Yangian Y>(o;) into Y, (c). The highest weight vector m, € L(A) is also a
highest weight vector in the restriction of L(A) to Y3(o;) using this embedding. Hence
by Corollary 7.8 there exists w € S), , such that

i1 > Qi+1wl; @32 > Gl w2y - - -5 Qip; > Ait1wp;s
for each i =1,...,n — 1. Hence A has a representative belonging to Col(r).
Conversely, suppose that A has a representative belonging to Col(r). Let Ay,..., 4,
be the columns of this representative, so that A ~,, A1 ® --- ® A;. Since each A; is
column strict, the irreducible gl ,-module L(A;) is finite dimensional. By Lemma 5.4
the tensor product L(A;) X --- K L(A;) is then a finite dimensional W (7)-module
containing a highest weight vector of type A. Hence L(A) is finite dimensional. O

Hence, the modules {L(A)| A € Dom(7)} give a full set of pairwise non-isomorphic
finite dimensional irreducible W (7)-modules. As a corollary, we have the following
result classifying the finite dimensional irreducible representations of the shifted Yan-
gians Y, (o) themselves. Since every finite dimensional Y,,(o)-module is admissible,
it is enough for this to determine which of the irreducible modules L, (o, A(u)) from
(5.8) is finite dimensional.

Corollary 7.10. Let 0 = (s;)1<ij<n be a shift matriz and set d; == s; ;41 + Sit1,-
For A(u) € £, the irreducible Yy, (o)-module Ly (o, A(w)) is finite dimensional if
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and only if there exist (necessarily unique) monic polynomials Py(u),..., P,_1(u),
Qi(u),...,Qn-1(u) € Flu] such that Q;(u) is of degree d;, (P;(u),Qi(u)) =1 and
Ai(u) Pi(u) udi

= X
Aipi(u)  Fi(u—1)  Qi(u)
foreachi=1,...,n—1.

Proof. Recall from the proof of Theorem 5.6 that every admissible irreducible
Y, (0)-module may be obtained by inflating an admissible irreducible W (7)-module
through the map (5.11), for some pyramid 7 with shift matrix o and some f(u) € 1+
u~'F[[u1]]. Given this and Theorem 7.9, we see that L, (o, A(u)) is finite dimensional
if and only if there exist | > s,1 + $1., f(u) € 1 +u 'F[[u"!]] and scalars a; ; € F
for 1 <i<mn,1<j<p;:=1-s5,;— S nsuch that

(a) A;j(u) = f(u)(1 +ajqu™t) - (1 +ajput) for each i = 1,...,n;

(b) a;j > aijp15 foreachi=1,...,n—1land j=1,...,p;
Following the proof of [M2, Theorem 2.8], these conditions are equivalent to the

existence of monic polynomials Pj(u),..., Py—1(u),Q1(u),...,Qn-1(u) € Flu] such
that Q;(u) is of degree d; and
Ai(u)  Pi(u) " ui
Aipi(u)  Piu—1)  Qi(u)
for each i =1,...,n—1. Finally to get uniqueness of the P;(u)’s and @Q;(u)’s we have

to insist in addition that (P;(u),Q;(u)) =1. O

From Corollary 7.10 and (2.77), it also follows that the isomorphism classes of
irreducible SY;,(0)-modules are parametrized in the same fashion by monic polyno-
mials Py (u),..., Po_1(u), Q1(u),...,Qn-1(u) € Flu] such that Q;(u) is of degree d;
and (P;(u),Q;(u)) = 1 for each ¢ = 1,...,n — 1. In the case ¢ is the zero matrix,
each Q;(u) is of course just equal to 1, so we recover the classification from [D] of
finite dimensional irreducible representations of the Yangian of sl,, by their Drinfeld
polynomials Py(u), ..., P,_1(u); see also [M2, §2] once more.

7.3. Tensor products. Assume throughout the section that 7 = (¢1,...,¢q) is a
fixed pyramid and make a corresponding choice o = (s; ;)1<i j<n Of shift matrix. Also
set t := q; for short. For A € Col(m) with columns Ay, ..., A; read from left to right,
let

V(A):=L(A;)X--- XK L(4)). (7.1)
We will refer to the modules {V(A)|A € Col(m)} as standard modules. As we observed
already in the proof of Theorem 7.9, each V' (A) is a finite dimensional W ()-module,
and the vector my ® --- ®@my € V(A) is a highest weight vector of type equal to the
row equivalence class of A. We wish to give a sufficient condition for V(A) to be a
highest weight module generated by this highest weight vector, following an argument
due to Chari [C] in the context of quantum affine algebras. The key step is provided by
the following lemma; in its statement we work with the usual action of the symmetric
group S; on finite dimensional irreducible gl,-modules, and s1,...,s.-1 € S; denote
the basic transpositions.
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Lemma 7.11. Suppose that we are given a w-tableau A with columns A1, ..., A; from
left to right, together with1 < k <t = q andw € Sy such thatk > w1k < w™(k+1).
Letting a1, ..., ap resp. c1,...,¢q,b1,...,b, denote the entries in the (n—t+k)th resp.
the (n —t 4+ k + 1)th row of A read from left to right, assume that

(i) a; > b; for each i =1,...,p;

(ii) a; # aj for each 1 <i < j <p;

(ili) either ¢; £ aj orc; <bj foreachi=1,...,q andj=1,...,p;

(iv) none of the elements ci,...,cq lie in the same coset of F modulo Z as ay;

(v) Ay is column strict.

Then, the vector m4y ® -+ @ my ® sgywmy lies in the W(r)-submodule of L(A;) X
R L(A;—1) K L(A;) generated by the vector my ® -+ @ m4 @ wmy..

Since this is technical, let us postpone the proof until the end of the section and
explain the applications. For the first one, recall from §4.1 the definition of the set
Std(m) of standard m-tableaux in the case that 7 is left-justified.

Theorem 7.12. Assume that the pyramid w is left-justified and let A € Std(w).
Then the W (m)-module V(A) is a highest weight module generated by the highest
weight vector my ® - - @ m..

Proof.  Let Ai,...,A; denote the columns of A from left to right, and set M :=
L(A))X---RL(A;—1), L := L(A;) for short. By induction on [, M is a highest weight
module generated by the vector m4 ® - -+ ® m4. Fix the following choice of reduced
expression for the longest element wy of the symmetric group S;:

wo = Sj, -+ 8, where (i1,...,49,) =t -1t -2t —1;...52,...,t—1;1,...,t —1).

Forr=0,...,hlet m, :==s;.---s;;my € L. Note by the choice of reduced expression
that 4,41 > i - 80, (Gr41) < Siy -+ S, (ir41 + 1). So, taking w = s;,.---s;, and
k = i,4q for somer =0,...,h—1, the hypotheses of Lemma 7.11 are satisfied. Hence

the lemma implies that the vector my ® - - - ®m4 ®m,4 lies in the W (m)-submodule
of M X L generated by the vector my ® --- ® m4 ® m,. Since this is true for all
r=20,...,h—1 and my = wogm4, this shows that the vector m; ® --- @ m4 @ wom
lies in the W (m)-submodule of M K L generated by the highest weight vector m4 ®
e @my @my.

Now to complete the proof we show that M K L is generated as a W (m)-module by
the vector my ® - - - @ m4 ® wom. Let My denote the span of all weight spaces of M
of weight A — (¢j, —€j,41) — -+ — (g5, —€j,+1) for 1 < ji,...,jq < n, where X is the
weight of the highest weight vector my ® - -- @ my of M. We will prove by induction
on d > 0 that My ® L is contained in the W (r)-submodule of M X L generated by
the vector (my ® -+ ®@ m4) @ womy. Note to start with for any vector y € L and
1 <4 <t that

BV (my @ @ma)®y) = (my @ @ my) @ (erie19)-

Since L is generated as a gl,-module by the lowest weight vector wgm. this is enough
to verify the base case. Now for the induction step we know already that M is
a highest weight module, hence it suffices to show that every vector of the form
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(Fi(r)x) Ry forl1 <i<n,r>0,z€ Myg_1 and y € L lies in the W (r)-submodule of
M X L generated by My_1 ® L. But for this we have that

FZ-(T) (x®y) = (Fi(r)x) ®y (mod My, ® L)
by Theorem 2.5(iii). O

For the second application, we return to an arbitrary pyramid = = (qi,...,q).
The following theorem reduces the problem of computing the characters of all finite
dimensional irreducible W (7)-modules to that of computing the characters just of the
modules L(A) where all entries of A lie in the same coset of F modulo Z. Twisting
moreover with the automorphism 7, from (3.28) using Lemma 3.1 one can reduce
further to the case that all entries of A actually lie in Z itself, i.e. A € Domg(7).

Theorem 7.13. Suppose m = «’ @ " for pyramids ©' and ©". Pick A" € Dom(7")
and A" € Dom(7n") such that no entry of A’ lies in the same coset of F modulo Z
as an entry of A”. Then the W (m)-module L(A") ) L(A") is irreducible with highest
weight vector m4y @ m..

Proof. By character considerations, we may assume for the proof that the pyramid
7’ is right-justified of level I’ and the pyramid 7" is left-justified of level {”. Pick
a standard 7”-tableau representing A” and let Ayiq, Apyo,..., A; be its columns
read from left to right. We claim that L(A") X L(Ay,1) X --- X L(A4;) is a highest
weight module generated by the highest weight vector my ® my ® -+ ® m4. The
theorem follows from this claim as follows. By Theorem 7.12, L(A”) is a quotient
of L(Ays1) X --- K L(A;). Hence we get from the claim that L(A") K L(A") is a
highest weight module generated by the highest weight vector m4 ® m.. Similarly
sois L(A")" X L(A’)", hence on twisting with 7 we see that m ® m is actually the
unique (up to scalars) highest weight vector in L(A") X L(A”). Thus L(A") X L(A")
is irreducible.

To prove the claim, fix the same reduced expression wg = s;, -- - s;, for the longest
element of S; as in the proof of Theorem 7.12. Let m, := s;, - s;;m4+ € L(A;). We
will actually show that m,4; lies in the W (m)-submodule of L(A") K L(Ay4q1)X--- X
L(A;) generated by the vector my ® my ® -+ ® mqy @ m, for each r =0,...,h — 1.
Given this, it follows that m4 @ my ® - - - ® m4 @ womy- lies in the W (7r)-submodule
generated by the highest weight vector. Since we already know by induction that
L(A)XL(Apy1)X---KL(A;_1) is highest weight, the argument can then be completed
in the same way as in last paragraph of the proof of Theorem 7.12.

So finally fix a choice of r =0,...,h—1. Let w:=s;, ---s;, and k :=i,41. Pick a
representative for A’ so that, letting ai,...,ap resp. ci,...,¢q,b1,...,b, denote the
entries in its (n —t + k)th resp. (n —t+ k+ 1)th row read from left to right, we have
that

(i) a; > b; for each i = 1,...,p;
(ii) a; # a;j for each 1 <i < j < p;
(iii) either ¢; £ aj or ¢; < b; foreachi=1,...,gand j=1,...,p.
To see that this is possible, it is easy to arrange things so that (i) and (ii) are satisfied.
Then if p > 0 we can rearrange the (n —t+i+1)th row so that the difference a, — b, is
the smallest of all the positive integers in the set {a, —b1,...,ap,—bp,ap—c1,...,ap—
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¢q}. The condition (iii) is then automatic for j = p, and the remaining entries
Cl,...,Cq,b1,...,bp—1 can then be rearranged inductively to get (iii) in general. Let
Ay, ..., Ay denote the columns of this representative from left to right. It then follows
by Lemma 7.11 that the vector my ® -+ ® m4 ® my4q lies in the W (m)-submodule
of L(A1)X--- K L(A;_1) ® L(A;) generated by the vector m4 ® - -- @ my ® m,. Since
L(A’) is a quotient of the submodule of L(A;)X--- K L(Ay) generated by the highest
weight vector m4 & -+ - ® my., this completes the proof. O

We still need to explain the proof of Lemma 7.11. Let the notation be as in the
statement of the lemma and abbreviate (n — ¢t + k) by 4. Let «’ be the pyramid
consisting just of the ith and (i + 1)th rows of 7. The 2 x 2 submatrix ¢’ consisting
just of the ith and (i 4+ 1)th rows and columns of o gives a choice of shift matrix for
7', As in the proof of Theorem 7.9, the map ;1 from (2.66) induces an embedding
0 :Ys(o") = Y,(0). For j=1,....,1, let

2 ifn—gq; <i,
q}:: 1 ifn—gqj=1,
0 ifn-— q; > 1.
So, numbering the columns of the pyramid 7/ by 1,...,[ in the same way as in the
pyramid 7, its columns are of heights ¢}, ¢5, . . ., ¢; from left to right (including possibly
some empty columns at the left hand edge). Recall the quotient map x : Y, (o) —
W () from (3.20) and also the Miura transform p : W(r) — U(gl, ) ® --- ® U(gl,,)
from (3.30). Similarly we have the quotient map ' : Y3(o’) - W (') and the Miura
transform o' : W(r') — U(gly) ® -+ ® U(gly). For each j = 1,...,1, define an
algebra embedding ¢; : U(g[q;) — U(gly,) so that if ¢j = 2 then

€1,1 7 €q;—n+i,qj—n+i +n —qj, €1,2 7 €g;—n-+i,gj—n+i+1s

€21 7 €q;—ntit1,qj—n+i €2,2 7 €q;—ntit1,qj—n+i+1 T 1 — Gj,
and if q} = 1then e 1 — e11 +n —g; — 1. We have now defined all the maps in the
following diagram:

K/l

Ya(o!) —— W(r') 2 Ulaly)® - ® Ulgly)
gol l@l@"'@@l (7~2)
V(o) —"— W(r) —— Ulgl,) @ @ U(gly,)

This diagram definitely does not commute. So the actions of Yz(¢’) on the U(gl,, ) ®
-+ ® Ul(gly, )-module L(A;) X --- X L(A;) defined either using the homomorphism
140 K o @ or using the homomorphism ¢ ® -+ - ® ¢; 0 jp 0 k are in general different. In
the proof of the following lemma we will see that in fact the two actions coincide on
special vectors.

Lemma 7.14. The subspaces (po ko )(Ya(o'))(my @ - @my @ wmy) and (p1 ®
B o oK) (Yalo)(ms © - ®my ©wms) of (A1) B+ 8 L(Ay1) B L(4)

are equal.

Proof. For j=1,...,1—1, let m; be an element of L(A;) whose weight is equal to
the weight of the highest weight vector m, of L(A;) minus some multiple of the ith
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simple root €; — ;41 € 0. Also let m; be any element of L(A;). We claim for any
element z of Y3(o') that

(horop)(x)(mi®-- @my) = (p1® - ®prop or')(z)(m @ @my).

Clearly the lemma follows from this claim. The advantage of the claim is that it
suffices to prove it for  running over a set of generators for the algebra Y5(o’), since
the vector on the right hand side of the equation can obviously be expressed as a
linear combination of vectors of the form m} ® - -- @ m; where again the weight of m
is equal to the weight of m4 minus some multiple of ; — ;41 foreach j =1,...,1—1,

So now we proceed to prove the claim just for z = DY), Dér), EY) and Fl(r) and
all meaningful r. For each of these choices for x, explicit formulae for each of k'(x) €
W (n'") and of K o p(z) € W(r) are recorded in (3.13) and (3.20). On applying the
Miura transforms one obtains explicit formulae for (po ko ¢)(z) and for (1 ® -+ ®
@rop' or')(x) as elements of U(gl,,) ® --- ® U(gl,). By considering these formulae
directly, one observes finally that (uoko)(x) — (p1 ® - R op ork’)(x) is a linear
combination of terms of the form z; ® --- ® x; such that some z; (j =1,...,01—1)
annihilates m; by weight considerations, which proves the claim. Let us explain this

last step in detail just in the case x = Dg), all the other cases being entirely similar.
In this case, we have that

(okop—pr1@-@popor)(x)= Y (~1)FITtmrthovtnsie, ; ..q;
b

where for 1 < s,¢ < g, the notation €g, ...4g._,+s,g1++g._1+¢ here denotes 19(c-1) @
esy @ 19070 4§ 4(n — q.) € U(gl,) ® -+~ ® U(gl,), and the sum is over all 1 <
Ipyeeeslpy Jly ey Jr < 1 with

(a) row(i1) =row(j,) =i+ 1;
(b) col(iz) = col(jy) for all t =1,...,r;

c) row(ji) = row(igq) forallt =1,...,r — 1;
(d) if row(j¢) > i+ 1 then col(j;) < col(ipyy) forall t =1,...,r — 1,
) if row(j;) < then col(j¢) > col(iy41) forallt =1,...,r —1;
) row(jy) ¢ {i,i+ 1} for at least one t = 1,...,7 — 1.
Take such a monomial €;, j, ---€;, ;. Let ¢ be minimal such that there exists j; with
col(j;) = c and row(j;) ¢ {i,i + 1}, then take the maximal such ¢. Consider the
component of €, j, - - - €;, ;. in the cth tensor position. If row(j;) > i+ 1, then by the
choices of ¢ and ¢, this component is of the form ug;, j,v where row(i;) < i+1 < row(j;)
and the weight of v is some multiple of ; — £;41. Similarly if row(j;) < i then this
component is of the form ué;,_, j,,,v where row(j;41) > i > row(i;11) and the weight
of v is some multiple of €; —&;4.1. In either case, this component annihilates the vector
m. € L(A.) by weight considerations. O

Now let L; be the irreducible U (gl )-submodule of L(A;) generated by the highest
J
weight vector m. for each j = 1,...,1 — 1, embedding U(gly ) into U(gl,,) via ¢;.
J

(
(e
(f

Similarly, let L; be the U (g[q{)—submodule of L(A;) generated by the vector wm..
Recall by the hypotheses in Lemma 7.11 that the tableau A; is column strict and
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k> w (k) < w ' (k+1). It follows that the vector wm, € L; is a highest weight
vector for the action of U(gly) with e1; acting as (a +i — 1) and ez — 1 acting as
(b+1i—1), for some b < a > a,. In particular L; is also irreducible. So in our usual
notation the W(n’)-module Ly X - -- X L; is isomorphic to the tensor product

j— —1+i—1 —
L(eyrict) B B L{egi—1) B L(51 1) B R L(2 7 3T0) B L(HTY)

for some b > a < a,. Using the remaining hypotheses (i)-(iv) from Lemma 7.11,
we apply Corollaries 7.2(i) and 7.5(i), or rather the slightly stronger versions of these
corollaries described in Remarks 7.3 and 7.6, repeatedly to this tensor product working
from right to left to deduce that L; X --- X L; is actually a highest weight W (n')-
module generated by the highest weight vector m4y ® -+ ® m4 ® wm4. Hence in
particular, since sywmy € L;, we get that

my ® - @my ®@spwmy € W(r')(my @ - @wmy).
In view of Lemma 7.14, this completes the proof of Lemma 7.11.

7.4. Characters of standard modules. We wish to explain how to compute the
Gelfand-Tsetlin characters of the standard modules {V(A) | A € Col(w)} from (7.1).
In view of (6.6) it suffices just to explain how to compute the character of V(A)
when A consists just of a single column with entries a; > --- > a, read from top to
bottom, i.e. the character of the finite dimensional irreducible gl,,-module of highest
weight aje1 + (ag + 1)ea + - -+ (ap, + n — 1)g,. Choose an arbitrary scalar ¢ € F so
that a, +n —1 > ¢. Then, (a; —c,a2 +1—c¢,...,ap, +n — 1 — ¢) is a partition.
Draw its Young diagram in the usual English way and define the residue of the box
in the ith row and jth column to be (¢ + j — 7). For example, if n = 3, ¢ = 0 and
(a1,a2 + 1,a3 + 2) = (5,3,2) then the Young diagram with boxes labelled by their
residues is as follows

0[1[2][3]4]
-1]0(1
-2-1
Given a filling ¢ of the boxes of this diagram with the integers {1,...,n} we associate
the monomial

n a;+it—1—c

wt) =] [ ot,csimi € Z[2)] (7.3)
=1 =1

where t; ; denotes the entry of ¢ in the ith row and jth column and z;, and y; , are
as in (6.7)—(6.8). Then we have that

Chn V(A) = yl,cyQ,c—l . yn,c—n+1 X Z 1'(t) (74)
t

summing over all fillings ¢ of the boxes of the diagram with integers {1,...,n} such
that the entries are weakly increasing along rows from left to right and strictly
increasing down columns from top to bottom. (Slightly more generally, for any
m > n, chy, V(A) can be deduced from (7.4) by simply replacing each z;, by
Tm—n+tia and each Yo By Ym-ntiq.) For example, suppose that the entries of A
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are 1,—1,—-2,...,1 —n from top to bottom. Then V(A) is the n-dimensional natu-
ral representation V;, of gl, of highest weight €;. The possible fillings of the Young
diagram [] are [1], [2].. . ., [»] Hence

ch, V, =210+ 220+ -+ Tpnpo- (7.5)
The proof of the formula (7.4) is standard, based like the proof of Theorem 6.1 on
branching V' (A) from gl,, to gl,,_;. This time however the restriction is completely
understood by the classical branching theorem for finite dimensional representations
of gl,,, so everything is easy. The closest reference that we could find in the literature is
[NT, Lemma 2.1]; see also [GT, C1] and [FM, Lemma 4.7] (the last of these references
greatly influenced our choice of notation here).

Let us make a few further comments. By (6.9), we have that

Ti 1T 42 Tig—1 ifa>1-—1,

Yia = 1 ifa=1— i, (76)
TiaTiast Tl ifa<l—i
for each i = 1,...,n. Hence if the scalar c in (7.4) is an integer, i.e. if the representa-

tion V(A) is a rational representation of gl,,, then ch,, V(A) belongs to the subalgebra
Z[xfcj |i=1,...,n,a € Z] of Z[,@n] Moreover, the character of a rational represen-
tation of gl,, in the usual sense can be deduced from its Gelfand-Tsetlin character by
applying the algebra homomorphism

Z[ﬂfi}ﬁzl,...,n,aEZ] —>Z[xli1 li=1,...,n], =4+ ;. (7.7)

Finally, if one can choose the scalar ¢ in (7.4) to be 0, i.e. if the representation V(A)
is actually a polynomial representation of gl,, then the formula (7.4) is especially
simple since the leading monomial y1 cy2.c—1 - - Yn,c—n+1 is equal to 1. So the Gelfand-
Tsetlin character of any polynomial representation of gl,, belongs to the subalgebra
Zlzia|i=1,...,n,a € Z] of Z[P,).

7.5. Grothendieck groups. Let us at long last introduce some categories of W (7)-
modules. First, let M(7) denote the category of all finitely generated, admissible
W (m)-modules. Obviously M(7) is an abelian category closed under taking finite
direct sums. Note that the duality 7 from (5.2) defines a contravariant equivalence
M(7) — M(7t). Also, for any other pyramid 7 with the same row lengths as , the
isomorphism ¢ from (3.23) induces an isomorphism M(w) — M(7).

Lemma 7.15. Every module in the category M(m) has a composition series.

Proof. Copying the standard proof that modules in the usual category O have
composition series, it suffices to prove the lemma for the Verma module M (A), A €
Row(m). In that case it follows because all the weight spaces of M (A) are finite
dimensional, and moreover there are only finitely many irreducibles L(B) with the
same central character as M(A) by Lemma 6.13. O

Hence, the Grothendieck group [M(7)] of the category M(m) is the free abelian
group on basis {[L(A)]|A € Row(w)}. By Theorem 6.7, we have that [M(A)] = [L(A)]
plus an N-linear combination of [L(B)]’s for B < A. It follows that the Verma modules
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{[M(A)]| A € Row(m)} also form a basis for [M(7)]. By Theorem 5.9, the character
map ch,, defines an injective map

chy, : [M(T)] = Z[2,). (7.8)

Now suppose m = 7’ @ 7’/ for pyramids 7’ and 7”. Then the tensor product X induces
a multiplication

o (M) @ (M(7")] — [M(m)]. (7.9)
To see that this makes sense, the only difficulty is to see that the tensor product
M B’ M" of M' € M(n') and M"” € M(xn") is finitely generated. It suffices to
check this for Verma modules. So take A’ € Row(n’) and A” € Row(7"”). Then, by
Corollary 6.3, we have that ch, (M (A") X M(A"”)) = ch,, M(A) where A ~,, A’ @ A”.
In view of Theorem 5.9 and Lemma 7.15, this shows that M(A") X M(A”) has a
composition series, hence it is finitely generated as required. Moreover,

p([M(A)] @ [M(A")]) = [M(A)]. (7.10)

Recalling the decomposition (6.13), the category M(m) has the following block de-
composition

M(m) = P M(r,0) (7.11)

oepP

where M(m,0) is the full subcategory of M(7w) consisting of objects all of whose
composition factors are of central character 8; by convention, we set M(m,6) = 0 if
the coefficients of € are not non-negative integers summing to N. Like in (4.28), we
now restrict our attention just to modules with integral central characters: let

Mo(m) = @ M(r,0). (7.12)
0€PxCP
The Grothendieck group [Mg(7)] has the two natural basis {[M(A)] | A € Rowg(7)}
and {[L(A)] | A € Rowo(m)}.
Next recall the definition of the Uz-module S™(V7) from (4.5). This is also a free
abelian group, with two natural bases {M4 | A € Rowq(m)} and {L4 | A € Rowg(m)}.
Define an isomorphism of abelian groups

k:S™(Vs) — [Mo(m)],  Ma— [M(A)] (7.13)

for each A € Rowg(7). Under this isomorphism, the #-weight space of S™(V7) corre-
sponds to the block component [M(, #)] of [M(7)], for each 6 € P,,. Moreover, the
isomorphism is compatible with the multiplications p arising from (4.10) and (7.9) in
the sense that for every decomposition m = 7’ ® 7" the following diagram commutes:

S™(Va) @ S™ (V) —H— 57(Vy)
ot | Jo an
[Mo(")] @ [Mo(7")] - [Mo(m)]

Now we can formulate the following conjecture, which may be viewed as a more
precise formulation in type A of [VD]. Note this conjecture is true if = consists of a
single column; see Theorem 4.2.



78 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Conjecture 7.16. For each A € Rowq(w), the isomorphism k : S™(Vz) — [Mo(m)]
maps the dual canonical basis element L 4 to the class [L(A)] of the irreducible module
L(A). In other words, for every A, B € Rowq(m), we have that

[M(A) - L(B)] = Pagp(ayywo,d(pm)ywo (1),
notation as in (4.8).

Let us turn our attention to finite dimensional W (w)-modules. Let F(7) denote
the category of all finite dimensional W (7)-modules, a full subcategory of the cate-
gory M(m). Let Fo(r) = F(m) N Mo(w). Like in (7.11)—(7.12), we have the block
decompositions

F(r) = F(x,0), (7.15)
ocP
Fo(m)= P F(x,0). (7.16)
0EPCP
By Theorem 7.9, the Grothendieck group [F(m)] has basis {[L(A)] | A € Dom(m)}
coming from the simple modules. Hence [Fo(7)] has basis {[L(A)] | A € Domg(7)};
we will refer to these L(A) € Fo(m) as the rational irreducible representations of
W ().

Recall the subspace P7(Vyz) of S™(Vz) from §4.3. Comparing (4.12) and (7.1) and
using (7.14), it follows that the map k : S™(Vz) — [Mo(7)] maps V4 to [V(A)]. Hence
there is a well-defined map j : P™(Vz) — [Fo(m)] such that V4 +— [V(A)] for each
A € Coly(m). Moreover, the following diagram commutes:

P™(Vz) —— S™(Vz)

jl lk (7.17)
[Fo(m)] —— [Mo(m)]

where the horizontal maps are the natural inclusions.

Lemma 7.17. The map j : P™(Vz) — [Fo(m)],Va — [V (A)] is an isomorphism of
abelian groups.

Proof. Arguing with the isomorphism ¢, it suffices to prove this in the special
case that 7 is left-justified. In this case, recall from (4.3) that R(A) denotes the
row equivalence class of A € Stdo(w). By Theorem 7.12, for each A € Stdop(m) the
standard module V' (A) is a quotient of M (R(A)), hence we have that V(A) = L(R(A))
plus an N-linear combination of L(B)’s for B < A. It follows that {[V(A)]| A €
Stdo(m)} is a basis for [Fy(m)]. Since the map j : P™(Vz) — [Fo(r)] maps the basis
{Va|A € Stdyg(m)} of P™(Vz) onto this basis of [Fy()], it follows that j is indeed an

isomorphism. O

This lemma implies that {[V(A4)]| A € Stdo(7)} gives a basis for the Grothendieck
group [Fo(m)]. In particular, this means that the Gelfand-Tsetlin character of any
module in Fo(7) belongs to the subalgebra Z[zE! [i = 1,...,n,a € Z] of Z[2,), since
we know already that this is true for the standard modules. In the next lemma we
extend this “standard basis” from [Fy(m)] to all of the Grothendieck group [F(m)].
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Recall for the statement the definition of the set Std(w) from §4.1; its elements are
||-equivalence classes rather than elements of Col(m). For any A € Std(w), we define
[V(A)] € [F(m)] to be the class of the standard module parametrized by any repre-
sentative of A. This definition is independent of the choice of representative, since
if A, B € Col() satisfy A || B then we obviously have that [V (A)] = [V(B)] in the
Grothendieck group. (Actually we believe here that A || B implies V(A) = V(B) but
have been unable to prove this stronger statement except in special cases, e.g. it is
true if 7 is left-justified by Theorem 7.13.)

Lemma 7.18. The elements {[V(A)] | A € Std(w)} form a basis for [F(w)]. In
particular, the elements {[V(A)] | A € Stdo(m)} form a basis for [Fo(m)].

Proof. We have already proved the second statement about Fo(w). The first
statement follows from this and Theorem 7.13. O

8. FINITE DIMENSIONAL REPRESENTATIONS

Throughout the chapter, we fix a pyramid m = (g, ..., q) of height < n. Conjec-
ture 7.16 immediately implies that the isomorphism j : P™(Vz) — [Fo(w)] from (7.17)
maps the dual canonical basis of the polynomial representation P (V7) to the basis of
the Grothendieck group [Fo(m)] arising from irreducible modules. In this chapter, we
will give an independent proof of this statement. Hence we can in principle compute
the Gelfand-Tsetlin characters of all finite dimensional irreducible W (7)-modules.

8.1. Skryabin’s theorem. We begin by recalling the relationship between the alge-
bra W (7) and the representation theory of g. Let @), denote the generalized Gelfand-
Graev representation
Qy = U(g) ®u(m) Fy (8.1)

induced from the one dimensional m-module I, associated to x. To avoid confusion,
we will denote the element 1®1 € @ by 1,. Obviously the map U(p) — Qy,u — ul,
is a vector space isomorphism. As explained in the introduction of [BK5], W () is
naturally identified with the endomorphism algebra Ends(4)(Qy)°P, so that w € W ()
corresponds to the endomorphism of @y mapping ul, — uwl, for any u € U(g). So
Qy is a (U(g), W())-bimodule.

Let W(n) denote the category of generalized Whittaker modules of type m, that
is, the category of all g-modules on which (z — x(z)) acts locally nilpotently for all
z €m. If V€ W(r) then the subspace

VTi={veV|(x—x(x))v=0 foral z € m} = Homyg(Qy, V) (8.2)

is invariant under the action of W(w), hence ?™ is a functor from W(w) to the
category W (m)-mod of all left W (mr)-modules. Conversely, Qy®w(n? is a func-
tor from W(w)-mod to W(m). Skryabin’s theorem [Sk| asserts that the functors
™ and Qy®y(r)? are quasi-inverse equivalences between the categories W(r) and
W (mr) -mod.

Skryabin also proved that @, is a free right W (7)-module, and explained how to
write down an explicit basis. Since we want to keep track of certain additional weight
information, we must refine this basis slightly. Let ¢ denote the subalgebra of g = gl
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consisting of all diagonal matrices that centralize the nilpotent matrix e from (3.6).
So ¢ is spanned by the matrices
> ey (8.3)

1<<N
row(j)=t
for each ¢ = 1,...,n. Clearly, ¢ C W(x), so we can view any W (m)-module (for
instance, the restriction of a U(p)- or U(g)-module) as a c-module too. Since
1 -
D§ = Z €jj = Z (€5 + (7 = deol(j) = eol()+1 = =~ = @), (8-4)
1<G<N 1<G<N
row(j)=1 row(j)=i

the weight space decomposition of a W (m)-module with respect to ¢ coincides with its
usual weight space decomposition with respect to the subalgebra 9,, of W (7) spanned
by Dgl), R Dg). Now let by,...,br be a homogeneous basis for m such that b; of
degree —d; and of adc-weight —y; € ¢*. The elements [b1,e],..., b, e] are again
linearly independent, and [b;, e] is of degree (1 — d;) and of ad c-weight —v;. Hence
there exist elements ay,...,ax € p such that a; is of degree (d; — 1), of ad c-weight ~;,
and

(las; bjl, €) = (ai, [bj, e]) = 0i ;. (8.5)
We will refer to an ordered set of elements aq, ..., a; chosen in this way as a Skryabin
basis. Given such a choice, it follows from [Sk] that @, is a free right W (7)-module
on basis { (a1 — p(a1))™ - -+ (ar, — p(ag))™1y | i1,...,ix > 0}, where p is the map from
(3.11). Let

p: Q> W(r) (8.6)

denote the unique right W (m)-module homomorphism with

(01— plan) -+ (o~ plan) 1, — {
Applying the functor ? @y (r) M to p, we get induced a surjective linear map

PM : QX ®W(7r) M — M (87)

for any W (m)-module M. Note that p, hence each pyy, is actually a ¢-module homo-
morphism. In the first lemma, for any vector space M, Hom(U(m), M) denotes the
space of all linear maps from U(m) to M which annihilate (1,)" for r > 0, recalling
that I, is the two-sided ideal of U(m) generated by the elements {x — x(z) | z € m}.
We view Hom(U(m), M) as an m-module with action defined by (zf)(u) = f(uz) for
xem, ue€ U(m).

1 ifip=---=1i,=0,
0 otherwise.

Lemma 8.1. For M € W () -mod, there is a natural m-module isomorphism
om 2 Qy Aw(xy M — Hom(U(m), M)
defined by @ (v)(u) = pym(ux) for z € Qy Qw(x M and u € U(m). Moreover py is

c-equivariant for the action of ¢ on Hom(U (m), M) defined by (hf)(u) = h(f(u)) —
f([h,u]) forhec, u e Um) and f:U(m) — M.
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Proof.  The fact that ¢, is an m-module isomorphism follows from Skryabin’s proof
[Sk]. Using the additional fact that pys is c-equivariant, one checks easily that s is
c-equivariant too. O

8.2. Tensor identity. Let V be a finite dimensional g-module. Given any M €
W(m), it is clear that M ® V' (the usual tensor product of g-modules) also belongs to
the category W(m). Thus ? ® V' gives an exact functor from W(r) to W(w). Using
Skryabin’s equivalence of categories, we can transport this functor directly to the
category W (m)-mod: for a W(m)-module M, let

Me®V = ((Qwr M) V)™ (8.8)
This defines an exact functor ?® V : W (7)) -mod — W (7)-mod.

Writing V* for the dual g-module, the functor 7 ® V* is right adjoint to 7 ® V. To
write down a canonical adjunction, let vq,...,v, be a basis for V' and let fy,..., f-
be the dual basis for V*. Then, the unit of the canonical adjunction is the map
n:Id — (?®V)®V* defined on a W(rw)-module M by m — >\ (1, ®m) ®v; ® f;,
and the counit € : (?®V*)®V — Id is the restriction of the map (ul, ®m)® f®v —
f(v)uly, ® m.

The following lemma is a more precise formulation of [Ly, Theorem 4.2].

Lemma 8.2. Let V' be a finite dimensional U(g)-module on basis v1,...,v,. Define
¢y € U(g)* fromuv; =31 cij(uw)v; fori,j=1,...,r. Also fix a choice of Skryabin
basis, determining projections p and pyr as in as in (8.6)—(8.7). For any W (m)-module
M, the restriction of the map py ®@idy : (Qy @w(ry M) @V — M @V defines a
natural c-module isomorphism

XMy :M®V = MeV.

The inverse isomorphism maps m @ vj to > ., (z; ;1 ® m) @ v;, where (x;;)1<ij<r
is the invertible matriz with entries in U(p) determined uniquely by the properties

(1) p(zijly) =i 1;

(ii) pry([z, > ]) + Zczk(:v)x;” =0 for all x € m.
k=1
Proof.  Let Homy(U(m), V) denote the space of all m-module homomorphisms from
U(m) to V which annihilate some power of I,, where the left action of m on U(m)
here is by (zf)(u) = f(u(x(z) —z)) for z € m, v € U(m) and f : U(m) — V.
Evaluation at 1;(y) defines an isomorphism Homp(U(m), V) — V. Combining this
with Lemma 8.1, we get natural isomorphisms of ¢-modules

M®V = ((Qy B M) ® V)™ - (Hom(U(m), M) © V)"
4 M @ (Hom(U(m),F) @ V)™ 5 M @ Homm(U(m), V) = M ® V.

Let xmuyy : M ®V — M ®V denote the composite isomorphism.
Now assume that M = W(r), the regular W (m)-module. In this case, the inverse
image of 1 ®wv; under the isomorphism x 7,y must be of the form > ;_, (21, ®1) ®v;
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for unique elements z; ; € U(p). Moreover, computing explicitly from the definition
of the map x v, each z; ; is determined by the property that

pluwijly) = ¢ij(u’)l (8.9)
for all w € U(m), where * : U(m) — U(m) here is the antiautomorphism with z* =
x(z) — x for each x € m. Taking v = 1 in (8.9), we see that p(x;;1,) = J;;1, as
in property (i). Moreover, Y ;_,(z; 1, ® 1) ® v; is m-invariant, which is equivalent
to property (ii). Conversely, one checks that properties (i) and (ii) imply (8.9),
hence they also determine the z; ;’s uniquely. To see that the matrix (z;;)1<i j<r is
invertible, we may assume without loss of generality that the basis v1, ..., v, has the
property that zv; € Fuy + -+ Fu;_q foreachi=1,...,r and x € m, i.e. ¢;j(x) =0
for ¢« > j. But then, if one replaces z;; by d;; for all i > j, the new elements still
satisfy (8.9). Hence by uniqueness we must already have that x; ; = d; ; for i > j, i.e.
the matrix (2; j)1<i j<r is unitriangular, so it is invertible.

Finally return to general M. Property (ii) implies that Y. (z;;1, ® m) ® v;
belongs to M ® V for any m € M. By functoriality, the image of this element under
the isomorphism x s constructed in the first paragraph must equal m ® v;. By
property (i) this is also its image under the restriction of the map py; ® idy. This
shows that the isomorphism x 1 coincides with the restriction of pys®idy in general,
completing the proof. O

Corollary 8.3. For any finite dimensional g-module V', the functor 7 ® V. maps
admissible W (m)-modules to admissible W (m)-modules.

Now we can prove the following important “tensor identity”.

Theorem 8.4. Let M be any p-module and V' be a finite dimensional g-module on
basis v1,...,vr. The restriction of the map (Qy Qw ) M) @V — M @V sending
(uly®@m)®@v to um®u for eachu € U(p),m € M,v € V defines a natural isomorphism

puy MoV =S MeV

of W(m)-modules. The inverse map sends m @ vy, to Y . (z;j1y ® yjrm) @ vj,
where (;j)1<i,j<r @S the matriz defined in Lemma 8.2 and (y; j)1<ij<r is the inverse
matriz.

Proof.  The map (Qy Qwm M) @V - M@V, (zl, @ m)@v — rm @ v is a p-
module homomorphism, hence its restriction pps,v is a W (m)-module homomorphism.
To prove that p1p7y is an isomorphism, just note by Lemma 8.2 that there is a well-
defined map M @ V. — M ® V,m ® v, — >0 (w51 ® yjpm) @ v;. This is a
two-sided inverse to xp,v. O

We should also make some comments about associativity of ®. Suppose that we
are given another finite dimensional g-module V’. For any W (r)-module M, the
restriction of the linear map

(Qx @w(m) (Qx Bwm) M) @ V)@V — (Qy w(m M)V V/,
(U1, ® (uly ® m) ®v)) @V — (v ((uly @ m) @v)) @'
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defines a natural isomorphism
ay:MeV)eV - Me® VeV (8.10)

of W (m)-modules. If M is actually a p-module, it is straightforward to check that the
following diagram commutes:

MeV)eV M. Me(VeV)
idg, ®,U«]W,V®idvll l“M,V@V’ (8.11)
MoV)eV —— MoVaV
OVENA
Finally, given a third finite dimensional module V", the following diagram commutes:
(MeV)eV)eV") 25 (MeV)e (V' e V")
idg, ®aM®iqul laM (8.12)
MeVeV)eV" — Mo VeV oV
8.3. Translation functors. In this section we extend the definition of the transla-

tion functors e;, f; on the category Op(7) from §4.4 to the category My(w) from §7.5.
We begin by defining an endomorphism

r?T®VN =7®Vy (8.13)

of the functor ? ® Vy : W(r)-mod — W (m)-mod. On a W (mr)-module M, z) is the
endomorphism of M ® Vi = ((Qy ®w(r) M) @ Vy)™ defined by left multiplication by

Q= ZZNj:l eij®eji € U(g)®U(g). Here, we treat the g-module Q, ®yy () M as the

first tensor position and Vv as the second, so Q((ul,®m)®v) means ijzl(emulxéé

m) ® e;v. Next, we define an endomorphism
s:(?T®@Vy)®Vy — (T®Vy)® Vy (8.14)

of the functor (? ® Vi) ® Vy : W(r)-mod — W (r)-mod. For the definition, we
use the isomorphism a : (?® V) ® Vy =7 ® (Vy ® Vi) from (8.10). Then, s is the
composite a~tosoa, where 5 is the endomorphism of the functor ?® (Vy ® V) defined
by letting 83/ be the endomorphism of M ® (Vv @ Vy) = ((Qy @w(x) M) @ VN @ VN)™
defined by left multiplication by Q23] ie. Q acting on the second and third tensor
positions so Q23((ul, ® m) ® v ® v') means Zgjzl (uly @ m) ® e; v @ ej v =
(uly ®m)®@v'®v. Actually these definitions are just the natural translations through
Skryabin’s equivalence of categories of the endomorphisms z and s from §4.4 of the
functors ? ® Viy and 7 ® Vy ® Vy on the category W(m).

More generally, suppose that we are given d > 1, and introduce the following
endomorphisms of the dth power (? ® Viy)?®: for 1 <i <dand 1 <j <d, let

i = (lrovy)"(loavy) ' 55 = (Lrevy) 7 s(lravy ) " (8.15)
There is an easier description of these endomorphisms. To formulate this, we exploit
the natural isomorphism a(~1) between the functor (?®Vy )¢ and the functor ?@Vﬁd
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defined by iterating the map a from (8.10). To be precise, set a(9) := l7@v, and then
inductively define a4~ for d > 1 by picking 1 < k < d — 1 and letting

([@=1) .= g o (a4~ Dgk=1), (8.16)
where a here is the isomorphism a : (?@Vﬁ(d_k))o(?(@V]{‘?k) —>?®(V]§k®V]§(d_k)) from
(8.10). By the commutativity of the diagram (8.12), this definition is independent of
the particular choice of k. Now for 1 <i < d and 1 < j < d, let Z; and 5; denote the
endomorphisms of the functor 7 ® ng defined by left multiplication by the elements
S Qi and QUH1LIH2] ] respectively, notation as above. Then, we have that

x; = (a(d_l))f1 oZjoald), 5 = (a(d_l))fl 035j0 a1, (8.17)

Using this alternate description, the following identities are straightforward to check:

a

TiT; = T4, (8.18)
SiTi = X118 — 1, (8.19)

57 =1, (8.20)

5185 = 8;S; if i — j| > 1, (8.21)
8iSi115i = 8i1158iSi11- (8.22)

These commutation relations, which are the defining relations of the degenerate affine
Hecke algebra Hy as in [CR], can also be deduced directly from (4.35)—(4.37) using
Skryabin’s equivalence of categories.

Let us next bring the adjoint functor ?® V} into the picture. Actually, we want at
the same time to restrict our attention just to the subcategory My(m) of W () -mod,
but we do not yet know that the functors ? ® Viy and 7 ® Vy; leave this subcategory
invariant.

Lemma 8.5. For A € Row(7), we have that
(i) chp(M(A) ® Vi) = > gch, M(B) summing over all B obtained from A by
adding 1 to one of its entries;
(ii) chp(M(A) ® Vy) = > pgchy, M(B) summing over all B obtained from A by
subtracting 1 from one of its entries.

Proof. (i) It follows by Corollary 8.3 that M (A)® Vi is admissible, hence it makes
sense to consider its Gelfand-Tsetlin character. In view of Corollary 6.3, Theorem 5.9
and exactness of the functor 7 ® V, we can replace M (A) by M(A;)X--- K M(4,),
where A; ® - - - ® A; is some representative for A. But this is just the restriction from
U(p) to W (m) of the inflation, M say, of a Verma module over the Levi subalgebra b.
By Theorem 8.4, we have that M ® Vy = M ® Vx as W(7)-modules. Now observe
that Viy has a filtration as a p-module with factors Vg,,...,V, being the natural
modules of the blocks gl ,...,ql, of h. Hence M ® Vy has a filtration with factors
M ® V,,. Now apply Lemma 4.3 to each of these factors in turn, to deduce that the
Gelfand-Tsetlin character of M(A) ® Vy is equal to

I
DO chy(M(A) K- R’ M (A1) R M (B;) B M(Aip1) K-+ R M(A)),
i=1 B
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where the second sum is over all B; obtained from the column tableau A; by adding
1 to one of its entries. Now we are done on applying Corollary 6.3 once more.
(ii) Similar. O

Corollary 8.6. The functors ?® Vi and 7 ® V3, map objects in Mo(m) to objects in
Mo(m).

Proof. 1t suffices to check that M(A) ® Vi and M(A) ® V3 belong to Mq(n), for
each A € Rowg(m). We have already observed that M(A) ® Vy is admissible. By
Lemma 8.5(i) and Theorem 5.9, it has a composition series and all of its composition

factors are of integral central character. Hence it belongs to My(w). Similarly so
does M(A)®Vy. 0O

For 6 € Py, let pry : Mo(w) — M(m,0) be the projection functor along the
decomposition (7.12). Explicitly, for a module M € My(w), we have that prg(M)
is the summand of M defined by (6.11), or pry(M) = 0 if the coefficients of 6 are
not non-negative integers summing to N. In view of Corollary 8.6, it makes sense to
define exact functors e;, f; : Mo(m) — Mo(m) by setting

e = EB PTo4(c;—e41) © (7 ® Vi) 0 pry, (8.23)
e Py

fi= @ Py (s—e,4,) © (7 ® Viv) 0 pry. (8.24)
0€ Py

Note e; is right adjoint to f;, indeed, the canonical adjunction fixed earlier between
?® Vy and 7 ® Vy; induces a canonical adjunction between f; and e;. Similarly, f; is
also right adjoint to e;. Moreover, applying Lemma 8.5 and taking blocks, we see for
A € Rowg(7) and i € Z that

e:M(4)] = ST[M(B) (8.25)
B
summing over all B obtained from A by replacing an entry equal to (i + 1) by an 4,

and
[fiM(A)] =) [M(B)] (8.26)
B
summing over all B obtained from A by replacing an entry equal to ¢ by an (i + 1);
cf. (4.32)—(4.33). Hence if we identify the Grothendieck group [My(w)] with the
Uz-module S™(V7) via the isomorphism (7.13), the maps on the Grothendieck group
induced by the exact functors e;, f; coincide with the action of e;, f; € Uy.

Lemma 8.7. For M € My(w), fiM coincides with the generalized i-eigenspace of
TN € EndW(,r)(M ® VN)

Proof. It suffices to check this on a Verma module M (A) for A € Rowg(m). Say the
entries of A in some order are ay,...,ay and let B be obtained from A by replacing
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the entry a; by a; + 1, for some 1 <t < N. Recall the elements

N
ZJ(\}) = Z(em - N + i),
i=1
2 . .
Z¢ =3 ((eii = N +i)(ejj — N +3) — eijeja)
1<J

of Z(U(g)) from (3.41). For any g-module M, the operator 2 acts on M ® Vi in the
same way as A(Z](\?)) — Z](\?) ®1 - Z](\;) ® 1. Also by Lemma 6.13, w(Z](\})) acts on
M(A) as 3N a, and w(ZJ(\?)) acts as ), _, aras. It follows that x;(4) stabilizes any
W (m)-submodule of M(A) ® Vi, and it acts on any irreducible subquotient having
the same central character as L(B) by scalar multiplication by

N
at = Z(ar + 5r,t)(as + 5s,t) - Z arQs — Z Q.
r=1

r<s r<s =
Since M(A) ® Vv = @,z fiM(A) and all irreducible subquotients of f;M(A) have
the same central character as L(B) for some B obtained from A by replacing an entry
i by an (i + 1), this identifies f; M (A) as the generalized i-eigenspace of zp(4). O

As in [CR, §7.4], this lemma together with the relations (8.18)—(8.22) imply that
the endomorphisms x and s restrict to well-defined endomorphisms also denoted x
and s of the functors f; and f?, respectively. Moreover, the identities (4.35)—(4.37)
also hold in this setting. This means that the category My(m) equipped with the
adjoint pair of functors (f;,e;) and the endomorphisms = € End(f;) and s € End(f?)
is an slp-categorification in the sense of [CR], for all i € Z. So we can appeal to all
the general results developed in [CR] in our study of the category My().

Theorem 8.8. Let A € Rowg(m) and i € Z.

(i) Define €i(A) to be the mazimal integer k > 0 such that (e;)*L(A) # 0.
Assuming €;(A) > 0, e;L(A) has irreducible socle and cosocle isomorphic
to L(€,(A)) for some é;(A) € Rowo(m) with €;(é;(A)) = €,(A) — 1. The
multiplicity of L(€;(A)) as a composition factor of e;L(A) is equal to €;(A),
and all other composition factors are of the form L(B) for B € Rowq(m) with
el(B) < el(A) — 1.

(ii) Define ¢.(A) to be the mazimal integer k > 0 such that (f;)*L(A) # 0.
Assuming ¢}(A) > 0, fiL(A) has irreducible socle and cosocle isomorphic
to L(fl(A)) for some fl/(A) € Rowo(n) with ©i(f/(A)) = ¢i(A) — 1. The
multiplicity of L(f/(A)) as a composition factor of fiL(A) is equal to ¢'(A),
and all other composition factors are of the form L(B) for B € Rowg(m) with
¢i(B) < ¢i(4) — 1.

Proof.  This follows from [CR, Lemma 4.3] and [CR, Proposition 5.23], as in the
first paragraph of the proof of Theorem 4.4. 0O
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Remark 8.9. This theorem gives a representation theoretic definition of a crystal
structure (Rowo(n), &), f/, €}, ¢}, 0) on the set Rowg(m). In §4.3, we gave a combi-
natorial definition of another crystal structure (Rowq (), é;, fi &, 04, 0) on the same
underlying set. If Conjecture 7.16 is true, then it follows by (4.22)—(4.23) (as in the
proof of Theorem 4.4) that these two crystal structures are in fact equal, that is,
el(A) = gi(A), pi(A) = pi(A),&(A) = &(A) and f!(A) = fi(A) for all A € Rowg(n).
Even without Conjecture 7.16, one can show using [CR, Lemma 4.3] and [BK, §4]
that the two crystals (Rowo(7), &, f1,€l, ¢%,0) and (Rowo(r), &, fi, i, i, 0) are at
least isomorphic. However, there is a labelling problem here: without invoking Con-
jecture 7.16 we do not know how to prove that the identity map on the underlying set
Rowg () is an isomorphism between the two crystals. An analogous labelling problem

arises in a number of other situations; compare for example [BK2] and [BK3].

8.4. Characters of finite dimensional irreducible representations. Following
Kostant [Ko2] and Lynch [Ly], we now consider the following important functor from
g-modules to W (m)-modules: for a g-module M, let

D(M) := (M*)™, (8.27)

the space of all generalized Whittaker vectors in the full dual space M* (viewed as
a g-module in the standard way). Making the obvious definition on morphisms, this
defines a contravariant functor D : g-mod — W(w)-mod. The first lemma can be
found already in Lynch’s thesis [Ly, Lemma 4.6]; Lynch attributes it to N. Wallach.

Lemma 8.10. The functor D sends short exact sequences of g-modules that are
finitely generated over m to short exact sequences of finite dimensional W (m)-modules.

Proof.  Note first for any g-module M that is finitely generated over m that
D(M) = Homu(Fy, M™) = Hompn(M,F_,),

which is finite dimensional. Now consider instead the functor D : g-mod — W(m)
mapping an object M to the largest submodule of M* that lies in the category W(m).
The functor D is the composite of D and Skryabin’s equivalence of categories ?™. So
to complete the proof of the lemma, it is enough to show that the functor D is exact
on short exact sequences of g-modules that are finitely generated over m. Well, for
a g-module M that is finitely generated over m, there are natural isomorphisms of
vector spaces

D(M) = lim Homuy (U (m) /15, M*)
= lim Hom (M, (U (m)/1})*) = Homey (M, lim((U(m)/1})")),

where the last isomorphism here depends on the finite generation of M to see that the
direct limit stabilizes after finitely many terms. Now we observe that lim((U(m)/I)*)
is the set of all f € U(m)* such that f(I}) = 0 for r > 0, with m-action given by
(zf)(u) = —f(zu) for x € m, w € U(m) and f : U(m) — F. This is isomorphic to
the set of all f € U(m)* such that f(IZ,) = 0 for r > 0, with m-action given instead
by (zf)(u) = f(uz). Hence by [Sk, Assertion 2], we get that lim((U(m)/I})*) is an
injective m-module. The desired exactness follows. O
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Recall the definition of the parabolic category O(w) from the end of §4.4. By the
PBW theorem, the parabolic Verma modules in O(r) are finitely generated over m,
hence so are the simple modules. Since every object in O(w) is of finite length, it
follows that all M € O(m) are finitely generated over m. Hence the functor D restricts
to a well-defined exact contravariant functor

D:O(r) — F(m), (8.28)

where F () is the category of all finite dimensional W (m)-modules as in §7.5. The
next two lemmas give some further properties of this functor D.

Lemma 8.11. For any p-module M, there is a natural isomorphism of W (m)-modules
between D(U(g) ®u(p) M) and the restriction of the dual p-module M* from U(p) to
W (r).

Proof. We have that
D(U(g) ®U(p) M) = Homm(FX, (U(g) ®U(p) M)*) = Homm(U(g) ®U(p) M, F—X)
= Homp(U(m) ® M,F_,) = Hom(M,F) = M*.

It just remains to check that the action of W () corresponds under these isomorphisms
to the restriction of the usual U(p)-action on the dual space M*. 0O

Lemma 8.12. For a g-module M and a finite dimensional g-module V', there is a
natural isomorphism of W (w)-modules between D(M & V*) and D(M) ® V

Proof. ~ We obviously have that (M ® V*)* =2 M* ® V. Hence, D(M ® V*) =
(M*®@V)™. We can replace M* here by its largest submodule belonging to the cate-
gory W(m), which by Skryabin’s equivalence of categories is isomorphic to Qy @y (r)
((M*)™). Hence, D(M @ V*) = ((Qy @w ) D(M))@V)"=DM)®V. O

We are ready to categorify the linear map F : A" (Vz) — S™(Vz) from (4.11).
Letting 7* denote the transpose pyramid (g, ..., q1), define an exact functor

v :O(m) — O(xh) (8.29)

mapping a module M to the same vector space but with new action defined by the
twist 2 - m := —(w, 'aw,)im, for z € g and m € M. Here, w, is the permutation
matrix defined in §3.5. Also recall the duality 7 from (5.2), which gives us an exact
contravariant functor 7 : F(r') — F(m). Let D : O(x') — F(r') be the exact
contravariant functor from (8.28) with 7 replaced by 7!, and consider the composite
functor

F:=10Do~vy:0(r) — F(n). (8.30)
This is an exact covariant functor. In the next lemma, we adapt Lemma 8.11 to this
functor F. For the statement, recall the definitions of the 1-dimensional p-modules
F, from (3.11) and F; from (3.25).

Lemma 8.13. For any finite dimensional p-module M, there is a natural isomor-
phism of W (m)-modules between F'(U(g) @y (py (Fz @ M)) and the restriction of the
p-module F, ® M from U(p) to W ().
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Proof.  Let v : U(g) — U(g) be the automorphism sending z + —(w; 2w, )" and

let S : U(g) — U(g) be the antiautomorphism sending = +— —z, for each z € g.
Recall that 7 : W(m) — W(x!) is the restriction of the map 7 : U(p) — U(p") from
(3.26). The composite Soyo71 : U(p) — U(p) maps x € p to x + (p — p)(z). By
Lemma 8.11 and the definition of F', F(U(g) ®(y) (F; ® M)) is naturally isomorphic
to F; ® M viewed as a W (m)-module with action - m = (S o~ o7)(z)m for each
x € W(r),m € F;® M. This is the restriction of the U(p)-module F, ® M. O

Corollary 8.14. For A € Col(n), we have that F(N(A)) = V(A).

Proof.  This is immediate from Lemma 8.13 and the definitions of N(A) and V(A)
from (4.38) and (7.1). O

For a while now, we will restrict our attention to integral central characters. Note
Corollary 8.14 implies that the functor F restricts to a well-defined exact functor

F: Og(m) — Fo(nm). (8.31)

We also write F': [Op(7)] — [Fo(n)] for the induced map at the level of Grothendieck
groups. Recall also the isomorphism i : A" (Vz) — [Oo(7)], Na — [N(A)] from the
proof of Theorem 4.5, and the isomorphisms j : P™(Vz) — [Fo(nm)], Va — [V (A)] and
k:S™(Vz) — [Mo(m)],Ma — [M(A)] from (7.17). We observe that the following

diagram commutes:

l lj lk (8.32)

where the top F' is the map from (4.11) and the two unnamed maps are the natural
inclusions. To see this, we already checked in (7.17) that the right hand square
commutes, and Corollary 8.14 is exactly what is needed to check that the left hand
square does too.

Lemma 8.15. There are isomorphisms of functors Foe; = el oF and Fo f; = floF,
where €] :=Toe;oT and f] :=To fioT.

Proof.  For M € Ogy(w), there are natural isomorphisms v(M ® V) = (M) ®
v(Vn) = (M) ® V. Hence applying Lemma 8.12, there is an isomorphism of
functors Dovyo (7@ Vy) = (?®Vx)oDo~y. Equivalently, Fo(?®@Vy) = (7T®Vy) o F.
The lemma for f; follows because in view of Corollary 8.14 we already know that both
functors map O(w,0) to F(m,0) for each 0§ € P,. The proof for e; is similar. O

Remark 8.16. With substantially more work, one can show that the functors e; and
fi commute with 7, i.e. €] = e; and f| = f; in the notation of this lemma. In fact,
the functor F' is a morphism of sly-categorifications in the sense of [CR]|. We will not
need these stronger statements here.

Now we are ready to invoke Theorem 4.5, or rather, to invoke the Kazhdan-Lusztig
conjecture, since Theorem 4.5 was a direct consequence of it. For the statement of the
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following theorem, recall the definition of the bijection R : Stdg(7) — Domg(7) from
§4.3; in the case that 7 is left-justified the rectification R(A) of a standard m-tableau
A simply means its row equivalence class.

Theorem 8.17. For A € Coly(m), we have that

~ | L(R(A)) if A is standard,
F(K(4)) = { 0 otherwise.

Proof.  Note that it suffices to prove the theorem in the special case that 7 is left-
justified. Indeed, in view of Theorem 4.5, the properties of the map F : A\"(Vz) —
P™(Vz) and the commutativity of the left hand square in (8.32), the theorem follows
if we can show that j(L4) = [L(A)] for every A € Domg(w). This last statement is
independent of the particular choice of 7, thanks to the existence of the isomorphism
t. So assume from now on that 7 is left-justified.

Using Theorem 4.5 and the commutativity of the left hand square in (8.32) again,
we know already for A € Coly(w) that F(K(A)) # 0 if and only if A € Stdo(w). Let
Ay € Colp(m) be the ground state, with all entries on row i equal to (1 —4). Since the
crystal (Stdo(7), &, fi, €i, pi, 0) is connected, it makes sense to define the height of A €
Stdo () to be the minimal number of applications of the operators &;, f; (i € Z) needed
to map A to Ar. We proceed to prove that F(K(A)) = L(R(A)) for A € Stdo(m) by
induction on height. For the base case, observe that no other elements of Coly(7) have
the same content as A,, hence N(A;) = K(A,). Similarly, V(R(Ar)) = L(R(Azr)).
Hence by Corollary 8.14, we have that F(K(A;)) = L(R(Axr)).

Now for the induction step, take B € Stdg(m) of height > 0. We can write B as
either & (A) or as f;(A), where A € Stdg(n) is of strictly smaller height. We will
assume that the first case holds, i.e. that B = ¢€;(A4), since the argument in the
second case is entirely similar. By the induction hypothesis, we know already that
F(K(A)) = L(R(A)). We need to show that F(K(B)) = L(R(B)).

Note by Corollary 8.14 that F(N(B)) = V(B), and by exactness of the functor
F, we know that F(K(B)) is a non-zero quotient of V(B). Since B € Stdy(n),
Theorem 7.12 shows that V(B) is a highest weight module of type R(B). Hence
F(K(B)) is a highest weight module of type R(B) too. Also K(B) is both a quotient
and a submodule of ¢; K(A) by Theorem 4.5. Hence by Lemma 8.15, F/(K(B)) is both
a quotient and a submodule of F'(e; K (A)) = e] L(R(A)). In particular, L(R(B)) is a
quotient of el L(R(A)) and F(K(B)) is a non-zero submodule of it.

Finally, we know by Theorem 8.8 that the socle and cosocle of e L(R(A)) are irre-
ducible and isomorphic to each other. Since we know already that L(R(B)) is a quo-
tient of e] L(R(A)), it follows that the socle of e] L(R(A)) is isomorphic to L(R(B)).
Since F(K(B)) embeds into e] L(R(A)), this means that F(K(B)) has irreducible
socle isomorphic to L(R(B)) too. But F(K(B)) is a highest weight module of type
R(B). These too statements together imply that F(K(B)) is indeed irreducible. 0O

Corollary 8.18. The isomorphism j : P™(Vz) — [Fo(m)] maps L4 to [L(A)] for each
A € Domyg(m). Hence, for A € Coly(m) and B € Stdy()

[V(A) : L(R(B))] = Z (=) A) Py)ywod(r(B))wo (1),
O A
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notation as in (4.14).

Proof.  The first statement follows from the theorem and the commutativity of the
diagram (8.32). The second two statement then follows by (4.14). O

Corollary 8.19. For A € Domy(7) and i € Z, the following properties hold:
(i) If €i(A) = 0 then e, L(A) = 0. Otherwise, e;L(A) is an indecomposable
module with irreducible socle and cosocle isomorphic to L(é;(A)).
(ii) If pi(A) = 0 then f;L(A) = 0. Otherwise, f;L(A) is an indecomposable

module with irreducible socle and cosocle isomorphic to L(fi(A)).

Proof.  Argue using (4.22)—(4.23), Theorem 8.8 and Corollary 8.18, like in the proof
of Theorem 4.4. O

Since the Gelfand-Tsetlin characters of standard modules are known, one can
now in principle compute the characters of the finite dimensional irreducible W (r)-
modules with integral central character, by inverting the unitriangular square subma-
trix ([V(A) : L(R(B))]) a,Bestdo(r) Of the decomposition matrix from Corollary 8.18.
Using Theorem 7.13 too, one can deduce from this the characters of arbitrary finite
dimensional irreducible W (m)-modules. All the other combinatorial results just for-
mulated can also be extended to arbitrary central characters in similar fashion. We
just record here the extension of Theorem 8.17 itself to arbitrary central characters.

Corollary 8.20. For A € Col(r), we have that

~ | L(R(A)) if A is standard,
F(K(A)) = { 0 otherwise.

Thus, the functor F : O(mw) — F(m) sends irreducible modules to irreducible modules
or to zero.

Proof.  This is a consequence of Corollary 8.18, Corollary 8.14, Theorem 7.13 and
[BG, Proposition 5.12]. O

The final result gives a criterion for the irreducibility of the standard module V' (A),
in the spirit of [LNT]. Note as a special case of this corollary, we recover the main
result of [M4] concerning Yangians. Following [LZ, Lemma 3.8], we say that two sets
A=A{a1,...,a,} and B = {by,...,bs} of numbers from F are separated if

(a) 7 < s and there do not exist a,c € A— B and b € B— A such that a < b < ¢;
(b) r = s and there do not exist a,c € A — B and b,d € B — A such that
a<b<c<dora>b>c>d
(c) r > s and there do not exist c € A— B and b,d € B — A such that b > ¢ > d.
Say that a m-tableau A € Col(w) is separated if the sets A; and A; of entries in the
1th and jth columns of A, respectively, are separated for each 1 <1i < j <.

Theorem 8.21. For A € Col(n), the standard module V (A) is irreducible if and only
if A is separated, in which case it is isomorphic to L(B) where B € Dom(r) is the
row equivalence class of A.

Proof.  Using Theorem 7.13, the proof reduces to the special case that A € Coly().
In that case, we apply [LZ, Theorem 1.1] and the main result of Leclerc, Nazarov and
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Thibon [LNT, Theorem 31]; see also [Cal]. These references imply that V4 is equal to
Lp for some B € Domg(7) if and only if A is separated. Actually, the references cited
only prove the g-analog of this statement, but it follows at ¢ = 1 too by the positivity
of the structure constants from [B, Remark 24]; see the argument from the proof of
[LNT, Proposition 15]. By Theorem 8.17, this shows that V(A) is irreducible if and
only if A is separated. Finally, when this happens, we must have that V(A) = L(B)
where B is the row equivalence class of A, since V' (A) always contains a highest weight
vector of that type. O
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