PARABOLIC PRESENTATIONS OF THE YANGIAN Y (gl,)

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

1. INTRODUCTION

Let Y, = Y(gl,,) denote the Yangian associated to the Lie algebra gl,, over the
ground field C; see e.g. [D1], [CP, ch.12] and [MNO]. In this article, we record
some new presentations of Y;, that are adapted to standard parabolic subalgebras. To
formulate our main result precisely, let gl, = gl, @ --- @ gl,, be a standard Levi
subalgebra of gl,,, so v = (v1,...,vy) is a tuple of positive integers summing to n.

Theorem A. The algebra 'Y, is generated by elements {Da 0o Da ; J}1<a<m 1<4,j<va,r>0

{ am}1<a<m 1<i<va,1<j<vaq 21 ond { a”}1<a<m 1<i<vai1,1<j<va,r>1 Subject only to
the relations

0
Dt(z;z'),j = 0ij, (1.1)
t r—t
ZD((l 2,pD((1;p,j) = —67‘,05i,j’ (12)
=0
(") ) T rreeio) 0 (1) (r+s—1-1)
D8 D) = b > (DUTODY,, - DO, DU, (1.3)
=0
E) " (1) +5—1—t)
[ RN E bhk —5ab Z Dasza—‘rlhj ’ (14)
r4+s—1— r+s—1—
[D((zz)jv *&z,bZDaz,p ((17;_k t(;h,j ab+IZDl(7+1,z,k b}j,_j t), (15)

1-t t + 1— t
[ érz)j’ b(shk —5ab+1ZFbr+s )Dz(wzlhg abélkZFarh; ,;;,]7 (1~6)

plrs=1=1) (r+s—1-t)
[Eaﬂw]’ Z Ea,l,k arhj Z Ea,z,k arh,,;9 ) (17)
(r+s—1—t) 7:(t) (r+s—1—t) 7:(t)
[ CL,Z,]’ Z Fa;’aks Fa hy] Z Fa;’vks Fa hv]’ (1'8)
+1 +1 ) (
[Et(zrl)j’ Eiil;%,k] [Et(;l,j )7 Efz?l sh, k] _E((zrz,anil 3q, k5h7j7 (1'9)
+1 (r)  pa(s+1) (s) (r)
[FCE;ZJ )’ Fa(—si—)l;h,k] o [Fa;ri,j’ Faj—l sh, k] 5Z kF a+1;h qFarq,]’ (110)
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B CES =0 ifb>a+lorifb=a+1andh+#j, (1.11)

[Fa(,";)]’Fb(;Sh?,k} =0 ifb>a+1lorifb=a+1 andi#k, (1.12)
it B Byp )+ 1B (BG4 By 1=0 ifla=bl=1,  (L13)
Foioio i Fop )+ (P [ Big ) =0 ifla—bl=1, (114)

for all admissible a,b, f, g, h,i,7,k,r,s,t. (By convention the index p resp. q appearing
here should be summed over 1,... v, Tesp. 1,...,Vq41.)

In the special case v = (n), this presentation is the RTT presentation of Y,, origi-
nating in the work of Faddeev, Reshetikhin andTakhtadzhyan [FRT], while if v = (1™)
the presentation is a variation on Drinfeld’s presentation from [D2] (see Remark 5.12
for the precise relationship). One reason that Drinfeld’s presentation is important is
because it allows one to define subalgebras of Y,, which play the role of the Cartan
subalgebra and Borel subalgebra in classical Lie theory. Our presentations allow us
to define standard Levi and parabolic subalgebras. In the notation of Theorem A,

let Y,, Y& and Y, denote the subalgebras of Y, generated by all the pY o ’s, the

a;t,j

E™ s or the F") ’s, respectively. Then, Y, = Y (gl,) is the standard Levi subalgebra

a;i,j a;i,j

of Y}, isomorphic to Y, ® --- ®Y,, .. The standard parabolic subalgebras Y} and Y?
of Y, are the subalgebras generated by Y,,Y," and by Y,,Y, respectively. We also
construct a PBW basis for each of these algebras. To write this down, define ele-

ments E\") - and F\") . for 1 <a<b<mand 1l <i <yl <j <y by setting

a,byi,j a,b;j,i
E((ZTC)L St = Eg?ﬂ i Fyi St = F(E j) ;, and then inductively defining
F( r) [F(l) (r) ]

(r) (r) (1)
Eab,z,j [Eab l,z,k’Eb—l;k,j]7 ab,]z . b—1;5,k> * a,b—1;k,il>

if b > a+ 1, where 1 < k < 1p_1. The relations imply that these definitions are
independent of the particular choice of k; see (6.9).

Theorem B. (i) The set of all monomials in {Da ; J}a 1,.m,1<i,j<va,r>1 taken in some
fixed order forms a basis for'Y,.
(i1) The set of all monomials in {Ea7b;i,j}1§a<b§m71§i§1/a71§j§1/b,7"21 taken in some
fized order forms a basis for Y+
(iii) The set of all monomials in {F. b”}1<a<b<m 1<i<uy,1<j<vesr>1 taken in some
fixed order forms a basis for Y,

(iv) The set of all monomials in the union of the elements listed in (i),(ii) and
(iii) taken in some fized order forms a basis for Yy,.

Theorem B implies that the natural multiplication maps Y, ® Y, @ Y;F — Y,
Y, Y, — Yti and Y, ®Y, — Y" are vector space isomorphisms. Moreover, there
are natural projections Y’i — Y, and Yb — Y, with kernels generated by all E" ) and

a; 7 ]
by all F a(g j respectively.
The rest of the article is organized as follows. To start with, §§2-3 are expository,
giving the necessary definitions and a proof of the PBW theorem for Y,. In §4, we
define Levi subalgebras. Then in §5 we give a complete proof of the equivalence of
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the RTT presentation of Y,, with Drinfeld’s presentation, filling a gap in the literature.
Note though that a proof of the analogous but harder result in the quantum affine
case can be found in work of Ding and Frenkel [DF], and the basic trick of considering
certain Gauss factorizations is the same here. The main theorems are proved in §6.
The argument involves partial Gauss factorizations, an idea already exploited by Ding
[D] to study the embedding of Ug(gl,_;) in Uy(gl,) in the quantum affine setting. The
remaining two sections are again expository in nature: in §7, we record proofs of some
known results about centers and centralizers, and in §8 we explain the relationship
between our approach and the quantum determinants which are used to define the
Drinfeld generators elsewhere in the literature.

The results of this article play a central role in [BK], where we derive generators
and relations for the finite W-algebras associated to nilpotent matrices in the general
linear Lie algebras.

Acknowledgements. The second author would like to thank Arun Ram for stimulating
conversations.

Notation. Throughout the article, we work over the ground field C. We write M,, for
the associative algebra of all n x n matrices over C, and gl,, for the corresponding Lie
algebra. The ¢j-matrix unit is denoted e; ;.

2. RTT PRESENTATION

To define the Yangian Y, = Y (gl,) we use the RTT formalism; see [ES, ch. 11] or
[FRT]. Our basic reference for this material in the case of the Yangian is [MNO, §1].
Let

R(u) =u— Z eij®eji € M, ® Mpyul (2.1)
ij=1
denote Yang’s R-matrix with parameter u. This satisfies the QYBE with spectral
parameters:
R (4 — 0) R () R () = R (0) RIS (w) R (4, — v), (2.2)

equality in M,, ® M, ® M, [u,v]. The superscripts in square brackets here and later on
indicate the embedding of a smaller tensor into a bigger tensor, inserting the identity
into all other tensor positions. Now, Y,, is defined to be the associative algebra on

generators {7“7;(’;)}197]-3“77«21 subject to certain relations. To write down these relations,
let
—~ -1
Tiglw) =D T € Yallu™]

r>0

where Tz((])) =05, and

n
T(w) = Y ey & Ty(u) € My Yallu ™). (23
ij=1
We often think of T'(u) as an n X n matrix with ij-entry 7; j(u). Now the relations are
given by the equation

R (y — ) T3 () T3 () = TR () T3] (1) RV (1 — ), (2.4)
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equality in M,, ® M, ® Y,,((u=!,v71)) (the localization of M, ® M, ® Y, [[u~t,v71]] at
the multiplicative set consisting of the non-zero elements of C[[u~t,v71]]). Equating
eij ® ep p®7-coefficients on either side of (2.4), the relations are equivalent to

(u = 0)[Tij(w), Thp(0)] = Thj(u)Ti g (v) = Th,j ()T g (). (2.5)
Swapping ¢ with h, j with k& and u with v, we get equivalently that
(v = )13 (u), The(v)] = T (0)Th,j (u) — T e (u) Thj (v). (2.6)

Yet another formulation of the relations is given by
min(r,s)—1
)= Y (T e tY) (2.7)
t=0

for every 1 < h,i,j,k <n and r,s > 0; see [MNO, Proposition 1.2].

Using (2.4), one checks that the following are (anti)automorphisms of Y;,; see [MNO,
Proposition 1.12].

(A1) (Translation) For a € C, let n, : Y;, — Y,, be the automorphism defined from

2 : T r— r— s r—S
m (T (W) = T(u+a), e na(T17) = 3055 (1) (~a) T,

(A2) (Multiplication by a power series) For f(u) € 1+u C[[u™]], let s : Y, — Y,
be the automorphism defined from ,ugg] (T(u)) = f(u)T(u), ie. ,uf(TZ(;)) =
=0 0s z; g if f(u) =2 spasu”

(A3) (Sign change) Let o : Y, — Y, be the antiautomorphism of order 2 defined
from oPN(T(u)) = T(~u), ie. o(T)) = (~1)'T}7.

(A4) (Transposition) Let 7 :Y,, — Y, be the antiautomorphism of order 2 defined
from 712(T(u)) = (T(u))? (transpose matrix), i.e. 7'(TZ(;)) = Tj(;)

(A5) (Inversion) Let w : Y,, — Y,, be the automorphism of order 2 defined from the
equation w!?(T(u)) = T(—u)~'.

The Yangian Y,, is a Hopf algebra with comultiplication A :Y,, — Y, ® Y,,, counit

¢:Y, — C and antipode S :Y,, — Y, defined from

AP(T(u)) = THA ()T (), BT () =1, ST (w)) = T(u)7",

equalities written in M, ® Y, ® Y,[[u™']], Mp[[u"!]] and M, ® Y, [[u~!]] respectively.
Note that S = woo. The involutions w and ¢ do not commute, so S is not of order
2: a precise description of S? is given in [MNO, Theorem 5.11] or Corollary 8.4 below.

Since it arises quite often, we let T”( ) =2 >0 Tl(z)u = —S(T;,(u)), so
T(u) =Y ej®Tij(u)=—T(u)". (2.8)
ij=1

To work out commutation relations between 7; j(u) and ’fh’k(v), it is useful to rewrite
the RTT presentation in the form

T3 () RV (u — ) T3 (1) = T3 () RV (u — o) T3 (). (2.9)
We record [NT, Lemma 1.1]:

Lemma 2.1. Giwven i # k and h # j, T(T) and T(,z commute for all r,s > 1.
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Proof. Compute the e; ; ® ey, p-coefficients on each side of (2.9). O

We often work with the canonical filtration
FoY, CFY, CFY, C--- (2.10)

)

on Y, defined by declaring that the generator Tl(; is of degree r for each r > 1, i.e. FyY,,

is the span of all monomials of the form Tl(lrﬁ e Tz(:;z with total degree ry + -« + 75
at most d. It is easy to see using (2.7) that the associated graded algebra grY,, is
commutative. From this one deduces by induction on d that F,;Y,, is already spanned
by the set of all monomials of total degree at most d in the elements {'—Tz’(g)}léi,jgn,rzl
taken in some fized order. In fact it is known that such ordered monomials are linearly
independent, hence the set of all monomials in the elements {Ti(;)}léi,jﬁn,rzl taken in
some fixed order gives a basis for Y,,; see [MNO, Corollary 1.23] or Corollary 3.2 below.
In other words, the associated graded algebra grY;, is the free commutative algebra on
generators {gr, ES;)}ISi,an,rzl-
There is a second important filtration which we call the loop filtration

defined by declaring that the generator TZ(;) is of degree (r — 1) for each r > 1. We
denote the associated graded algebra by gr*Y,. Let gl,[t] denote the Lie algebra
gl,, ® C[t] with basis {e; jt" }1<ij<nr>0. By the relations (2.7), there is a surjective
homomorphism U (gl,[t]) — gr"Y, mapping e; ;t" to gry Ti(gﬂ) for each 1 < 4,j <
n,r > 0. By the PBW theorem for Y,, described in the previous paragraph, this map
is actually an isomorphism, hence gr*V;, = U(gl,[t]); see also [MNO, Theorem 1.26]
where this argument is explained in more detail.

3. PBW THEOREM

In this section, we give a proof of the PBW theorem for Y,, different from the one
in [MNO]. It was inspired by the realization of the Yangian found in [BR]. Let U(gl,,)
denote the universal enveloping algebra of the Lie algebra gl,,. We have the evaluation
homomorphism

1 e ifr=1,
k1:Y, — U(g[n)7 Y-ZL(,]) = { OZJ if r>1. (31)
More generally for [ > 1, consider the homomorphism
kpi=k @@k o AW Y, — U(gl,)®, (3.2)

where A®) .Y, — Yn®l denotes the [th iterated comultiplication. We define the algebra
[s]

Y, to be the image r;(Y7,) of Y;, under this homomorphism. Writing e; i
126D @ ¢; ; @ 19079 € U(gl,)®, we have by the definition of A that

W)= 30 D enhern e (33)

1<81 < <8p <l 1<ig, -+ ,in <n.
to=i,ir=j

for the element

In particular, we see from this that K,l(TZ(;)) =0 for all r > [.
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Theorem 3.1. The set of all monomials in the elements {K,l(E(;))}lgi,jgn,rzlw.,l taken
in some fized order forms a basis for Yy, ;.

Proof. It is obvious that such monomials span Y,,;, so we just have to show that they
are linearly independent. Consider the standard filtration

FUU(g[n)®l - FlU(g[n)®l - FZU(g[n)(g)l C.--
on U(gl,)®!, so each generator e s of degree 1. The associated graded algebra

Z7j
grU(gl,)®" is the free polynomial algebra on generators :BETJ} = gr; eETJ] Let yi(’rj) =

(r) _ r
yi»rj - Z Z ng)fl]lxﬁ?l}z o xgi—]l,ir'

1<81 < <87 <L 1<ig,+ in <
io=i,ir=j

gr, /il(Ti(’;)), ie.

To complete the proof of the theorem, we show that the elements {yz(j"j)}léi,jén,rzl,.-.,l
are algebraically independent.

Let us identify gr U(gl,)®! with the coordinate algebra C[M,!] of the affine variety
M" of I-tuples (A1,...,A;) of n x n matrices, so that :UZ[TJ] is the function picking out
the ij-entry of the rth matrix A,. Let  : M X! — MX*! be the morphism defined by

(Ay,...,4) — (B1,...,B;), where B, is the rth elementary symmetric function

er(Ar,.. A= ) Ay A

1<s1<<8,<I

in the matrices A1, ..., A;. The comorphism 6* maps xy;] to yyj). So to show that the
3/@(2') are algebraically independent, we need to show that 8* is injective, i.e. that 0 is a
dominant morphism of affine varieties. For this it suffices to show that the differential
of # is surjective at some point z € M.

Pick pairwise distinct scalars ¢y, ..., ¢ € C and consider x := (¢11,, ..., ¢l,). Iden-
tifying the tangent space T, (M,*!) with the vector space M, a calculation shows that
the differential df, maps (41,...,4;) to (Bi,..., B;) where

l
B, = Zer,l(cl, vy CoyenoyC)As.
s=1

Here, e,_1(c1,...,Cs,...,¢;) denotes the (r — 1)th elementary symmetric function in
the scalars ¢y, ..., ¢ excluding cs. We just need to show this linear map is surjective,
for which it clearly suffices to consider the case n = 1. But in that case its determinant
is the Vandermonde determinant [],.,_,;(cs — ¢), so it is non-zero by the choice of
the scalars cq,...,q. O

Corollary 3.2. The set of all monomials in the elements {TZ’(;)}lgi,jgn,rzl taken in
some fized order forms a basis for Y.

Proof. We have already observed that such monomials span Y,,. The fact that they
are linearly independent follows from Theorem 3.1 by taking sufficiently large [. g

Corollary 3.3. The kernel of k; : Yy, — Yy, is the two-sided ideal of Yy, generated by

the elements {T’i(’;-)}lgﬁjgn,r>l-
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Proof. Let I denote the two-sided ideal of Y,, generated by {EE;)}lgi,jgn,r>l‘ It is
obvious that x; induces a map &; : Y,/I — Y, ;. Since Y, /I is spanned by the set

of all monomials in the elements {TZ(S) + I}i<ij<nr=1,.. taken in some fixed order,
Theorem 3.1 now implies that &; is an isomorphism. O

The first of these corollaries proves the PBW theorem for Y;,. The second corollary
shows that the algebra Y, ; is the Yangian of level | defined by Cherednik [C]. Moreover,
by Corollary 3.3, the maps x; induce an inverse system

Yn,l = Yn,2 R
of filtered algebras, where each Y, ; is filtered by the canonical filtration defined by
declaring that the generators k; (Tl(g)) are of degree r. It is easy to see using Theorem 3.1

and Corollary 3.2 that the Yangian Y, is the inverse limit @ Y., of this system taken
in the category of filtered algebras. This gives a concrete realization of the Yangian.

4. LEVI SUBALGEBRAS

Our exposition is biased towards the standard embedding Y, — Y,41 under which
Tz(;) € Y, maps to the element with the same name in Y;, ;. We warn the reader that

the element Ti(;) € Y, does not map to the element with the same name in Y;,;1! The

standard embéddings define a tower of algebras
YicYoCcYsC--- (4.1)

which will be implicit in our work from now on. Since most of the automorphisms of
the Yangian defined in §2 do not commute with the standard embeddings, we some-
times add a subscript to clarify notation; for example we write w,, : Y, — Y, for the
automorphism w if confusion seems likely.

For m > 0, we let ¢, : Y, — Y4, denote the obvious injective algebra homomor-
phism mapping TZ(;) €Y, to Tg}rzm 45 € Yian for each 1 <i4,5 < n,r > 1. Following
[NT], we define another injective algebra homomorphism vy, : Y, < Y, 4, by

Ym = Wman © ©m © Wn. (4.2)
Observe that 1, maps i(;) €Y, to ﬁgﬁlmﬂ € Yiin- So the subalgebra v, (Y},) of
Yinan is generated by the elements {ngﬂm +j}1§i7j§n77«21. Given this, the following
lemma is an immediate consequence of Lemma 2.1.

Lemma 4.1. The subalgebras Yy, and ¥ (Yy,) of Yiin centralize each other.

Let us give another description of the map 1, in terms of the quasi-determinants
of Gelfand and Retakh; see e.g. [GKLLRT, §2.2]. Suppose that A, B,C and D are
m X m, m X n, n X m and n X n matrices respectively with entries in some ring R.
Assuming that the matrix A is invertible, we define

A B 1
‘ c @ =D-CA " B. (4.3)

Then:
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Lemma 4.2. For any 1 <14,5 <n,

Tig(u) - Tlm(u) T v ()
V(T 5 (u)) = : :
Y Tos@) o Tom@® oyl

Torin (@) - Tt () [ Tomrians (W)

Proof. Let T(u) denote the matrix (T;;(u)),, ;<, with entries in Y, [[u~!]] as usual
and let T'(u) := —T'(u)~!. Also define the matrices
Au) = (E,j(u))1§i7j§ma B(u) = (Ti,j(u))1§i§m7m+1§j§m+na
C(u) = (ﬂ,j(u))m+1§i§m+n,1§j§m7 D(u) = (ﬂyj(u))m+1§i,j§m+n
with entries in Yy, [[u~!]] and let
( A(u) B(u) ) _ < A(u) B(u) )
Cu) D) ) C(u) D(u) '

By block multiplication, one checks the classical identities

Afu) = - (A(u) - B<u>D<u>—10<u>)* ,
é(u)zA u) (D(u) — C(u)A(u) " B(u)) ",
C(u) = u) (A(w) — B(w)D(u)'C(u)) ",
D(u) = ( <> Cu)A(u) " Bu)) "

Now, by its definition, the homomorphism 1/, maps T'(u) to D(u). Hence, it maps T'(v)
to —D(u)"* = D(u) — C(u)A(u)"'B(u). The lemma follows from this on computing
1j-entries. O

The description of 1, (7T} ;(u)) given by Lemma 4.2 does not depend on n. This
means that the maps v, are compatible with the standard embeddings, in the sense
that the following diagram commutes

YT — Y — Y3 —— .-

v | v | om | (4.4)

Y1 —— Yip2o —— Vg —— -+

where the horizontal maps are standard embeddings. So our notation for the maps 1,
is unambiguous as n varies. We also note that

¢m o wm/ = 1/}m+m/ (45)
for any m,m’ > 0, which is an obvious consequence of our original definition.
Now we can define the standard Levi subalgebras of Y;,. Given atuplev = (v1,..., V)
of positive integers summing to n, define Y, to be the subalgebra
Yo = Yo, (Yoo )Wu40 (Yos) - Yuneeti 1 (Yo,) (4.6)
of ,. Fora=1,.. mand1<ij<ua,welet
Do j( ZDa” 1= Yy et (Ti (1)) (4.7)

r>0
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By Lemma 4.1 and induction on m, the various “blocks” of Y}, centralize each other,
hence the map

w0®¢u1® e ®wl/1+"'+l/m71 : Ylll & Yllz K- Q Yl/m - Yl/
is an algebra isomorphism. This means that the elements {Dg;j}1§a§m,1§i,jgya¢21

generate Y, subject only to the following relations:

min(r,s)—1

) pl) (rts—1-t) (1) ®) pr+s—1-1)
[Dat s D] = 0ap D (Da:i,ks Daihj = DasinDain ) (4.8)
t=0
where DC(LOB ;= 0i;. The special case v = (17) is particularly important: Y{;n) &Y ®

-+ ®Y] is a commutative subalgebra of Y;, which plays the role of Cartan subalgebra.

5. DRINFELD PRESENTATION

Since the leading minors of the matrix T'(u) are invertible, it possesses a Gauss
factorization

T(u) = F(u)D(u)E(u) (5.1)
for unique matrices
Dy(u) 0 0
pa=| U
0 0 -+ Dp(u)
1 Eia(u) Eyn(u) 1 0 -0
) = 0 1 E?,T:L(u) Pl = F1,2:(U) 1 0
0 0 e 1 Fip(u) Fop(u) - 1

This defines power series D;(u) =}, Dgr)u_r, Eij(u) =35 Effj)u_r and F; j(u) =
D=1 Fz‘(;)“_r‘ Let Ei(u) = 32,51 Ez‘(r)“_T i= Eiit1(u) and Fi(u) = 32,54 Fz‘(r)u_r =
F; it1(u) for short. Also let Di(u) = 2 >0 ﬁzmu_T = —D;(u)~L.

In terms of quasi-determinants, we have the following more explicit descriptions; see
[GR1, Theorem 4.4] or [GR2, Theorem 2.2.6].

Tig(u) - Tii—i(u)  Tii(u)
PO r ) o T T | 2
Tig(uw) -+ Tii-a(w)  Ti (w)
(u) = D;(u)"! : : : 7 .
Bijlu) = Difw) Ticia(w) - Ticri—1(u) Tizqj(u) (5:3)

TLl(U) te T%,ifl(u) Evj (u)



10 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Tia(w) -+ Tii—i(w) Tii(uw)
Fyj(u) = 5 : : Di(uw)~". (5.4)
! Ticia(uw) -+ Ti—1i-1(w) Tiii(uw)
Tia(w) - Tjima(w) [ Tha(w)
Since Ej(l_)1 = Tj(l) 1 and F(l)1 = T](]) 1, it follows easily that
ED =B BV B = (FDLED ). (5.5)

for i +1 < j <n. Comparing (5.2)-(5.4) with Lemma 4.2 we deduce:

Lemma 5.1. For all admissible i, we have that
(1) Di(u) = ¥i—1(D1(u)) = Yi—1(T11(u));
(il) Ei(u) = ti—1(B1(u) = i1 (Tra(u) T2 (u));
(iit) Fi(u) = vim1(Fi(u)) = i1 (To1 (@) Tr1(u) ).

In particular Lemma 5.1(i) shows that the elements DET) here are the same as
the elements denoted Dyl)l from §4, so they generate the Cartan subalgebra Y(qn).

Also let Y(l"

{E,-T)}izl,...,n—l,rzl resp. {Fi(r)}izl,.‘.,nfl,rzl- In view of (5.5), all the elements EZ(Z)

) Tesp. Y(In) denote the subalgebra of Y, generated by the elements

belong to Y(Jlrn) and all the elements FZ(;) belong to Y(In) By applying the antiauto-
morphism 7 to the factorization (5.1), one checks:

T(Eij(u)) = Fij(u),  7(Fij(w) = Eij(u),  7(Di(u)) = Di(u). (5.6)
Hence, 7 fixes Y(qn) elementwise and interchanges the subalgebras Y(J{ ") and Y(ln)

Now we state the main theorem of the section. This is essentially due to Drinfeld
[D2]; see the remark at the end of the section for the precise relationship.

Theorem 5.2. The algebra Y, is generated by the elements {D;T),ﬁgr)}lgign,rzo and
{EZ(T), Fi(r)}1§i<n,r21 subject only to the following relations:

DO _1, (5.7)
Z Dz(t)ﬁzvit) — —61“,0’ (58)
t=0
(r) sy _
[D;"”, D] =0, (5.9)
r+s—1
|5 12, F(s _ Z D<t>Dﬂs -9 (5.10)
r—1 1
(D, B = (85— 6ija1) Y DIV BT, (5.11)
t=0
r—1
DO F) = (b1 — b1) 3 0D, (5.12)

T
o
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B = S EOEr 0 S SEOE,
! (rrs—1—t) +(t) zj (rrs—1—t) 1(t)
— Z:: F EY - ;FZ FY, (5.14)
(B0, BT~ 1B, B = BB, (5:19)
ET R = [E Y = —FRED, (5.16)
(BN, E =0 if li—jl > 1, (5.17)
[Fi(T),FJ(S)] -0 if i — 4] > 1, (5.18)
B B B+ B (B EV =0 ifli-jl=1, (5.19)
EOL S BN+ FO D B =0 ifli—jl =1, (5:20)
for all admissible i, j,r, s,t.

Remark 5.3. The relations (5.13) and (5.14) are equivalent to the relations
5! Jord) E(s+1)] [EI(T )7 (s)] _ E( )E(S) + E( 5) (7”) (5.21)
[F‘i(r+1)7Fi(s)] [Fz(r) F(s+1)] i(T)Fi( 5) +Fi(s)Fi(r)7 (5.22)

respectively.

In the remainder of the section, we are going to write down a proof, since we could
not find one in the literature. There are two parts to the proof: first we must show
that all these relations are satisfied in Y,,; second we must show that we have found
enough relations.

Let us begin with some reductions to the first part of the proof. We have already

noted that the elements {D T)}l Loonr>1 Commute hence the relations (5.7)—(5.9)

hold. Also by Lemma 5.1, D ) e Vi 1(Y1) and E ) e 1j—1(Y2), so Lemma 4.1 implies
that (5.11) holds if either i < jori > j+1. S1rn11ar reasoning shows that (5.10) holds if
li—j| > 1 and (5.17)—(5.18) hold always. Having made these remarks, Lemma 5.1 and
(5.6) reduces the verification of all the remaining relations to checking the following
special cases: (5.10) with ¢ = 1,j = lori = 2,j = 1; (5.11) with ¢ = 1,5 = 1
ori =27 =1; (513) with i = 1; (5.15) with i = 1; (5.19) with ¢ = 2,5 = 1 or
i=1,5=2.

Lemma 5.4. The following identities hold in YQ(( —LoTh):

(i) (u=0)[Di(u), Er(v)] = Di(u)(Er(v) — Ex(u));
(i) (u = v)[Er(u), Da(v)] = (Er(u) — Er(v )) 2(v);
(ifi) (u = v)[E1(u), F1(v)] = Di1(0)Da(v) — Di(u)Da(u);
(iv) (u—v)[Er(u), Br(v)] = (Er(v) — By (u))?.

Proof. Compute the e11 ® e12-, €12 ® e22-, €12 @ ez.1- and e 2 ® ey 2-coeflicients on
each side of (2.9) and rearrange the resulting four equations to obtain the following
identities:

(i)' (u—v)[T11(u), Tr2(v)] = T11(u)T12(v) + Tio(w)Taa(v);
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(i) (u—0)[T12(u), Top(v)] = Tra(w)Thp(v) + Tra(w)Toa(v);
(i) (v — v)[T12(u), T21(v)] = Tip(w)Tia(v) + Tr2(u) 2 (v) — T (v)T12(u) —
Ty2(0)T22(u);
(iV)/ [TLQ(U), TLQ('Z)H = 0.
We also note that

< T11(uw) Tia(u) > _ ( Dy (u) gl(U)El(U) )

Toa(u) Top(u) Fi(u)Dy(u)  Da(u) + Fi(u)Dy(u)Er(u)
and that
< Tia(v) Tia(v) ) _ ( D1(v) + E1(v) Da(v) Fy (v) —El( ) Da(v) )
T21(v) Topa(v) —Ds(v) F1(v) Dy (v) '

Substituting from these into (i)’ and using the known fact that Dj(u) commutes with
Dy(v) gives the identity
(u—©)[Di1(u), B1(0)]Da(v) = Di(u)(Er(v) — Ei(u))Da(v).
Multiplying on the right by Da(v) gives (i). The deduction of (ii) from (ii)’ is entirely
similar.
Next we deduce (iii) from (iii)’. Rewriting (i) and (ii) using 7 gives that
E1(0)Da(v) + (u = v = 1) By (1) Da(v) = (u = v) Ds(v) B (u)
Fi(u)Di(u) + (u —v —1)Fi(v)Di(u) = (u — v)Di(u)F1(v).

Also rearranging (iii)" gives

D1 (u) D1 (v) + D1 (u)(E1(v) Da(v) + (u — v — 1)1 (u) D2 (v)) Fi (v) =
Dg(u>l~)2<’l)) + ﬁg(v)(Fl(u)Dl(u) + (u -V — 1)F1 (v)Dl(u))El(u)
Now substituting the first two of these identities into the third and multiplying on the
left by Di(u)D2(v) gives (iii).
Finally we must deduce (iv). By (iv)’, we have that
D1 () E1(u) Ex (v) Da(v) = E1(0) D1 (u) D2 (v) Er (u).
Multiply both sides by (u — v)? and use (i) and (ii) to move D1 (u) to the left and
Ds(v) to the right, then cancel the leading D1 (u)’s and trailing Da(v)’s to get
(u=v)*B1(u) E1(v) = ((u = v) E1(v) — E1(v) + E1(w)) ((u — v) Bi(u) + E1(v) — E1(u)).
Hence,
(iv)" (u=v)?[E1(u), By (v)] = (EL(v) = E1(u)(E1(u) — E1(v)) + (u—v) By (v) (E1 (v) -
Er(u)) + (u—0)(Er(u) — E1(v)) E1(u).
Now subtract (v — v)[E1(u), F1(v)] from both sides of (iv)” to deduce that
(u—v)(u—v—1)[Er(u), E1(0)] = (u— v = 1)(E1(v) — E1(u))*.
Hence (iv) follows on dividing both sides by (u — v — 1). O
Lemma 5.5. The following identities hold in Y3((u=t,v™1)):
(i) [E1(u), Fa(v)] = 0;
(i) (u—w)[E1(u), E2(v)] = E1(u)E2(v) — E1(v) E2(v) — E13(u) + E13(v);
(iil) [E13(u), B2(v)] = Ea(v)[E1(u), E2(v)];



PRESENTATIONS OF THE YANGIAN 13

(iv) [E1(u), E13(v) — E1(v) B2 (v)] = —[E1(u), E2(v)] Er(u).

Proof. Arguing as in the proof of the previous lemma, we compute the ej 2 ® e32-,
e12 @ e23-, €13 ® ez3- and e 2 @ e g-coefficients of (2.9) respectively to obtain the
identities

(i) [D1(w) By (u), Ds(v) Fy(v)] = 0

(i) (u—v)[D1(u)E1(u), Ba(v) D3(v)] = Dy (u)(E1(u)Ba(v)— E1 (v) Ba(v)+ 1 3(v) —

E13(u)) D3(v); N

(i)' [D1(u)Era(u), Bo(v)Ds(v)] = 0;

(iv)" [D1(w)Ex(u), (E13(v) — E1(v)E2(v))Ds(v)] = 0.
Using commutation relations already derived, (i) and (ii) follow easily from (i)’ and
(ii)’. To prove (iii), we need one more identity. By Lemma 5.4(ii), we know that

(u—0)[D3(v), Ea(u)] = (B2(v) — Ea(u)) Ds(v).
Considering u®-coefficients gives [Ds(v), Eél)] = Ey(v)D3(v). Hence, recalling (5.5),

[E13(u), D3 ()] = [[Ba(u), B5"], Da(w)] = (B (), [B5", Ds ()]
= —[Ex(u), B2(v) D3(v)] = —[E1(u), Ba(v)] D ().
Now take (iii)’, cancel the leading Dj(u) and then simplify to get
[E13(w), Ea(v) Ds(v)] = [Ey3(w), Ba(v)] D3(v) + Ea(v)[Ey 3(u), Ds(v)]
= ([B13(u), Ba(v)] = B2(v)[B1(w), B2(v)]) Ds(v) =
This proves (iii). For (iv), note to start with by considering the u°-coefficients of (ii)
that [E\", Ey(v)] = E15(v) — Ey(v)Es(v). Lemma 5.4(i) implies that [Dy(u), EY] =
D1 (u)Eq(u). Now compute:
[D1(w), Bya(v) = By(0)Ba(v)] = [Di(w), B}, Ba(0)] = [[D1(w), E}], Ea(w)]
= [D1(u)Er(u), Ex(v)] = Di(u)[Er(u), E2(v)].
Using this identity to rewrite (iv)’ we get
[D1(u)E1(u), By 3(v) — E1(v)Ea(v)] = Di(u)[Er(u), Ex(v)]E1(u)
+ D (u) [El(u), E1,3(v) — El(U)EQ(U)] =0.
Now (iv) follows on cancelling D1 (u). O

Lemma 5.6. The following relations hold:

(i) [[E1(w), Ex(v)], Ba(v)] = 0;
(i) [E1(w), [E1(u), Bs(v)]] = 0.
)

Proof. (i) Compute using Lemma 5.5(ii) and (iii):
(u = 0)[[E1(u), B2 (v)], B2(v)] = [E1(u) Ea(v) — E1(v) Ea(v) — Evz(u) + E3(v), Ex(v)]
= [E1(u), E5(v)] E2(v) = [Ex(v), Ea(v)]E2(v)
+ E2(v)[E1(v), Ex(v)] = E2(v)[Ex(u), Ba(v)]
= [[Er(u), Ex(v)], Eo(v)] — [[Ex(v), E2(v)], Ea(v)].
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We conclude that (v —v —1)[[E1(u), E2(v)], E2(v)] = —[[E1(v), E2(v)], E2(v)]. Now let
u = v+ 1 to deduce that the right hand side equals zero, then divide by (v —v —1) to
proof the lemma.

(ii) Similar calculation using Lemma 5.5(iv) instead of (iii). O

Lemma 5.7. The following relations hold:

(i) [[Ex(u), B2(v)], E2(w)] + [[Ex (u), Bz (w)], Ea(v)] =
(i) [Eq(u), [E1(v), Ea(w)]] + [Ex1(v), [E1(u), Ea(w)]] =

Proof. (i) We show that the expression (u —v)(u —w)(v — w)[[E1 (u), Ea(v)], Ea(w)] is
symmetric in v and w. By Lemma 5.5(ii) it equals

(u—w)(v —w)[Er(u)Ea(v) — E1(v)E2(v) + E13(v) — E13(u), Ea(w)]
Using Lemmas 5.5(iii) and 5.6(i) this equals

(u = w)(v = w)[E1(u), Ey(w)]E2(v) + (v = w)(v — w)E1(u)[Ea(v), Ba(w)]
= (u—w)(v = w)[E1(v), Ey(w)]E2(v) = (u = w)(v — w) E1(v)[E2(v), B2 (w)]
+(u = w)(v — w)[Er(v), Ex(w)]Ea(w) = (u = w)(v — w)[Er(u), Ez(w)] Ea(w)
Now use Lemmas 5.5(ii) and 5.4(iv) to expand the commutators once more to get

) a
(v — w)(Er(u) Ey(w) Ez(v) — B (w

( )E2(w) E2(v) + E13(w) By (v) — Ei 3(u)Ea(v))
+ (u—w)(By (1) B (v)? = E1(u) By (v) By (w) — By (u) B2 (w) Bz (v) + Ex(u) Ey(w)?)
— (u—w)(E1(v) B2 (w) B2 (v) — Er(w)Ez(w)Ea(v) + Er3(w)E2(v) — E1,3(v)E2(v))
— (u— w)(E1(v) B2(v)? — E1(v) Ea(v) Bx(w) — E1(v) Ea(w) Ex(v) + E1(v) Ba(w)?)
+ (u — w) (E1 (v) Bz (w) B2 (w) — Er(w)Ea(w)Ea(w) + B 3(w) Ez(w) — E1,3(v)Ea(w))
—(v —w)(E1(u) B2 (w) Bz (w) — Er(w) Ea(w) Ex(w) + Ev3(w)Ea(w) — E13(u) Ea(w)).

Now open the parentheses and check that the resulting expression is symmetric in v
and w to complete the proof.

(ii) A similar calculation using Lemma 5.5(iv) instead of (iii) and Lemma 5.6(ii)
instead of (i) shows that the expression (u —v)(u — w)(v — w)[E1(u), [E1(v), E2(w)]] is
symmetric in u and v. 0

Now we can verify the remaining relations needed for the first part of the proof.
Note that
(B1(v) = By(w)/(u—v) = Y B Dyrps, (5.23)
r,s>1
Using this, divide both sides of the identity from Lemma 5.4(i) by (u —v) and equate
u~"v"%-coefficients on both sides to prove (5.11) with ¢ = 1,7 = 1. Next, multiplying
Lemma 5.4(ii) on the left and right by Ds(v) then swapping u and v gives the identity

(u—=v)[Da(u), E1(v)] = =Da(u)(Er(v) = E1(u)). (5.24)
Now argue using (5.23) again to deduce (5.11) with ¢ = 2,j = 1 from this. Similarly
one gets (5.10) with ¢« = 1,5 = 1 from Lemma 5.4(iii), (5.10) with ¢ = 2,j = 1
from Lemma 5.5(i), (5.13) with ¢ = 1 from Lemma 5.4(iv), (5.15) with ¢ = 1 from
Lemma 5.5(ii), (5.19) with ¢ = 2,j = 1 from Lemma 5.7(i) and (5.19) withi =1,j =2
from Lemma 5.7(ii).
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Now we consider the second part of the proof. Let 17” denote the algebra with

generators and relations as in the statement of Theorem 5.2. For 1 < ¢ < j < n,
define elements Ez(?an(g) €V, by the equations (5.5). Let 17(1n) resp. }A/(Jlrn) resp.
S;(In) denote the subalgebra of }7” generated by the elements {D,(T)}izl,...,n,rzl resp.
{Ei(r)}i:l,,_,,n_uzl resp. {Fi(T)}izl,..,,n—LTZL Define an ascending filtration

Lo¥{jn) € iV €
on }A’('fn) by declaring that the generator EZ-(T) is of degree (r—1), i.e. Ld}?('fn) is the span
of all monomials in these generators of total degree at most d. Let gr™ }/}(Tn) denote the

(r+1) o ort v+

associated graded algebra, and let e; ;.. := gry E (in

i )foreach1§i<j§n
and r > 0.

Lemma 5.8. For1<i<j<n,1<h<k<nandr,s>0, we have that
[ei,j;r’ eh,k;s] = 6i,k;r+86h,j - 5i,k€h,j;r+s'

Proof. By the defining relations for l/;n, we have easily that
(i) [ez‘,i—&-l;h 6j,j+1;s] =0if ’Z - J’ #1;
(i) [€iit15r+15 €5 4158 = [€it15m €5 415541 I i — 7] = 15
(ili) [€i41r, [€3i+ 1380 €554 13e]] = —[€3i4158, (€554 155 €554 1] 3 |0 = j = 1.
We also have by definition that
(iV) € jir = [ei,j_l;,«,ej_lﬂj;o] fOl“j >+ 1.
Now we consider seven cases.
(1) j < h. Obviously, [e; j.r, €n ks = 0.
(2) j = h. By (ii) and (iv), [€j—1,jirs €jj+1:s] = €j—1,j+1:r+s. Now bracket with

€j+1,j+2;05 -+ -5 €k—1,k;0 to deduce that [ejfl,j;ryej,k;s] = €j—1,kr+s- Finally
bracket with €j—2,45—-1;0y -+ €ii+1;0-

(3) i < h,j = k. Let us just show that [e] 3., €2.3.s] = 0, since the general case is
an easy consequence. Note that by (iii), [e13:r, €2,3:5] = [[€1,2:r, €2.3:0], €2.3:5] =
—[[6172;“ 6273;5], 6273;0]. By (11) this equals —[[6172;r+5, 6273;0}, 6273;0] which is zero
by (iii).

(4) i = h,j < k. Similar to (3).
(5) i=h,j=k. If j =i+ 1, we are done by (i); else,
(i jirs €igis] = [[€ij—15rs €j-1,5:0]; €ijis]
= [leij—1r €igish ej-15:0] + [€ij-1:r (€150, €iis]]
which is zero by (3) and (4).

(6) i < h < j<k. We just show [e1 3., €2.4:5] = 0. It equals

[le1,2:r, €2,3:0], [€2,3:0, €3,43]] = [e2,3:0, [[€1,2:7, €2,350], €3,4;5]]

= [e2,30, [€1,2;r, [€2,3:0, €3,456]]]

= [[62,3;Oa 61,2;r]a [62,3;07 63,4;5}]

= —[[e1,2r, €2,3:0], [€2,3,0, €3,4;5]]-

Hence it is zero.



16 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

(7) i < h,k < j. We just show [e2 3., €1.4.5] = 0. It equals [ez 3.y, [€1,3:5, €3,4:0]] =
le1,3:5, €2,4:r), which is zero by (6).

a

Lemma 5.9. The algebra EA/n 1s spanned by the set of monomials in {Dgr)}i:h_,n,rzl U

{E” , i(,;)}lﬁi<jﬁnﬂ“217 taken in some fized order so that F'’s come before D’s and D’s
come before E’s.

Proof. Using Lemma 5.8, one shows easily that the associated graded algebra gr™ (1n)

is spanned by the set of all ordered monomials in the elements {e; j.» }1<i<j<nr>0 taken
in some fixed order. Hence Y(Jlrn) itself is spanned by the corresponding monomials in

{EZ‘(?}lgi<j§n,r21- By the defining relations for )A/n, there is an antiautomorphism 7
of ?n fixing each DET) and interchanging each EZ(Z) with FZ-(;). It follows on applying 7
that the set of monomials in {F .(71-)}1<i<j<n taken in some fixed order span 17( ") while

obviously the ordered monomials in the elements {D }Z 1,..,n,r>1 Span Y(ln) Since
by the defining relations the natural multiplication map Y, (1n) ® Y(ln) ® Y(ln) — ?n is
surjective, the lemma follows. O

Now, the first part of the proof of Theorem 5.2 above implies that there is a surjective
algebra homomorphism 6 : Y, — Y, sending DET) EZ(Z), F ) ¢ Y, to the elements with
the same name in Y,,. To complete the proof of Theorem 5 2 we need to show that 0 is

an isomorphism. This follows immediately from Lemma 5.10 below, since it shows that
the images of the monomials that span Y, from Lemma 5.9 are linearly independent
in Y, itself.

Lemma 5.10. The set of monomials in {D }1 Lonr>1 U {Ezr) F( H<i<j<nr>1
taken in some fized order is linearly independent in Y.

Proof. As explained at the end of §2, we can identify the associated graded algebra
gr'Y,, with U(gl,[t]), so that grk T(T+ ) is identified with e; 4t". It is easy to see from
(5.2)—(5.4) that under this 1dent1ﬁcat10n grr D§T+ ) resp. grr. E( ") resp. grr F(T—H) is

identified with e; ;t" resp. e; jt" resp. e;;t". Hence by the PBW theorem for U(g[ [t]),
the set of all monomials in

1) 1
{gr; D; (r+1) Yie1, om0 U {gry Elr+ ),gr F (r+1 )}1<z<]<n >0
taken in some fixed order forms a basis for gr”Y,,. The lemma follows easily. O

This completes the proof of Theorem 5.2. Let us also state the following theorem
which was obtained in the course of the above proof; cf. [L].

Theorem 5.11. (i) The set of all monomials in {DZ(T)}Z-:L,._,”,Ql taken in some
fized order form a basis for Y(in).
(ii) The set of all monomials in {EZ‘(S‘)}lgi<j§n,r21 taken in some fixed order form
a basis for Y(Jlrn)
(iii) The set of all monomials in {Fé;)}lgiqgn,rﬂ taken in some fized order form

a basis for Y(In)
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(iv) The set of all monomials in {D }1 Lonr>1 U {EZ?,F M<i<j<ngr>1 taken
in some fixed order form a basis forY,.

Remark 5.12. Let us explain the relationship between the presentation given in
Theorem 5.2 and Drinfeld’s presentation from [D2], since there are some additional
shifts in u. Actually, the latter is a presentation for the subalgebra

Y (sly) = {z € Yy, | us(z) = z for all f(u) € 1+ Cllu"]};
see [MNO, Definition 2.14]. Define Hz‘,k:ffk fori=1,...,n—1and k > 0 from the

equations
g 1—1 1—1
= Z Iﬁz"ku =1 + D < B ) Di—i—l (u - 9 ) y (525)

k>0
=) &huTt = <u—l;1>, (5.26)
k>0

T (u) = Zﬁi_’ku*kfl =F (u - Z; 1) . (5.27)
k>0

One can check by equating coefficients in the identities from Lemmas 5.4, 5.5 and 5.7
that these elements generate Y (sl,) subject to the Drinfeld relations, namely:

(i ks Kj1] = 0, (5.28)

(3 ik &) = 0ijKi ks (5.29)

[ki0, €57 = iau S (5.30)

[”i7ka§;tl+1] [’iz k+1s ]l] J (ki kgjl +€]l zk) (5.31)

[3¥ k,fj,m] 6§ = ” (65857 + 66, (5.32)

i#£jN=1-a;;= Sym[ﬁi,kN [é} e Eien Gl 1= 0 (5.33)

where (a;;)1<ij<n denotes the Cartan matrix of type A,_; indexed in the standard

way and Sym denotes symmetrization with respect to ki,...,ky. For example, let us
Verify (5. 32) in the case j =i + 1 and the sign is +: applying Lemma 5.5(ii)

—0)[&" (u), &5 (v)]

() (-5 2]
E< 1_1>EH_1<U—;>—Ei<v—;>Ei+1(vf;> |
e 5 o) A ) )

_ % (& (W&l (v) + &1 ()& (w) — E; <“ - ;) Fin (U - ;>

1—1 1
— Ejito <u— 5 >+Em'+2 <v—2>-
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Now equate u~*~1v~"1_coefficients on both sides to get

1
+ + + ot _ + ot + et
(Ehorss Eadl = (650 i) = 5 (606500 + Eh1ish)

as required. (Beware: the relations (5.28)—(5.33) are actually not exactly the same
as the relations in [D2] — one needs to swap §i+k and §; . and replace k;j with —k;
to get those. The reason for the difference is that we have chosen to work with the
opposite presentation to Drinfeld throughout.)

6. PARABOLIC SUBALGEBRAS

Now we are ready to prove Theorems A and B stated in the introduction. Fix
throughout the section a tuple v = (vy,..., vy, ) of non-negative integers summing to
n. Note there is going to be some overlap between the notation here and that of
the previous section, which is the special case v = (1") of the present definitions.
When necessary, we will add an additional superscript v to our notation to avoid any
ambiguity as v varies. Factor the n x n matrix T'(u) as

T(u) = F(u)D(u)E(u) (6.1)
for unique block matrices
D1 (u) 0 0
0 Do(u 0
D) = 2‘( ) |
0 0 <+« Dp(u)
I, Eiz(u) -+ Ein(u) I, 0 N (]
0 1, R N ) Fio(u 1, e 0
pw=| 0T B gy o | T e 0
0 0 e I, Fim(u) Fom(u) -+ 1,

where Do(u) = (Dasij()i<ij<va, Fap(u) = (Eapij(t))i<icve1<j<u, and Fop(u) =
(Fapsi i (U))1<i<iy,1<j<v, Y€ Vg X Vg, Vg X 1} and v, X 1, matrices, respectively. Also
define the v, X v, matrix Dy(u) = (Dayi;j(w))1<ij<ve by Da(u) := —Dg4(u)~!. The
entries of these matrices define power series Dy j(u) = 3,5 Dg%ju”", Dg;ij(u) =
> >0 Dc(;z'),ju_ra Eapij(u) = 3051 Eifﬁ;i,ﬂ"" and Fopij(u) = 3254 ng?;z‘,j“_r- We
let Eyij(u) = oy B u™ 1= Buariij(u) and Fuij(u) = Y00 FQu™ =
Foa+1:,5(u) for short.

Like before, there are explicit descriptions of all these elements in terms of quasi-
determinants. To write them down, write the matrix 7'(u) in block form as

”Tm(u) e VTl’m (’LL)
T(u)=| : T
VTmJ(U) LN ”Tmm(u)
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where YT, 5(u) is a v, X v matrix. Then, recalling the notation (4.3),

"Tia(u) oo VTie-a(u) VT e(u)
Da(u) = VTa—'l,l(U) - VTa—l,.a—l(u) VTa—.La(“) , o
VTa,l(U) t VTa,afl (’LL) ”Ta’a(u)
"Tig(w) oo PTrao1(uw)  YTip(u)
u) = Dglu -1 : E : ) :
Eqp(u) = Da(u) YToc1a(w) -+ YTo—1a-1(w) "Tu_1p(u) (03
v a,l(u) T VTa,a—l(“’) VTavb(u)
"Tiap(u) oo YTiea(u)  VTe(u)
) = o(U _1, .
Fap(w) "Ta1a(w) o YTo1a-1(u) "Ta1,a(u) Pt o
YTya(u) - YTye 1 (u) "Tpa(u)

It follows in particular from these descriptions that for b > a+1and 1 <i <y, 1<
j < Vp,
(r g 1) (r _ e (r)
Eafb;i,j - [Ea":bfl;i,kﬁ Eb*l;k,j]’ Fajnb;j,i - [bel;j,k’ Fa,bel;k,iL (65)

for any 1 < k < wvp_1. We also get the analogue of Lemma 5.1:

Lemma 6.1. Fiz a > 1 and let U := (Vg, Vat1,---,Vm). Then, for all admissible i, 7,

(1) VDa;i,j(“) = ¢u1+---+ua_1(_DDl;i,j(U));
(i) “Basij () = Yoy topwg o (C B (w);
(iii) Y Fuoij (u) = Yyt tvgy (VFl;i,j (u)).
iy here are the same as

In particular Lemma 6.1(i) shows that the elements D((W-J
the generators of the standard Levi subalgebra Y, introduced at the end of §4, so

they satisfy the relations (4.8). We also let Y, resp. Y, denote the subalgebra
(r)

.
generated by {E,; ; }1<a<m,1<i<va,1<j<var1,r>1 T€5P. {F,i <a<m,1<i<vai1 1<j<var>1-
The antiautomorphism 7 has the properties

T(Dasij (1)) = Dasj,i(u),
T(Eabsij (W) = Fapyi(u),
T(Fapiij (W) = Eapyji(u),
so it leaves Y, invariant and interchanges Y,! and Y, .
We have now defined the elements D) ., E™) = and F\"). appearing in Theorems A

at,)’ T ase, a;t,
and B stated in the introduction. We are re]:ady tcj) explain tfle proofs of these theorems.
Actually, the argument runs almost exactly parallel to the proofs of Theorems 5.2 and
5.11 given in the previous section. As before, there are two parts: first, to show all the
relations (1.1)—(1.14) from Theorem A hold; second, to show we have enough relations
by constructing the PBW bases described in Theorem B.

For the first part, one uses Lemma 6.1, (4.8) and (6.6)—(6.8) to reduce the problem
to checking the following special cases: (1.4) with a = 1,b =1 or a = 2,b = 1; (1.5)
with a = 1,b=1or a = 2,b = 1; (1.7) with a = 1; (1.9) with a = 1; (1.11) with
a=1b=2;(113) with a = 2,0 = 1 or a = 1,b = 2. These special cases may be
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deduced from the following four lemmas by equating coefficients. Note these lemmas
are the exact analogues of Lemmas 5.4-5.7.

Lemma 6.2. Suppose m = 2, i.e. v = (v1,v2). The following identities hold for all
admissible h,, 7, k:

() (u—=0)[Dyij(w), Eyng(v)] = Drip(w) (Erpr(v) = Evpr(u))on,;;

(i) (u—)[Brij(w), Dopp(v)] = (Erig(u) = Buiq(v) Doy k(v)dh,55

(i) (u = v)[Evj(u), Fiyng(v)] = Dig s (v) Dasn j(v) — Dug o(u) Dagj (u);

(iv) (u —v)[Erii(w), By g(v)] = (B (v) — Erie(w))(Brp (v) — Ergpg(u).
(Here, p resp. q should be summed over 1,...,vy resp. 1,...,13.)

PTOOf' Compute the €ij ®eh,lj1+k_7 €ivy+j ® Cvi+hvr1+k™r Civ+j ®6V1+h,k_ and €i v+ ®

en, +k-coefficients on each side of (2.9) and then rearrange the resulting identities like
we did in the proof of Lemma 5.4 above to obtain:

(1) (u = v)[Dy;i(), Er;p,q(v) Do (v)] =
Dyip(u)(Evp,q(v) — El;p7q(~u))D2;q,k(”)5h7j?
(ii)" (u = v)[Dyip(u) Erp,;(u), Dok (v)] =
Dujigp() (Brpg () = Eipq(0)) Daiq i (0)5,5;
(iii)" (u _NU)[Dl;i,p(U)El,p,J( u), D2,h,q( Mg (v)] =
5i,kD2;h7q(U){~D2;q,j (u) + (Fiigp(u) = Fiygp(v )) 1ip (W) By i (u) }
— Dyip(){ D1pi(v) + (El;gq(v) — E1p,q(u)) Daigq (v) Fiqr () } O3
(iv)" [Duip(u) Exsp,j(w), E1ihg(v) Do i (v)] = 0.
(Here, p,p’ resp. q,q' should also be summed over 1,...,vy resp. 1,...,15.) Now (i),
(ii) and (iii) are deduced from (i)’, (i)’ and (iii)’ by simplifying exactly like we did
in the proof of Lemma 5.4. It turns out to be more difficult than before to deduce
(iv) from (iv)’ so we explain this part of the argument more carefully. As before, one
rewrites (iv)’ using (i) and (ii) to obtain:
(V)" (u = v)*[Eyij (), Bunk(0)] = (Brij(v) = Brij(w)(Brng(u) = Bupg(v)) +
(u = v) B () (Brig(v) = Brik(w) + (u = 0)(Brik(w) = Bk (0)) Erng (u)-
Now we deduce (iv) from this. For a power series X in Yy, [[u~!,v™1]], let us erte {X}4

for the homogeneous component of X of total degree d in the variables u~! and v—!.
We show by induction on d =1,2,... that

(u = o){[Brj (w), Bink(0)] a1 = {(Brik(v) = Buin(u) (Bing (v) = Eipg(w) ta-
For the base case d = 1, applying {.}o to (iv)” shows (u—v)?*{[E1.;;(u), E1.pk(v)]}2 = 0,
hence (u — v){[E1; ;(u), E155(v)]}2 = 0 as required. For the induction step, assume
the statement is true for d > 1. Apply {.}4 to (iv)” to get that

(u = v)*{[Eij(w), Eynr()]ase = (= 0){ B () (Brin(v) — Bryig(w)) Yar
= (u = ){(E1ik(v) = Brik(w) Ernj(u) bt
—{(B1;4,5(v) — Bvyij(w) (Brpk(v) — Brpg(u)) b
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Now use the induction hypothesis, together with the identity {[E1.5 ;(v), E1.ik(v)]}ay1 =
0 which follows by dividing both sides of the induction hypothesis by (u —v) then set-
ting © = v, to rewrite the right hand side to deduce that

(u = 0){[Erij(u), Bung(0)]Yare = (u = 0){(Erix(v) = Erik(u) Eing(0) Y
— (u = ){(Bvik(v) = Brin(w)Eni(w) bt
Dividing both sides by (u — v) completes the proof of the induction step. (I

Lemma 6.3. Suppose m = 3, i.e. v = (v1,v2,v3). The following identities hold for
all admissible g, h, 1,7, k:

(1) [E1j(u), Fagnp(v)] = 0;

(i) (u=v)[Ersi (), Eank(v)] = (Eisi,q(w) Egq, (0) = Etsiq(v) Eaig e (v) — B 30 () +

E13,1(v))0n;
(ili) [En3:0,5(w), Eonk (V)] = Eainj(v)[Eriig (), Eag k(v)]:
(iv) [Erii(uw), Evginge(v) = Bung(0)Eygk(v)] = —[Evig(u), Eag k()] Evnj(u).
(Here, q should be summed over 1,...,v5.)

Proof. One computes the €; ,, 15 ® €y, 4vothv1+k=s i1+ @ Cuithr+vat+k=s Ciprtvotj @
€1 +hor otk aNd €145 @ ep 4o, +k-coefficients of (2.9) respectively like in the proof
of Lemma 5.5 to obtain the identities

(i) [Dysip(w) Erp,j(u), Daspr (v) Foyrk(v)] = 0
(i) (u = v)[Dyip(u) Erip,j (), Egihr (0) D3y (v)] = Disip(u) (Erpq(u) Easgr(v) —
Erpq(v) By (v) + E173;p7r(v)~_ B 3p.r (1)) D31 (0) 0,55
(111)/ [Dl;i,p(u)El,:};pJ (U), EQ;h,r(U)D?);r,k(U)] = 0; ~
(iv)" [Dijigp(w) Evypj (), (E1 g (V) — Evng(v) Egiqr(0)) Dayr e (v)] = 0.
(Here, p,q and r sum over 1,...,v1,1,...,v5 and 1,...,v3 respectively.) Now (i)—(iv)
are deduced from (i)’—(iv)’ by copying the arguments from the proof of Lemma 5.5. [

Lemma 6.4. Suppose m = 3, i.e. v = (v1,1v2,v3). The following identities hold for
all admissible f, g, h,i,j,k:

(1) [[Erij(w), Bxnk(0)], By pg(v)] = 0;

(i) [Brsig(w), [Eune(u), Exgg(v)]] = 0.

Proof. Dividing both sides of Lemma 6.2(iv) by (u — v) then setting v = u shows that
[Ea:ij(w), Eq.n i (u)] = 0. Given this and Lemma 6.3(ii), (i) is obvious unless f = h = j
and (ii) is obvious unless f = k = j. Now the proof in these cases is completed exactly
like the proof of Lemma 5.6. O

Lemma 6.5. Suppose m = 3, i.e. v = (v1,1v9,v3). The following identities hold for
all admissible f,qg,h, 1,7, k:

(1) [[Eij(w), Bxnk(0)], By gg(w)] + [[Eij(w), By k(w)]; Ea;pg(v)] = 0;

(i) [Brij(w), [Eung(v), EBypg(w)]] + B (v), [Eunk (), Eypg(w)]] = 0.
Proof. Show that (u—v)(u —w)(v —w)[[E1i;(w), B2k (v)], o, fg(w)] is symmetric in
v and w and that (u—v)(u—w)(v—w)[E1;j(uw), [E1nk(v), Eagg(w)]] is symmetric in
u and v, following the argument of Lemma 5.7 exactly. U
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Now we consider the second part of the proof. Let Y,, denote the algebra with gener-

ators and relations as in the statement of Theorem A. Define elements E(g g i F yb), i €

Yo by the equations (6.5). We need to check that these definitions are independent
of the particular choice of k. Well, given 1 < k,k < yy_1 with k # K/, we have
that [E((:g_l;iyk, Eés_)l;k,,j] = 0 by (1.11). Bracketing with Dl()l_)l;kvk, and using (1.5), one
deduces that ") ) ) ©

[Ea?b—l;i,w Ebs—l;k,j] = [Eafb—l;i,k’? Ebs 1; k’,j] (6.9)

as required to verify that the definition of the elements EW

abiig is independent of the

choice of k. A similar argument shows that the definition of the elements Férb) i s
independent of k too.

Let }/}V, }A/ and }/}_ denote the subalgebras of }/}n generated by the D’s, E’s and
F’s respectlvely By the first part of the proof there is a surjective homomorphlsm
0:Y, — Y, sending Y, onto Y, and YjE onto YF. We just need to show that
@ is an isomorphism. This is done just like in the previous section by exhibiting a
set of monomials that span ?n whose image in Y,, is linearly independent. We just
explain the key step, namely, the analogue of Lemma 5.8 allowing one to construct
the spanning set for }Aff. Given this, the rest of our earlier argument extends without
further complication to complete the proof. Define a filtration

LoY,” CLY,F C .-

of Y, by declaring that the generators E( ) - are of degree (r—1). Let gr* Y;© denote
the associated graded algebra. Letting n, := 1/1 + -+« + v,—1 for short, define

+1
€ng+inp+jr ‘= 8Ly E,Yb,]) cgr Y+

foreach 1 <a<b<m,1<i<vy,1<j<wy andr>0. Then:

Lemma 6.6. For1 <a<b<m,1<c<d<m,rs>0 and all admissible h,1,3,k,
we have that
[ena+i,nb+j;7"a enc+h,nd+k;s] = ena+i,nd+k;r+sénc+h,nb+]’ - 5na+i,nd+kenc+h,nb+j;r+s-

Proof. Like in the proof of Lemma 5.8, we split into seven cases: (1) b < ¢; (2) b= ¢;
B)a<eb=d;(4)a=cb<d;(B)a=cb=d; (6)a<c<b<d; (7)a<cd<b.
Since the analysis of each of the cases is very similar to Lemma 5.8, we just illustrate
the idea with the two hardest situations, both of which require the Serre relations.

First we check for case (3) that [en, i ns+jirs €nothmsths) = 0. For any 1 < g < vy,
we have by (6.5) and the images of the relations (1.9) and (1.13) in gr"Y, that

[€n1+i,n3+j;7’> en2+h,n3+k;5] = [[€n1+i,n2+g;r7 €n2+g7n3+j;0]a €n2+h7n3+k’;8]
- [[em +i,m2+g;7> en2+g,n3+j;s]a €n2+h,n3+kz;0]

- _[[en1+i,n2+g;r+sa en2+g,n3+j;0]7 €n2+h,n3+k;0] = 0.
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Second we check for case (6) that [en,tins+jirs €nothmnaths] = 0. By the case (1),
(6.5), (1.9) and (1.13), we have that

[en1+i,n3+j;ra €n2+h,n4+k;s] = Henl—&-i,ng—&-h;r? €n2+h,n3+j;0]7 [€n2+h,n3+j;07 €ns+j,na+k;s

Il
Ena+h,nz+5;0s [[en1+i,n2+h;r7 €n2+h7n3+]';0]7 en3+j,n4+k;5]]
Il
= [[€na+h,na+ii0s €ni+imothirls [€nothing+5:0 €ng+jmathssl]

[
[€n2+h,n3+j;0> [€n1+i,n2+h;r; [eng—i-h,ng—‘rj;ﬂa en3+j,n4+k;s]
[

= _[[en1+i,n2+h;r> €n2+h,n3+j;0]> [€n2+h,n3+j;07 en3+j,n4+k;s]]
= _[€n1+i,n3+j;m en2+h,n4+k;s]
Hence it is zero. |

This completes the proof of Theorems A and B.

7. CENTERS AND CENTRALIZERS

In this section, we compute the centralizer in Y,, of the standard Levi subalgebra
Y,. The argument depends on the following auxiliary lemma, which is a generalization
of [MNO, Proposition 2.12]; the proof given here is based on the argument in loc. cit..

Lemma 7.1. Let b be a reductive subalgebra of a finite dimensional Lie algebra g over
C. Let ¢ be the centralizer of b in g. Then, the centralizer of U(h[t]) in U(g[t]) is equal
to U(c[t]).

(We believe that the word “reductive” is unnecessary here, but we did not find a proof
without it.)

Proof. The symmetrization map S(g[t]) — U(g[t]) is an isomorphism of h[t]-modules.
Using this, it suffices to show that the space of invariants of h[t] acting on S(g[t])
is S(c[t]). Since b is reductive, we can pick an ad h-stable complement ¢’ to ¢ in g.
Let x1,..., 2, be a basis for ¢ and let x,,11,...,7, be a basis for ¢. Let z be an
h[t]-invariant in S(g[t]). Define h > 0 to be minimal such that z has the form

ST
d

summing over d = (di,...,dy,) with di,...,d,, > 0, where the coefficients z; are
polynomials in the variables z;t* for i = 1,...,m and 0 < k < h together with the
variables z;t* for i = m +1,...,n and k > 0. Pick a basis y1,...,y, for h and let

i, xj] = > opeq ¢ijkxk for each j = 1,...,m. Acting on z with y;t € h[t] and taking
the coefficient of z4t"*! gives the equation

m
Z Zd Z Cz‘,j,kdj(xlth)dl e (‘,rjth)djfl . (J}mth)dm _ 07
d j=1

foreachi=1,...,rand k =1,...,m. Now fix d = (dy,...,dy) with dy,...,dy, > 0.
Taking the coefficient of (z1t")% - - - (z,,t")%" in our equation gives

m
D cijrldy + Vzars, =0 (i=1,...,rnk=1,...,m)
j=1
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where d + §; denotes the tuple (dy,...,d; +1,...,d;). Since h has no non-trivial
invariants in ¢/, the system of linear equations [y;, Z;nzl Njzj] =0 (i =1,...,r) has
only the trivial solution \; = --- = A, = 0. Equivalently, the system of equations

m
Y cigphi=0  (i=1,..,rk=1..,m)
j=1

has only the trivial solution A\; = --- = A, = 0 too. We deduce that (d; +1)z445, =0
for each j = 1,...,m. Hence z4 = 0 for all non-zero d, which implies by the minimality
of the choice of h that h = 0 hence that z € S(c[t]). O

Now, working once more in terms of the usual Drinfeld generators from §5, define

Cn(u) =Y Cu™" 1= Dy(u)Da(u— 1)+ Dp(u—n+1). (7.1)
r>0
The importance of the elements Cr(f) is due to the following theorem; cf. [MNO, The-
orem 2.13]. We remark that this theorem implies in particular that the commutative
subalgebra Y(1n) of Y}, is generated by the centers Z(Y1), Z(Y2), ..., Z(Y,) of the nested
subalgebras Y7 C Yo C --- C Y}, from (4.1).

Theorem 7.2. The elements C’él), C’,(f), ... are algebraically independent and generate
the center Z(Ys,).

Proof. First we check that the Cr(f) are central. For this, it suffices to show that
[Di(u)Dit1(u — 1), Ej(v)] = 0 = [Dj(u)Dit1(u — 1), Fy(v)] for each i = 1,...,n — 1.
Actually we just need to check the first equality, since the second then follows on
applying 7. By Lemma 5.4(i),
(u—v)E;(v)D;(u) = (u —v —1)D;(u)E;(v) + D;i(u) E;(u)
By (5.24),
(u—v—=1)E;(v)Djy1(u—1) = (u—v)Djy1(u— 1)E;j(v) — Diy1(u — 1)E;j(u — 1).
Hence, setting v = u,
Ei(u)Di_H(u — 1) = Di+1(u — 1)El(u — 1).
Now calculate (u — v)E;(v)D;(u)D;y1(u — 1) using these identities to show that it
equals (v — v)Dj(u)Djt1(u — 1) E;(v). Hence [D;(u)Diy1(u— 1), E;(v)] = 0.
Now we complete the proof by following the argument of [MNO, Theorem 2.13].

Recall the filtration (2.11) of Y,,, with associated graded algebra grY, = U(gl,[t]).
Let z=e11+ -+ epn € gl,. One checks from the definition (7.1) that

grt O = L,

By Lemma 7.1 (taking h = g = gl,,) the center of U(gl,[t]) is freely generated by the
elements {zt" | r > 0}. The theorem now follows on combining these two observations

with the fact already proved that each ) belongs to Z(Y,). O

We now use essentially the same argument to prove the following theorem, which is
a variation on a result of Olshanskii [O, §2.1].
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Theorem 7.3. The centralizer of Yy, in Yyyn is equal to Z(Yp)m(Ys).

Proof. Lemma 4.1 shows that Z(Y;,)¢n(Y,) centralizes Y,,, so we just need to show
that the centralizer is no larger. Consider the associated graded algebra grY,,., =
U(gl,,4n[t]). Since

grqli_l ¢m(Tz(,§)) = €m+i,m+jtT_1a
we have that gr"V,, = U(gl,,[t]) (where gl,, is embedded into the top left corner
of gl,1 ) and gr ¢y, (Y,) = U(gl,[t]) (where g, is embedded into the bottom right

corner of gl,,,,,). By Lemma 7.1, the centralizer of U(gl,,[t]) in U(gl,, ,[t]) is equal
to Z(U(gl,,[t]))U(gl,[t]). The theorem follows. O

Corollary 7.4. Let v = (v1,...,Vm) be a tuple of non-negative integers summing to
n. The centralizer of the Levi subalgebra Y, in'Y,, is equal to Z(Y,).

Proof. Proceed by induction on m, the case m = 1 being vacuous. By (4.5) Y, =
Yo, ¢y, (Ys) where v = (va,...,1,). By the theorem, the centralizer in Y, of Y,
is Z(Y,, )Y, Yuyt-tv,,). By induction, the centralizer in Y,,4..4,,, of Y5 is Z(Y3).
Hence, the centralizer of Y, in Y, is Z(Y,, )V, (Z(Ys)) = Z(Y,). (Alternatively one
can prove the corollary directly using Lemma 7.1 once more.) [l

Corollary 7.5. Y(yn) is a mazimal commutative subalgebra of Y.

Proof. By the previous corollary, Y(;») is its own centralizer. O

8. QUANTUM DETERMINANTS

In the literature, Drinfeld generators are usually expressed in terms quantum de-
terminants, rather than the quasi-determinants used up to now. In this section we
complete the picture by relating quasi-determinants to quantum determinants. We
begin by introducing quantum determinants following [MNO, §2]. Fix d > 1 and let
Ag € M,‘?d denote the antisymmetrization operator, i.e. the endomorphism

V1 ® - Quq Z sgn(m)vr1 @ -+ @ Upg
TESy

of the natural space (C")®? that M®? acts on. Note that A2 = (d!)A4. We have the
following fundamental identity

A£l1,...,d]T[1,d+1] (W) T2 (y — 1) Tld+ (g — g4 1) =
T[d,d+1] (u —d+ 1) o T[Z,d—l—l} (’LL o 1)T[1,d+1] (U)A[dl,,d] (81)

equality written in M®? ® Y,[[u~!]]; see [MNO, Proposition 2.4]. For tuples i =
(i1,...,iq) and j = (j1,...,jq) of integers from {1,...,n}, the quantum determinant
T; j(u) € Yp[[u™1]] is defined to be the coefficient of e;; = €;, j, ® -+ ® €, € MP?
on either side of the equation (8.1). Explicit computation using the left and the right
hand sides of (8.1) respectively gives that

Tij(u) = Y sgn(m) Ty o (W T o (u = 1) - Ty jy(u — d + 1) (8.2)
TESY
= Z Sgn(ﬂ-)ﬂdﬂ'wd(u - d + ]‘) T E27j7\'2 (U - 1)ﬂ17jwl (u)7 (83)

TESY
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where Sy is the symmetric group. It is obvious from these formulae that
Ti.mj(u) = sgn(W)T@j (u) = T,,;7j.ﬂ-(u) (8.4)
for any permutation w € Sy (acting naturally on the tuples 2, j by place permutation).

Using (8.4) one obtains further variations on the formulae (8.2)—(8.3) as in [MNO,
Remark 2.8], for instance:

Tij (u) = Z Sgn(ﬂ—)ﬂlﬂ}rl (u—d+ 1)E2,jw2 (u—d+2)--- Ty jra (u). (8.5)
TESy
The following properties of quantum determinants are easily derived from (8.2)—(8.4).
7(Tij(u)) = Tj4(u), 8.
O’(Ti’j(u)) :Tq;j(—uﬁ-d— 1). 8. )

In the special case ¢ = j = (1,...,n), we denote the quantum determinant 75 ;(u)
instead by Cp,(u), i.e.

—
(=2
~—

—
BN

On(u) = T(l,,n),(l,,n) (u) (88)
We will show in Theorem 8.6 below that this agrees with the definition (7.1), hence
the coefficients of the series C),(u) generate the center of Y,,, but we do not know this
yet.
The next few results taken from [NT] describe the effect of the maps A and S on
quantum determinants. Actually we do not need the first of these here, but include it
for the sake of completeness.

Lemma 8.1. Let 4,7 be d-tuples of distinct integers from {1,...,n}. Then,
A(Ty5(w) = > Tirl(u) © T j(u)
k

where the sum is over all k = (k1,...,kq) with 1 <k; <--- <kg <n.
Proof. See [NT, Proposition 1.11]. O

Lemma 8.2. Let 4,5 be d-tuples of distinct integers from {1,...,n}. Choose ¢ =

(igstys---»in) and 3" = (Jas1,---50n) s0 that {i1, ... in} = {j1,-- - dn} = {1,...,n},
and let £ denote the sign of the permutation (i1,...,in) — (J1,...,Jn). Then,

w(T;5(u)) = eCp(—u+n — 1)_1Tj/ﬂ./(—u +n—1).

Proof. This is proved in [NT, Lemma 1.5] but for the opposite algebra, so we repeat
the argument once more. By the identity (8.1) and the definition (8.8), we have that

ALl pllnt ()2t (g 1) ol — 1) = O, (w) T ALL-m,
see also [MNO, Proposition 2.5]. Hence,
Albeonlpltntt] gy oopldnttl g, — g 4-1) =
(_1)n—d0n(u)[n+1]ALl,...,n]f[n,n+l] (u —n4+ 1) . f[d-ﬁ-l,n-‘rl] (u _ d)

Now equate the e
to deduce that

L seosidsingeesis)s(tseeesfasingsiay 1 )-CO€fficients on each side and use (8.2)

T;j(u) = eCp(u)w(Ty y(—u+n —1)).
The lemma follows on making some obvious substitutions. 0
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Corollary 8.3. In the notation of Lemma 8.2, S(T; j(u)) = eCp(u+n—d) Ty y(u+
n—d).
Proof. Recalling that S = w o o, this is a consequence of (8.7) and Lemma 8.2. U
Corollary 8.4. S%(T; j(u)) = Cp(u+n)" T j(u +n)Cp(u +n — 1).
Proof. Apply Corollary 8.3 twice. (]

Now we describe the embedding ., : Y, — Y4+, from §4 in terms of quantum
determinants.

Lemma 8.5. Let 1,7 be d-tuples of distinct integers from {1,...,n}. Then,
Yin(Ti (1) = Cr(u +m) " T (u +m)
where m#i denotes the (m+d)-tuple (1,...,m,m+11,...,m~+1iq) and m#j is defined
similarly.
Proof. Calculate using (4.2) and Lemma 8.2 twice. O

Now we can verify that C),(u) as defined in this section is the same as the earlier
definition (7.1). Note this theorem is the Yangian analogue of [GKLLRT, Theorem
7.24].

Theorem 8.6. C),(u) = Di(u)Da(w—1)---Dp(u —n+1).
Proof. Recalling that D;(u) = 1;—1(T7,1(u)), Lemma 8.5 implies that D;(u) = C;—1 (u+
i —1)7'Cij(u+1i —1). The lemma follows easily from this by induction. 0

Finally, we apply Lemma 8.5 once more to express the Drinfeld generators from §5
in terms of quantum determinants.

Theorem 8.7. Fori>1,
(i) Di(u) =Tq,. i—1),a,.i—nyu+i—1)" T o a,.9(w+i—1);
(i) Ei(u) =T, o0,..0w+i—=1)""Ta o, -t (u+i—1);
(ili) Fi(u) =Tq,. i—1i41),01,.0w+i—DTa, o a,..ow+i—1)7""

Proof. Calculate using Lemmas 5.1 and 8.5 and the formulae (5.6) and (8.6). O
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