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Basic Homotopy Lemma, Introduction

We begin with the following question:
Q1: Foranye >0,

is there a positive number § > 0 satisfying the
following:
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Basic Homotopy Lemma, Introduction

We begin with the following question:

Q1: For any € > 0, is there a positive number § > 0 satisfying the

following: Suppose that v and v are two unitaries in a unital C*-algebra
A such that

|luv — vul| <4,
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Basic Homotopy Lemma, Introduction

We begin with the following question:

Q1: For any € > 0, is there a positive number § > 0 satisfying the

following: Suppose that v and v are two unitaries in a unital C*-algebra
A such that

|luv — vul| <4,

then there exists a continuous path of unitaries {v(t): t €[0,1]} C A
such that
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Basic Homotopy Lemma, Introduction

We begin with the following question:

Q1: For any € > 0, is there a positive number § > 0 satisfying the

following: Suppose that v and v are two unitaries in a unital C*-algebra
A such that

||luv — vul| < 0,

then there exists a continuous path of unitaries {v(t): t €[0,1]} C A
such that
lv(t)u — uv(t)| < e for all t e [0,1],

v(0) = v and v(1) =147
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||luv — vul| < 0,
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Basic Homotopy Lemma, Introduction

We begin with the following question:

Q1: For any € > 0, is there a positive number § > 0 satisfying the
following: Suppose that v and v are two unitaries in a unital C*-algebra
A such that

||luv — vul| < 0,

then there exists a continuous path of unitaries {v(t): t €[0,1]} C A
such that

lv(t)u — uv(t)| < e for all t e [0,1],
v(0) = v and v(1) =147

We need to assume that v € Up(A), the connected component of unitary
group U(A) containing 14.
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Basic Homotopy Lemma, Introduction

We begin with the following question:

Q1: For any € > 0, is there a positive number § > 0 satisfying the
following: Suppose that v and v are two unitaries in a unital C*-algebra
A such that

||luv — vul| < 0,

then there exists a continuous path of unitaries {v(t): t €[0,1]} C A
such that

lv(t)u — uv(t)| < e for all t e [0,1],
v(0) = v and v(1) =147

We need to assume that v € Up(A), the connected component of unitary
group U(A) containing 14. If the answer is yes,
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Basic Homotopy Lemma, Introduction

We begin with the following question:
Q1: For any € > 0, is there a positive number § > 0 satisfying the
following: Suppose that v and v are two unitaries in a unital C*-algebra
A such that

||luv — vul| < 0,

then there exists a continuous path of unitaries {v(t): t €[0,1]} C A
such that

lv(t)u — uv(t)| < e for all t e [0,1],
v(0) = v and v(1) =147

We need to assume that v € Up(A), the connected component of unitary

group U(A) containing 1a. If the answer is yes, how long is the length of
the path?
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0.
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0. There exists 6 > 0 satisfying the following:
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0. There exists 6 > 0 satisfying the following: For any unital
simple C*-algebra A of stable rank one and real rank zero
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0. There exists 6 > 0 satisfying the following: For any unital
simple C*-algebra A of stable rank one and real rank zero and any pair
of unitaries u, v € A with u € Uy(A) such that
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and

Kishimoto—1998)
Let € > 0. There exists 6 > 0 satisfying the following: For any unital
simple C*-algebra A of stable rank one and real rank zero and any pair
of unitaries u, v € A with u € Uy(A) such that
|luv — vu|| < 0 and botty(u, v) =0, (e0.1)
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0. There exists 6 > 0 satisfying the following: For any unital
simple C*-algebra A of stable rank one and real rank zero and any pair
of unitaries u, v € A with u € Uy(A) such that

|luv — vu|| < 0 and botty(u, v) =0, (e0.1)

there exists a continuous path of unitaries {u(t) : t € [0,1]} C A such
that u(0) = u, u(l) = 14 and
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0. There exists 6 > 0 satisfying the following: For any unital
simple C*-algebra A of stable rank one and real rank zero and any pair
of unitaries u, v € A with u € Uy(A) such that

|luv — vu|| < 0 and botty(u, v) =0, (e0.1)

there exists a continuous path of unitaries {u(t) : t € [0,1]} C A such
that u(0) = u, u(l) = 14 and

l|lu(t)v — vu(t)|| < € for all t €[0,1] and (e0.2)
(e0.3)
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Theorem (The Basic Homotopy Lemma——Bratteli, Elliott, Evans and
Kishimoto—1998)

Let € > 0. There exists 6 > 0 satisfying the following: For any unital
simple C*-algebra A of stable rank one and real rank zero and any pair
of unitaries u, v € A with u € Uy(A) such that

|luv — vu|| < 0 and botty(u, v) =0, (e0.1)

there exists a continuous path of unitaries {u(t) : t € [0,1]} C A such
that u(0) = u, u(l) = 14 and

l|lu(t)v — vu(t)|| < € for all t €[0,1] and (e0.2)
(e0.3)
length({u(t)}) < 47 + 1.
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Lemma 1.1.
Let ¢ >0 and let d > 0,
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:
Suppose that A is a unital C*-algebra and u € A is a unitary
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:

Suppose that A is a unital C*-algebra and u € A is a unitary such that
T \ sp(u) contains an arc with length d.
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:

Suppose that A is a unital C*-algebra and u € A is a unitary such that
T \ sp(u) contains an arc with length d. Suppose that a € A with ||a]| <1
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:

Suppose that A is a unital C*-algebra and u € A is a unitary such that
T \ sp(u) contains an arc with length d. Suppose that a € A with ||a]| <1

such that

|ua — aul| < 6. (e0.4)
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:

Suppose that A is a unital C*-algebra and u € A is a unitary such that
T \ sp(u) contains an arc with length d. Suppose that a € A with ||a]| <1
such that

|ua — aul| < 6. (e0.4)

Then there exists a self-adjoint element h € A with ||h|| < 7w such that
u = exp(ih),
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:

Suppose that A is a unital C*-algebra and u € A is a unitary such that
T \ sp(u) contains an arc with length d. Suppose that a € A with ||a]| <1
such that

||lua — au|| < 6. (e0.4)

Then there exists a self-adjoint element h € A with ||h|| < 7w such that
u = exp(ih),

llha — ah|| < € and |exp(ith)a — aexp(ith)| < e (e0.5)
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Lemma 1.1.
Let ¢ > 0 and let d > 0, there exists 6 > 0 satisfying the following:

Suppose that A is a unital C*-algebra and u € A is a unitary such that
T \ sp(u) contains an arc with length d. Suppose that a € A with ||a]| <1
such that

||lua — au|| < 6. (e0.4)

Then there exists a self-adjoint element h € A with ||h|| < 7w such that
u = exp(ih),

llha — ah|| < € and |exp(ith)a — aexp(ith)| < e (e0.5)

for all t € [0, 1].
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Proof : By replacing u by e’ - u for some 0 € (—, ),
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Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume
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Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) CQy={e™:-1+d/2<t<1-d/2}CT. (e0.6)
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Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) CQy={e™:-1+d/2<t<1-d/2}CT. (e0.6)

There is a continuous function g : Q4 — [—1, 1] such that
u = exp(ig(u).
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Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) CQy={e™:-1+d/2<t<1-d/2}CT. (e0.6)

There is a continuous function g : Q4 — [—1, 1] such that
u=exp(ig(u)). Let h=g(u).

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) C Qg ={e™: -1+d/2<t<1-d/2}CT. (e0.6)
There is a continuous function g : Q4 — [—1, 1] such that

u = exp(ig(u)). Let h=g(u). Choose an integer N > 1 such that

o0

Z 1/n! < €/6. (e0.7)

i=N-+1

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) C Qg ={e™: -1+d/2<t<1-d/2}CT. (e0.6)
There is a continuous function g : Q4 — [—1, 1] such that

u = exp(ig(u)). Let h=g(u). Choose an integer N > 1 such that

o0

Z 1/n! < €/6. (e0.7)

i=N-+1

There is § > 0 such that
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Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) CQy={e™:-1+d/2<t<1-d/2}CT. (e0.6)

There is a continuous function g : Q4 — [—1, 1] such that
u = exp(ig(u)). Let h=g(u). Choose an integer N > 1 such that

Z 1/n! < €/6. (e0.7)
i=N+1
There is § > 0 such that
llau — val| < ¢ (e0.8)

implies
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Proof : By replacing u by e’ - u for some 6 € (—, ), without loss of
generality, we may assume that

sp(u) CQy={e™:-1+d/2<t<1-d/2}CT. (e0.6)

There is a continuous function g : Q4 — [—1, 1] such that
u = exp(ig(u)). Let h=g(u). Choose an integer N > 1 such that

Z 1/n! < €/6. (e0.7)
i=N+1
There is § > 0 such that
llau — val| < ¢ (e0.8)

implies that ||h"a — ah"|| = ||g(u)"a — ag(u)"|| < €/6 for n=1,2,...,N.
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Then

|lexp(ith)a — aexp(ith)|| (e0.9)
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Then

|lexp(ith)a — aexp(ith)|| (e0.9)
N . \n N ith)" 00

< I e a3 o L) (e0a0)
n=0 n=0 n=N+1 "

June 8th, 2015, RMMC/CBMS Unive/rsity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Then

|lexp(ith)a — aexp(ith)|| (e0.9)
N . \n N ith)" 00
< I e a3 o L) (e0a0)
n=0 n=0 n=N+1 "
(e0.11)

N
€
S2ﬁ+6/3<6'

for any t € [0, 1].
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Corollary 1.2.
Let n > 1 be an integer.
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Corollary 1.2.
Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset.
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Corollary 1.2.
Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any € > 0
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Corollary 1.2.
Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
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Corollary 1.2.

Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
Suppose L : C — M, is a contractive map
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Corollary 1.2.

Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
Suppose L : C — M, is a contractive map and u € M, is a unitary such
that

IL(c)u — ul(c)|| < ¢ for all c € F. (e0.12)
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Corollary 1.2.

Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
Suppose L : C — M, is a contractive map and u € M, is a unitary such
that

IL(c)u — ul(c)|| < ¢ for all c € F. (e0.12)

Then there exists a continuous path of unitaries {u(t) : t € [0,1]} C M,
such that
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Corollary 1.2.

Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
Suppose L : C — M, is a contractive map and u € M, is a unitary such
that

IL(c)u — ul(c)|| < ¢ for all c € F. (e0.12)

Then there exists a continuous path of unitaries {u(t) : t € [0,1]} C M,
such that u(0) = u, u(1) =1y, and

IL(c)u(t) — u(t)L(c)|| < e for all c € F. (e0.13)
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Corollary 1.2.

Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
Suppose L : C — M, is a contractive map and u € M, is a unitary such
that

IL(c)u — ul(c)|| < ¢ for all c € F. (e0.12)

Then there exists a continuous path of unitaries {u(t) : t € [0,1]} C M,
such that u(0) = u, u(1) =1y, and

IL(c)u(t) — u(t)L(c)|| < e for all c € F. (e0.13)

Moreover, length(u(t)) < .
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Corollary 1.2.

Let n > 1 be an integer. Let C be a unital C*-algebra and let F C C be
a finite subset. For any e > 0 there exists § > 0 satisfying the following:
Suppose L : C — M, is a contractive map and u € M, is a unitary such
that

IL(c)u — ul(c)|| < ¢ for all c € F. (e0.12)

Then there exists a continuous path of unitaries {u(t) : t € [0,1]} C M,
such that u(0) = u, u(1) =1y, and

IL(c)u(t) — u(t)L(c)|| < e for all c € F. (e0.13)

Moreover, length(u(t)) < .

Proof.
The spectrum of u has a gap with the length at least d = 27/n. [

v
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A.
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.
If{ai}?;la {bi}le C Zi

y
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.
If {ai}y, {bi}fy C Z with 32771 &= 37 1 b,

y
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.
If{aitfy {bit}_; C ZK with Y7 a; = > i1 bj, and
R C {1,....,m} x {1, ..., n} satisfying:

y
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.
If{aitfy {bit}_; C ZK with Y7 a; = > i1 bj, and
R C {1,....m} x {1,..., n} satisfying: for any A C {1,..., m},

y
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.

If{aitfy {bit}_; C ZK with Y7 a; = > i1 bj, and

R C {1,....m} x {1,..., n} satisfying: for any A C {1,..., m},

d ai< > b (€0.14)

i€A JERA

y
June 8th, 2015, RMMC/CBMS Unive}'sity 0
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.

If{aitfy {bit}_; C ZK with Y7 a; = > i1 bj, and

R C {1,....m} x {1,..., n} satisfying: for any A C {1,..., m},

d ai< > b (€0.14)

i€A JERA

then there are {c;} C ZX such that

y
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2,..., m}.
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,
for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.

If{aitfy {bit}_; C ZK with Y7 a; = > i1 bj, and

R C {1,....m} x {1,..., n} satisfying: for any A C {1,..., m},

d ai< > b (€0.14)

i€A JERA

then there are {c;} C ZX such that

Z G = a;,Zc,-j = bj, for all i,j (e0.15)
j=1 i=1

y
June 8th, 2015, RMMC/CBMS University
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Let R C {1,2,...,m} x {1,2,...,n} be a subset and let A C {1,2, ...,
Define Ra C {1,2, ..., n} to be the subset of those j's such that (i,j) € R,

for some i€ A. The following follows from Hall's Marriage lemma.

Lemma 1.3.
If{aitfy {bit}_; C ZK with Y7 a; = > i1 bj, and
R C {1,....m} x {1,..., n} satisfying: for any A C {1,..., m},

d ai< > b (€0.14)

i€A JERA

then there are {c;} C ZX such that

Z G = a;,Zc,-j = bj, for all i,j (e0.15)
j=1 i=1
and
cj =0 unless (i,j) € R. (e0.16)

v

Huaxin Lin Basic Homotopy Lemmas Introduction

June 8th, 2015, RMMC/CBMS University
/ 67



Lemma 1.4.
Let X be a (connected) compact metric space,
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a

projection
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a

projection and let n > 1 be an integer.
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Lemma 1.4.
Let X be a (connected) compact metric space, let P € M,(C(X)) be a

projection and let n > 1 be an integer. Let € > 0 and let
F C C = PM,(C(X))P be a finite subset.
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Lemma 1.4.
Let X be a (connected) compact metric space, let P € M,(C(X)) be a

projection and let n > 1 be an integer. Let € > 0 and let
F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs.,. satisfying the following.

June 8th, 2015, RMMC/CBMS University
/ 67

Huaxin Lin Basic Homotopy Lemmas Introduction



Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that

|Top(g) —To(g) <9 for all geH (e0.17)

(7 is the tracial state on M,,). Then there exists a unitary u € U(M,)
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that

|Top(g) —To(g) <9 for all geH (e0.17)

(7 is the tracial state on M,,). Then there exists a unitary u € U(M,)
such that

|Aduo ¢(a) —(a)| < e for all ae F. (e0.18)
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that

|Top(g) —To(g) <9 for all geH (e0.17)

(7 is the tracial state on M,,). Then there exists a unitary u € U(M,)
such that

|Aduo ¢(a) —(a)| < e for all ae F. (e0.18)

Moreover, if p(a) = > 1L, f(x;)ei and ¥(a) = > 7, f(y;)e for all f € C,
where x;, yj € X, {ej, e, ...,e,} and {€], &), ..., e} are two sets of
mutually orthogonal projections,
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that

|Top(g) —To(g) <9 for all geH (e0.17)

(7 is the tracial state on M,,). Then there exists a unitary u € U(M,)
such that

|Aduo ¢(a) —(a)| < e for all ae F. (e0.18)

Moreover, if p(a) = > 1L, f(x;)ei and ¥(a) = > 7, f(y;)e for all f € C,
where x;, yj € X, {ej, e, ...,e,} and {€], &), ..., e} are two sets of
mutually orthogonal projections, and if d > 0 is given,
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that

|Top(g) —To(g) <9 for all geH (e0.17)

(7 is the tracial state on M,,). Then there exists a unitary u € U(M,)
such that

|Aduo ¢(a) —(a)| < e for all ae F. (e0.18)

Moreover, if p(a) = > 1L, f(x;)ei and ¥(a) = > 7, f(y;)e for all f € C,
where x;, yj € X, {ej, e, ...,e,} and {€], &), ..., e} are two sets of
mutually orthogonal projections, and if d > 0 is given, then we may
assume that there is a permutation o on {1,2, ..., n} such that
uteiu = e(’f(,.)7
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Lemma 1.4.

Let X be a (connected) compact metric space, let P € M,(C(X)) be a
projection and let n > 1 be an integer. Let € > 0 and let

F C C = PM,(C(X))P be a finite subset. There exists § > 0 and a
finite subset H C Cs_,. satisfying the following. Suppose that

¢, : C — M, are two unital homomorphisms such that

|Top(g) —To(g) <9 for all geH (e0.17)

(7 is the tracial state on M,,). Then there exists a unitary u € U(M,)
such that

|Aduo ¢(a) —(a)| < e for all ae F. (e0.18)

Moreover, if p(a) = > 1L, f(x;)ei and ¥(a) = > 7, f(y;)e for all f € C,
where x;, yj € X, {ej, e, ...,e,} and {€], &), ..., e} are two sets of
mutually orthogonal projections, and if d > 0 is given, then we may
assume that there is a permutation o on {1,2, ..., n} such that
uteiu = e(’f(,.)7 and dist(x;, y,(iy) < d, i =1,2,...,n, where 6 depends on
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Proof:
We will prove the case that C = C(X).
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < n/4.
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover

such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define g; € C(X)4+ such that 0 < g; <1,
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x, Ujc,O;) > n/4.
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x,Ujc O;) > n/4. Let hy € C(X) be such that
0< h, <1,
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x,Ujc O;) > n/4. Let hy € C(X) be such that
0< h; <1, hy(x)=1ifdist(x,Uic;0;) < n/2 and hy(x) =0 if
dist(x, Uic s O;) > .
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x,Ujc O;) > n/4. Let hy € C(X) be such that
0< h; <1, hy(x)=1ifdist(x,Uic;0;) < n/2 and hy(x) =0 if
dist(x,Ujes0;) > n. Let § = min{n/16n,1/16n}.
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x,Ujc O;) > n/4. Let hy € C(X) be such that
0< h; <1, hy(x)=1ifdist(x,Uic;0;) < n/2 and hy(x) =0 if
dist(x,Ujcs0;) > n. Let 6 = min{n/16n,1/16n}. Set

H=A{g,hs:1,JC{1,2,...,m}}. (e0.20)
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Proof:
We will prove the case that C = C(X). There exists 7 > 0 such that

If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x,Ujc O;) > n/4. Let hy € C(X) be such that
0< hy <1, h_](X) =1if diSt(X, U,'GJO,') <n/2 and hJ(X) =0if
dist(x,Ujcs0;) > n. Let 6 = min{n/16n,1/16n}. Set

H=A{g,hs:1,JC{1,2,...,m}}. (e0.20)
Now suppose that ¢, : C(X) — M, such that
|Top(c) —To(c)| <o for all c € H. (e0.21)
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Proof:

We will prove the case that C = C(X). There exists 7 > 0 such that
If(x) = f(y)|l < e€/4 for all feF, (e0.19)

provided that dist(x, y) < n. Let O1, Oy, ..., O, be a finite open cover
such that each O; has diameter < /4. Let J C {1,2,..., m} be a subset.
Define gy € C(X)4 such that 0 < g; <1, gy(x)=1if x € Uje 0,
gs(x) = 0 if dist(x,Ujc O;) > n/4. Let hy € C(X) be such that
0< hy <1, h_](X) =1if diS’C(X7 UieJO,’) <n/2 and hJ(X) =0if
dist(x,Ujcs0;) > n. Let 6 = min{n/16n,1/16n}. Set

H=A{g,hs:1,JC{1,2,...,m}}. (e0.20)
Now suppose that ¢, : C(X) — M, such that
|Top(c) —To(c)| <o for all c € H. (e0.21)

We have, for all f € C(X)

§ f X/ pi and w § f }/I ai, (60.22)
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X,
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf‘;l pi = iji1 q = 1m,.
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf‘;l pi = ijil qj = 1pm,. Define a
subset R C {1,2,...., k1 } x {1,2,..., ko } as follows:
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf‘;l pi = ijil qj = 1pm,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) <.
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf‘;l pi = iji1 qj = 1pm,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only

if dist(x;, y;) < 7. Let a; = rankp; and b; = rankgq;.
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf-il pi = J’fil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset.
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf’i1 pi = J’fil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset. Put A={ie{1,2,.. .k} :x €S}
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf’i1 pi = ijil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset. Put A={ie{1,2,...,ki}:xi €S}. Then

7(¢(ga)) = Y _ ai/n. (e0.23)

x;€S
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf’i1 pi = ijil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset. Put A={ie{1,2,...,ki}:xi €S}. Then

7((ga)) = Y ai/n. (e0.23)
x;€S
It follows that
T((ga)) = Y ai/n—1/16n. (e0.24)
X;€ES
H L B H " 7 e June 8th, 2015, RMMC/CBMS Unive;s:it%' e



where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf’i1 pi = ijil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset. Put A={ie{1,2,...,ki}:xi €S}. Then

7(¢(ga)) > > ai/n. (e0.23)
xi€S
It follows that
7(4(ga)) = Y ai/n—1/16n. (e0.24)
X;€ES

Let Ps be the range projection of 1(ga) in M,,
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf’i1 pi = ijil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset. Put A={ie{1,2,...,ki}:xi €S}. Then

7(¢(ga)) > > ai/n. (e0.23)
xi€S
It follows that
7(4(ga)) = Y ai/n—1/16n. (e0.24)
X;€ES

Let Ps be the range projection of 1)(ga) in M,, Then

7(Ps) > Z aj/n = Z aj/n. (e0.25)

xi€S i€eA
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where Xo = {x1,x2, ..., Xk, } and Yo = {y1,¥2, ..., Yk, } are finite subsets of
X, and {p1,p2,..., Pk, } and {q1, g2, ..., gk, } are two sets of mutually
orthogonal projections such that Zf’i1 pi = ijil qj = 1p,. Define a
subset R C {1,2,...,ki1} x {1,2,..., ko} as follows: (i,;) € R if and only
if dist(x;, y;) < 7. Let a; = rankp; and b; = rankq;. Let S C Xy be a
subset. Put A={ie{1,2,...,ki}:xi €S}. Then

7(¢(ga)) > > ai/n. (e0.23)
xi€S
It follows that
7(4(ga)) = Y ai/n—1/16n. (e0.24)
X;€ES

Let Ps be the range projection of 1)(ga) in M,, Then

T(Ps)> > ai/n="ai/n. (0.25)
x;€S i€EA
Therefore
T(p(hi)) = > ai/n. (e0.26)
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It follows that

Y ai< ) b (€0.27)

i€eA JERA
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It follows that

Y ai< ) b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1 }.
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It follows that

Y ai< ) b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1}. By the previous lemma 1.3,
there are {c¢;j} C Z* such that

ko k1
Z Cij = ai, Z Cij = bj (60-28)
j=1 i=1
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It follows that

Y ai< > b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1}. By the previous lemma 1.3,
there are {c¢;j} C Z* such that

ko k1
Z Cij = ai, Z Cij = bj (60-28)
j=1 i=1

and ¢;; # 0 if and only (/,/) € R.
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It follows that

Y ai< > b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1}. By the previous lemma 1.3,
there are {c¢;j} C Z* such that

ko k1
Z Cij = ai, Z Cij = bj (e 0.28)
Jj=1 i=1

and ¢;; # 0 if and only (/,j) € R. Therefore there are mutually
orthogonal projections pj; and gj; such that

ko k1
> pi=pi > =4 (¢0.29)
j=1 i=1
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It follows that

Y ai< > b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1}. By the previous lemma 1.3,
there are {c¢;j} C Z* such that

ko k1
Z Cij = ai, Z Cij = bj (e 0.28)
Jj=1 i=1

and ¢;; # 0 if and only (/,j) € R. Therefore there are mutually
orthogonal projections pj; and gj; such that

ko k1
> pi=pi > =4 (¢0.29)
j=1 i=1

rankp;; = rankgqj;

Huaxin Lin Basic Homotopy Lemmas Introduction
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It follows that

Y ai< > b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1}. By the previous lemma 1.3,
there are {c¢;j} C Z* such that

Z Cij = ai, Z Cij = b; (e0.28)

and ¢;; # 0 if and only (/,j) € R. Therefore there are mutually
orthogonal projections pj; and gj; such that

ko k1
> pi=pi > =4 (¢0.29)
j=1 i=1

rankpj; = rankg;; and p; # 0 and g;; # 0 if and only if (/) € R.

June 8th, 2015, RMMC/CBMS Unive}'sity 0
67



It follows that

Y ai< > b (€0.27)

i€A JERA

This holds, for any subset A C {1,2,..., k1}. By the previous lemma 1.3,
there are {c¢;j} C Z* such that

Z Cij = ai, Z Cij = b; (e0.28)

and ¢;; # 0 if and only (/,j) € R. Therefore there are mutually
orthogonal projections pj; and gj; such that

ko k1
> pi=pi > =4 (¢0.29)
j=1 i=1

rankpj; = rankg;; and p; # 0 and g;; # 0 if and only if (/) € R.
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We may write

&(f) = _ f(x)p; and ¥(f Zf () ai- (€0.30)

ij
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We may write

= f(x)pj and (f Zf () ai- (€0.30)

ij

Moreover, p;; # 0 and g;; # 0 if and only if dist(x;, y;) < 7.
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We may write

= f(x)pj and (f Zf () ai- (€0.30)

ij

Moreover, pj # 0 and g # 0 if and only if dist(x;, y;) < n. Therefore
there exists a unitary u € M, such that

u*pjju = qj and |[Aduoo(f) —y(f)]| <e (e0.31)

for all f € F. Lemma then follows easily.
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Theorem 1.5.
Let X be a compact metric space, P € M,(C(X)) be a projection,
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Theorem 1.5.
Let X be a compact metric space, P € M,(C(X)) be a projection,
C = PM,(C(X))P and let n > 1 be an integer.
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Theorem 1.5.

Let X be a compact metric space, P € M,(C(X)) be a projection,

C = PM,(C(X))P and let n > 1 be an integer. For any ¢ > 0 and any
finite subset F C C,
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Theorem 1.5.
Let X be a compact metric space, P € M,(C(X)) be a projection,
C = PM,(C(X))P and let n > 1 be an integer. For any ¢ > 0 and any

finite subset F C C, there exists § > 0 and a finite subset H C Cs_,.
satisfying the following:
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Theorem 1.5.

Let X be a compact metric space, P € M,(C(X)) be a projection,

C = PM,(C(X))P and let n > 1 be an integer. For any ¢ > 0 and any
finite subset F C C, there exists § > 0 and a finite subset H C Cs_,.

satisfying the following: Suppose that ¢, : C — C([0, 1], M,) are two
unital homomorphisms such that
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Theorem 1.5.

Let X be a compact metric space, P € M,(C(X)) be a projection,
C = PM,(C(X))P and let n > 1 be an integer. For any ¢ > 0 and any
finite subset F C C, there exists § > 0 and a finite subset H C Cs_,.

satisfying the following: Suppose that ¢, : C — C([0, 1], M,) are two
unital homomorphisms such that

b0 = Us0, |ToP(g) —To(g)| < for all g € H, (e0.32)
and for all T € T(C([0, 1], Mp,)).
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Theorem 1.5.

Let X be a compact metric space, P € M,(C(X)) be a projection,

C = PM,(C(X))P and let n > 1 be an integer. For any ¢ > 0 and any
finite subset F C C, there exists § > 0 and a finite subset H C Cs_,.

satisfying the following: Suppose that ¢, : C — C([0, 1], M,) are two
unital homomorphisms such that

bs0 = Vs0, |Tod(g) —Tow(g)| <4 for all g € H, (e0.32)

and for all T € T(C([0,1], My)). Then there exists a unitary
u € C([0,1], Mp,) such that
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Theorem 1.5.

Let X be a compact metric space, P € M,(C(X)) be a projection,

C = PM,(C(X))P and let n > 1 be an integer. For any ¢ > 0 and any
finite subset F C C, there exists § > 0 and a finite subset H C Cs_,.

satisfying the following: Suppose that ¢, : C — C([0, 1], M,) are two
unital homomorphisms such that

bs0 = Vs0, |Tod(g) —Tow(g)| <4 for all g € H, (e0.32)

and for all T € T(C([0,1], My)). Then there exists a unitary
u € C([0,1], Mp,) such that

|u*d(Fu—(f)|| <€ for all feF. (e0.33)
4
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n.
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let ;1 = min{e/64,/16}.
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n).
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 1 > 0 such that
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

for all f € F,
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

for all f € F, whenever [t — t'| <.
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

forall f € F, whenever [t —t'|<n. Let0=ty<t; <---<ty=1Dbe
a partition of [0, 1] with |t; — t;_1| < n for all /.
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

forall f € F, whenever [t —t'|<n. Let0=ty<t; <---<ty=1Dbe
a partition of [0, 1] with |t; — t;_1| <7 for all i. By the assumption and
1.4, there is a unitary u; € M,
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

forall f € F, whenever [t —t'|<n. Let0=ty<t; <---<ty=1Dbe
a partition of [0, 1] with |t; — t;_1| <7 for all i. By the assumption and
1.4, there is a unitary u; € M, such that

luto(F)(t:)ui — O(F)()]| < e1 for all £ € F, i=0,1,2,...,m. (e0.35)
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

[6(F)(t) = H(F(E) < ex and [[9(F)(t) —(F)(t)]| <er (e0.34)
forall f € F, whenever [t —t'|<n. Let0=ty<t; <---<ty=1Dbe
a partition of [0, 1] with |t; — t;_1| <7 for all i. By the assumption and
1.4, there is a unitary u; € M, such that
luFop(F)(t)ui — Y(F)(t)|| < e for all feF, i=0,1,2,....m. (e0.35)

It follows that

uipru; ¢(F)(ti)u; U?<+1 ey ui+1¢(f)(tf)u7+1
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

forall f € F, whenever [t —t'|<n. Let0=ty<t; <---<ty=1Dbe
a partition of [0, 1] with |t; — t;_1| <7 for all i. By the assumption and
1.4, there is a unitary u; € M, such that

luf d(F)(t)ui — (F)(t)|| < €1 for all feF, i=0,1,2,....m. (e0.35)
It follows that

uipru; (F)(tujury g ~e uip1p(F)(t)uly
Ney Ui 1D (F)(tiv1) Ui e O(F)(tir1) e o(F)(ti)-
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Proof : Let § > 0 be required by Cor. 1.2. for the given ¢/16 and F and
n. Let e = min{e/64,0/16}. Let 61 > 0 (in place of ) and H C Cs.,. be
finite subset as required by Thm. 1.4. for given €1 (in place of €) and F
(as well as n). Choose 77 > 0 such that

le(F)(t) = H(F)(E)Il < ex and [[¥(F)(t) — w(F)(t)| <ex (e0.34)

forall f € F, whenever [t —t'|<n. Let0=ty<t; <---<ty=1Dbe
a partition of [0, 1] with |t; — t;_1| <7 for all i. By the assumption and
1.4, there is a unitary u; € M, such that

luf d(F)(t)ui — (F)(t)|| < €1 for all feF, i=0,1,2,....m. (e0.35)
It follows that

uipru; (F)(tujury g ~e uip1p(F)(t)uly
Ney Ui 1D (F)(tiv1) Ui e O(F)(tir1) e o(F)(ti)-
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} c M,
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1pm, and
wi(tit1) = uip1u}
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
Wi(ti+1) = u;+1u}* and

lwi(t)o(F)(ti) — o(F)(ti)wi(t)]] < €/16 for all f € F,  (e0.36)
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
Wi(ti+1) = u;+1u}* and

lwi(t)o(F)(ti) — o(F)(ti)wi(t)]] < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
Wi(ti+1) = u,-+1u;-" and

[wi(t)p(F)(t:) — o(F)(ti)wi(t)]| < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
Then v(t;) = u; and v(ti41) = ujt1, i =0,1,2,...,m, and
v e C([0,1], Mp).
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
Wi(ti+1) = u,-+1u;-" and

[wi(t)p(F)(t:) — o(F)(ti)wi(t)]| < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
Then v(t;) = u; and v(ti41) = ujt1, i =0,1,2,...,m, and
v € C([0,1], M,)). Moreover, for t € [t;, tit1],
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
w;(tiy1) = ujpru  and

[wi(t)p(F)(t:) — o(F)(ti)wi(t)]| < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
Then v(t;) = u; and v(ti41) = ujt1, i =0,1,2,...,m, and
v € C([0,1], M,)). Moreover, for t € [t;, tit1],

v(t) o(F)()v(t) e ujwi(t) o (F)(t)wi(t)ui
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
w;(tiy1) = ujpru  and

[wi(t)p(F)(t:) — o(F)(ti)wi(t)]| < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
Then v(t;) = u; and v(ti41) = ujt1, i =0,1,2,...,m, and
v € C([0,1], M,)). Moreover, for t € [t;, tit1],

v(t) P(F)(E)v(t) e ujwi(t) o(F)(tr)wi(t)ui =6 uf O(F)(t)ui
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
w;(tiy1) = ujpru  and

[wi(t)p(F)(t:) — o(F)(ti)wi(t)]| < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
Then v(t;) = u; and v(ti41) = ujt1, i =0,1,2,...,m, and
v € C([0,1], M,)). Moreover, for t € [t;, tit1],
v(t) p(F)(t)v(t) e ujwilt) o(F)(t)wit)ui ~cp16 uj ¢(F)(ti)ui
Ra Y(t)(t) ~e p(F)(1)

for all f € F.
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It follows that there exists a continuous path of unitaries
{W,'(t) te [t,', t;+1]} C M, such that W,'(t,') =1y, and
w;(tiy1) = ujpru  and

[wi(t)p(F)(t:) — o(F)(ti)wi(t)]| < €/16 for all f € F,  (e0.36)

i=0,1,2...,m. Define v(t) = w;(t)u; for t € [t;, tit1], i =0,1,2....m.
Then v(t;) = u; and v(ti41) = ujt1, i =0,1,2,...,m, and
v € C([0,1], M,)). Moreover, for t € [t;, tit1],

v(t) P(F)(E)v(t) e ujwi(t) o(F)(tr)wi(t)ui =6 uf O(F)(t)ui
R P(8)(t) ~e P(F)(2)

for all f € F. In other words,

IV o(f)v —(f)|| < e for all f e F. (e0.37)
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Theorem 1.6.
Let X be a compact metric space which is locally path connected, let
P € M,(C(X)) be a projection and let C = PM,(C(X))P.
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Theorem 1.6.

Let X be a compact metric space which is locally path connected, let
P € M,(C(X)) be a projection and let C = PM,(C(X))P. Suppose that
¢: C— C([0,1], M), where n > 1 is an integer.
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Theorem 1.6.

Let X be a compact metric space which is locally path connected, let

P € M,(C(X)) be a projection and let C = PM,(C(X))P. Suppose that
¢: C — C([0,1], Mp,), where n > 1 is an integer. For any € > 0 and any
finite subset F C C, there exists a set of mutually orthogonal rank
projections pi, p2, ..., pn € C([0,1], My) such that
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Theorem 1.6.

Let X be a compact metric space which is locally path connected, let

P € M,(C(X)) be a projection and let C = PM,(C(X))P. Suppose that
¢: C — C([0,1], Mp,), where n > 1 is an integer. For any € > 0 and any
finite subset F C C, there exists a set of mutually orthogonal rank
projections pi, p2, ..., pn € C([0,1], My) such that

n
llo(f) — E f(ai)pill <€ for all f e F, (e0.38)
i=1
v
June 8th, 2015, RMMC/CBMS University o
it



Theorem 1.6.

Let X be a compact metric space which is locally path connected, let

P € M,(C(X)) be a projection and let C = PM,(C(X))P. Suppose that
¢: C — C([0,1], Mp,), where n > 1 is an integer. For any € > 0 and any
finite subset F C C, there exists a set of mutually orthogonal rank
projections pi, p2, ..., pn € C([0,1], My) such that

lo(F) = > Fai)pill < € for all f € F, (e0.38)
i=1

where «; : [0,1] — X is a continuous map, i = 1,2, ..., n.
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Proof : We will only prove the case that C = C(X).

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We will only prove the case that C = C(X). Letd >0 be
required by Lemma 1.3. for the given integer n and ¢/4 (in place of ¢).
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Proof : We will only prove the case that C = C(X). Letd >0 be
required by Lemma 1.3. for the given integer n and ¢/4 (in place of ¢).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)
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Proof : We will only prove the case that C = C(X). Letd >0 be
required by Lemma 1.3. for the given integer n and ¢/4 (in place of ¢).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)

and if dist(x, y) < d/2, there exists an open ball B of radius < d
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Proof : We will only prove the case that C = C(X). Letd >0 be
required by Lemma 1.3. for the given integer n and €/4 (in place of €).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)

and if dist(x, y) < d/2, there exists an open ball B of radius < d which
contains a continuous path in B connecting x and y.

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We will only prove the case that C = C(X). Letd >0 be
required by Lemma 1.3. for the given integer n and €/4 (in place of €).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)

and if dist(x, y) < d/2, there exists an open ball B of radius < d which
contains a continuous path in B connecting x and y. Let ;1 > 0 (in place
of §) and ‘H C C be a finite subset required by Theorem 1.4 for the given
min{e/4,0/2} (in place of €), F, nand d/2.

June 8th, 2015, RMMC/CBMS Unive}'sity 0
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We will only prove the case that C = C(X). Let § > 0 be
required by Lemma 1.3. for the given integer n and €/4 (in place of €).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)

and if dist(x, y) < d/2, there exists an open ball B of radius < d which
contains a continuous path in B connecting x and y. Let ;1 > 0 (in place
of §) and ‘H C C be a finite subset required by Theorem 1.4 for the given
min{e/4,0/2} (in place of €), F, nand d/2. There exists n > 0 such that

l6(g)(t) — d(g)(t)] < min{e/4,61/2,5/2} for all f € H (e0.40)

whenever [t — t/| <.
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Proof : We will only prove the case that C = C(X). Let § > 0 be
required by Lemma 1.3. for the given integer n and €/4 (in place of €).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)

and if dist(x, y) < d/2, there exists an open ball B of radius < d which
contains a continuous path in B connecting x and y. Let ;1 > 0 (in place
of §) and ‘H C C be a finite subset required by Theorem 1.4 for the given
min{e/4,0/2} (in place of €), F, nand d/2. There exists n > 0 such that

l6(g)(t) — d(g)(t)] < min{e/4,61/2,5/2} for all f € H (e0.40)

whenever [t —t/| <n. Let0=1ty<t; < tp <+ <ty =1 be a partition
with |t; — ti—1| <mn, i=1,2,...,m.

June 8th, 2015, RMMC/CBMS University
/ 67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We will only prove the case that C = C(X). Let d > 0 be
required by Lemma 1.3. for the given integer n and €/4 (in place of €).
Let d > 0 satisfying the following:

|f(x) — F(X')|| < e/4 for all f e F, if dist(x,x’) <2d, (e0.39)

and if dist(x, y) < d/2, there exists an open ball B of radius < d which
contains a continuous path in B connecting x and y. Let ;1 > 0 (in place
of §) and ‘H C C be a finite subset required by Theorem 1.4 for the given
min{e/4,0/2} (in place of €), F, nand d/2. There exists n > 0 such that

l6(g)(t) — d(g)(t)] < min{e/4,61/2,5/2} for all f € H (e0.40)

whenever [t —t/| <n. Let0=1ty<t; < tp <+ <ty =1 be a partition
with |t; — ti_1| <mn, i =1,2,...,m. We have

¢(F)(ti-1) = F(xi1)pi—1, for all f e C(X), (e0.41)
j=1

where x;_1; € X and {pi—1,1,pi—12,.--, Pi—1,n} is a set of mutually
orthogonal rank one projections.
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that

luio(F)(tiz1)ui — &(F)(t)|| < min{d/2,e/4} for all f € F, (e0.42)

i=1,2,....m.
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that

luio(F)(tiz1)ui — &(F)(t)|| < min{d/2,e/4} for all f € F, (e0.42)

i=1,2,....,m. Moreover, we may assume, without loss of generality, that
there is a permutation ¢; such that

ufp,-_l,ju = Pi,oi(j) and diSt(X,'_l,J',X,-J'.U)) < d/2, (e 0.43)

j=1,2,.,n i=12,..m
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that

luio(F)(tiz1)ui — &(F)(t)|| < min{d/2,e/4} for all f € F, (e0.42)

i=1,2,....,m. Moreover, we may assume, without loss of generality, that
there is a permutation ¢; such that

ufp,-_l,ju = Pi,oi(j) and diSt(X,'_l,J',X,-pi(j)) < d/2, (e 0.43)
j=12..,n i=12..m. By (e0.42) and (e0.40),
Hgb(f)(t,-_l)u,- — Ui¢(f)(tf_1)|| < ¢ for all f e F, (e 0.44)

i=1,2,....,m.
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that

luio(F)(tiz1)ui — &(F)(t)|| < min{d/2,e/4} for all f € F, (e0.42)

i=1,2,....,m. Moreover, we may assume, without loss of generality, that
there is a permutation ¢; such that

ufp,-_l,ju = Pi,oi(j) and diSt(X,'_l,J',X,-pi(j)) < d/2, (e 0.43)
j=12..,n i=12..m. By (e0.42) and (e0.40),
Hgb(f)(t,-_l)u,- — Ui¢(f)(tf_1)|| < ¢ for all f e F, (e 0.44)

i=1,2,....,m. It follows from 1.1 that there exists a continuous path of
unitaries {v(t) : t € [ti_1, ti]]} C M,
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that

luio(F)(tiz1)ui — &(F)(t)|| < min{d/2,e/4} for all f € F, (e0.42)

i=1,2,....,m. Moreover, we may assume, without loss of generality, that
there is a permutation ¢; such that

ufp,-_l,ju = Pi,oi(j) and diSt(X,'_l,J',X,-pi(j)) < d/2, (e 0.43)
j=12..,n i=12..m. By (e0.42) and (e0.40),
Hgb(f)(t,-_l)u,- — Ui¢(f)(tf_1)|| < ¢ for all f e F, (e 0.44)

i=1,2,....,m. It follows from 1.1 that there exists a continuous path of
unitaries {v(t) : t € [tj_1, t]]} C M, such that v(t;_1) =1 and
V(t,') = uj_1and
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It follows from Thm. 1.4 and (e0.40) that there are unitaries u; € M,
such that

luio(F)(tiz1)ui — &(F)(t)|| < min{d/2,e/4} for all f € F, (e0.42)

i=1,2,....,m. Moreover, we may assume, without loss of generality, that
there is a permutation ¢; such that

ufp,-_l,ju = Pi,oi(j) and diSt(X,'_l,J',X,-pi(j)) < d/2, (e 0.43)
j=12..,n i=12..m. By (e0.42) and (e0.40),
Hgb(f)(t,-_l)u,- — Ui¢(f)(tf_1)|| < ¢ for all f e F, (e 0.44)

i=1,2,....,m. It follows from 1.1 that there exists a continuous path of
unitaries {v(t) : t € [tj_1, t]]} C M, such that v(t;_1) =1 and
V(t,') = uj_1and

IV(D)O(F)(ti-1) — S(F)(t)V(D)] < ¢/4 for all f e F, (e0.45)

i=1,2,....,m.
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Define pi(t) = v(t)*pi_1;v(t) for t € [ti_1,¢], i =1,2,....m.
)j J
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then
pj(tO) = Po,» pj(t) Pioi(j)s r=12..,m
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then
pj(to) = Po,j, pj(t,') = Pioi(j)> i=12 ..,m. Since
diSt(X,'_lJ,X,"UI.U)) < d/2,
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then

pj(to) = Po,j, pj(t,') = Pioi(j)> i=12 ..,m. Since
dist(xj—1,j, Xj,0;(j)) < d/2, there exists a continuous path
Qji—1": [1.',',1, t,'] — B; such that
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then
pj(to) = Po,j, pj(t,') = Pioi(j)> i=12 ..,m. Since

dist(xj—1,j, Xj,0;(j)) < d/2, there exists a continuous path

Qji—1": [1.',',1, t,'] — B; such that Olj,ifl(tifl) = Xj—1, and

@;i—1(t) = Xj 0,(j)5
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then
pj(to) = Po,j, pj(t,') = Pioi(j) i=12 ..,m. Since

dist(xj—1,j, Xj,0;(j)) < d/2, there exists a continuous path

Qji—1": [1.',',1, Z‘,'] — B; such that Olj,ifl(tifl) = Xj—1, and

aji—1(t) = Xj.o;(j)» Where B; is an open ball with radius d which contains

both Xi—1,j and Xi.oi(j)-
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then
pj(to) = Po,j, pj(t,') = Pioi(j) i=12 ..,m. Since

dist(xj—1,j, Xj,0;(j)) < d/2, there exists a continuous path

Qji—1": [1.',',1, Z‘,‘] — B; such that Olj,ifl(tifl) = Xj—1, and

aji—1(t) = Xj.o;(j)» Where B; is an open ball with radius d which contains
both x;_1; and x;,,(j- Define a; : [0,1] — X by a;(t) = a;;-1(t) if
t€ti—, t],i=1,2,....m.
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Define pj(t) = v(t)*pi—1,jv(t) for t € [ti_1,t], i=1,2,...,m. Then
pj(to) = Po,j, pj(t,') = Pioi(j) i=12 ..,m. Since

dist(xj—1,j, Xj,0;(j)) < d/2, there exists a continuous path

Qji—1": [1.',',1, Z‘,‘] — B; such that Olj,ifl(tifl) = Xj—1, and

aji—1(t) = Xj.o;(j)» Where B; is an open ball with radius d which contains
both x;_1; and x;,,(j- Define a; : [0,1] — X by a;(t) = a;;-1(t) if

t € [ti—1,t], i =1,2,....,m. Define

P(f) = if(a;)pi for all f € C(X). (e0.46)
i=1
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On t € [ti_1, t,
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On t € [ti—1, t],

I6(F)(2) = (@) = [6(F)(E) = D F(xi-1))Pi-14ll

Jj=1

Y )P — Y flagioa(8)pi(t)]
j=1 j=1
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On t € [ti—1, t],

[(F)(t) = () = [lo(f) Zf(x, 1j)Pi-1]]

j=1

+|l Z f(xi—1j)pi-1j — Z f(aji—1(t))pi (1)l

<e/4+||2fx,1,1p,1,1 fo,l,, (t)pi—1jv(t)] + /4

Jj=1 Jj=1
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On t € [ti—1, t],

[(F)(t) = () = [lo(f) Zf(x, 1j)Pi-1]]

j=1

+|l Z f(xi—1j)pi-1j — Z f(aji—1(t))pi (1)l

<e/4+||2fx,1,1p,1,1 fo,l,, (t)pi—1jv(t)] + /4

Jj=1 Jj=1

= [|¢(F)(ti—1) — v (£)o(F)(tir)v(t)]| +€/2 < €/2 4 €/2
forall f € F.
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Corollary

Let X be a compact metric space, let P € M,(C(X)) be a projection and
let C = PM,(C(X))P.
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Corollary

Let X be a compact metric space, let P € M,(C(X)) be a projection and
let C = PM,(C(X))P. Suppose that ¢ : C — C([0,1], M,), where n > 1
is an integer.
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Corollary

Let X be a compact metric space, let P € M,(C(X)) be a projection and
let C = PM,(C(X))P. Suppose that ¢ : C — C([0,1], M,), where n > 1
is an integer. For any € > 0 and any finite subset F C C, there exists a
set of mutually orthogonal rank projections p1, p2, ..., pn € C([0, 1], M,,)
such that
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Corollary

Let X be a compact metric space, let P € M,(C(X)) be a projection and
let C = PM,(C(X))P. Suppose that ¢ : C — C([0,1], M,), where n > 1
is an integer. For any € > 0 and any finite subset F C C, there exists a
set of mutually orthogonal rank projections p1, p2, ..., pn € C([0, 1], M,,)
such that

lo(F) = Fai)pill < € for all f € F, (e0.47)
i=1
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Corollary

Let X be a compact metric space, let P € M,(C(X)) be a projection and
let C = PM,(C(X))P. Suppose that ¢ : C — C([0,1], M,), where n > 1
is an integer. For any € > 0 and any finite subset F C C, there exists a
set of mutually orthogonal rank projections p1, p2, ..., pn € C([0, 1], M,,)
such that

lo(F) = Fai)pill < € for all f € F, (e0.47)
i=1

where «; : [0,1] — X is a continuous map, i = 1,2, ..., n.
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Corollary

Let X be a compact metric space, let P € M,(C(X)) be a projection and
let C = PM,(C(X))P. Suppose that ¢ : C — C([0,1], M,), where n > 1
is an integer. For any € > 0 and any finite subset F C C, there exists a
set of mutually orthogonal rank projections p1, p2, ..., pn € C([0, 1], M,,)
such that

lo(F) = Fai)pill < € for all f € F, (e0.47)
i=1
where «; : [0,1] — X is a continuous map, i = 1,2, ..., n.
Proof.
C(X) = limp—00(C(Xn),2n), where X, is a polygon and 1, is an injective
homomorphism. O

v
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Suppose that u, v € M, are two unitaries such that ||uv — vu| < 1.
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Suppose that u, v € M, are two unitaries such that ||uv — vu|| < 1. Then
|[v*uvu* — 1|| < 1. One has

(1/27i) Tr(log(v*uvu®)) € Z.
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Suppose that u, v € M, are two unitaries such that ||uv — vu|| < 1. Then
|[v*uvu* — 1|| < 1. One has

(1/27i) Tr(log(v*uvu®)) € Z.

If there is a continuous path of unitaries {v(t) : t € [0,1]} C M, such
that v(0) = v and v(1) = 1y, and

v (B)uv(t)u® — 1] < 1,
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Suppose that u, v € M, are two unitaries such that ||uv — vu|| < 1. Then
|[v¥uvu* — 1|| < 1. One has

(1/27i) Tr(log(v*uvu®)) € Z.

If there is a continuous path of unitaries {v(t) : t € [0,1]} C M, such
that v(0) = v and v(1) = 1y, and

lv*(t)uv(t)u® — 1| <1,

then (1/271) Tr(log(v*(t)uv(t)u*) is continuous and is zero at t = 1.
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Suppose that u, v € M, are two unitaries such that ||uv — vu|| < 1. Then
|[v¥uvu* — 1|| < 1. One has

(1/27i) Tr(log(v*uvu®)) € Z.

If there is a continuous path of unitaries {v(t) : t € [0,1]} C M, such
that v(0) = v and v(1) = 1y, and

lv*(t)uv(t)u® — 1| <1,

then (1/271) Tr(log(v*(t)uv(t)u*) is continuous and is zero at t = 1.
Therefore

(1/27i) Tr(log(v*(t)uv(t)u™) =0 for all t € [0,1].
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Let

e27ri/" 0 0---
0 e47ri/n 0---

e2n7ri/n
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Let

eZ7ri/n 0 0---
0 e47ri/n 0---

e2n7ri/n

00 0 1
10 0 0
m=l0 1 o0 0
1 0
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Let

eZ7ri/n 0 0---

0 e47ri/n 0---
up =
e2n7ri/n
0 0 O 1
1 0 O 0
=01 o 0
1 0

This is the Voiculescu pair.
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One computes that

627ri/n 0 0---
0 e27ri/n 0---

* *
VpUnVpl, =

eZTri/n .
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One computes that
e2mi/n 0 0---
2mi/n
i = 0 e2mi/n ...
e2mi/n
In particular

lim ||upvy — Votn|| = lim [e2™/" — 1] = 0.
n—oo n—o0
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One computes that
e2mi/n 0 0---
. . 0 e2mi/n 0---
VpUpVpl, =
e2mi/n
In particular
lim ||upvy — Votn|| = lim [e2™/" — 1] = 0.
n—o0 n—o0

However,
Tr(log(v, upvpuy)) = 2mi.
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One computes that

riln o Q...
0 e27ri/n 0---

VUVl =
eZTri/n .
In particular
: o T 2ri/n 1|
lim ||upVn — Vaup|| = lim |e 1] =0.
n—o0 n—o0
However,
Tr(log(v, upvpuy)) = 2mi.

In other words, there is No § > 0 satisfying the following:
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One computes that

riln o Q...
0 e27ri/n 0---

VUVl =
eZTri/n .
In particular
: o T 2ri/n 1|
lim ||upVn — Vaup|| = lim |e 1] =0.
n—o0 n—o0
However,
Tr(log(v, upvpuy)) = 2mi.

In other words, there is No § > 0 satisfying the following:
For any integer n > 1, any pair of unitaries u,v € M, with [juv — vu| < 4,
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One computes that

2ri/n 0 0.
0 e2mi/n 0---

Vo UpVply =
eZTri/n .
In particular
: o T 2ri/n 1|
lim ||upVn — Vaup|| = lim |e 1] =0.
n—o0 n—o0
However,
Tr(log(v, upvpuy)) = 2mi.

In other words, there is No § > 0 satisfying the following:
For any integer n > 1, any pair of unitaries u,v € M, with [juv — vu| < 4,
there is a continuous path of unitaries {v(t) : t € [0,1]} C M, such that
v(0) = v and v(1) = 1p,
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One computes that

2ri/n 0 0.
0 e2mi/n 0---

Vo UpVply =
eZTri/n .
In particular
: o T 2ri/n 1|
lim ||upVn — Vaup|| = lim |e 1] =0.
n—o0 n—o0
However,
Tr(log(v, upvpuy)) = 2mi.

In other words, there is No § > 0 satisfying the following:
For any integer n > 1, any pair of unitaries u,v € M, with [juv — vu| < 4,
there is a continuous path of unitaries {v(t) : t € [0,1]} C M, such that
v(0) = v and v(1) = 1p, and

luv(t) — v(t)u|| <1 for all t € [0,1].
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Let

f( 27rit) 1- 2ta ifo<t< 1/2.
e f
—1+42t if1/2<t<1,
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Let
: 1-2t if0<t<1/2;
f(e27rlt): ’ ' —= = /
—1+2t, ifl/2<t<1,

(F(e2mit) — f(ezﬂ'it)2)1/27 if0<t<1/2

2mity __
g(e™) {0 if1/2<t<1,
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Let

(e 1-2t, f0<t<1/2
e =
—1+2t, ifl/2<t<1,

g(627rit) _ (f(e27rit) - f(ezﬂt)2)1/27 if 0 <t< 1/2;
0 if 1/2 <t<1,
and
h(e271'it) _ 0. ifo<t< 1/2,
- (f(e27rit) _ f(e27rit)2)1/2’ if1/2<t<1
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Let

f( 27rit) 1-2t, if0<t< 1/2v
e =
—1+2t, ifl/2<t<1,

g(627rit) _ (f(e27rit) - f(627rit)2)1/27 if 0 <t< 1/2;
0 if 1/2 <t<1,
and
h(e271'it) _ 0. ifo<t< 1/2,
- (f(e27rit) _ f(e27rit)2)1/2’ if1/2<t<1

These are non-negative continuous functions defined on T.

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Let

(e 1-2t, f0<t<1/2
e =
—1+2t, ifl/2<t<1,

g(627rit) _ (f(e27rit) - f(627rit)2)1/27 if 0 <t< 1/2;
0 if1/2<t<1,
and
h(e271'it) _ 0. ifo<t< 1/2,
- (f(e27rit) _ f(e27rit)2)1/2’ if1/2<t<1

These are non-negative continuous functions defined on T. Suppose that
u and v are unitaries with uv = vu.
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Let

F(e>1) 1-—2t, if0<t<1/2;
e =
—1+2t, ifl/2<t<1,

g(mity = | (€T = F(EP)12 ifo< e <1/2,
0 if 1/2 <t<1,
and
h(e271'it) _ 0. ifo<t< 1/2,
= (f(e27rit) - f(e27rit)2)1/27 if 1/2 <t<1

These are non-negative continuous functions defined on T. Suppose that
u and v are unitaries with uv = vu. Define

_ f(v) g(v) + h(v)u*
e(u,v) = <g(v) +uh(v)  1—f(v) > '
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Let

f( 27rit) 1-2t, if0<t< 1/2v
e =
—1+2¢t, ifl/2<t<1,

g(mity = | (€T = F(EP)12 ifo< e <1/2,
0 if 1/2 <t<1,
and
h(e271'it) _ 0. ifo<t< 1/2,
= (f(e27rit) - f(e27rit)2)1/27 if 1/2 <t<1

These are non-negative continuous functions defined on T. Suppose that
u and v are unitaries with uv = vu. Define

_ f(v) g(v) + h(v)u*
e(u,v) = <g(v) +uh(v)  1—f(v) > '

Then e(u, v) is a projection.
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There exists a g > 0
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There exists a dg > 0 such that if ||uv — vul| < do,
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There exists a dg > 0 such that if ||uv — vu|| < dp, then the spectrum of
positive element e(u, v) has a gap at 1/2.
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There exists a dg > 0 such that if ||uv — vu|| < dp, then the spectrum of
positive element e(u, v) has a gap at 1/2. The bott element botty(u, v)
as defined by Exel and Loring is
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There exists a dg > 0 such that if ||uv — vu|| < dp, then the spectrum of
positive element e(u, v) has a gap at 1/2. The bott element botty(u, v)
as defined by Exel and Loring is

(el = 15 o)1
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Let C be a unital C*-algebra C.
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C.
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C).
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C). Suppose that T(C) # 0.
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine

functions on T(C). Suppose that T(C) # 0. There is a map ¢ — ¢ from
Cs.a. — Aff(T(C)) defined by &(7) = 7(c) for all c € G5, and 7 € T(C).
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C). Suppose that T(C) # (). There is a map ¢ — ¢ from
Cs.o. = Aff(T(C)) defined by ¢(7) = 7(c) for all c € Cs 5. and 7 € T(C).
Denote by C{ the image of C, in Aff(T(C)) and Cz’l the image of Cy in
the unit ball of C.
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C). Suppose that T(C) # (). There is a map ¢ — ¢ from
Cs.o. = Aff(T(C)) defined by ¢(7) = 7(c) for all c € Cs 5. and 7 € T(C).
Denote by C{ the image of C, in Aff(T(C)) and Cz’l the image of Cy in
the unit ball of C.

Let A and B be two unital C*-algebras and let L : A — B be a linear map.
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C). Suppose that T(C) # (). There is a map ¢ — ¢ from
Cs.o. = Aff(T(C)) defined by ¢(7) = 7(c) for all c € Cs 5. and 7 € T(C).
Denote by C{ the image of C, in Aff(T(C)) and Cz’l the image of Cy in
the unit ball of C.

Let A and B be two unital C*-algebras and let L : A — B be a linear map.
Let G C A be a subset and let § > 0.

June 8th, 2015, RMMC/CBMS Unive}'sity 0
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C). Suppose that T(C) # (). There is a map ¢ — ¢ from
Cs.o. = Aff(T(C)) defined by ¢(7) = 7(c) for all c € Cs 5. and 7 € T(C).
Denote by C{ the image of C, in Aff(T(C)) and Cz’l the image of Cy in
the unit ball of C.

Let A and B be two unital C*-algebras and let L : A — B be a linear map.
Let G C A be a subset and let § > 0. We say L is G-6-multiplicative, if
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Let C be a unital C*-algebra C. Denote by T(C) the tracial state space
of C. Denote by Aff(T(C)) the space of all real continuous affine
functions on T(C). Suppose that T(C) # (). There is a map ¢ — ¢ from
Cs.o. = Aff(T(C)) defined by ¢(7) = 7(c) for all c € Cs 5. and 7 € T(C).
Denote by C{ the image of C, in Aff(T(C)) and Cz’l the image of Cy in
the unit ball of C.

Let A and B be two unital C*-algebras and let L : A — B be a linear map.
Let G C A be a subset and let § > 0. We say L is G-6-multiplicative, if

IIL(a)L(b) — L(ab)|| < § for all a, be G.
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Now we will present the following theorem:
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Now we will present the following theorem:

Theorem 2.1.
Let X be a compact metric space, P € M,(C(X)) be a projection

y
June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Now we will present the following theorem:

Theorem 2.1.
Let X be a compact metric space, P € M,(C(X)) be a projection and
C = PM,(C(X)).

y
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Now we will present the following theorem:

Theorem 2.1.
Let X be a compact metric space, P € M,(C(X)) be a projection and

C =PM,(C(X)). LetA: Cfi’l \ {0} — (0,1) be an order preserving
map.

y
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Now we will present the following theorem:

Theorem 2.1.
Let X be a compact metric space, P € M,(C(X)) be a projection and

C =PM,(C(X)). LetA: Cfi’l \ {0} — (0,1) be an order preserving
map. Let e >0 and let F C A be a finite subset.
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C =PM,(C(X)). LetA: Cfi’l \ {0} — (0,1) be an order preserving
map. Let e >0 and let F C A be a finite subset.

There exists a finite subset H1 C A4 \ {0},
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C =PM,(C(X)). LetA: Cfi’l \ {0} — (0,1) be an order preserving
map. Let e >0 and let F C A be a finite subset.

There exists a finite subset H1 C A4 \ {0}, a finite subset G C A,

y
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and

C =PM,(C(X)). LetA: Cfi’l \ {0} — (0,1) be an order preserving
map. Let e >0 and let F C A be a finite subset.

There exists a finite subset H1 C A4 \ {0}, a finite subset G C A, 6 > 0,
a finite subset P C K(A),

y
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and

C =PM,(C(X)). LetA: Cfi’l \ {0} — (0,1) be an order preserving
map. Let e >0 and let F C A be a finite subset.

There exists a finite subset H1 C A4 \ {0}, a finite subset G C A, 6 > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following:

4
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X)). LetA: Ci’l \ {0} — (0,1) be an order preserving
map. Let € >0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following: Suppose that Ly, Ly : A — M (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X)). LetA: Ci’l \ {0} — (0,1) be an order preserving
map. Let € >0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following: Suppose that Ly, Ly : A — M (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lp = [Lo][P,

4
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X)). LetA: Ci’l \ {0} — (0,1) be an order preserving
map. Let € >0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following: Suppose that Ly, Ly : A — M (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[La]|p = [Lo]lp,
tro Ly(h) > A(h), trolLy(h) > A(h) for all he Hy
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X)). LetA: Ci’l \ {0} — (0,1) be an order preserving
map. Let € >0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following: Suppose that Ly, Ly : A — M (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lp = [L2]lP,
tro Ly(h) > A(h), trolLy(h) > A(h) for all he Hy
and [tro Li(h) —tro Ly(h)| < o for all h € Ha,
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X)). LetA: Ci’l \ {0} — (0,1) be an order preserving
map. Let € >0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following: Suppose that Ly, Ly : A — M (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lp = [L2]lP,
tro Ly(h) > A(h), trolLy(h) > A(h) for all he Hy
and [tro Li(h) —tro Ly(h)| < o for all h € Ha,

then there exists a unitary u € My such that
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Now we will present the following theorem:

Theorem 2.1.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X)). LetA: Ci’l \ {0} — (0,1) be an order preserving
map. Let € >0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Ha C As.a. and o > 0 satisfying
the following: Suppose that Ly, Ly : A — M (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lp = [L2]lP,
tro Ly(h) > A(h), trolLy(h) > A(h) for all he Hy
and [tro Li(h) —tro Ly(h)| < o for all h € Ha,

then there exists a unitary u € My such that

IAduo Li(f) — La(f)| < € for all f e F. (e10.48)
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We begin with the following:

Theorem 2.2.
Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P.
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We begin with the following:

Theorem 2.2.
Let X be a connected compact metric space, P € M,(C(X)) be a

projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant.
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We begin with the following:

Theorem 2.2.

Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0,
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We begin with the following:

Theorem 2.2.

Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0, there is a finite subset Hy C Cs. 5. and op > 0 such that
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We begin with the following:

Theorem 2.2.

Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any

o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M,
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We begin with the following:

Theorem 2.2.

Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M, (for a matrix algebra M,,)
satisfying
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We begin with the following:

Theorem 2.2.

Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M, (for a matrix algebra M,,)
satisfying

Q ¢(h) > o1 and ¢(h) > o1 for any h € Hy,
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We begin with the following:

Theorem 2.2.
Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M, (for a matrix algebra M,,)
satisfying

Q ¢(h) > o1 and ¢(h) > o1 for any h € H1, and

Q |[tro¢(h) —troe(h)| < o2 for any h € Ha,
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We begin with the following:

Theorem 2.2.
Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M, (for a matrix algebra M,,)
satisfying

Q ¢(h) > o1 and ¢(h) > o1 for any h € H1, and

Q |[tro¢(h) —troe(h)| < o2 for any h € Ha,
then there is a unitary u € M,, such that
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We begin with the following:

Theorem 2.2.
Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C™T such that, for any
o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M, (for a matrix algebra M,,)
satisfying

Q ¢(h) > o1 and ¢(h) > o1 for any h € H1, and

Q |[tro¢(h) —troe(h)| < o2 for any h € Ha,
then there is a unitary u € M,, such that

lop(f) — u™p(Ful| < e for any f € F.
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We begin with the following:

Theorem 2.2.
Let X be a connected compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X))P. Let F C C be a finite subset, and let
€ > 0 be a constant. There is a finite subset H1 C C* such that, for any
o1 > 0, there is a finite subset Hy C Cs.,. and oo > 0 such that for any
unital homomorphisms ¢, : C — M, (for a matrix algebra M,,)
satisfying

Q ¢(h) > o1 and ¢(h) > o1 for any h € H1, and

Q |[tro¢(h) —troe(h)| < o2 for any h € Ha,
then there is a unitary u € M,, such that

|o(F) — u™p(F)ul| < e for any f € F.

Proof.
The proof is just a modification of that of Theorem 1.4. Ol
v
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Theorem 2.3.
Let X be a compact metric space, P € M,(C(X)) be a projection and

C = PM,(C(X))P
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and

C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map.
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and

C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A,
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
‘P of projections in C,
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
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Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a. and § > 0 satisfying the following:
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C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a and § > 0 satisfying the following: If ¢1,¢2 : A— M, (for
some integer n > 1) are two unital homomorphisms such that
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a and § > 0 satisfying the following: If ¢1,¢2 : A— M, (for
some integer n > 1) are two unital homomorphisms such that

[¢1]lp = [#2]lp,
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a and § > 0 satisfying the following: If ¢1,¢2 : A— M, (for
some integer n > 1) are two unital homomorphisms such that

[¢1]lp = [¢2]l,
7o ¢1(h) > A(h) for all heHy and
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a and § > 0 satisfying the following: If ¢1,¢2 : A— M, (for
some integer n > 1) are two unital homomorphisms such that

[¢1]lp = [#2]lp,

7o ¢1(h) > A(h) for all he Hy and
|70 01(g) —Topag)| <o for all g € Ha,
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a and § > 0 satisfying the following: If ¢1,¢2 : A— M, (for
some integer n > 1) are two unital homomorphisms such that

[¢1]lp = [¢2]l,
7o ¢1(h) > A(h) for all heHy and

|70 01(g) —Topag)| <o for all g € Ha,

then, there exist a unitary u € M,, such that
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Theorem 2.3.

Let X be a compact metric space, P € M,(C(X)) be a projection and
C=PM,(C(X))P andlet A : Ai’l \ {0} — (0,1) be an order preserving
map. For any € > 0, any finite subset F C A, there exists a finite subset
P of projections in C, a finite subset H1 C AL \ {0}, a finite subset

Ho C As.a and § > 0 satisfying the following: If ¢1,¢2 : A— M, (for
some integer n > 1) are two unital homomorphisms such that

[pa]lp = [d2]lP,
7o ¢1(h) > A(h) for all heHy and

|70 01(g) —Topag)| <o for all g € Ha,

then, there exist a unitary u € M,, such that

|Ad uo ¢1(f) — pa(f)|| <€ for all f e F. (e10.49)
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Proof.

In the case that X is connected, then it follows immediately from the
previous theorem.
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Proof.

In the case that X is connected, then it follows immediately from the
previous theorem. Then it is clear that the case X has finitely many
connected components follows.
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Proof.

In the case that X is connected, then it follows immediately from the
previous theorem. Then it is clear that the case X has finitely many
connected components follows. The general case follows from the fact

that C(X) = limy_00(C(Xn), 2n),
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Proof.

In the case that X is connected, then it follows immediately from the
previous theorem. Then it is clear that the case X has finitely many
connected components follows. The general case follows from the fact
that C(X) = lim,—00(C(Xn),2n), where X, is a polygon and v, is
injective. )
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Proof.

In the case that X is connected, then it follows immediately from the
previous theorem. Then it is clear that the case X has finitely many
connected components follows. The general case follows from the fact
that C(X) = lim,—00(C(Xn),2n), where X, is a polygon and v, is
injective. )

Remark: P can be chosen to be a set of mutually orthogonal projections
which corresponds to a set of disjoint clopen subsets with union X.
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Lemma 2.4.
Let X be a compact metric space
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Lemma 2.4.
Let X be a compact metric space and let A= PM,(C(X))P, where
P e C(X,M,) is a projection.
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Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map.
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Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map.
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Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset F C A and any o > 0,
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Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset F C A and any o > 0,
there exists a finite subset Hi C AL \ {0},
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Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset 7 C A and any o > 0,
there exists a finite subset H1 C A}L \ {0}, a finite subset Hy C As.,. and
6 > 0 satisfying the following:
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Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset 7 C A and any o > 0,
there exists a finite subset H1 C A}L \ {0}, a finite subset Hy C As.,. and
0 > 0 satisfying the following: If ¢1,p2 : A — M, (for some integer

n > 1) are two unital homomorphisms
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Let X be a compact metric space and let A= PM,(C(X))P, where
P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset 7 C A and any o > 0,
there exists a finite subset H1 C A}L \ {0}, a finite subset Hy C As.,. and
0 > 0 satisfying the following: If ¢1,p2 : A — M, (for some integer
n > 1) are two unital homomorphisms such that

7o ¢1(h) > A(h) for all heHy and
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Lemma 2.4.
Let X be a compact metric space and let A= PM,(C(X))P, where
P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset F C A and any o > 0,
there exists a finite subset H1 C A}L \ {0}, a finite subset Hy C As.,. and
0 > 0 satisfying the following: If ¢1,p2 : A — M, (for some integer
n > 1) are two unital homomorphisms such that

7o ¢1(h) > A(h) for all h e H; and

|70 p1(g) — 7o pa(g)| < o for all g € Ha,
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Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset F C A and any o > 0,
there exists a finite subset H1 C A}r \ {0}, a finite subset Hy C As.,. and
0 > 0 satisfying the following: If ¢1,p2 : A — M, (for some integer

n > 1) are two unital homomorphisms such that

~

7o ¢1(h) > A(h) for all h € Hy and
|70 p1(g) — 7o pa(g)| < o for all g € Ha,

then, there exist a projection p € M, a unital homomorphism
H:A— pM,p,
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H: A — pMu,p, unital homomorphisms hy, hy : A — (1 — p)M,(1 — p)
and a unitary u € M,, such that
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Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
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0 > 0 satisfying the following: If ¢1,p2 : A — M, (for some integer
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7o ¢1(h) > A(h) for all h € Hy and
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then, there exist a projection p € M, a unital homomorphism
H: A — pMu,p, unital homomorphisms hy, hy : A — (1 — p)M,(1 — p)
and a unitary u € M,, such that

[Aduo ¢(f) — (m(f) + H(F))| <e,

lo2(F) — (ha(F) + H(F)|| < € for all f € F




Lemma 2.4.

Let X be a compact metric space and let A= PM,(C(X))P, where

P e C(X,M,) is a projection. Let A : Ai”l \ {0} — (0,1) be an order
preserving map. For any € > 0, any finite subset F C A and any o > 0,
there exists a finite subset H1 C A}r \ {0}, a finite subset Hy C As.,. and
0 > 0 satisfying the following: If ¢1,p2 : A — M, (for some integer

n > 1) are two unital homomorphisms such that

~

7o ¢1(h) > A(h) for all h € Hy and
|70 p1(g) — 7o pa(g)| < o for all g € Ha,
then, there exist a projection p € M, a unital homomorphism

H: A — pMu,p, unital homomorphisms hy, hy : A — (1 — p)M,(1 — p)
and a unitary u € M,, such that

[Ad uo ¢1(f) — (hu(f) + H(F))Il <,
|l p2(F) — (ha(F) + H(F)|| < € for all f e F
and 7(1 — p) < o,

where T is the tracial state of M,,.
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Idea of the proof

We may write

K
= F(xki)qu,i for all £ € M(C(X)),
k=1
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Idea of the proof

We may write
K
= F(xki)qu,i for all £ € M(C(X)),
k=1

where {g; 1 1 < k < K} is a set of mutually orthogonal rank r
projections.
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Idea of the proof

We may write
K
= F(xki)qu,i for all £ € M(C(X)),
k=1

where {qx;: 1 < k < K} is a set of mutually orthogonal rank r
projections. Therefore we may write

i = ¢io D Pi1-
where ¢,'.0 A — P,'MnP,' and (25,'71 A — (1 — P,')Mn(]. — P,'), i = 1,2,
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Idea of the proof

We may write

K
= F(xki)qu,i for all £ € M(C(X)),
k=1

where {qx;: 1 < k < K} is a set of mutually orthogonal rank r
projections. Therefore we may write

i = ¢io D Pi1-

where ¢,'.0 A — P,'MnP,' and (25,'71 A — (1 — P,')Mn(]. — P,'), i = 1,2,
such that tr(P,-) < ¢ and [¢1’1]|7> = [¢52,1]|7).
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Idea of the proof

We may write
K
= F(xki)qu,i for all £ € M(C(X)),
k=1

where {qx;: 1 < k < K} is a set of mutually orthogonal rank r
projections. Therefore we may write

i = ¢io D Pi1-

where ¢,'.0 A — P,'MnP,' and (25,'71 A — (1 — P,')Mn(]. — P,'), i = 1,2,
such that tr(P,') < o and [¢>1’1]|7> = [¢52,1]|7>. We then have

Aduo¢r1 e P21
Let H = ¢2’1.
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Proof : We will only prove the case that A = M,(C(X)).
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Proof : We will only prove the case that A = M,(C(X)). Let
Ay = (1/2)A.
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Proof : We will only prove the case that A = M,(C(X)). Let
A1 = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections,

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We will only prove the case that A = M,(C(X)). Let
A1 = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset,
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Proof : We will only prove the case that A = M,(C(X)). Let

A1 = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset
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Proof : We will only prove the case that A = M,(C(X)). Let

A1 =(1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;.
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Proof : We will only prove the case that A = M,(C(X)). Let

A1 =(1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C H, and H, C AL \ {0}.
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Proof : We will only prove the case that A = M,(C(X)). Let

A1 =(1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)
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Proof : We will only prove the case that A = M,(C(X)). Let

A1 =(1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, .., Pky }-
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections

such that 14 = Zfil pi.
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = Zfil pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho = H, UH;.

June 8th, 2015, RMMC/CBMS University
/ 67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = Zfil pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho = H,L UHy. Let o1 = min{A(g) : g € Ha}.
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = Zfil pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho =H5UHy. Let o1 = min{A(g) : g € Ha}. Choose
0= min{ao . 0’/4/(1,00 : 51/4/(1,01/16/(1}.
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = Zfil pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho =H5UHy. Let o1 = min{A(g) : g € Ha}. Choose
0 = min{og - 0/4ky, 00 - 01/4ky1,01/16k; }. Suppose now that
@1, 92 : A — M, are two unital homomorphisms
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = Zfil pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho =H5UHy. Let o1 = min{A(g) : g € Ha}. Choose
0 = min{og - 0/4ky, 00 - 01/4ky1,01/16k; }. Suppose now that
@1, 92 : A — M, are two unital homomorphisms described in the lemma
for the above Hi, Hy and A.
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = Zfil pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho =H5UHy. Let o1 = min{A(g) : g € Ha}. Choose
0 = min{og - 0/4ky, 00 - 01/4ky1,01/16k; }. Suppose now that
@1, 92 : A — M, are two unital homomorphisms described in the lemma
for the above Hi, Hy and A.

We may write ¢j(f) = >} _; f(xkj)qk, for all f € M, (C(X)),
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Proof : We will only prove the case that A = M,(C(X)). Let

A; = (1/2)A. Let P € A be a finite subset of mutually orthogonal
projections, H; C AL\ {0} (in place of H1) be a finite subset, H) C As..
(in place of H2) be a finite subset and d; > 0 (in place of §) required by
Theorem 2.3 for €/2 (in place of €), F and A;. Without loss of generality,
we may assume that 14 € F, 14 € H} C Hj and H, € AL\ {0}. Put

oo =min{A1(g) : g € H5}. (e10.50)

We may write P = {p1, p2, ..., pi, }- Without loss of generality, we may
assume that {p; : 1 < i < ki } is a set of mutually orthogonal projections
such that 14 = ngl pi. Let H1 =HiU{pi:1<i<k}UH] and
Ho =H5UHy. Let o1 = min{A(g) : g € Ha}. Choose
0 = min{og - 0/4ky, 00 - 01/4ky1,01/16k; }. Suppose now that
@1, 92 : A — M, are two unital homomorphisms described in the lemma
for the above Hi, Hy and A.

We may write ¢;(f) = > _; f(xkj)qk, for all f € M,(C(X)), where
{qkj 1 < k< n} (j=1,2) is a set of mutually orthogonal rank r
projections and x; ; € X.
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We have

|TO d)l(pl) - To¢2(pi)| < 67 = 1a2a ey k17 (e 1051)
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We have
|70 ¢1(pi) — T o da(pi)| <0, i =1,2,.... ki, (e10.51)

where 7 is the tracial state on M,.
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We have
|TO d)l(pl) —TOo ¢2(pl)| < 67 i=1,2,.. k17 (e 1051)

where 7 is the tracial state on M,. Therefore, there exists a projection
Poj € My such that
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We have
|TO d)l(pl) —TOo ¢2(pl)| < 67 i=1,2,.. k17 (e 1051)

where 7 is the tracial state on M,. Therefore, there exists a projection
Poj € My such that

T(Po’j) < ki < o090, j=12, (e 10.52)
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We have
|TO d)l(pl) —TOo ¢2(pl)| < 67 i=1,2,.. k17 (e 1051)

where 7 is the tracial state on M,. Therefore, there exists a projection
Poj € My such that

T(Po’j) < ki < o090, j=12, (e 10.52)

rank(Po 1) = rank(Po2),
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We have
|TO d)l(pl) —TOo ¢2(pl)| < 67 i=1,2,.. k17 (e 1051)

where 7 is the tracial state on M,. Therefore, there exists a projection
Poj € M, such that

T(Po’j) < ki < o090, j=12, (e 10.52)

rank(Pp 1) = rank(Pp2), unital homomorphisms ¢10: A — Po1M,Po 1,
$2,0: A — Poo2MpPo 2,
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We have
|’7’O d)l(pl) —TOo ¢2(pl)| < 6’ i=1,2,.. k17 (e 1051)

where 7 is the tracial state on M,. Therefore, there exists a projection
Poj € M, such that

T(Po’j) < ki < o090, j=12, (e 10.52)
rank(Po 1) = rank(Pp2), unital homomorphisms ¢10: A — Po1M,Po 1,

qﬁg’o A — P0’2MnP0’27 ¢1,1 A — (1 — PO,l)Mn(]- — PO,l) and
¢172 A= (1 — P()Q)Mn(l — P072)
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We have
70 d1(pi) = 7 0 ba(p) < 6, i =1,2, ...k, (e10.51)

where 7 is the tracial state on M,. Therefore, there exists a projection
Poj € M, such that

T(Po’j) < kid < og - o, j=1,2, (e 10.52)
rank(Po 1) = rank(Pp2), unital homomorphisms ¢10: A — Po1M,Po 1,
qﬁg’o A — P0’2MnP0’2, ¢1,1 A — (1 — PO,l)Mn(]- — PO,l) and
¢172 A — (1 — P()Q)Mn(l — P072) such that

$1= 10D d1,1, P2 = $20D P21, (€10.53)
Todri(pi) = 7o d12(pi), I=1,2,... ki (e10.54)
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By replacing ¢1 by Ad v o ¢1, simplifying the notation, without loss of
generality, we may assume that Py 1 = Py . It follows (see ??) that

[p11]lp = [P2.1]lP- (e10.55)

By (€10.52) and choice of og, we also have

To¢11(g) > A1(g) for all g € Hj and (e10.56)
|70 p11(8) — T o P12(g)| < 0061 for all g € Hs. (e10.57)

Therefore
topr1(g) > A1(g) for all g € Hi and (e10.58)
[togr1(g) —topia(g) <01 for all g€ H), (e10.59)

where t is the tracial state on (1 — Py 9)M,(1 — P1). By applying ??,
there exists a unitary v; € (1 — P19)Mp(1 — P1) such that

|Ad vy 0 p11(F) — ¢21(fF)|| < €/16 for all f € F. (e 10.60)

Put H = ¢2,1 and p = P1o. The lemma for the case that A = M,(C(X))
follows.
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Corollary 2.5.
Let X be a compact metric space and let A= PC(X, M,)P,
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Corollary 2.5.
Let X be a compact metric space and let A= PC(X, M,)P, where
P € C(X,F) is a projection.
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where
P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > a > 1/2.
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where
P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any € > 0, any finite subset F C A,
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any € > 0, any finite subset F C A, any finite subset Ho C AL \ {0}
and any integer K > 1.
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any e > 0, any finite subset F C A, any finite subset Ho C Ai \ {0}
and any integer K > 1. There is an integer N > 1, a finite subset

My C AL\ {0},
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any e > 0, any finite subset F C A, any finite subset Ho C Ai \ {0}
and any integer K > 1. There is an integer N > 1, a finite subset

Hi C A}r \ {0}, a finite subset Hy C As.,., 0 > 0 satisfying the following:
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any e > 0, any finite subset F C A, any finite subset Ho C Ai \ {0}
and any integer K > 1. There is an integer N > 1, a finite subset

Hi C A}r \ {0}, a finite subset Hy C As.,., 0 > 0 satisfying the following:
If $1,d2 : A — M, (for any integer n > N) are two unital homomorphisms
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any e > 0, any finite subset F C A, any finite subset Ho C A}r \ {0}
and any integer K > 1. There is an integer N > 1, a finite subset

Hi C A}r \ {0}, a finite subset Hy C As.,., 0 > 0 satisfying the following:
If $1,d2 : A — M, (for any integer n > N) are two unital homomorphisms
such that

7o ¢1(h) > A(h) for all h€ H; and
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any e > 0, any finite subset F C A, any finite subset Ho C A}r \ {0}
and any integer K > 1. There is an integer N > 1, a finite subset

Hi C A}r \ {0}, a finite subset Hy C As.,., 0 > 0 satisfying the following:
If $1,d2 : A — M, (for any integer n > N) are two unital homomorphisms
such that

7o ¢1(h) > A(h) for all h€ H; and
|70 p1(g) — T o pa(g)| < for all g € Ha,
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Corollary 2.5.

Let X be a compact metric space and let A= PC(X, M,)P, where

P € C(X,F) is a projection. Let A : Aj’r’l \ {0} — (0,1) be an order
preserving map and let 1 > o > 1/2.

For any e > 0, any finite subset F C A, any finite subset Ho C A}r \ {0}
and any integer K > 1. There is an integer N > 1, a finite subset

Hi C A}r \ {0}, a finite subset Hy C As.,., 0 > 0 satisfying the following:
If $1,d2 : A — M, (for any integer n > N) are two unital homomorphisms
such that

7o ¢1(h) > A(h) for all h€ H; and
|70 p1(g) — T o pa(g)| < for all g € Ha,

then, there exists a unitary u € M,, such that
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K

|Aduo é1(F) — (ha(F) + diag(H(F), (), - D) < e
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K

1) 0(F), - O < e

IAd w0 ¢1(F) — (hu(F) + diag(¥

A

F X

p2(F) — (ha(F) + diag((F), ¥(F), .., w(F)]| < € for all f € F,

~—
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K

1) 0(F), - O < e

IAd w0 ¢1(F) — (hu(F) + diag(¥

A

F X

62(£) = (ha(F) + diag(t(F), W (F), .., G(F))I| < € for all f € F,

A(g)
K

~—

and 7o(g) > a—>= for all g € Ho,
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K

1) 0(F), - O < e

IAd w0 ¢1(F) — (hu(F) + diag(¥

A

F X

l62(F) = (ha(F) + diag((F), ¥ (F),
and To(g) > a% for all g € Ho,

~—

s W(F)))| <€ for all feF,

T € T(M,,), hl, h2 A — eoM,,eo,
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K

1) 0(F), - O < e

|Ad uo ¢1(f) — (hi(F) + dlag(

A

F X

l62(F) = (ha(F) + diag((F), ¥ (F),
and To(g) > a% for all g € Ho,

~—

s W(F)))| <€ for all feF,

T € T(M,), hi,hy : A— egMpeg, ¥ : A — e1M,e; are unital
homomorphisms,
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K

1) 0(F), - O < e

|Ad uo ¢1(f) — (hi(F) + dlag(

A

F X

l62(F) = (ha(F) + diag((F), ¥ (F),
and To(g) > a% for all g € Ho,

~—

s W(F)))| <€ for all feF,

T € T(M,), hi,hy : A— egMpeg, ¥ : A — e1M,e; are unital
homomorphisms, ey, €1, €2, ..., ex € M, are mutually orthogonal non-zero
projections,
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K

1) 0(F), - O < e

|Ad uo ¢1(f) — (hi(F) + dlag(

A

F X

l62(F) = (ha(F) + diag((F), ¥ (F),
and To(g) > a% for all g € Ho,

~—

s W(F)))| <€ for all feF,

T € T(M,), hi,hy : A— egMpeg, ¥ : A — e1M,e; are unital
homomorphisms, ey, €1, €2, ..., ex € M, are mutually orthogonal non-zero
projections, e1, e, ..., ek are equivalent, ey < e1 and eg + Z,K:1 e =1p,.
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K

IAd w0 ¢1(F) — (hu(F) + diag(¥ (f) D), o) < e

¢2(f) — (ha(f) + diag(u(f), lb(f) WO < e for all feF,
and 7o1(g) > a% for all g € Ho,
T € T(M,), hi,hy : A— egMpeg, ¥ : A — e1M,e; are unital

homomorphisms, ey, €1, €2, ..., ex € M, are mutually orthogonal non-zero
projections, e1, e, ..., ek are equivalent, ey < e1 and eg + Z,K:1 e =1p,.

Remark: If X has infinitely many points, then there is no need to mention
the integer N.
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K

A

Ve

[Ad ue ¢1(F) = (hi(f) + diag(y(F), (), ... ()| <&,
K

l[¢2(f) = (ha(f) + diag(v(F), (), ..., ¥(F)))|| <€ for all f € F,
and To(g) > a% for all g € Ho,
T € T(M,), hi,hy : A— egMpeg, ¥ : A — e1M,e; are unital

homomorphisms, ey, €1, €2, ..., ex € M, are mutually orthogonal non-zero
projections, e1, e, ..., ek are equivalent, ey < e1 and eg + Z,K:1 e =1p,.
o

Remark: If X has infinitely many points, then there is no need to mention
the integer N. The integer n will be large when Hg is large.
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Idea of the proof
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Idea of the proof

We can write

H Re ¢+dla‘g(w7¢7 T 7’¢))
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Proof : We prove the case that C = C(X).
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:
Let X, F, P A and « be as in the corollary.
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F, P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A% \ {0}
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A} \ {0} satisfying the
following: Suppose that H: A — M, (for some n > N) is a unital
homomorphism such that
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A} \ {0} satisfying the
following: Suppose that H: A — M, (for some n > N) is a unital
homomorphism such that

ToH(g) > A(g) for all g € Ho. (e10.61)
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A} \ {0} satisfying the
following: Suppose that H: A — M, (for some n > N) is a unital
homomorphism such that

ToH(g) > A(g) for all g € Ho. (e10.61)

Then there are mutually orthogonal projections ey, €1, €2, ...,ex € M,
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A} \ {0} satisfying the
following: Suppose that H: A — M, (for some n > N) is a unital
homomorphism such that

ToH(g) > A(g) for all g € Ho. (e10.61)

Then there are mutually orthogonal projections ey, €1, €2, ...,ex € M,, a
unital homomorphism ¢ : A — egM,ep and a unital homomorphism
P A— etM,er

June 8th, 2015, RMMC/CBMS University
/ 67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A} \ {0} satisfying the
following: Suppose that H: A — M, (for some n > N) is a unital
homomorphism such that

ToH(g) > A(g) for all g € Ho. (e10.61)

Then there are mutually orthogonal projections ey, €1, €2, ...,ex € M,, a
unital homomorphism ¢ : A — egM,ep and a unital homomorphism
¥ : A— etM,e; such that p

|H(f) — (o(f) & diag(yp(f), ¥(f),...,0(f)))|| < € for all f e F,
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Proof : We prove the case that C = C(X). By applying Lemma 2.4, it is
easy to see that it suffices to prove the following statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let F C A be a finite subset, let #o C AL \ {0} and let K > 1.
There is an integer N > 1, a finite subset H; C A} \ {0} satisfying the
following: Suppose that H: A — M, (for some n > N) is a unital
homomorphism such that

ToH(g) > A(g) for all g € Ho. (e10.61)

Then there are mutually orthogonal projections ey, €1, €2, ...,ex € M,, a
unital homomorphism ¢ : A — egM,ep and a unital homomorphism
¥ : A— etM,e; such that

IH(f) — (¢(f) @ diag(4(f), ( ) SPOI < e for all feF,
Y(g) > aA(g) for all g € Hp.
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Put
o0 =((1—a)/4)min{A(g) : g € Ho} > 0. (e10.62)
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Put
oo = ((1 — a)/4) min{A(&) : g € Ho} > 0. (€10.62)
Let €3 = min{e/16,00} and let F1 = F U Ho.
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Put

o0 =((1—a)/4)min{A(g): g € Ho} > 0. (e10.62)
Let €3 = min{e/16,00} and let F1 = F U Hp. Choose dy > 0 such that
[f(x) — f(X')] < e for all fe Fy, (e10.63)
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Put

o0 =((1—a)/4)min{A(g): g € Ho} > 0. (e10.62)
Let €3 = min{e/16,00} and let F1 = F U Hp. Choose dy > 0 such that
[f(x) — f(X')] < e for all fe Fy, (e10.63)

provided that x, x’ € X and dist(x, x’) < db.
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Put

o0 =((1—a)/4)min{A(g): g € Ho} > 0. (e10.62)
Let €3 = min{e/16,00} and let F1 = F U Hp. Choose dy > 0 such that
[f(x) — f(X')] < e for all fe Fy, (e10.63)

provided that x, x’ € X and dist(x, x’) < db.

Choose £1,&, ..., Em € X such that Ujmle({j, do/2) D X, where

B(&,r) ={x € X : dist(x,&) < r}.
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Put

o0 =((1—a)/4)min{A(g): g € Ho} > 0. (e10.62)
Let €3 = min{e/16,00} and let F1 = F U Hp. Choose dy > 0 such that
[f(x) — f(X')] < e for all fe Fy, (e10.63)

provided that x, x’ € X and dist(x, x’) < db.
Choose £1,&, ..., Em € X such that ujn;ls(gj, do/2) D X, where
B(&,r) = {x € X : dist(x,&) < r}. Thereis di > 0 such that d; < dy/2
and

B(&j,d1) N B(&;, di) =0 (e10.64)
if i,
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Put

o0 =((1—a)/4)min{A(g): g € Ho} > 0. (e10.62)
Let €3 = min{e/16,00} and let F1 = F U Hp. Choose dy > 0 such that
[f(x) — f(X')] < e for all fe Fy, (e10.63)

provided that x, x’ € X and dist(x, x’) < db.
Choose £1,&, ..., Em € X such that Uj”;lB(gj, do/2) D X, where
B(&,r) = {x € X : dist(x,&) < r}. Thereis di > 0 such that d; < dy/2
and

B(§j, dl) M B(f,', dl) =0 (e 10.64)
if i #j. Thereis, for each j, a function h; € C(X) with 0 < h; <1,
hj(X) =1lifxe B(gj, d1/2) and hj(X) =0if x € B(fj,dl). Define
Hi1=HoU{hj:1<j < m} and put

o1 =min{A(g): g € Hi}. (e10.65)
Choose an integer N > 1 such that 1/Np < o1 - (1 — «)/4 and
N = 4m(Np + 1)?(K + 1)2.

Now let H : C(X) — M), be a unital homomorphism with n > N
June 8th, 2015 RMMC/CBMS University o
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Let Y1 = B(&1, do/2) \ U, B(&i, dh),

Y2 = B(&, do/2) \ (Yl UL3B(Si, dh),

Y; = B(&j, do/2) \ (U’ YiUUL,;,;B(&, d1)), j=1,2,...,m. Note that
YinYi=0ifi#j and B(&,di) C Y. We write that

= fx)pi=> (D f(xi)pi) for all fe C(X), (e10.66)
i=1

J=1 x€Y;

where {p1, p2, ..., pn} is a set of mutually orthogonal rank one projections
in My, {x1,x,...,xs} C X. Let R; be the cardinality of {x; : x; € Y}}.
Then, by (e10.61),

R; > Nt o H(h;) > NA(h;) > (No + 1)2Kay > (No 4 1)K?, (e 10.67)

Jj=12,...,m Write Rj = §;K + rj, where §; > NgKm and 0 < r; < K,
J=1,2,...,m. Choose Xj1,Xj2, ..., Xjr;, C {xi € Y;} and denote
Zj = {Xj,lan,Qa "'7Xj,rj}7j = 1,2,...,!77.
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Therefore we may write

H(f) = Z > f(xi)pi) +Zm:i:ij, )pii)  (e10.68)

J=1 xeY\Z; Jj=1 i=1

for f € C(X). Note that the cardinality of {x; € Y;\ Z;} is KSj,
j=1,2,...,m. Define

m K m
=S 1(G)P = S0 A(§)Qik) for all f e C(X), (e10.69)
j=1 k=1 j=1

where P; = Zx,eY\Z pi = Zszl Qjk and rankQ; x = S, j =1,2,....m
Put eo = 37 (327 pii), €k = >t Qik, k=1,2,..., K. Note that

rank(ep Z ri < mK and rank(ex) = (e10.70)
j=1
S; > NomK > mK, j=1,2,.. K. (e10.71)

It follows that ey < e1 and e; is equivalent to e;.
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Moreover, we may write
K
V(f) = diag(¢(f), (f),...,(f)) for all f € A, (e10.72)

where () = 3 7, (&)@ for all f € A. We also estimate that
N
IH(f) — (¢(f) & diag(v(f), ¥(F), .., e(F)))|| < ex for all f € £e10.73)

We also compute that

Tot(g) > (1/K)AZ): g € Hot — €1 — N,::;m) > aAf(g) (e10.74)

for all g € Hp.
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Cor(CorA) Let Ay = PM,(C(X))P, A= Ay @ C(T), let ¢ > 0
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Cor(CorA) Let Ag = PM,(C(X))P, A=Ay ® C(T), let ¢ > 0 and let
JF C A be a finite subset.
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Cor(CorA) Let Ay = PM,(C(X))P, A= Ay ® C(T), let ¢ > 0 and let

F C A be a finite subset. Let A : (Ag)?"\ {0} — (0,1) be an order
preserving map.

Suppose that H1 C (Ag)L \ {0} is a finite subset, o > 0 is positive number
and n > 1is an integer. There exists a finite subset Hy C (4g)L \ {0}
satisfying the following: Suppose that ¢ : A = Ag ® C(T) — M (for some
integer k > 1) is a unital homomorphism and

~

trogp(h®1) > A(h) for all he€ Hs. (e10.75)

Then there exist mutually orthogonal projections ey, €1, &, ..., e, € M
such that ey, e, ..., e, are equivalent and Y 7 ;e; = 1, and there exists a
unital homomorphisms ¢y : A= Ay ® C(T) — eyMep and

P A= Ay ® C(T) — e1Myer such that one may write that

n

I6(F) — diag(o(F). TP, o(F), - (P < ¢ (e10.76)
and tr(ey) < o (e10.77)

for all f € F, where tr is the tracial state on M.

Huaxin Lin Basic Homotopy Lemmas Introduction
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Moreover,

A(8)

tr(v(g 1)) > =5

for all g € H;. (e10.78)
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Lemma 2.6.
Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P

4
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Lemma 2.6.
Let X be a compact metric space, P € M,(C(X)) be a projection and let

A= PM,(C(X))P and let A : A:’L’l \ {0} — (0,1) be an order preserving
map.

y
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aﬁ’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A,

y
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A),

y
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A), a finite subset

H C AL\ {0} and an integer K > 1 satisfying the following:

.
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A), a finite subset

H C AL \ {0} and an integer K > 1 satisfying the following: For any two
unital 9-G-multiplicative contractive completely positive linear maps

¢1, %2 : A — M, (for some integer n)

.
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A), a finite subset

H C AL \ {0} and an integer K > 1 satisfying the following: For any two
unital 9-G-multiplicative contractive completely positive linear maps
®1,¢2 : A — M, (for some integer n) and any unital homomorphism

¥ A— M, with m > n such that
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A), a finite subset

H C AL \ {0} and an integer K > 1 satisfying the following: For any two
unital 9-G-multiplicative contractive completely positive linear maps
®1,¢2 : A — M, (for some integer n) and any unital homomorphism

¥ A— M, with m > n such that

roy(g) > A@) for all g € H and [pullp = [dallp,  (e10.79)
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A), a finite subset

H C AL \ {0} and an integer K > 1 satisfying the following: For any two
unital 9-G-multiplicative contractive completely positive linear maps
®1,¢2 : A — M, (for some integer n) and any unital homomorphism

¥ A— M, with m > n such that

roy(g) > A@) for all g € H and [pullp = [dallp,  (e10.79)

there exists a unitary U € Mk, such that

|Ad U o (¢1 ® W)(F) — (2 ® W)(F)|| < € for all f €A, (e10.80)
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Lemma 2.6.

Let X be a compact metric space, P € M,(C(X)) be a projection and let
A= PM,(C(X))P and let A : Aj’r’l \ {0} — (0,1) be an order preserving
map. For any e > 0 and any finite subset F C A, there exists 6 > 0, a
finite subset G C A, a finite subset P C K(A), a finite subset

H C AL \ {0} and an integer K > 1 satisfying the following: For any two
unital 9-G-multiplicative contractive completely positive linear maps
®1,¢2 : A — M, (for some integer n) and any unital homomorphism

¥ A— M, with m > n such that

roy(g) > A@) for all g € H and [pullp = [dallp,  (e10.79)

there exists a unitary U € Mk, such that
|Ad U o (¢1 ® W)(F) — (2 ® W)(F)|| < € for all f €A, (e10.80)

where
K

V(f) = diag(y(f), ¥(f), ..., b(f)) for all f € A.
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The above follows from the following:

Theorem 2.7.

Let A be a unital separable amenable C*-algebra and let B be a unital
C*-algebra.

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

Suppose that hy : A — B is a unital full monomorphism.

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

Suppose that hy : A — B is a unital full monomorphism. Then, for any
€ > 0 and any finite subset F C A,

v
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The above follows from the following:

Theorem 2.7.

Let A be a unital separable amenable C*-algebra and let B be a unital
C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

Suppose that hy : A — B is a unital full monomorphism. Then, for any
€ > 0 and any finite subset F C A, there exits an integer n > 1 and a
unitary W € My11(B) such that

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

Suppose that hy : A — B is a unital full monomorphism. Then, for any
€ > 0 and any finite subset F C A, there exits an integer n > 1 and a
unitary W € My11(B) such that

|W*diag(h1(a), ho(a), ..., ho(a)) W — diag(h2(a), ho(a), ..., ho(a))|| < €

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

Suppose that hy : A — B is a unital full monomorphism. Then, for any
e > 0 and any finite subset F C A, there exits an integer n > 1 and a
unitary W € My11(B) such that

||W*diag(h1(a), ho(a), ..., ho(a))W — diag(h2(a), ho(a), ..., ho(a))|| < €
for all a € F and W*pW = q, where

p = diag(h1(1a), ho(14), .., ho(1a)) and g = diag(h2(1a), ho(14), -, ho(1a))

v
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The above follows from the following:

Theorem 2.7.
Let A be a unital separable amenable C*-algebra and let B be a unital

C*-algebra. Suppose that hy, hy : A — B are two homomorphisms such
that

[h1] = [h2] in KL(A, B).

Suppose that hy : A — B is a unital full monomorphism. Then, for any
e > 0 and any finite subset F C A, there exits an integer n > 1 and a
unitary W € My11(B) such that

||W*diag(h1(a), ho(a), ..., ho(a))W — diag(h2(a), ho(a), ..., ho(a))|| < €
for all a € F and W*pW = q, where
P = diag(hl(lA), ho(lA), soag) ho(lA)) and q = diag(hg(lA), ho(lA), o005 hO(]-A )

In particular, if h1(14) = h2(1a), W € U(pMp+1(B)p).

v
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Lemma 2.8.
Let A be a unital C*-algebra whose irreducible representations have
bounded dimension.
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Lemma 2.8.
Let A be a unital C*-algebra whose irreducible representations have
bounded dimension.
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Lemma 2.8.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimension. Let T be a finite subset of tracial states on A. For
any finite subset F C A and for any e > 0 and o > 0,
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Lemma 2.8.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimension. Let T be a finite subset of tracial states on A. For
any finite subset F C A and for any e > 0 and o > 0, there is an ideal
J C A such that ||T|,|| < o forallT € T,
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Lemma 2.8.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimension. Let T be a finite subset of tracial states on A. For
any finite subset F C A and for any e > 0 and o > 0, there is an ideal

J C A such that ||T|4|| < o forall T € T, a finite dimensional
C*-subalgebra C C A/J and a unital homomorphism 7y from A such that
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Lemma 2.8.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimension. Let T be a finite subset of tracial states on A. For
any finite subset F C A and for any e > 0 and o > 0, there is an ideal

J C A such that ||T|4|| < o forall T € T, a finite dimensional
C*-subalgebra C C A/J and a unital homomorphism my from A such that

dist(n(x), C) < e for all a€ F, (e10.81)
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Lemma 2.8.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimension. Let T be a finite subset of tracial states on A. For
any finite subset F C A and for any e > 0 and o > 0, there is an ideal

J C A such that ||T|4|| < o forall T € T, a finite dimensional
C*-subalgebra C C A/J and a unital homomorphism my from A such that

dist(n(x), C) < e for all a€ F, (e10.81)
mo(A) = mo(C) = C and kermy D J, (e10.82)

where T : A — A/J is the quotient map.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = Ma(C(B(x,d0))),

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x,x") < d1.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x, x’) < d1. We may assume that d; < do.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x, x’) < d1. We may assume that d; < do.
For each x € X, since T is finite, there is 0, with d1/2 < dx < 01 such
that
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x, x’) < d1. We may assume that d; < do.
For each x € X, since T is finite, there is 0, with d1/2 < dx < 01 such
that

wr({y : dist(x,y) = dy}) =0 for all 7€ T, (e10.83)
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x, x’) < d1. We may assume that d; < do.
For each x € X, since T is finite, there is 0, with d1/2 < dx < 01 such
that

wr({y : dist(x,y) = dy}) =0 for all 7€ T, (e10.83)

where - is the probability measure on X induced by 7.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x, x’) < d1. We may assume that d; < do.
For each x € X, since T is finite, there is 0, with d1/2 < dx < 01 such
that

wr({y : dist(x,y) = dy}) =0 for all 7€ T, (e10.83)

where p- is the probability measure on X induced by 7. Note that
Uxex O(x, 0x) = X. Suppose that U” ; O(x;, d0x;) = X.
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Proof : We prove the case that A arising from a locally trivial continuous
field of M, over a compact metric space X. We may assume that there is
do > 0 such that for any x € X, Alg(, 5) = M,(C(B(x,&))), where
B(x,60) = {y € X : dist(x, y) < do}.

Let € > 0. There exists 61 > 0 such that

|f(x) — F(xX")|| < €/16 for all f € F,

provided that dist(x, x’) < d1. We may assume that d; < do.
For each x € X, since T is finite, there is 0, with d1/2 < dx < 01 such
that

wr({y : dist(x,y) = dy}) =0 for all 7€ T, (e10.83)

where p- is the probability measure on X induced by 7. Note that
Uxex O(x, 0x) = X. Suppose that U ; O(x;, dx,) = X. Define

F = Z{y s dist(y, x;) = dx, }-
i=1
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Then F is closed and p (F) =0forall 7 € T.

Huaxin Lin Basic Homotopy Lemmas Introduction



Then F is closed and yi-(F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.
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Then F is closed and yi-(F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.

Let
J={acA:aFf=0}
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Then F is closed and yi-(F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.

Let
J={acA:alf=0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < 47
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Then F is closed and yi-(F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.

Let
J={acA:alf=0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < 61 and G;N G; =0, i # j.
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Then F is closed and - (F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.
Let
J={acA:alf=0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,
let C; = {f eD: f(t) = f(f,)}, i=12, .. K.
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Then F is closed and - (F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.

Let
J={acA:alf=0}
Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,

let G; = {f € D; : f(t) = f(&)}, i =1,2,....,K. Define C =X, C. So
CCA/J.
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Then F is closed and - (F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.

Let
J={a€ A:alp =0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,
let G; = {f € D; : f(t) = f(&)}, i =1,2,....,K. Define C =X, C. So
C C A/J. By the choice of §, we estimate that, for any f € F,
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Then F is closed and yi-(F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.
Let
J={acA:alf=0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,
let G; = {f € D; : f(t) = f(&)}, i =1,2,....,K. Define C =X, C. So
C C A/J. By the choice of §, we estimate that, for any f € F,

diSt(f’Gi, C,) < 6/16.
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Then F is closed and yi-(F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.
Let
J={acA:alf=0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,
let G; = {f € D; : f(t) = f(&)}, i =1,2,....,K. Define C =X, C. So
C C A/J. By the choice of §, we estimate that, for any f € F,

diSt(f’Gi, C,) < 6/16.

It follows that dist(7(f), C) < e for all f € F.
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Then F is closed and - (F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.
Let
J={acA:alf=0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,
let G; = {f € D; : f(t) = f(&)}, i =1,2,....,K. Define C =X, C. So
C C A/J. By the choice of §, we estimate that, for any f € F,

diSt(f’Gi, C,) < 6/16.

It follows that dist(w(f),C) <eforall f € F. Letmy:A— EB,K:1 M,
be defined by mo(f) = @K [ £(&) for all f € A.
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Then F is closed and - (F) =0 for all 7 € T. There is an open set
O D F such that
ur(0) < o.

Let
J={a€ A:alp =0}

Then A/J = @K, Di, where D; = Alg, = M,(C(G;)) and G; C X is a
compact subset with diameter < ¢; and G;N G =0, i #j. Fix & € G,
let G; = {f € D; : f(t) = f(&)}, i =1,2,....,K. Define C =X, C. So
C C A/J. By the choice of §, we estimate that, for any f € F,

diSt(f’Gi, C,) < 6/16.

It follows that dist(w(f),C) <eforall f € F. Letmy:A— EB,K:1 M,
be defined by mo(f) = @K f(&) for all f € A. Then kermy D J and
7o(A) = mo(C) = C.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**. A projection g € A** is closed, if 1 — q is open.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**. A projection g € A** is closed, if 1 — q is open.
A closed projection g € A* is compact, if there exists an element a € Ay
such that g < a.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**. A projection g € A** is closed, if 1 — q is open.
A closed projection g € A* is compact, if there exists an element a € Ay
such that g < a.

Theorem 2.9. (L. G. Brown-1991)
Let A be a C*-algebra, p and q are two closed projections (in A**) such
that pq = 0 and p is compact.
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**. A projection g € A** is closed, if 1 — q is open.
A closed projection g € A* is compact, if there exists an element a € Ay
such that g < a.

Theorem 2.9. (L. G. Brown-1991)

Let A be a C*-algebra, p and q are two closed projections (in A**) such
that pq = 0 and p is compact. Then there exists a projection e € A such
that
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**. A projection g € A** is closed, if 1 — q is open.
A closed projection g € A* is compact, if there exists an element a € Ay
such that g < a.

Theorem 2.9. (L. G. Brown-1991)

Let A be a C*-algebra, p and q are two closed projections (in A**) such
that pq = 0 and p is compact. Then there exists a projection e € A such
that

p<e<(l-q).
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A unital C*-algebra B has real rank zero, if every self-adjoint element is a
norm limit of those self-adjoint elements with finite spectrum. If A is not
unital, then A has real rank zero if A has real rank zero.

A projection in p € A** is open if there exists a sequence of positive
elements a, € A such that 0 < a, < apy1 < pandlimp,00a, =pin
weak topology of A**. A projection g € A** is closed, if 1 — q is open.
A closed projection g € A* is compact, if there exists an element a € Ay
such that g < a.

Theorem 2.9. (L. G. Brown-1991)

Let A be a C*-algebra, p and q are two closed projections (in A**) such
that pq = 0 and p is compact. Then there exists a projection e € A such
that

p<e<(l-q).

The converse also holds.
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let
0—=+J—=A=C—=0

be a short exact sequence of C*-algebras.
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let

0—-J—>A—=>C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero.
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let

0—-J—>A—=>C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let

0—-J—>A—=>C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map.
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let

0—-J—>A—=>C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map. Then A has real rank zero.
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let
0—=+J—+A—=C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map. Then A has real rank zero.

Theorem 2.11. (L-2000)
Let
0—-J—-A=>C—0

be a short exact sequence of C*-algebras,

v
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let
0—=+J—+A—=C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map. Then A has real rank zero.

Theorem 2.11. (L-2000)
Let
0—-J—-A=>C—0

be a short exact sequence of C*-algebras, where A and C are unital, J
and C have real rank zero.

v
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let
0—=+J—+A—=C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map. Then A has real rank zero.

Theorem 2.11. (L-2000)
Let
0—-J—-A=>C—0

be a short exact sequence of C*-algebras, where A and C are unital, J
and C have real rank zero. Suppose A C D and J is a hereditary
C*-subalgebra of D,

v
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let
0—=+J—+A—=C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection @ € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map. Then A has real rank zero.

Theorem 2.11. (L-2000)
Let
0—-J—-A=>C—0

be a short exact sequence of C*-algebras, where A and C are unital, J
and C have real rank zero. Suppose A C D and J is a hereditary
C*-subalgebra of D, where D also has real rank zero.
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Theorem 2.10. (S. Zhang, Pedersen and Brown)
Let
0—=+J—+A—=C—=0

be a short exact sequence of C*-algebras. Suppose that C and J have
real rank zero. Suppose also that every projection € € C can be lifted,
i.e., there is a projection e € A such that w(e) = €, wherew: A— C is
the quotient map. Then A has real rank zero.

Theorem 2.11. (L-2000)
Let
0—-J—-A=>C—0

be a short exact sequence of C*-algebras, where A and C are unital, J
and C have real rank zero. Suppose A C D and J is a hereditary
C*-subalgebra of D, where D also has real rank zero. Then A has real
rank zero.

v
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Proof : For any r > 0, define f € Cy((0, 00))+ as follows.
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f,(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f,(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f,(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).

Let € € C be a projection.

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : For any r > 0, define f € Cy((0,00))+ as follows. f,(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map.
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f,(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f,(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f.(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if
t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,....

June 8th, 2015, RMMC/CBMS Unive;sity 0
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : For any r > 0, define f € Cy((0,00))+ as follows. f.(t) =1 if
te[r,00), f(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/r if t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if
t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note
0 < hp(a) < hpt1(a), n=1,2,....
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f.(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpy1(a), n=1,2,.... Let h=Ilim,_o hn(a) in A** which
corresponds to the open interval (—oo,1/8).
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f.(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpt1(a), n=1,2,.... Let h=limp_o0 hn(a) in A** which
corresponds to the open interval (—o0,1/8). his an open projection.
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f.(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpt1(a), n=1,2,.... Let h=limp_o0 hn(a) in A** which
corresponds to the open interval (—o0,1/8). his an open projection. Let
p=1—h (= xq/81(a)).
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Proof : For any r > 0, define f € Cy((0,00))+ as follows. f.(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpt1(a), n=1,2,.... Let h=limp_o0 hn(a) in A** which
corresponds to the open interval (—o0,1/8). his an open projection. Let
p=1—h (= xpuy/s(a)). Since p < fg(a), pis compact.
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Proof : For any r > 0, define f € Co((0,00))+ as follows. f,(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpt1(a), n=1,2,.... Let h=limp_o0 hn(a) in A** which
corresponds to the open interval (—o0,1/8). his an open projection. Let
p=1—h (= Xxpuys(a)). Since p < fig(a), pis compact. Let 1 — g be
the open projection corresponds to (1/16, c0),
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Proof : For any r > 0, define f € Co((0,00))+ as follows. f,(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpt1(a), n=1,2,.... Let h=limp_o0 hn(a) in A** which
corresponds to the open interval (—o0,1/8). his an open projection. Let
p=1—h (= Xxpuys(a)). Since p < fig(a), pis compact. Let 1 — g be
the open projection corresponds to (1/16,00), i.e.,

l-qg= Iim,,_m(fl/m(a))l/”.
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Proof : For any r > 0, define f € Co((0,00))+ as follows. f,(t) =1 if
te[r,00), fi(t)=0if t €[0,r/2] and f(t) =2(t — r/2)/rif t € (r/2,r).
(We will use this later).

Let € € C be a projection. We will show that there is a projection e € A
such that 7(e) = &, where 7 : A — C is the quotient map. By Zhang's
theorem, this implies A has real rank zero.

There is a positive element a € A such that 0 < a <1 and 7(a) = &.
Define h, € Go((0,1])+ by hn(t) =1if t €[0,1/8 —1/2n], hp(t) =0 if

t € [1/8,1] and hy(t) is linear in (1/8 —1/2n,1/8), n=1,2,.... Note

0 < hp(a) < hpt1(a), n=1,2,.... Let h=limp_o0 hn(a) in A** which
corresponds to the open interval (—o0,1/8). his an open projection. Let
p=1—h (= Xxpuys(a)). Since p < fig(a), pis compact. Let 1 — g be
the open projection corresponds to (1/16,00), i.e.,

1—qg= Iim,,_>oo(f1/15(a))1/”. So g is closed and pg = 0.
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have

f/a(a) < e < f/30(a). (€10.85)
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
fi/a(a) < e < fi/32(a). (10.85)

Let g € Go((0,1])+ be defined as follows:
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
fia(a) < e < fi3(a). (e10.85)
Let g € Go((0,1])+ be defined as follows: g(t) =0 if

t€[0,1/64]U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in
(1/64,1/32) and in (1/8,1/4).
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
fia(a) < e < fi3(a). (e10.85)
Let g € Go((0,1])+ be defined as follows: g(t) =0 if

t€[0,1/64]U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in
(1/64,1/32) and in (1/8,1/4). Then e — f1/4(a) < g(a).
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
fia(a) < e < fi3(a). (e10.85)
Let g € Go((0,1])+ be defined as follows: g(t) =0 if
t€[0,1/64)U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in

(1/64,1/32) and in (1/8,1/4). Then e — fy/4(a) < g(a). Since a € A,
g(a) € A
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
f/a(a) < e < f/30(a). (€10.85)

Let g € Go((0,1])+ be defined as follows: g(t) =0 if
t€[0,1/64]U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in
(1/64,1/32) and in (1/8,1/4). Then e — fy/4(a) < g(a). Since a € A,
g(a) € A. However, m(g(a)) = g(n(a)) = 0. Therefore g(a) € J.
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
f/a(a) < e < f/30(a). (€10.85)

Let g € Go((0,1])+ be defined as follows: g(t) =0 if
t€[0,1/64]U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in
(1/64,1/32) and in (1/8,1/4). Then e — fy/4(a) < g(a). Since a € A,
g(a) € A. However, m(g(a)) = g(n(a)) = 0. Therefore g(a) € J.
Consequently, e — f;/4(a) € J, since J is hereditary C*-subalgebra of D.
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
f/a(a) < e < f/30(a). (€10.85)

Let g € Go((0,1])+ be defined as follows: g(t) =0 if
t€[0,1/64]U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in
(1/64,1/32) and in (1/8,1/4). Then e — fy/4(a) < g(a). Since a € A,
g(a) € A. However, m(g(a)) = g(n(a)) = 0. Therefore g(a) € J.
Consequently, e — f;/4(a) € J, since J is hereditary C*-subalgebra of D.
But f/4(a) € A, it follows that e € A.
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It follows Brown interpolation lemma that there is a projection e € D such
that

p<e<l-—g. (e10.84)
We have
f/a(a) < e < f/30(a). (€10.85)

Let g € Go((0,1])+ be defined as follows: g(t) =0 if
t€[0,1/64]U[1/4,1], g(t) =1in [1/32,1/8] and g(t) is linear in
(1/64,1/32) and in (1/8,1/4). Then e — fy/4(a) < g(a). Since a € A,
g(a) € A. However, m(g(a)) = g(n(a)) = 0. Therefore g(a) € J.
Consequently, e — f;/4(a) € J, since J is hereditary C*-subalgebra of D.
But f1/4(a) € A, it follows that e € A. The inequality
fi/a(a) < e < fi/3p(a) implies that 7(e) = &.
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions.
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let
oo > 0.
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let
o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the

following:
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let
o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the
following: Suppose that ¢ : A — M, (for some integer n > 1) is a
0-G-multiplicative contractive completely positive linear map.
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let

o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the
following: Suppose that ¢ : A — M, (for some integer n > 1) is a
0-G-multiplicative contractive completely positive linear map. Then, there
exists a projection p € My, and a unital homomorphism ¢y : A — pM,p
such that
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let

o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the
following: Suppose that ¢ : A — M, (for some integer n > 1) is a
0-G-multiplicative contractive completely positive linear map. Then, there
exists a projection p € My, and a unital homomorphism ¢y : A — pM,p
such that

lpp(a) — #(a)p|l < € for all ac F,
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let

o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the
following: Suppose that ¢ : A — M, (for some integer n > 1) is a
0-G-multiplicative contractive completely positive linear map. Then, there
exists a projection p € My, and a unital homomorphism ¢y : A — pM,p
such that

llpp(a) — p(a)p|| < € for all a€ F,
llo(a) — [(1— p)o(a)(1 — p) + do(a)]l| < € for all a€ F and
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let

o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the
following: Suppose that ¢ : A — M, (for some integer n > 1) is a
0-G-multiplicative contractive completely positive linear map. Then, there
exists a projection p € My, and a unital homomorphism ¢y : A — pM,p
such that

lpp(a) — #(a)p|l < € for all ac F,

llo(a) — [(1— p)o(a)(1 — p) + do(a)]l| < € for all a€ F and
tr(l—p) < oo,
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Lemma 2.12.
Let A be a unital C*-algebra whose irreducible representations have

bounded dimensions. Let € > 0, let F C A be a finite subset and let

o9 > 0. There exist 6 > 0 and a finite subset G C A satisfying the
following: Suppose that ¢ : A — M, (for some integer n > 1) is a
0-G-multiplicative contractive completely positive linear map. Then, there
exists a projection p € M, and a unital homomorphism ¢q : A — pM,p
such that

llpp(a) — dp(a)p|| < € for all a€ F,

llo(a) — [(1— p)o(a)(1 — p) + do(a)]l| < € for all a€ F and
tr(l—p) < oo,

where tr is the normalized trace on M,.
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Proof : We assume that the lemma is false.
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Proof : We assume that the lemma is false. Then there exists ¢g > 0, a
finite subset Fy, a positive number gy > 0,
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Proof : We assume that the lemma is false. Then there exists ¢g > 0, a
finite subset Fp, a positive number o¢ > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A,
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Proof : We assume that the lemma is false. Then there exists ¢g > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
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Proof : We assume that the lemma is false. Then there exists ¢g > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

June 8th, 2015, RMMC/CBMS Unive}'sity 0
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Proof : We assume that the lemma is false. Then there exists ¢g > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)
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Proof : We assume that the lemma is false. Then there exists ¢g > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with
tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢o : A = pM,, () p.
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Proof : We assume that the lemma is false. Then there exists ¢y > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with

tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢g : A — pM,,)p. One may also assume that
m(n) — oo as n — oo.
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Proof : We assume that the lemma is false. Then there exists ¢y > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with

tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢g : A — pM,,)p. One may also assume that
m(n) — oo as n — oo.

Note that {tr, o ¢} is a sequence of (not necessary tracial) states of A.
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Proof : We assume that the lemma is false. Then there exists ¢y > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with

tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢g : A — pM,,)p. One may also assume that
m(n) — oo as n — oo.

Note that {tr, o ¢} is a sequence of (not necessary tracial) states of A.
Let tp be a weak limit of {tr, o ¢,}.
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Proof : We assume that the lemma is false. Then there exists ¢y > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with

tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢g : A — pM,,)p. One may also assume that
m(n) — oo as n — oo.

Note that {tr, o ¢} is a sequence of (not necessary tracial) states of A.
Let tp be a weak limit of {tr, o ¢,}. Since A is separable, there is a
subsequence (instead of subnet) of {tr, o ¢,} converging to tp.
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Proof : We assume that the lemma is false. Then there exists ¢y > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with

tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢g : A — pM,,)p. One may also assume that
m(n) — oo as n — oo.

Note that {tr, o ¢} is a sequence of (not necessary tracial) states of A.
Let tp be a weak limit of {tr, o ¢,}. Since A is separable, there is a
subsequence (instead of subnet) of {tr, o ¢,} converging to tp.
Without loss of generality, we may assume that tr, o ¢, converges to tp.
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Proof : We assume that the lemma is false. Then there exists ¢y > 0, a
finite subset Fy, a positive number gg > 0, an increasing sequence of
finite subsets G, C A such that G, C G,41 and such that U,—1G,, is dense
in A, a sequence of decreasing positive numbers {J,} with >>°°, §, < oo,
a sequence of integers {m(n)} and a sequence of unital
Gn-6p-multiplicative contractive completely positive linear maps

¢n 1 A — My satisfying the following:

inf{max{||¢n(a) — [(1 — p)¢Pn(a)(1 — p) + ¢o(a)|| : @ € Fo}} > €o,(e10.86)

where infimun is take among all projections p € M) with

tra(1 — p) < 0o, where tr, is the normalized trace on M, and all
possible homomorphisms ¢g : A — pM,,)p. One may also assume that
m(n) — oo as n — oo.

Note that {tr, o ¢} is a sequence of (not necessary tracial) states of A.
Let tp be a weak limit of {tr, o ¢,}. Since A is separable, there is a
subsequence (instead of subnet) of {tr, o ¢,} converging to tp.
Without loss of generality, we may assume that tr, o ¢, converges to tp.
By the d,-G,-multiplicativity of ¢,, we know that ty is a tracial state on A.
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Denote by @, ({Mpm(n)}) the ideal

oo

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.

n=1
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oo

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.

n=1

Denote by Q the quotient Hiozl({l\/lm(,,)}/ @zozl({Mm(,,)}).
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Denote by @, ({Mpm(n)}) the ideal

oo

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.

n=1

Denote by @ the quotient Hiozl({l\/lm(n)}/ @f’:l({/\/]m(n)}). Let
Tt [[p21({Mm(m)}) — @ be the quotient map.
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Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.
n=1
Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let
Tt [[p21({Mm(m)}) — @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q.
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Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.
n=1
Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let
Tt [[p21({Mm(m)}) — @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q. Then W is a
unital homomorphism from A to [[72;(Mpny)/ @({ Mm(n)}) with
V(A) = m,(Ao).
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Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.
n=1
Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let
Tt [[p21({Mm(m)}) — @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q. Then W is a
unital homomorphism from A to [[72;(Mpny)/ @({ Mm(n)}) with
V(A) = m,(Aog). If a € A has zero image in 7,(Ap), that is, ¢p(a) — 0,
then to(a) = limp_o0 trn(¢n(a)) = 0.
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Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.
n=1
Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let

Tt [[p21({Mm(m)}) — @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q. Then W is a
unital homomorphism from A to [[72;(Mpny)/ @({ Mm(n)}) with
V(A) = m,(Aog). If a € A has zero image in 7,(Ap), that is, ¢p(a) — 0,
then tp(a) = limp— o0 trn(¢n(a)) = 0. So we may view ty as a state on
7w(Ag) = VW(A).
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Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.

n=1

Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let

Tt [[p21({Mm(m)}) — @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q. Then W is a
unital homomorphism from A to [[72;(Mpny)/ @({ Mm(n)}) with
V(A) = m,(Aog). If a € A has zero image in 7,(Ap), that is, ¢p(a) — 0,
then tp(a) = limp— o0 trn(¢n(a)) = 0. So we may view ty as a state on
7w(Ag) = VW(A).
It follows from Lemma 2.8 that there is a (two-sided closed) ideal
I CW(A)
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Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.
n=1
Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let

T - [Ty ({Mm(m}) = @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q. Then W is a
unital homomorphism from A to [[72;(Mpny)/ @({ Mm(n)}) with
V(A) = m,(Aog). If a € A has zero image in 7,(Ap), that is, ¢p(a) — 0,
then tp(a) = limp— o0 trn(¢n(a)) = 0. So we may view ty as a state on
7w(Ag) = VW(A).
It follows from Lemma 2.8 that there is a (two-sided closed) ideal
I C W(A) and a finite dimensional C*-subalgebra B C W(A)/I and a
unital homomorphism 7o : W(A)/I — B such that

June 8th, 2015, RMMC/CBMS University
/ 67

Huaxin Lin Basic Homotopy Lemmas Introduction



Denote by @, ({Mpm(n)}) the ideal

B UMn(}) = {{an} : a0 € Mpn(sy and  lim |a,| = 0}.
n=1
Denote by Q the quotient [T2; ({Mm(n)}/ Bpei ({Mm(n)}). Let

T - [Ty ({Mm(m}) = @ be the quotient map.
Let Ag = {7 ({¢n(f)}) : f € A} which is a subalgebra of Q. Then W is a
unital homomorphism from A to [[72;(Mpny)/ @({ Mm(n)}) with
V(A) = m,(Aog). If a € A has zero image in 7,(Ap), that is, ¢p(a) — 0,
then tp(a) = limp— o0 trn(¢n(a)) = 0. So we may view ty as a state on
7w(Ag) = VW(A).
It follows from Lemma 2.8 that there is a (two-sided closed) ideal
I C W(A) and a finite dimensional C*-subalgebra B C W(A)/I and a
unital homomorphism 7o : W(A)/I — B such that

dist(m o W(f),B) < €/16 for all f e Fo, (€10.87)
()]l < 00/2 (e10.88)
7T00‘B =id. (e 10.89)
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Note that mgg can be regarded as map from A to B, then kermgg D /.
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (e10.90)
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'= B+ 1/ and lo=W=1(/) and G = W=1(C).
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1and Iy = W~1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1and Iy = W~1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a).
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put
G = \U(Cl) + J.
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put
G =V(CG)+J. Then Jis an ideal of G,.
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put

G =V(CG)+J. Then Jis an ideal of C;. Denote by 7w, : C; — B the
quotient map.
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put

G =V(CG)+J. Then Jis an ideal of C;. Denote by 7w, : C; — B the
quotient map. Since @ and J have real rank zero and
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put

G =V(CG)+J. Then Jis an ideal of C;. Denote by 7w, : C; — B the
quotient map. Since Q and J have real rank zero and C,/J has finite
dimensional,
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put

G =V(CG)+J. Then Jis an ideal of C;. Denote by 7w, : C; — B the
quotient map. Since Q and J have real rank zero and C,/J has finite
dimensional, G, has real rank zero.
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Note that mgg can be regarded as map from A to B, then kermgg D /.
There is, for each f € Fy, an element bs € B such that

71/ 0 W(F) — be|| < eo/16. (£10.90)

Put C'=B+1/and Iy = W1(/) and C; = W~1(C’). For each f € Fo,
there exists ar € C; C A such that

|f — ar|| < €0/16 and m; o W(ar) = bs. (e10.91)

Let a € (Ip)+ be a strictly positive element and let J = W(a)QW(a) be
the hereditary C*-subalgebra of Q generated by W(a). Put

G =V(CG)+J. Then Jis an ideal of C;. Denote by 7w, : C; — B the
quotient map. Since Q and J have real rank zero and C,/J has finite
dimensional, ( has real rank zero. It follows that

0—-J—>G—=B—=0

is a quasidiagonal extension.

Huaxin Lin Basic Homotopy Lemmas Introduction
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

1PW(ar) — W(ar)P| < €0/8 and (e10.92)
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

1PW(ar) — W(ar)P| < €0/8 and (e10.92)
1W(ar) — [PW(ar)P + o o 1y 0 W(ar)]|| < €o/8 (e10.93)
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

1PW(ar) — W(ar)P| < €0/8 and (e10.92)
1W(ar) — [PW(ar)P + o o 1y 0 W(ar)]|| < €o/8 (e10.93)

for all f € Fy.
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

1PW(ar) — W(ar)P| < €0/8 and (e10.92)
1W(ar) — [PW(ar)P + o o 1y 0 W(ar)]|| < €o/8 (e10.93)

for all f € Fo. Let H: A — 4o(B) be defined by H = g o mgp o mj o W.
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

|PW(ar) — W(ar)P|| < €/8 and (e10.92)
|W(ar) — [PV(ar)P + g om0 W(ar)]|| < €0/8 (e10.93)

for all f € Fo. Let H: A — 4o(B) be defined by H = g o mgp o mj o W.
One estimates that

||PW(f) — V(f)P| < €/2 and (e10.94)
|W(f) — [PV(f)P+ H(f)]|| < €0/2 (e10.95)

for all f € Fop.
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

|PW(ar) — W(ar)P|| < €/8 and (e10.92)
|W(ar) — [PV(ar)P + g om0 W(ar)]|| < €0/8 (e10.93)

for all f € Fo. Let H: A — 4o(B) be defined by H = g o mgp o mj o W.
One estimates that

||PW(f) — V(f)P| < €/2 and (e10.94)
|W(f) — [PV(f)P+ H(f)]|| < €0/2 (e10.95)

for all f € Fo. Note that dimH(A) < oo, and that H(A) C Q.
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

|PW(ar) — W(ar)P|| < €/8 and (e10.92)
lW(ar) — [PV(ar)P + 1o o my 0 W(ar)]|| < €0/8 (e10.93)
for all f € Fo. Let H: A — 4o(B) be defined by H = g o mgp o mj o W.
One estimates that
|IPV(f) — W(f)P]|| < €/2 and (e10.94)
lW(f) — [PV(F)P + H(f)]|| < €0/2 (e10.95)
for all f € Fo. Note that dimH(A) < oo, and that H(A) C Q.

There is a homomorphism Hy : H(A) — [];21({Mm(n)}) such that
moHioH=H.
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

|PW(ar) — W(af)P| < e0/8 and (€10.92)
W (ar) — [PY(ar)P + 1o o 5 0 W(ap)]|| < €0/8 (e10.93)

for all f € Fo. Let H: A — 4o(B) be defined by H = g o mgp o mj o W.
One estimates that

||PW(f) — V(f)P| < €/2 and (e10.94)
|W(f) — [PV(f)P+ H(f)]|| < €0/2 (e10.95)

for all f € Fo. Note that dimH(A) < oo, and that H(A) C Q.
There is a homomorphism Hy : H(A) — [];21({Mm(n)}) such that
moH;oH=H. One may write H; = {h,}, where each

hy - H(A) = Mpy(n) is a (not necessary unital) homomorphism,
n=12, ...
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One then concludes there is a projection P € J and a unital
homomorphism g : B — (1 — P)C,(1 — P) such that

|PW(ar) — W(af)P| < e0/8 and (€10.92)
W (ar) — [PY(ar)P + 1o o 5 0 W(ap)]|| < €0/8 (e10.93)

for all f € Fo. Let H: A — 4o(B) be defined by H = g o mgp o mj o W.
One estimates that

||PW(f) — V(f)P| < €/2 and (e10.94)
|W(f) — [PV(f)P+ H(f)]|| < €0/2 (e10.95)

for all f € Fo. Note that dimH(A) < oo, and that H(A) C Q.

There is a homomorphism Hy : H(A) — [];21({Mm(n)}) such that
moH;oH=H. One may write H; = {h,}, where each

hy - H(A) = Mpy(n) is a (not necessary unital) homomorphism,
n=1,2,... Thereis also a sequence of projections g, € M) such that
7({gn}) =P.Let ph=1—qn, n=1,2,....

June 8th, 2015, RMMC/CBMS University
/ 67

Huaxin Lin Basic Homotopy Lemmas Introduction



Then, for sufficiently large n, by (e 10.94) and (e 10.95),

I(X = pn)@n(f) = &n(F)(1 = po)ll < €0,  (e10.96)
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Then, for sufficiently large n, by (e 10.94) and (e 10.95),

11 = Pn)on(f) = ¢n(F)(1 = pn)l| < €0, (e10.96)
16n(f) = [(1 = Pn)dn(f)(L = pn) + hno H(F)]| < €0 (e10.97)

for all f € Fo.
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Then, for sufficiently large n, by (e 10.94) and (e 10.95),

11 = Pn)on(f) = ¢n(F)(1 = pn)l| < €0, (e10.96)
16n(f) = [(1 = Pn)dn(f)(L = pn) + hno H(F)]| < €0 (e10.97)

for all f € Fo. Moreover, since P € J, for any n > 0, there is b € [y with
0 < b <1 such that
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Then, for sufficiently large n, by (e 10.94) and (e 10.95),

11 = Pn)on(f) = ¢n(F)(1 = pn)l| < €0, (e10.96)
[6n(F) = [(L = pn)@n(F)(1 = pn) + hno H(f)]|| <€ (e10.97)
for all f € Fo. Moreover, since P € J, for any n > 0, there is b € [y with

0 < b <1 such that
[W(b)P — P| <n.
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Then, for sufficiently large n, by (e 10.94) and (e 10.95),

11 = Pn)on(f) = ¢n(F)(1 = pn)l| < €0, (e10.96)
16n(f) = [(1 = Pn)dn(f)(L = pn) + hno H(F)]| < €0 (e10.97)

for all f € Fo. Moreover, since P € J, for any n > 0, there is b € [y with
0 < b <1 such that
[W(b)P — Pl <.

However, by (e10.88),

0 < to(V(b)) < 0o/2 for all belp with 0<n<1.  (el0.98)
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Then, for sufficiently large n, by (e 10.94) and (e 10.95),

I(X = pn)@n(f) = &n(F)(1 = po)ll < €0,  (e10.96)
16n(f) = [(1 = Pn)dn(f)(L = pn) + hno H(F)]| < €0 (e10.97)

for all f € Fo. Moreover, since P € J, for any n > 0, there is b € [y with
0 < b <1 such that
[W(b)P — Pl <.

However, by (e10.88),
0 < to(V(b)) < 0o/2 for all belp with 0<n<1.  (el0.98)

By choosing sufficiently small n, for all sufficiently large n,
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Then, for sufficiently large n, by (e 10.94) and (e 10.95),

I(X = pn)@n(f) = &n(F)(1 = po)ll < €0,  (e10.96)
16n(f) = [(1 = Pn)dn(f)(L = pn) + hno H(F)]| < €0 (e10.97)

for all f € Fo. Moreover, since P € J, for any n > 0, there is b € [y with
0 < b <1 such that
[W(b)P — Pl <.

However, by (e10.88),
0 < to(V(b)) < 0o/2 for all belp with 0<n<1.  (el0.98)
By choosing sufficiently small n, for all sufficiently large n,

tra(1 — pp) < 0p.

June 8th, 2015, RMMC/CBMS Unive}'sity 0
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Then, for sufficiently large n, by (e 10.94) and (e 10.95),

I(X = pn)@n(f) = &n(F)(1 = po)ll < €0,  (e10.96)
16n(f) = [(1 = Pn)dn(f)(L = pn) + hno H(F)]| < €0 (e10.97)

for all f € Fo. Moreover, since P € J, for any n > 0, there is b € [y with
0 < b <1 such that
[W(b)P — Pl <.

However, by (e10.88),
0 < to(V(b)) < 0o/2 for all belp with 0<n<1.  (el0.98)
By choosing sufficiently small n, for all sufficiently large n,
tra(1 — pp) < 0p.

This contradicts with (e 10.86).
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Corollary 2.13.
Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions.
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let n > 0, let £ C A be a finite subset and let
1o > 0.
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let
1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following:
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, 1 : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps.
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, 1 : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q)
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, 1 : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q) and unital
homomorphisms ¢g : A — pMpp and 1y : A — qgM,q such that
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, 1 : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q) and unital
homomorphisms ¢g : A — pMpp and 1y : A — qgM,q such that

Ipp(a) — p(a)pll <n, lgw(a) —(a)qll <n, acé,
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, ¥ : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q) and unital
homomorphisms ¢g : A — pMpp and g : A — qM,q such that

Ipp(a) — p(a)pll <n, lgw(a) —(a)qll <n, acé,
[¢(a) = [(1 = p)p(a)(L — p) + ¢o(a)]l| < m,
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, ¥ : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q) and unital
homomorphisms ¢g : A — pMpp and g : A — qM,q such that

Ipp(a) — p(a)pll <n, lgw(a) —(a)qll <n, acé,
[¢(a) = [(1 = p)p(a)(L — p) + ¢o(a)]l| < m,
l(a) = [(1 — q)v(a)(1 — q) +vo(a)lll <m, acé
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, ¥ : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q) and unital
homomorphisms ¢g : A — pMpp and g : A — qM,q such that

Ipd(a) — ¢(a)pll <m, llgv(a) —(a)gll <m, a€g,

l¢(a) — [(1 = p)é(a)(1 — p) + ¢o(a)]ll <,

[¥(a) = [(1 = q)p(a)(1 — q) +vo(a)lll <m, a€€
and tr(1 —p) =tr(1 —q) < no,
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Corollary 2.13.

Let A be a unital C*-algebra whose irreducible representations have
bounded dimensions. Let 1 > 0, let £ C A be a finite subset and let

1o > 0. There exist § > 0 and a finite subset G C A satisfying the
following: Suppose that ¢, ¥ : A — M, (for some integer n > 1) are two
G-0-multiplicative contractive completely positive linear maps. Then,
there exist projections p,q € M, with rank(p) = rank(q) and unital
homomorphisms ¢g : A — pM,p and 19 : A — qM,q such that

Ipp(a) — d(a)pll <m, llqy(a) —(a)gll <n, a€é,

l¢(a) = [(1 = p)e(a)(1 — p) + Po(a)]]| <m,

[¥(a) = [(1 — q)v(a)(1 —q) +vo(a)ll <n, a€é
and tr(1 —p) =tr(1 —q) < no,

where tr is the normalized trace on M,,.
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Lemma 2.14.
Let A be an infinite dimensional unital sub-homogeneous C*-algebra,
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Lemma 2.14.
Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let
e >0 and let F C A be a finite subset.
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Lemma 2.14.

Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let
e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset.
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Lemma 2.14.

Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let
e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset., Let A : Ai’l \ {0} — (0,1) be a positive map.
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Lemma 2.14.
Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let

e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset., Let A : Ai’l \ {0} — (0,1) be a positive map.
Suppose that H1 C AL \ {0} is a finite subset,
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Lemma 2.14.

Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let
e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset., Let A : Ai’l \ {0} — (0,1) be a positive map.

Suppose that H1 C AL \ {0} is a finite subset, €1 > 0 is a positive
number and K > 1 is an integer.
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Lemma 2.14.
Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let

e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset., Let A : Ai’l \ {0} — (0,1) be a positive map.

Suppose that H1 C AL \ {0} is a finite subset, €1 > 0 is a positive
number and K > 1 is an integer. There exists § > 0, o > 0 and a finite
subset G C A
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Lemma 2.14.
Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let

e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset., Let A : Ai’l \ {0} — (0,1) be a positive map.

Suppose that H1 C AL \ {0} is a finite subset, €1 > 0 is a positive
number and K > 1 is an integer. There exists § > 0, o > 0 and a finite
subset G C A and a finite subset Hy C AL \ {0} satisfying the following:
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Lemma 2.14.

Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let
e > 0 and let F C A be a finite subset. let eg > 0 and let Go C A be a
finite subset., Let A : Ai’l \ {0} — (0,1) be a positive map.

Suppose that H1 C AL \ {0} is a finite subset, €1 > 0 is a positive
number and K > 1 is an integer. There exists § > 0, o > 0 and a finite
subset G C A and a finite subset Hy C AL \ {0} satisfying the following:
Suppose that Ly, Ly : A — M, (for some integer n > 1) are unital
0-G-multiplicative contractive completely positive linear maps
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Lemma 2.14.

Let A be an infinite dimensional unital sub-homogeneous C*-algebra, let
€ > 0 and let 7 C A be a finite subset. let eg > 0 and let Gy C A be a
finite subset., Let A : Aﬂ’r’l \ {0} — (0,1) be a positive map.

Suppose that H1 C AL \ {0} is a finite subset, €1 > 0 is a positive
number and K > 1 is an integer. There exists § > 0, o > 0 and a finite
subset G C A and a finite subset Hy C AL \ {0} satisfying the following:
Suppose that L1, Ly : A — M, (for some integer n > 1) are unital
0-G-multiplicative contractive completely positive linear maps

tro L1(h) > A(h) and tro Ly(h) > A(h)  for all h e Ha, and

|tro Ly(h) — tro Ly(h)| <o for all h e Ha. (€10.99)
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Then there exist mutually orthogonal projections ey, €1, €2, ...,ex € M,
such that e;, ey, ..., ex are equivalent, ey < ey, tr(ey) < e1 and

e + Z,K: 1€ = 1, and there exist a unital eg-Go-multiplicative contractive
completely positive linear maps 11,15 : A — egMyeg, a unital
homomorphism v : A — e1Mye1, and unitary u € M, such that one may
write that

K
||IL1(f) — diag(e1(F), ¥(F),¥(f),...,(f))|| < e and  (e10.100)

K

luLa(F)u* — diag(tia(F), 9(F), $(F), W) < ¢ (e10.101)

for all f € F, where tr is the tracial state on M,. Moreover,

tr(v(g)) > AIS(E) for all g € Hi. (e10.102)
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)).
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Cfi’l \ {0} — (0,1) be an order
preserving map.

June 8th, 2015, RMMC/CBMS Unive}'sity C
67

Huaxin Lin Basic Homotopy Lemmas Introduction



Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0},
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset H1 C Ay \ {0}, a finite subset G C A,
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: sz’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A),
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: sz’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,

a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following:
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following: Suppose that Li, Ly : A — My (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following: Suppose that Li, Ly : A — My (for some integer k > 1) are

two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lp = [Lo]l»,
y
June 8th, 2015, RMMC/CBMS University
Huaxin Lin Basic Homotopy Lemmas Introduction / 67



Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following: Suppose that Li, Ly : A — My (for some integer k > 1) are

two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lP = [La]|p,
tro Ly(h) > A(h), troLy(h) > A(h) for all he M,y
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following: Suppose that Li, Ly : A — My (for some integer k > 1) are

two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lp = [L2]lP,
tro Ly(h) > A(h), trolLy(h) > A(h) for all heHy
and |tro Ly(h) — tro Ly(h)| < o for all he Ha,
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following: Suppose that Li, Ly : A — My (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lP = [La]|p,
tro Ly(h) > A(h), trolLy(h) > A(h) for all heHy
and |tro Ly(h) — tro Ly(h)| < o for all he Ha,

then there exists a unitary u € My such that
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Theorem 2.1. Let X be a compact metric space, P € M,(C(X)) be a
projection and C = PM,(C(X)). Let A: Ci’l \ {0} — (0,1) be an order
preserving map. Let e > 0 and let F C A be a finite subset.

There exists a finite subset Hi1 C Ay \ {0}, a finite subset G C A, § > 0,
a finite subset P C K(A), a finite subset Hy C As.a. and o > 0 satisfying
the following: Suppose that Li, Ly : A — My (for some integer k > 1) are
two unital G-6-multiplicative contractive completely positive linear maps
such that

[Li]lP = [L2]lP,
tro Ly(h) > A(h), trolLy(h) > A(h) for all heHy
and |tro Ly(h) — tro Ly(h)| < o for all he Ha,

then there exists a unitary u € My such that

|Aduo Li(f) — Lo(f)| <€ for all f e F. (e10.103)
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It follows from a combination of Lemma 2.14 and Lemma 2.6.
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