REPRESENTATIONS OF THE SYMMETRIC GROUP
WHICH ARE IRREDUCIBLE OVER SUBGROUPS

JONATHAN BRUNDAN AND ALEXANDER S. KLESHCHEV

ABSTRACT. Let F' be an algebraically closed field of characteristic p, and ¥, be the sym-
metric group on n letters. In this paper we classify all pairs (G, D), where D is an irreducible
F3,-module of dimension greater than 1 and G is a proper subgroup of ¥,, such that the
restriction D], is irreducible, provided p > 3.

INTRODUCTION

Let F be an algebraically closed field of characteristic p > 0, and ¥,, be the symmetric
group on n letters. The main result of this paper is a complete solution of the following
problem for the case p > 3:

Problem 0.1. Classify all pairs (G, D), where D is an irreducible F'Y,,-module of dimension
greater than 1 and G is a proper subgroup of ¥,, such that the restriction D | is irreducible.

Remark 0.2. (i) In the proof we use the classification of 2-transitive groups, which in turn
relies on the classification theorem of finite simple groups.

(ii) The case p = 0 was completely solved by Saxl [39]. His work greatly influenced this
paper.

(iii) The result in characteristic p is important for the problem of describing maximal
subgroups of finite classical groups, see [2], [26].

(iv) Of course, the case dim D = 1, excluded in Problem 0.1, is not interesting from the
representation theoretic point of view.

We consider some examples, which will be parts of our main theorem. In what follows
we denote by D* the irreducible F¥,-module corresponding to a p-regular partition \ =
(A1, A2,...) of n. Moreover, 1 and sgn will stand for the trivial and the sign representations
of 'Y, respectively. These are the only 1-dimensional representations of X3,,.

Example 0.3. Assume G is the alternating group A4, < X¥,. We consider two cases.

(i) p > 2. Using Clifford theory one can easily prove that D*| 4,, is irreducible if and only
if D* ®sgn 2 D*. In other words, D)‘lAn is irreducible if and only if \M #£ A, where A — \M
is the Mullineuz bijection. This bijection is known explicitly, see [30], [14], [4], and section 2
below.

(ii) p = 2. This case has been treated by Benson [3]. He proves that D*| , is irreducible
if and only if there is j > 0 such that Agj_1 — Agj > 2 or Agj—1 + Agj =2 (mod 4).
Example 0.4. Assume G = X,,_1 embedded naturally as a subgroup of all permutations
in ¥, fixing one point. Gather together the equal parts of A to represent it in the form
A= (5. k) for Iy > - >y, a; > 0. We say X is a Jantzen-Seitz partition if

li—liy1+a;+ai+1 =0 (modp) foralll<i<k.
Then D)‘lzrh1 is irreducible if and only if A is Jantzen-Seitz. This result was conjectured

and proved in one direction in [24]. It was first proved in full generality in [27], Theorem D.
Somewhat different proofs were found later in [13] and [28].
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Example 0.5. Assume G < ¥, is 2-transitive, and D = D(~11) ig the irreducible core of the
natural permutation F'Y,,-module. We will call D=L the natural irreducible F'Y,-module.
This case was studied by Mortimer [35]. Note that (modulo the Classification Theorem) the
list of 2-transitive groups is known—it can be found for example in [25], see also section 5 of
this paper. Mortimer was able to settle all the cases with two little exceptions, one of which
(for Ree groups) was later settled by Brandl [7] and the other (for Cos) can be treated using
GAP. For brevity, we state Mortimer’s result only for the case p > 3, as follows. If G is
2-transitive and p > 3 then D("_l’l)lG is irreducible with the following exceptions:

(i) G < ATL(m,q), and p divides ¢;

(ii) G < PT'L(m,q), m > 3, and p divides g;

(iii) G < Sz(q), and p divides ¢ + 1 + m, where m? = 2g¢;

(iv) G < PI'U(3,q), and p divides ¢ + 1;

(v) G < Re(q), and p divides (¢ + 1)(g + m + 1), where m? = 3q.

Now we are able to formulate our main result.

Main Theorem. Let n be a positive integer, p > 3, D* be an irreducible FX,,-module of
dimension > 1, and G < X, be a proper subgroup. Then D’\lG 1s irreducible if and only if
one of the following happens:

(i) A # M and G = A, see Ezample 0.3;

(ii) D* or D ®sgn is DO=1Y “and G is a 2-transitive subgroup not in the list of exceptions
from Example 0.5.

(iii) D or D* ® sgn is D22 and G is PGL(3,2) (p = 5), PTL(2,8) (p # 7), My,
(p #5), Mia (p # 5), Mas or May in their natural permutation representations of degrees
n=717,9, 11, 12, 23 or 24, respectively;

(iv) D* or D* @ sgn is D"2Y) and G is AGL(m,2) (m > 3), My, (p # 11), My1, Mo,
24 A7, Moy, May.2, Mos or Moy in their permutation representations of degrees n = 2™, 11,
12, 12, 16, 22, 22, 23 or 24, respectively;

(v) n =8, p =5, D* or D* @ sgn is D®3) and G is AGL(3,2) in its permutation
representation of degree 8;

(vi) D* or D* @ sgn is D®L2Y or DCLY) and G is Moy with n = 24;

vii) A is a Jantzen-Seitz partition, and G = X,,_1 embedded naturally, see Example 0.4;

Y

(viii) X is a Jantzen-Seitz partition such that \M # X, and G = A, _1;

(ix) n = 0 (mod p), D* or D* @ sgn is D LY and G < £,_1 < %, is a 2-transitive
subgroup of Xp_1;

(x) D* or D* ® sgn is D22 G < ¥, | < %,, and the triple (G,n,p) is one of
(M117 12, 5)7 (M127 13, 11)7 (M237 24, 11) or (M247 25, 23);

(xi) D* or D* ® sgn is D(”_2’12), G < ¥,-1 < X,, and the triple (G,n,p) is one
of (AGL(m,2),2™ + 1,p) with p | (2™ + 1), (My1,13,13), (Mis,13,13), (24.47,17,17),
(MQQ, 23, 23), (MQQ.Q, 23, 23) or (M24, 25, 5),

(xil) n =9, p="5, D* or D* @ sgn is D3 and G is AGL(3,2) embedded into ¥z < Yg
via its permutation representation of degree 8;

(xiii) D or D* @ sgn is D21 - gnd (G,n,p) = (Mag, 25,5).

Remark 0.6. (i) A nice description of the Jantzen-Seitz partitions A with AM = X in terms
of the Mullineux symbols was obtained in [5].

(ii) Unfortunately, we were unable to treat the cases p = 2 and 3 completely using our
methods. The main reduction to 2-transitive groups still works for p = 3 (see Theorem 0.7
below) or p = 2 and n odd (see [33]). In these cases there is hope for a complete solution
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given further analysis of the 2-transitive cases; however the case p = 2 and n even seems to
be difficult.

Note that the groups from (i)-(vi) in the theorem above are 2-transitive, while the groups
from (vii)-(xiii) are intransitive (even contained in X,,_1). In other words, if D*| is irre-
ducible for some D* then either G is 2-transitive or G < %,,_1. This observation has a direct
proof. In characteristic 0 it can be deduced using the Littlewood-Richardson rule, see [39],
while in characteristic p it was proved in [33]:

Theorem 0.7. [33, Main Theorem| Let p > 2, n > 4, and G be a subgroup of ¥,,. If there
exists an irreducible F'¥,-module D, of dimension > 1, such that the restriction D|qg is
irreducible then either G < X,_1 or G is 2-transitive.

Now, we can explain the strategy of the proof of the Main Theorem. By Theorem 0.7, if
D/\lG is irreducible then either G < X,,_1 or G is 2-transitive. Assume first that G < X,,_1.
The case G = X,,_1 is covered by Example 0.4. Otherwise, either G is a 2-transitive subgroup

of ¥, 1 or is contained in ¥, _o. It turns out that D/\lEn,z is always reducible. So, as a

criterion for the irreducibility of D’\lzn_l is known, everything reduces to the case where
G < X, is 2-transitive. The main tool which allows us to treat the 2-transitive groups is
Proposition 3.4 below, as well as some dimension bounds. We note that we used GAP [40] to
deal with the sporadic groups. We also appeal to some results on dimensions and characters
from the Atlas and modular Atlas [10, 23].

Acknowledgements. We benefited greatly from discussions with Jan Saxl, Gary Seitz, and
especially Bill Kantor. We also thank Martin Liebeck and Peter Cameron for some useful
remarks and Christine Bessenrodt for spotting a mistake in an earlier version of this paper.

1. PRELIMINARY RESULTS

Throughout the paper F' is an algebraically closed field of characteristic p > 0. Let G be
a group, and M be an FG-module. We denote by M the space of G-invariants in M. If
Dy, ..., Dy are irreducible F'G-modules then the notation M = D] ...|Dj means that M is a
uniserial FG-module with composition factors Dy, ..., Dy counted from bottom to top. Let
D1, ..., Dy be pairwise non-isomorphic. Then M = a1 D1+ - -+ ap Dy means that D1,..., Dy
are the composition factors of M, with multiplicities aq,...,ag, respectively. Also, we write
M =2 a1D1 ®--- & apDy if M is completely reducible, and D1, ..., Dy are the composition
factors of M with multiplicities ag,...,ax, respectively. The trivial F'G-module is denoted
by 1g or simply 1. It is well known that for any irreducible F'G-module D,

dim D < /|G| (1)

We refer the reader to [17, 19, 20] for the standard facts and notation of the representation
theory of the symmetric group ¥,,. (However we use the ‘left’ notation while James [17] uses
the ‘right’ one—for example, here (1,2)(2,3) = (1,2, 3), and not (1, 3,2) for the product of
transpositions.) In particular, we denote by D* the irreducible F'¥,-module corresponding
to a p-reqular partition A of n. Given any partition p of n, one associates to it the (standard)
Young subgroup X, the Specht module S* and the permutation module M* = (12#)T2".
Sometimes we will need to consider the Specht modules over the field C of complex numbers.
To distinguish them from the Specht modules S* over F we will use the notation S(é. Let
sgny, or simply sgn be the 1-dimensional sign representation of F'Y,. For FX,-modules
V1, Vo, we write Vi ~ V5 if V7 and V5 belong to the same block of the algebra F'Y,,.

Let kK < n/2. Then a subgroup G < X, is called k-homogeneous (resp. k-transitive) if
it acts transitively on the unordered (resp. ordered) k-element subsets of {1,2,...,n}. The
following observation will be of great importance.
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Lemma 1.1. If G < X, is a subgroup then the number of G-orbits on unordered k-element
subsets of {1,2,...,n} is equal to the dimension of the G-invariants space (MM~ FF)G,

Proof. Note that M ("_k’k)lG is just the permutation module corresponding to the action of
G on the unordered k-element subsets. So it suffices to note that every orbit contributes
exactly a 1-dimensional space of invariants. O

Now we give various basic lemmas concerning the representation theory of ¥,,.

Lemma 1.2. A block component of a self-dual F'¥,,-module is self-dual. In particular, if D>
is an irreducible F'¥,-module then a block component of D)‘lgﬂ is self-dual.

Proof. This follows from the fact that irreducible F'¥,-modules (and hence F'Y,-modules)
are self-dual, see [17], Theorem 11.5. O

Lemma 1.3. Let M be a self-dual FX,-module. Then M 1is irreducible if and only if
dimEndpy, (M) = 1.

Proof. In one direction the result follows from Schur’s lemma, and in the other direction it
follows from the fact that irreducible F'3,-modules are self-dual. O

Lemma 1.4. Let A and p be p-regular partitions of n. Then dim Hompy,, (S?, (S#)*) = 6y,

Proof. The head of S? is isomorphic to D* and all other composition factors are of the form
DY with v > A. Similarly, (S#)* has socle D* and all other composition factors are of the
form DY with v > p. So if f: S* — (S#)* is a non-zero homomorphism we deduce that A > p
and > \. Finally if A = p then f can only send the head of S* to the socle of (S*)*. O

Lemma 1.5. Let p > 2, n > 5, D be an irreducible F’X,-module of dimension > 1, and
¢ € %y, be an involution. Then ¢ has both eigenvalues 1 and —1 on D.

Proof. Let p : ¥, — GL(D) be the corresponding representation. Then p is faithful, and
so ¢ must have eigenvalue —1. On the other hand, if ¢ does not have eigenvalue 1 then
p(c) = —id € Z(p(X,)), which is impossible as 3, has trivial center. O

Lemma 1.6. If p > k then any indecomposable F[%, i x Xi|-module is of the form I ®
D* where I is an indecomposable F'Y,,_;.-module and D* is an irreducible F'¥-module. In
particular, an F[3,_ X Yi]-module is completely reducible if and only if its restriction to
Yin_k s completely reducible.

Proof. This follows from the fact that the group algebra F'¥; is semisimple. O

The following well known fact can be deduced for example from [37], Proposition 2.
Lemma 1.7. Let 1 < j<n—1. Then /\j S(n=11) o g(n—j,17)

We will often use the following characteristic-free version of the Littlewood-Richardson
Rule. Let cﬁy denote the classical Littlewood-Richardson coefficient.

Theorem 1.8. [22, 3.1,5.5] Let A\ be a partition of m + n. Then the restriction S’\Lzmxzn

has a filtration with factors of the form S* ® S¥, with S* ® SY appearing precisely ¢\

L times.

We will also need the following results on decomposition numbers.
Lemma 1.9. [17,24.1] Letp > 2, 1 < k <p, andn > k+ 1. Then Sn=k1¥) — p(n—k.1%) if
p does not divide n, and for p dividing n we have:

S(nfk,lk) _ D(nfk,lk) + D(n7k+1,1k*1).
Lemma 1.10. [17, 24.15] Let r < k and r < p. Then

0 otherwise.

(k) , plmetrk=n)] _ {1 if p divides m —k +r+1;



We next record the following curious general result:

Lemma 1.11. Let p and v be p-regular partitions of m and n, respectively. Then pu + v
(coordinate-wise sum) is a p-reqular partition of m—+n, and D*® D" appears as a composition
factor of the restriction D* | s with multiplicity 1.

Proof. The fact that u + v is p-regular is obvious. Moreover, it is proved in [8], Theorem D,
that the multiplicity [D*™ |y, 5 : D*®D"]is equal to the multiplicity of the tilting module
T(n+v) over GLp4n(F) as an indecomposable summand of the tensor product 7'(p) @ T'(v).
But this multiplicity is 1 as p + v is the highest weight of the module T'(1) ® T'(v), and the
corresponding weight space is 1-dimensional. O

Now we introduce some combinatorial notions concerning partitions. The dominance order
on partitions is denoted by >, see [17]. Fix an arbitrary partition A = (A > Ao > ...) F n.
The maximal number h with Ay > 0 is called the height of A and denoted by h(\). We do
not distinguish between A and its Young diagram

A={(1,]) € Z>o x Z>o | j < Ni}.

Elements (i, j) € Zso X Z~¢ are called nodes. The residue of a node A = (i, j), written res A,
is defined to be the residue class (j — i) (mod p). The residue content of the Young diagram
A is defined to be the p-tuple

cont(A) = (co,c1,...,¢p—1)

where
Co = #{nodes in A of residue a}, a =0,1,...,p— 1.

The Nakayama Conjecture [20], Theorems 2.7.41, 6.1.21, claims that D* and D* are in the
same block (i.e. D* ~ D*) if and only if cont()\) = cont ().

A node (i, A;) € A is called removable if \; > A\iy1. A node (i, \; + 1) is called addable if
i=1lori>1and \; < \j_1. If A= (4,);) is a removable node then

AA ::)\\{A}:()\17"'7)\i—17)\i_17)\i+17"‘)

is a partition of n — 1 obtained from A by removing A. We say a node (i, j) is above (resp.
below) (¢, j') if i <4 (resp. i > 4’). A removable node A of X is called normal if for every
addable node B above A with res B = res A there exists a removable node C(B) strictly
between A and B with resC(B) = res A, and B # B’ implies C(B) # C(B’). A removable
node is called good if it is the lowest among the normal nodes of a fixed residue. We remark
that there is at most one good node of each residue. The following branching theorem is one
of the main results of [29], Theorems 0.5, 0.6, and [32], Theorem 1.4.

Theorem 1.12. [29, 32] Let D be an arbitrary irreducible FY,-module.
(i) The socle of D)‘lzn_l is isomorphic to @D, where the sum is over all good nodes

of A. Moreover, D)‘lzn_l is completely reducible (so equal to its socle) if and only if every
normal node of A is good.

(ii) Let A be a remowvable node of \ such that A4 is p-reqular. Then DA appears as a
composition factor of D%EW1 if and only if A is normal. In that case, the multiplicity
[D)‘lEWl : DM] is equal to the number of normal nodes C above A with resC = res A
(counting A itself).

Next we discuss completely splittable representations of ¥,,, which will play a role in several
different situations. The main reference will be [31] (these modules have also been studied in
[43, 34, 38] and several other papers).

Definition 1.13. [31] An irreducible F¥,-module D is called completely splittable if the
restriction D]y  is completely reducible for any Young subgroup ¥, of X,,.
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For a partition A = (A; > Ay > --- > Ag > 0) define
X(A) =X — As + 5.

The next theorem provides necessary and sufficient conditions for an irreducible module to
be completely splittable.

Theorem 1.14. [31] Let A be a p-reqular partition of n. Then D> is completely splittable if
and only if x(A) < p.

Lemma 1.15. Letp > 2, n >m > p—1, D* be completely splittable, and X satisfy h(\) > 1.
Then 1y, is not a composition factor of D/\lzm-

Proof. We prove this by downward induction on m =n,n —1,...,p — 1, the induction base
being obvious. Suppose m < n, and the result is known for m 4 1. Pick a composition factor
DH# of D)‘lzm+1- By induction, p # (m + 1). Note that D* is completely splittable, so by
Theorem 1.12(i), D*|y, ~has D(™) as a composition factor only if p = (m,1). Moreover, if
uw = (m,1) then x(u) = m + 1, so by Theorem 1.14 we also have that m < p — 1 whence
m = p — 1. Finally, we have that D(p_l’l)lEVl >~ DP=21) ysing Theorem 1.12(i). So in all

cases, D |y~ does not have D(™) as a composition factor. O

In the special case p = 5, completely splittable modules were considered by Ryba [38].
Denote by f, the nth Fibonacci number, defined from fy =0, fi =1, fi, = fo_1 + fn_2 for
n > 2. It turns out that the dimensions of the non-trivial completely splittable modules are
given by the Fibonacci numbers. The following result deals with the case where h(\) = 2.
However it is general enough, as in characteristic 5 the completely splittable D* with h(u) = 3
are obtained as D* ® sgn for some completely splittable D* with h(\) = 2, and completely
splittable D* with h()\) = 1 or 4 are 1-dimensional.

Theorem 1.16. [38] Let p =5 and suppose that X satisfies h(A) = 2, x(A\) < p.

(i) If n = 2r+1 is odd then A = (r+1,7) or (r+2,r—1), in which cases dim DU+L7) = f,
and dim DO t2r=1) = ¢

(i) If n = 2r is even then X = (r,r) or (r+ 1,7 — 1), in which cases diim D) = f, 1 and
dim D(r+1,r71) — fn

We will need to use a well known expression for the Fibonacci numbers:

Lemma 1.17. For any n > 0, we have

p_ (1B (1-VE)
"5 2 NG 2

The remainder of the section is to do with dimensions of the irreducible F'Y,,-modules.
Most of the results we need were obtained by James [18]. Following [18], set

Rn(j) :={D*, D*®sgn | A\ = (A1, Xo,...) with \; > n — j}. (2)

Lemma 1.18. [18, Theorem 7 and Table 1] Let p > 3, and D> be an irreducible F¥.,,-module.
Assume that n > 9 if p > 5, and n > 11 if p=5. Then:

(i) either D* € R, (1) or dim D* > (n? — 5n + 2)/2;

(ii) either DX € R, (2) or dim D* > (n? — 3n +2)/2.

We need a further result in the spirit of Lemma 1.18. We follow the strategy of James [18]:

Lemma 1.19. [18, Lemma 4] Suppose that N and m are non-negative integers and that f(n)
is a function of n satisfying all the following conditions:
(a) 2f(n—2) > f(n) for alln > N + 2;
(b) forn = N and N + 1, every irreducible F¥.,,-module D* either belongs to R,(m) or
has dim D* > f(n);
(c) for alln > N, if D* € Ry(m +2) \ R,(m), then dim D* > f(n).
6



Then for all n > N, every irreducible F¥,-module D either belongs to R,(m) or has
dim D* > f(n).
Our extension of Lemma 1.18 is as follows.

Lemma 1.20. Let p > 3, n > 13 and D?* be an irreducible FY.,,-module.
D* € R,(2) or dim D* > (n — 9n? + 14n) /6.

Then, either

Proof. We apply Lemma 1.19 with f(n) = (n® — 9n? 4+ 14n)/6 — 1, m = 2, and N = 13.
Condition (a) of the lemma is easy to verify. To check the condition (b) we need to show that
the dimensions of irreducible modules over ¥13 (resp., X14) outside R13(2) (resp. R14(2)) are
greater than 142 (resp. 195). We employed the GAP package SPECHT to do this daunting
work. To check the condition (c), we need to prove that the lemma holds for the modules
from Ry (4) \ R.(2). But this follows from Lemma 1.21. O

Remark. The lower bound in Lemma 1.20 above is the best possible in the sense that
dim D(=33) = (n? — 9n? 4 14n)/6 for infinitely many values of n.

The next result computes the dimensions of irreducible modules D* € R,,(4) \ Rn(1).
Lemma 1.21. Let p > 3. Then:

(n? —5n +2)/2 if n =2 (mod p);
(i) dim D22 = { (n2 — 3n — 2)/2 ifn=1 (mod p);
(n? —3n)/2 otherwise.
2 _ VI .
(if) dim D—212) (n2 - 5n+6)/2 ifn= 0 (mod p);
(n®—=3n+2)/2 otherwise.
(n® —9n? + 14n) /6 if n =4 (mod p);
(i) dim D(39) — (n® —6n?> —n+6)/6 if n =3 (mod p);
(n® — 602+ 5n —6)/6 if n =2 (mod p);
(n® — 6n% +5n)/6 otherwise.
(2n3 — 152 +25n —6)/6  if n =3 (mod p);
(iv) dim D32 = (2p3 — 1502 + 250+ 6)/6  if n =1 (mod p);
(2n3 — 12n2 + 16n)/6 otherwise.
(v) dim D319 — (n® — 9n? 4 26n — 24) /6 if n =0 (mod p);
| (n® —6n% 4 11n—6)/6 otherwise.

( (n* — 14n3 4 47n? — 34n) /24 if n =6 (mod p);
(n* —10n3 4+ 11n? + 22n) /24 if n =5 (mod p);
(vi) dim D=4% = { (n* —10n® 4+ 23n2 — 38n +24)/24  if n =4 (mod p);
(n* —10n3 4 23n% — 14n — 24)/24 if n =3 (mod p);
(n* — 1003 4 23n? — 14n) /24 otherwise.

3n* — 38n3 + 12902 — 118n) /24
N (ne431) 3n* — 30n3 + 69n? — 18n — 24)/24
(vii) dim D=5 = 4 ags )
3n® — 34n° + 105n° — 74n + 24) /24
nt — 30n® + 81n% — 54n)/24

[ 2nt — 2803 + 118n% — 140n + 24) /24
2nt — 20n3 + 46n2 + 20n — 24) /24
4

2n* — 20n3 + 58n2 — 40n)/24
7
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(
(
(
(3
(
(
(

ifn =5 (mod p);
if n =4 (mod p);
if n =2 (mod p);
otherwise.
if n =3 (mod p);
if n =2 (mod p);

otherwise.



(3n* — 38n3 +153n% — 190n — 24)/24  ifn=1 (mod p);
(ix) dim D(n=42.1%) (3n* — 34n3 + 117n% — 134n + 24) /24 if n =4 (mod p);
(3n* — 30n3 + 93n2 — 90n) /24 otherwise.
(x) dim D419 — (n* — 14n3 4+ TIn? — 154n +120)/24  if n =0 (mod p);
(n* — 1003 + 35n? — 50n + 24) /24 otherwise.

Proof. Parts (ii), (v), (x) follow from Lemma 1.9, and (i), (iii), (vi) follow from Lemma 1.10.

(iv) Let A = (n — 3,2,1). We prove the result by induction on n = 5,6,.... For the
induction base, the Nakayama Conjecture implies that D21 = §221) go its dimension
is known by the Hook Formula [17], Theorem 20.1. Let n > 5. If n # 1,3 (mod p) then
S* is irreducible by the Nakayama Conjecture and we can apply the Hook Formula again.
The case n = 3 (mod p) is considered in [18], Appendix. Finally, if n = 1 (mod p) then
DMy | = D=42.1) g D(n=3.1*) by Theorem 1.12(i), and the conclusion follows using (ii)
and the inductive hypothesis.

(vii) Let A = (n — 4,3,1). Again, we use induction on n = 7,8,.... If n = 7, the
formula follows from the Nakayama Conjecture and the Hook Formula, unless p = 5 which
is easily checked directly. So let n > 7. If n # 2,4,5 (mod p) then S? is irreducible by the
Nakayama Conjecture. For the case n = 5 (mod p) see [18], Appendix. If n = 4 (mod p)
then D)\J/Enfl >~ =531 @ pn=421) @ p(=43) by Theorem 1.12(i), and we apply (iii),
(v) and the inductive hypothesis. If n = 2 (mod p) the result follows similarly since then
D)\lzn71 ~ D(n75,3,1) D D(n74,2,1).

(viii) Let A = (n — 4,22). Use induction on n > 6. The formula follows using the Hook
Formula as before unless n > 6 and n = 2,3 (mod p). For the case n = 3 (mod p) see [18],
Appendix. If n =2 (mod p) use the fact that D)\lanl ~ p(n—52%) @ D421 (v), and the
inductive hypothesis.

(ix) The proof is similar to that of (viii) and uses the decomposition D421 | =

n—1

D(n—5,2,12) @ D(n—4,271) forn=14 (mod p)_ U

Lemma 1.22. Let p > 3, and D* be an irreducible FX,,-module with D* & R, (1).
(i) Let n = 5. Then dim D* > 5.
(ii) Let n = 6. Then dim D* > 8, except for

dim D®*) = dim(D®) @ sgn) = 5.
(iii) Let n = 7. Then dim D* > 10, except for
dim D®? = dim(D®? @ sgn) =8, if p=5.
(iv) Let n = 8. Then dim D* > 19, except for

14, if p>>b;

dim D) = dim(D™) © sgn) = {13, if p=5;

(v) Let n = 9. Then dim D* > 27, except for

dim D™ = dim(D"? @ sgn) =19, ifp =171,

dim D(3) = dim(D(6’3) ®sgn) =21, ifp=>5.
8



(vi) Let n = 10. Then dim D* > 42, except for
dim D®?) = dim(D®? © sgn) = 35,
dim D) = dim(D(52) ® sgn) = 34,

36,

dim D& = dim(D®'”) @ sgn) = {28

(vii) Let n = 11. Then dim D* > 66, except for
dim DY = dim(D"™ ® sgn) = 55,

44,

dim D®? = dim(D®?  sgn) = {43

36

dim D) = dim(D(g’lz) ® sgn) = {45

(viii) Let n = 12. Then dim D* > 221, except for

dim D7) = dim(D"?) @ sgn) = 144,
53,
dim D1%? = dim(D? @ sgn) = { 43,
54,
dim DO = dim(D101*) @ sgn) = 55;
89,
dim D®) = dim(D®)  sgn) = { 131,
132,
1
dim D@ = dim(D®? @ sgn) = {123’

dim D) = dim(D®'") @ sgn) = 165.

if p=75,
if p>5;
ifp=>5.

if p=75,
if p>5;
ifp=25;
if p=11;
if p# 11;

ifp=75,
ifp=11;
ifp=25;
otherwise;

ifp=75;
ifp="7;
otherwise;
ifp=25;
otherwise;

Proof. This follows from [23, 10] and [17], Tables. The calculation was also checked on GAP,
using the package SPECHT by Andrew Mathas.

g

The final lemma of the section will be needed when we consider the Mathieu groups.

Lemma 1.23. Let X\ be a p-regular partition of n = 22,23

or 24. Suppose that A & R, (4),

and dim D* < 10395. Then, p = 2, and A = (12,10), (12,11), or (13,11).

Proof. This is a calculation involving GAP. All dimensions of all D* are known (in the GAP

library) for n = 14. To obtain a lower bound of the dimension of D* for larger n, we simply
used the branching rule in Theorem 1.12(ii) recursively.

O

2. RESULTS INVOLVING THE MULLINEUX BIJECTION

For any p-regular \, the module D* ® sgn is irreducible. The Mullineuz bijection A — \M

on the p-regular partitions of n is defined from

D* @ sgn = M.
9



Recall that a partition is called a p-core if none of its hook lengths is divisible by p, see [20],
section 2.7. In the special case that \ is a p-core, it is easy to calculate AM using the following
well-known result:

Lemma 2.1. If X is a p-core then \M = X' (the transpose partition,).

Proof. Tt follows from the Nakayama Conjecture that S* = D* and S = D*. Now one can
use the isomorphism S* @ sgn 2 (S*)*, see [17], Theorem 8.15. O

For more general A\, Theorem 1.12(i) and the Nakayama Conjecture easily imply the fol-
lowing relation between the Mullineux bijection and good nodes:

Lemma 2.2. [30, 4.8] Let A\ be a p-regular partition, and A be a good node for \ of residue
a. Then there exists a unique good node B for \M of residue —a such that (A )™ = (AM)p.

The lemma yields an explicit algorithm for computing the bijection A — AM in general.
However, it is often more convenient to use the description coming from the Mullineux con-
jecture [36], proved in [14] (see also [4]). To explain the Mullineux algorithm, we first recall
some definitions, referring the reader to [14, 4] for more details.

Fix a p-regular Young diagram A. Its rim is defined to be the set of all nodes (7, j) € A such
that (i4+1,j+1) € A; in other words the rim of the Young diagram is its ‘south-east border’.
The p-rim (called the p-edge in [14]) is a certain subset of the rim, defined as the union of
the p-segments. The first p-segment is simply the first p nodes of the rim, reading along the
rim from ‘north-east’ to ‘south-west’. The next p-segment is then obtained by reading off the
next p nodes of the rim, but starting from the row immediately below the last node of the first
p-segment. The remaining p-segments are obtained by repeating this process. Of course, all
but the last p-segment contain exactly p nodes, while the last may contain less. For example,
let A\ = (6,42,2,1), p = 5. The nodes of the p-rim (which consists of two p-segments) are
coloured in black in the following picture.

O O e e o
O O e

O O e

e ¢ O O O

Set (M = X, and define A®¥) to be A=1 \ {the p-rim of A=V}, Let m be the largest
number such that A(™ £ @. Then the Mullineuz symbol of X is defined to be the array

G(/\):<a1 az ... am>

T T ... Tm

where a; is the number of the nodes of the p-rim of A®¥) and r; = A(A\?)) is the height of A,
The partition can be uniquely reconstructed from its Mullineux symbol, see [36, 14, 4]. For

1 <i<m,set Gi(\) := il to be the i-th column of the Mullineux symbol. Also, define

g; = 0 if p divides a; and &; = 1 otherwise.

Theorem 2.3. [14, 4] If G(\) = (a1 a2 - am) then G(\M) = <a1 @ am)
TLoT2 ... Tm S1 S2 ... Sm

where s; = a; +&; — 1.

A useful consequence of the Mullineux algorithm is the following simple formula for com-
puting the height of the partition AM:
Corollary 2.4. If a p-reqular partition X has a nodes in its p-rim then the height of \M is
a+e— h(\), where e =0 if p divides a and € = 1 otherwise.

Lemma 2.5. Let A be a p-reqular partition, h = h(\), and A # (h,1) be a normal node of
A. If A is not the first node of a p-segment of A then h((A4)™) = h(AM).
10



Proof. In view of Corollary 2.4, we need to show that Gi1(A\) = G1(A4). If A is not the
first and not the last node of a p-segment the statement is clear. Let I, Is,...,I; be the
p-segments of A counted from top to bottom, and assume A is the last node of I;. We will get
a contradiction to the assumption that A is normal. Note that the length of the p-segment
I; is p, which is immediate for j < [, while if j = [ it is ensured by the assumption that
A # (h,1). Define 1 < k < j to be the maximal index such that I, U Ip4; U---U I is a
connected subset of the rim. Let (z,y) be the first node of I. As I_; is disconnected from
Iy, the node C := (z,y + 1) is addable (if £ = 1 this is also true). Moreover it is easy to
see that resC' = res A. It remains to observe that no removable node between A and C' has
residue equal to res A, as it would contradict the connectedness of I, U I q U --- U I;. O

Lemma 2.6. For a p-regular partition X, set ju:= AM and h := h(y).
(i) If X = (s") for some 1 < s <r <p, then h <s and p > r.
(i) If X = (s",ut) for some 1 <u <s<r withr+s—u-+t=np, then h <s and p, > r.

Proof. (i) If s +r —1 < p then X is a p-core. So AM = X by Lemma 2.1, and the result
follows. Otherwise set x := r + s —p. Then the first x columns of G(\) are of the form <f > )

and \®) = ((s — 2)"=)), which is a p-core. By Lemma 2.1, (A®)M = ((r — z)(=2)). To get

MM we should ‘glue’ = p-rims to (A(m))M, each consisting of p nodes in p —r = s — x rows,
see Theorem 2.3. It follows that h =s — 2 < s, and pp > (r —x) +x =r.
(ii) The proof is similar to that of (i). The first u columns of G(\) have form , i r and

A® = ((s —u)("=%)), which is a p-core. By Lemma 2.1, (At)M = ((7 — )=, To get \M
we should ‘glue’ u p-rims to ()\("))M, each consisting of p nodes in p —r —t = s — u rows. It
follows that h =s —u < s, and up, > (r —u) +u=r. O

Lemma 2.7. Letp > k > 2, n > 2k, and X\ = (r,1°) be a p-regular hook partition of n such
that h(X) > k and h(A\M) > k. Then there exists a composition factor D" of D]y, with

1
h(p) > k and h(p™M) > k.

Proof. Let A and B be the bottom and the top removable nodes of A, respectively. If r > p
then G1()\) = G1(\g), and so h(Ag), h((Ag)M) > k. Moreover, D5 is a composition factor of
D)‘lzn, . by Theorem 1.12(ii), as the top removable node is always normal. Now assume r < p.
Then the p-rim covers the whole of A\. Moreover, A is p-regular, so s+r <p—1+p=2p—1.
If s+r # p,p+ 1, then both A and B are good, and A\, A4, Ap are all p-cores. So the
result follows from Lemma 2.1 and Theorem 1.12, as n > 2k. Next, assume s+ r = p. Then
we have h(A\) = s + 1 = h(Ag), h(AM) =p — 5 — 1 = h((Ap)M), which proves the result.
Finally, let 7 +s = p + 1. Then both A and B are normal, so D*4 and D2 appear
in D)‘LGil. Moreover, \M = (s 4 1,1"71). Let C be the top removable node of AM, and

set v = (/\M)C, p = vM. Then C is normal for AM, and so D" appears in D)‘Mlzn,la

whence D* appears in D* |y, . Now, note that h(A) = s+ 1, h(AM) = r, h(Ag) = s + 1,

WAs)M) =7 =2, h(Xa) = s, H((A)M) = 7 = 1, h(uM) = h(v) = 7, and h(n) = s — 1. By

assumption, s > k—1, r > k, and the result follows, using the assumption n =r+s > 2k. O
Now we can prove the main result of the section.

Theorem 2.8. Letp > k > 2, n > 2k, and X\ be a p-regular partition of n such that h(\) > k
and h(AM) > k. Then there exists a composition factor D" of D*|y, | with h(n) > k and
h(uM) > k.

1

Proof. Assume for a contradiction that for every composition factor D of D)‘lzrh1 we have

h(u) < k or h(u™M) < k. At least one of h()\) or h(AM) must actually equal k, for if both
are greater than k then for any good node A, D is a composition factor of D* I, . by
11



Theorem 1.12(i) but h(Aa), h((Aa)M) > k, using Lemma 2.2. Therefore, without loss of
generality, we may assume that h(A\) = k. Also by Lemma 2.7, X\ is not a hook. We will
constantly use the following observation which follows using Theorem 1.12(ii) (observing that
Ap is automatically p-regular since p > k = h())) and Lemma 2.5.

(*) If B is a normal node of A then either h(Ag) < k or h((Ap)M) < k. In particular,
G1(A\B) # G1(N).

Let I be the first p-segment of A\. Let A, As,..., A, be the removable nodes contained
in I other than the last node of I, counted from top to bottom. Since A is p-regular and
not a hook, we certainly have that v > 1. If A := A, is not the first node of I, then A is
normal, so by (*) we have G1(A4) # G1(A), which contradicts Lemma 2.5. Hence, v = 1 and
A = Ay is the first node of I. Moreover, the last node of I is not removable, for otherwise
G1(A\) = G1(A4a), as A is not a hook. But this contradicts (*). We deduce in particular that
A has more than one p-segment since it is not a hook. Observe also that the first and second
p-segments of A\ are connected, for otherwise again G1(\) = G1(Aa), contradicting (*).

Now let J be the second p-segment of A and let By,..., B, be the removable nodes con-
tained in J other than the last node of J, counted from top to bottom. Again, we have
w > 1 as A is p-regular and not a hook. Certainly, B := By is normal so G1(\) # Gi1(\p)
by (*). Hence B must be the first node of J by virtue of Lemma 2.5. Now set p1 = Ap, so
that h(p) = k and h(u™M) < k in view of (*). The p-rim of y is of length at least p + |J| — 1,
and |J| > 1 as X is not a hook. Hence, using Corollary 2.4, h(u™M) > p+ |J| — k. We deduce
that k > p+ |J| — k, hence |J| < p as p > k. So X in fact has exactly two p-segments, the
p-rim of A\ coincides with its rim, and has length exactly p + |J|. Also the p-rim of p has
length exactly p + |J| — 1. By Corollary 2.4, A(AM) = p + |J| — k + 1. But A(A\M) > k and
k>p+|J| —k, so h(AM) = k. As the p-rim of X coincides with its rim, it follows that the
p-rim of X\ has length exactly 2k — 1. Applying (*) and Lemma 2.5 once more, we deduce
that none of Bs,..., B, are normal, so we must have in fact that w = 1 or 2 and X\ has one
of the following three shapes:

(i) J

(i) Al

; o

In all diagrams, A is the top node of the first p-segment, B is the top node of the second
p-segment. In diagrams (ii) and (iii), v denotes an addable node having the same residue as
C, which ensures that C' is not normal. In diagrams (i) and (ii), D is good.

Recall also that we have shown that h(\) = h(AM) = k. So we can repeat the above
argument for AM instead of ), to deduce that AM must also have one of the above shapes
(i)—(iii). The idea now is to show that if A has any of the shapes (i)—(iii), then such A\ does

not have Mullineux image of shapes (i)—(iii), giving a contradiction to complete the proof.
12
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Assume first that A is of shape (i). In particular, A has just three removable nodes A =
(1,k), B = (a,b), D= (k,1),and k —b+a—1=p. Asp >k, we get b < a. Moreover, the
partition A() obtained from X by removing the p-rim is A(") = ((b—1)*"1). So we can apply
Lemma 2.6(i) to conclude that (AM)YM = (yy,... pp,) with h <b—1 and pj, > a — 1. Now,
to get AM one needs to adjoin to (A(l))M two p-segments of lengths 2k — 1 — p and p in k
rows. It follows that either the p-rim of MM is disconnected or the top p-segment of A\M has
nodes in the first column. Hence AM does not have any of the forms (i)—(iii).

Finally assume A has shapes (ii) or (iii). In particular, A has removable nodes A = (1,k),
B = (a,b), C = (c,d), together with D = (k,1) in case (ii), and k —b+a —1 = p. As
in the previous paragraph, we get b < a, and the partition AV = ((b — 1)%~1,(d — 1)°9)
satisfies the assumptions of Lemma 2.6(ii) (because C' and v have the same residue). So
AWM — (1. ) with h < b—1 and pj, > a — 1. Now we repeat the argument from
the previous paragraph. O

3. MAIN TECHNICAL RESULTS

In this section we will be interested in dimensions of the spaces of the form
Homps, (M(""5%) Endp (D)),

where we regard Endp(D?)) as an F'Y,-module in the usual way. This is important in view
of Proposition 3.4. Note that by Frobenius reciprocity we have

Hompy, (M™% Endp(DY)) 2 Endpps, , x5, (D s, x5,)- (3)

Recall that M=%k is a permutation module on the (unordered) k-element subsets I =
{i1,...,ik} C{1,...,n}. Define the F'3,-homomorphism

k
f : M(nfk’k) — ]\4'(n7k+1’kil)7 {il, e ,’Lk} — Z{il, ceey %j, ceey Zk} (4)
7=1

for {i1,...,i} C{1,...,n}.
Lemma 3.1. Let p >k > 1 and n > 2k. Then f is surjective.

Proof. Let I be a (k— 1)-element subset of {1,...,n}. We show that the corresponding basis
element {I} € M"~F+1E=1) belongs to im f. Asn > 2k, there exist a subset J C {1,...,n}\I

of order k. Put )
k—1Y\"
= —1)IBl AU B}.
: > c([fy) mum
ACI, BCJ, |A|+|B|=k
We claim that f(—3v) = {I}. Indeed, if A C I, B C J, and |A| + |B| = k then the basis
element {I} appears in f({AU B}) only if A = I and |B| = 1. So the coefficient of {I} in
f(v) is —k. On the other hand, if { K'} appears in f(v) and {K} # {[} then {K} ={CUD}
where C G I, D G J, |C] + |D| = k — 1. Pick any such {K} = {C U D} and set [ = |C].
Then {C'U D} appears in f({AUB}) only if A= CU{a} for some a € I\ C and B= D or
A =C and B = D U{b} for some b € J\ D. So the coefficient of {K} in f(v) is

B -1 B ~1
Gor-ne (LT ) reeee e () =
O

We are now going to use the explicit construction of the Specht module S* as the submodule
of M generated by the vector e; = s {t} € M, see [17], section 4, for the precise definitions.

Lemma 3.2. Let p > k > 1 and n > 2k. Then ker f = S(n—kk),
13



Proof. By [17], Lemma 4.10, S(n=kk) C ker f. So the result follows from the equality
dim M=k = dim S=FFk) 4 dim M —k+1k=1) "see e.g. [17], Example 17.17. O

Lemma 3.3. Let p > k > 1 and n > 2k. Denote by Y55 the block component of
M=Kk containing S™—FF)  If there exists r with 0 < r < k and n = 2k — 1 —r (mod p),
then S(n—k,k) _ D(n—k+r,k—r)|D(n—k,k)’ y(n—kk) — D(n—k—i—r,k‘—r)|D(n—k,k)|D(n—k+r,k—7’)7 and

Y(n—k,k)/D(n—k,k) o~ (S(n—k,k))* Otherwise Y(n—k,k) — S(n—k,k) — D(n—k,k)'

Proof. By [17], Example 17.17, the permutation module M (*~#*) has a filtration with factors
Sn=kk) gn—k+tlk=1) 6 with S"=%*) being a submodule. Hence Y ("~%k) has a fil-
tration whose factors are all Specht modules S(n=3:3) with 0 < j<kand S(n=3.j) ~ §n—kk)
If there is no r as in the assumption then it follows from the Nakayama Conjecture that
S(=kk) is the only such Specht module. Moreover, in this case S("~*#) = D(=kk) thanks
to Lemma 1.10. So we may assume that there is r with 0 < r < kandn =2k—-1—r
(mod p). Then Y (™=5k) has a filtration with factors S("—*+) §n—k+rk=r) By T,emma 1.10,
Sn=kk) — pn=hkirk=r)| Dn=kk) anq §n—k+rk=r) > pr=ktrk=r) Now the lemma follows
from the fact that Y ("=%#) is self-dual, see Lemma 1.2. O

The following proposition will be a principal tool in the proof of the Main Theorem.
Proposition 3.4. Let p > k > 1, n > 2k, and D* be an irreducible FX,-module such that
dim Hompy, (M™% Endp(D*)) > dim Homps,, (M550 Endp (D).
If G is a subgroup of X, such that
dim (M(n—k,k))G > dim (M(n—k:-i-l,k—l))G
then the restriction D* | is reducible.
Proof. By Lemmas 3.1 and 3.2, we have an exact sequence
0 — S(n—kk) __, ppn—kk) I ppn—krlh=1) 0.
So dim (M®=*+NGE > dim (MO—F+LE=1)G implies
(SRS £ 0. (5)
By dualizing, we also have an exact sequence
0 —s (M(n—k‘-‘,-l,k—l))* _ (M(n—k,k))*_>(s(n—k’,k‘))* — 0,
so, using the fact that permutation modules M* are self-dual and the assumption, we have
(S=RR)E £ 0. (6)
Moreover, it follows from the assumption that there exists a homomorphism 6 from M (—k:k)
to Endr(D*) which does not factor through f. In other words the restriction 8|S =%5) is a
non-zero homomorphism.
Assume first that there does not exist » with 0 < r < k and n = 2k — 1 — r (mod p).
Then by Lemma 3.3, S("—%+k) = D(=kk) ig 5 direct summand of M™%+) S0 ¢ induces an

embedding of S™~F*) into Endp(D?). As 1y, is always a submodule of Endz(D?), we have
1y, ® S~k c Endp(D?). Now it follows from (5) that

dim Endpg(D*| ;) = dim Endp (DM > 2,

whence D] is reducible.

Next, assume that n =2k — 1 —r (mod p) for some r with 0 < r» < k. As in Lemma 3.3,
denote the block component of M™~5k) containing S5k by Y (—kk) g0 that Y (—kk) =
D(n=ktrk=r)| p(n—kk)| p(n—k+rk=r) 1f 9|y ("=k:k) i5 not injective then, using the fact that
0)S"=#Fk) is non-zero and Y (*~*+) is uniserial, we see that # induces an embedding of
(S(n—k,k))* ~ Y(n—k,k)/D(n—k—l-'r,k—r) into EIldF(D/\) As (S(n—k,k))* — D(n—k,k)‘D(n—k—l-'r,k—r)’
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its socle is different from 1x,, hence 1x, © (S™*#)* c Endp(D?). So (6) implies that
dim Endpg(D*| ;) > 2 as above.

Finally assume that H\Y("_k’k) is an embedding. If r # k then D(—k+rk=r) o2 1y, so we
have that 1y, @ S %) < Endp(D*) and hence dimEndpg(D*|5) > 2. Now let k = r,
when Y ("=Fk) = 15 |D("=FR)|15, . Hence M(=Fk) jy (n=kk) o prn=ktLk=1) /1o = As 1y

is a summand of MM k+LE=1)

dim (M =FR) jy (n=RENG < dim (M EELAED)G
On the other hand, by assumption,
dim (M FFLEEDNG < dim (MFRR)E = dim (MR )y (7RG 4 dim (v (0RR)G
Therefore dim (Y =%k > 2 As the restriction 8|Y (*~%%) is an embedding, it follows that
dim Endpg(D* | 5) > 2. O

We turn next to the problem of verifying the conditions of the proposition above, when
Lemma 3.1 turns out to again be useful. Fix now an irreducible F'¥,-module D* and define
the linear map

J* : Homps, (M" =M1 Endp(DY)) — Homps, (M T, Endp (DY), ¢ — do f.
By Lemma 3.1, we immediately have
Lemma 3.5. Let p >k > 1 and n > 2k. Then f* is injective.

We are going to prove that im f* is properly contained in Hompy, (M"~%*) Endp (D)),
by exhibiting a homomorphism ¢ which does not factor through f. For a subset I =
{i1, ... ik} C {1,...,n} we denote by X; = Xy, ;1 the subgroup of ¥, which consists
of all permutations fixing the elements of {1,...,n} \ I. Clearly ¥; = ;. We define
¢ € Hompy, (M®™%F) Endp(D")) by setting for any {I} € M®=kk).

P({TH () =Y gv. (7)
geX;
Denote by C' = C; the column stabilizer of the tableau
‘ E+1 k+2 ... 2k 2k+1 ... n
o 1 2 .k ’

This is a subgroup of ¥, isomorphic to the elementary abelian group Z/27Z x --- x Z/2Z.

-~

k
Henceforth we will use James’ notation {t} for the element {1,... k} € M®=*k),

Proposition 3.6. Let p > k > 1 and n > 2k. Let ¥j be embedded into ¥y, as Yy py-
Assume that ¢ € im f*. Then

( Z (sign J)aga_l)DA = 0. (8)
gEEk,cfeC
Proof. By assumption, there is 1 € Hompy, (M ™ 5+15=1 Endp (DY) with ¢ = f*(¥) =
o f. Let
e = Z(sign o)o{t} € SRk < ppn=hik)
oeC

be the polytabloid corresponding to the tableau t defined above, see [17], Definition 4.3. By
[17], Lemma 4.10, f(e;) = 0. Hence ¢(e;) = 0. On the other hand, we calculate p(e;) using

(7):
(e (v) = Z(sign o) Z gu = Z (sign o)ogotv.

oeC 9EE(5(1),...,0(k)} g€k, 0€C
So ¢(et) = 0 is equivalent to (8). O
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Lemma 3.7. Let p > k > 1, and D be an irreducible FXq-module. If the equation (8)
holds then h(\) < k or h(AM) < k.

Proof. Set x:= 3% v ,cc(sign o)ogo~! € FY,. Assume h()\) > k and h(AM) > k. Denote
by a; the length of the p-rim of A, see section 1. Then h(AM) = a; + 1 — h(\) > k by
Corollary 2.4. Hence a; > 2k — 1, and so X is one of the following three partitions: (k,1%),
(k41,151 = (k,1%)! or (k,2,1%72). Moreover, (k,2,1%72) should be excluded if p = 2k — 1
(as then h(AM) = k — 1). In all these cases \ is a core partition so D? is projective by the
Nakayama conjecture, and D* = S*. So we have to prove that z5* # 0.

We first prove that 28 (k2.157%) # 0. Define the tableau

1 k+1 k+3 ... 2k
2 k+2

s= 3
k

Let es = ks{s} € S(k21°72) e the corresponding polytabloid. We claim that the coefficient
of {s} in wey is (—1)¥~12(k — 1)!, which shows that 2S*217%) £ 0. Let 0 € C = C}, where
C' is the column stabilizer defined above. Note that (1 + (i,5))ks = 0 if 4,5 € {1,2,...,k}
or {i,7} = {k+ 1,k 4+ 2}, as in this case we have (7,j) € Cs. So if any such (i, 7) belongs to
o¥ro~! we have > gesy ogo ks = 0. So we just need to consider o = [[*_, (i, k + i) and
o= (Lk+1) H§:3(i, k +i). In these cases we have sign o = (—1)¥~1. Moreover, if ¢ € Cs,
g € ¥ and o is as above, then ogo~!c{s} = {s} only if ¢ = 1. Hence the coefficient of {s}
in xeg is equal to the coefficient of {s} in

(—)+! > g{sy + (—)F! > 9{s},
9EX (1 k42,k43,...,2k} 9EX (k11,2,k43,...,2k}
which is (—1)*12(k — 1)!.
Next, we prove that 2S5 *k1") # 0. Let

1 kE+2 kE+3 ... 2k
2

E+1
As above, it suffices to prove that the coefficient of {s} in ze, is non-zero. Let o € C. Note
that (1 + (i,7))ks = 0if i,5 € {1,2,...,k + 1}, as in this case we have (i,j) € Cs. So if
any such (i,7) belongs to o¥o~! we have > gesy ogo ks = 0. So we just need to consider
o = Hle(i,k +i) and 0 = Hfzz(i,k +4). In these cases, if ¢ € Cs and g € X, then
ogotc{s} = {s} only if ¢ = 1. Hence the coefficient of {s} in ze; is equal to the coefficient
of {s} in
(—1)* oo glst + (—pF! > g{s},
9EX (ki1 kt2,... 2k} 9EX(1 kt2,k43,...,2k}
which is (=1)*k! 4+ (=1 1k — D! = (=1)*(k — D)!(k — 1).
Finally, we prove that 2§ k+1LL # 0. Let

1 k+1 k+2 ... 2k
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As above, it suffices to prove that the coefficient of {s} in xes is non-zero. Let o € C. Note
that (1 + (¢,5))ks = 0if 4,5 € {1,2,...,k}, as in this case we have (i,j) € Cs. Hence if
any such (7,7) belongs to o¥o~! we have ZgGEk ogo ks = 0. So we just need to consider
o= Hle(i,k +1i) and 0 = Hie{l,...,jfl,jJer’k}(i,k +1i) for j =1,2,..., k. In these cases, if
c € Cs and g € X, then ogo—te{s} = {s} only if ¢ = 1. Hence the coefficient of {s} in we
is equal to the coefficient of {s} in
k
(—1)* > gfst + D (-DH! > g{s},
9EX (ki1 k42,...,2k) Jj=1 JEX (hy1, .. ktj—1,5,k+j+1,....2k}
which is (—1)¥k! 4+ (= 1)F k! + (k — 1)(—=1)* 1k — 1) = (=D)L (k - 1)!(k — 1).
O

Proposition 3.8. Let p > k > 1, n > 2k, and D* be an irreducible FY,-module. If the
equation (8) holds then h(\) < k or h(AM) < k.

Proof. Set = := 3 s ,cc(sign o)ogo~! € FY9, < FX,. Apply induction on n. For

n = 2k see Lemma 3.7. Let n > 2k. If £D* = 0 then z annihilates every composition factor
of D)‘lzn_ .- Now use the inductive hypothesis and Theorem 2.8. 0

Corollary 3.9. Letp > k > 1, n > 2k, and D* be an irreducible F¥.,,-module with h(\) > k,
h(AM) > k. Then

dim Hom sy, (M58 Endp(D*)) > dim Homps, (M ™ *15=D Endp(DY)).
Proof. This follows from Propositions 3.6 and 3.8. g

Take k£ = 3 in Corollary 3.9. We see that f* is a proper injection unless the height of A or
MM is < 2. To get a more complete result for k = 3, we need to treat the 2-row partitions
separately.

4. TWO-ROW PARTITIONS

Throughout this section we fix a 2-row partition A\ = (m, k) of n. Let a« =k — 2 (mod p)
and S =m—1 (mod p). So « (resp. 3 if m > k) is the residue of the bottom (resp. the top)
removable node of A. Set

dj := dim Endzn,j ij (D)\\LG_szj>'

All composition factors of D’\lE% , are known: for « # f3, one can apply Theorem 1.12, and
for a = 3 see Sheth [42] (the result also follows from [15], Theorems 2.2,2.3, and [8], Theorem
D(iii)). We will need the following special case:

Lemma 4.1. [42] Let p > 2.

(i) If a # B then D |5, | 2 (1 — 8,p) D™= Y0) @ (1 — 64 gy1) DAL

(ii) If « = B3, then D} s, | = Dm=Lk) o pmk=1) 4 (%), where () stands for terms of
the form Dm=14p"k=p") yith i > 0.
Corollary 4.2. Assume that p >3 and k > 2.

(i) Ifm—k>2and a# B+ 1,5+ 2 then

D)\lznfz _ D(m—2,kz) + (2 + 5a,671)D(m_1’k_1) + (1 + 5aB)D(m,k—2) + (*)’

where (x) stands for the terms of the form D) with (i,7) > (m, k — 2).

(ii) If m = k + 1 then D} |y, _, = 2D(m=Lk=1) g plmk=2),

(ili) If m =k then D]y, = Dm=Lk=1) g pmk=2),

(iv) Ifa = B+ 1 then DX|g = D(m=2k) g plm—Lk=1)
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(v) If « = B+ 2 then D)‘lzn_Q ~ pD(m=2.k) gy 9 p(m—1k=1)
Corollary 4.3. Assume thatp >3, m > 4, and k > 2.
(i) Ifm—k>2and a# B+ 1,5+2 then
D’\lzn,g, = (1- 5m7k+2)D(m—3,k) +(3+ (5a7ﬂ72)D(m—2,k—1)
+(3 + 5a,[3—1 + 3(50{’5)D(m71’k72)
+(1 - 5/6,2)(1 + 6a,,6’ — 5a76+3)D(m’k_3) + (*)’
where (x) stands for the terms of the form D) with (i,7) > (m, k — 3).
(ii) If m =k + 1 then D)‘lzn,g =~ 9 D(m=2k=1) @ 3 )(m=1,k=2) o (1— 5p’5)D(m,k—3).
(iti) If m = k then D} |y, _, =2 2DM=1k=2) g plmhi=3),
(iv) If « = B+ 1 then DX |y, = D(m=3k) g 2 p(m=2k-1),
(V) If « = 3+ 2 then DAlzn_g > (1 — Syt o) DM3K) @ 3D(m=2k=1) g 9 p(m—1k=2)

Next we prove some results on restrictions D)‘LZWQX& and D’\lE%Bng. We consider
Specht modules first.

Lemma 4.4. Let k > 2. The restriction S)‘lzn_szj has a Specht filtration with factors:
() (1= Ompet1 = Om i) ST 2P @15, (1= 6 p) S MF-D @1y, S=1F-D @sgng, . and
SO @ 1y, if j = 2
(i) (1= Omrs2 — Omas1 — Omp) S 3R @15, (1= dpmpr1 — Omp) ST 24D @ 15,
(1 _ 5mk) S(m—?,k—l) ® 5(2,1)’ (1 _ 5mk) S(m—l,k—2) ® 1237 S(m—l,k—Z) ® 5(2,1); and
(1= 6k2)S*=3) @ 15, , if j = 3.

Proof. Follows immediately from Theorem 1.8 and the Littlewood-Richardson Rule. U

Lemma 4.5. Let p > 3 and k > 2.
(i) If m =k +1 then

DMy s, =DMV @ 1p @ DD @ seng @ DI @ 1y
(ii) If m = k then
D>\‘L2n72><22 = D(m_Lk_l) ® sgnEQ @ D(m’k_2) ® 122'
(iii) If « = B+ 1 then
DA\I/E”72X22 = D(m_27k) ® 122 ¥ D(m_17k_1) ® Sgn22.
(iv) If « = B+ 2 then
DMy ys, 2 DM @15, ¢ DMLY g 15 @ DMLED @ sgng
Proof. (i) Let m = k+1. By Lemma 4.4, SAlEn_QxZQ has a filtration with factors S~ LD
1y,, Sim—1k-1) & sgny,, , S(mk=2) g 1y,. Moreover, by Lemma 1.10, we have G(m=1k=1) _

Dm=Lk=1) 4 (y), §(mk=2) — p(mk=2) 1 () where (x) stands for irreducible modules D*
with g > (m,k —2). So

Sy, yxz, = DM @15, 4 DAY @ sgng + DMED @ 19, 4+ (%),
where (*) stands for terms of the form D* ® D¥ with p > (m,k —2). As D |5, .5, is a
quotient of $* |5, . x,, it now follows from Corollary 4.2(ii) that

D)\‘LG_QXEQ _ D(mfl,kfl) ® 1y, + D(mfl,kfl) ® sgny,, + D(m,k72) ®1sx,.

The complete reducibility follows from the fact that the restriction D)‘lzn,

reducible (by Corollary 4.2(ii)) and Lemma 1.6.
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(iii) If « = B+ 1, it follows from the assumption p > 3 that m —k > 3. So, by Lemma 4.4,
SAls. ,xx, has a filtration with factors Sm=2k) @ 1y, Sm=Lk=1) & 1y~ §im=LE=-1)
sgny,, , S(mk=2) & 1y,. By Lemma 1.10, we have Sm=2k) — plm=2k) 1 () Glm-1k=1) —
Dim=Lk=1) o plmk=2) 1 (y) G§imk=2) — pmk=2) 1 (4) where () stands for irreducible
modules D* with p > (m,k — 2). So

SMy oxz, = DR @ 1g, + DTLED @ 15 4+ DMLESD @ seng
+2D(m7k72) ® 122 + D(m7k72) ® SgnEQ + (*)7
where (*) stands for terms of the form D* ® D¥ with p > (m,k —2). As D |5, .5, isa
quotient of SAlEn,QXZb? it now follows from Corollary 4.2(iv) and Lemma 1.5 that
D/\lzn_szg = D=2k g 1y, + Dim—Lk—1) g sgny., .

The complete reducibility follows from the fact that the restriction D>‘lzw2 is completely
reducible and Lemma 1.6.
The remaining parts of the lemma are proved similarly. O

Lemma 4.6. Let p > 3, k > 2. Then dy < 4. Moreover,
(iYdo=2ifa=0F+1o0orm=k;
(iiydo =3 ifa=0+20rm=k+1;
(iii) do =4 ifm =4, k=2, and p > 5.

Proof. By Lemma 4.4, the restriction S*|5, .y, has a filtration with factors
S(m—2,k) ® 122’ S(m—l,k—l) ® 1227 S(m—l,k—l) ® sgny,,, S(m,k—?) ® 1227

each appearing at most once. Now, since dim Hompy,, (S*, (S#)*) = 6,, for any p-regular
partitions A and p of m by Lemma 1.4, we conclude that

dim Homps, , x5, (S* s, _yxsnr (S5, yxw,)™) < 4.

But D)‘lzn_zsz is a quotient of S)‘lzn_ngQ and a submodule of (S)‘lzn_2xzz)*, so the first
claim follows. Finally, (i) and (ii) follow from Lemma 4.5, and (iii) follows from Lemma 4.4(i)
as in this case the group algebra F'Yg is semisimple. O

Lemma 4.7. Letp >3, m >4, and k > 2.
(i) Ifm—k>2and a# B+ 1,5+ 2 then

DMy, xwy = (1= 0mps2) D30 @ 14,
+ (14 064p_0)Dm 2D @ 15 4 DMm=2k-1) o DD
+ (14 60,5-1+ 0ap) DM~ 1E2 @ 15,
+ (14 645) D142 @ p2D)
(1 - 519,2)(1 + 5@,@ - 5a,ﬁ+3)D(m’k_3) ® 1y, + (*),

where (%) stands for terms of the form D @ DY with > (m,k — 3).
(ii) If m =k + 1 then

DMy s, & D20 g DR g pim-1h-2) g 10
® D(m—l,k—Q) ® D(2,1) @ (1 _ 5p75)D(m,k—3) ® 123‘

(iii) If m = k then DM |y, x, = Dm~1E=2) @ DD g Dmk=3) @ 1y, .
(iv) Ifa = B+ 1 then DM |y, . 5, 2 DM3H @15, @ DM=2k- g D@D,
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(v) If « = B+ 2 then
DMy, ixsy = (1=0mp2) D" M @1g, @ DN @1y,
D D(m—?,k}—l) ® D(Q,l) D D(’m—l,k)—Q) ® D(?,l).
Proof. (i) By Lemma 4.4, S*|s, .., has a filtration with factors
(1 o 5m’k+2)s(m—3,k) ® 123’ S(m—2,k—1) ® 1237 S(m—Z,k—l) ® D(2,1)7
S(mfl,k72) ® 123’ S(mfl,ka) ® 13(2,1)7 (1 _ 5k’2)s(m,k73) ® 123_
Moreover, by Lemma 1.10,
S(m73,k) — D(mf?’,k) + 50{’672D(m72,k71) + (5047/3,1D(m71’k72)
+ (1= 8,2)as D™ + (),

S(m—2,k—1) _ D(m—Q,k—l) + 5aﬁD(m_Lk_2) + (*),
S(m—l,k—?) _ D(m—l,k—?) + (*),
S(m,k—3) — D(m,k—3) + (*)’

where (x) stands for irreducible modules D* with p > (m, k — 3). So
SAlEn,gng = (1 — (5m,k+2)D(m_37k) ® 1y, + (1 + 5a,ﬁ72)D(m_2’k_l) ® 1g,
_|_D(m72,k71) ® D(2,1) + (1 + 5(1’5_1 + 5a’B)D(m71,k72) ® 1y,
+(1 4+ 84,5) D12 @ DD
(1= 8e2) (1 + 80,5) D™ @ 1y, (),

where (x) stands for terms of the form D* @ DY with p > (m,k — 3). Now (i) follows from
Corollary 4.3(i) as D* |5, .., is a quotient of S* |y . 5.

(iv) If @ = B+ 1 then m — k > 3, and, by Corollary 4.3(iv), D}y, , = D"=3k g
2D(m=2k=1)  Now the result follows from Lemmas 4.4, 1.10, and 1.6 similarly to the corre-
sponding case in Lemma 4.5.

The remaining parts of the lemma are proved similarly. O

Lemma 4.8. Letp >3, m >4, and k > 2. Then d3 > 4, except in the following situations:
(1) m = k+1, in which case d3 =4 — 6,5; (2) m =k, in which case d3 =2; (3) a = +1,
in which case d3 = 2; (4) oo = [+ 2, in which case d3 = 4 — 6y j12; and (5) p > 5, m =4,
k =2, when dy = 4.

Proof. In the exceptional cases (1)-(4) the result follows from Lemma 4.7(ii)-(v). For (5), F¥g
is semisimple, and so we may use Lemma 4.4. So assume that a« £ 8+ 1,84+2, m—k > 2
and n > 6. As the group algebra F33 is semisimple, the modules 1y, and D@D are in
different blocks. Moreover, assume « # (3,0 — 1,3 — 2. Then by the Nakayama Conjecture,

all modules in
A = {D(m—3,k)7 D(m—2,k—1)’ D(m—l,k—2)’ D(m,k—S)}

are in different blocks (if m — k = 2, disregard the first module, and if k£ = 2, disregard the
last one). Now, by Lemma 4.7(i), the restriction D*|y, 5. has composition factors in at
least 5 different blocks. Hence it has at least 5 indecomposable components, whence ds > 5.

Let « = 3. Then m — k > 4 as p > 5. Moreover, D(m=3k) ~ p(mk=3) ol D(m=2k-1)
Dm=1k=2) "with DM*=3) omitted if k = 2. By Lemma 4.7(i), the restriction D s, .xs,
has at least 3 blocks components, at least 2 of which are reducible. Now, by Lemmas 1.2 and
1.3, we have d3 > 5.

If a =p0p—-1, we have m — k > 5. If £ > 2 then the modules of A belong to 3 different
blocks, with D(m=3k) ~ pD(m=1k=2) " Then, by Lemma 4.7(i), D*|y, .y, has at least 5
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blocks components, whence d3 > 5. If k = 2, we get at least 4 block components, but at least
one of them is reducible, so we may apply Lemmas 1.2 and 1.3.

Finally, let « = 3—2. Asp > 5and m—k > 1, we have m—k > 6. If £ > 2, the modules of
A belong to 3 different blocks, with D(m=3+) ~ D(m=2k=1) By Lemma 4.7(i), DMy xs,
has at least 5 blocks components, unless K = 2 or p = 5 (in which case 8 —2 = 3+ 3). If
k=2 or p=2>5, we get at least 4 block components, but at least one of them is reducible, so
we may apply Lemmas 1.2 and 1.3 again. U

Corollary 4.9. Letp > 3, m > 4, and k > 2. Then d3 > do, except in the following cases:
(1) a=08+1 orm =k, in which case do =d3 =2; (2) p=5andm=k+1 ork+2, in
which case do = ds =3; (3) p>5, m =4, k=2 in which case dy = d3 = 4.

Proof. Follows from Lemmas 4.8 and 4.6. g

For the exceptional case (1) above we will need to consider dy.
Lemma 4.10. Letp >3, k>2, anda =0+ 1. Then dy = 3 unlessp=>5 and m =k + 3.

Proof. Note that a = §+ 1 implies m — k > p — 2 > 3. It follows from Corollary 4.3 and
Lemma 4.1 that

DMy 2 (1= dypy) D40 g 3Dm=3k-1) g o plm=2k-2),

By Theorem 1.8 and Lemma 1.10,
M ixse = (1= 8mpra) DM @15, + DM=3E-D g 15 4 pm=3k-1) @ DD
+DM=2k-2) g 15, 4 DIP=2k-2) g 1) 4 pin=2k-2) ¢ p(22) 4 (),

where () stands for the composition factors of the form D* ® D* with A> (m —2,k —2). As
dim DG = 3 and dim D*?) = 2, it follows from above and Lemma 1.6 that D)\lzn_4x24 is

semisimple with at least 3 composition factors, unless m — k = 3, which is only possible if
p = 5. The result follows. O

Lemma 4.11. Letp >3 and m =k > 3. Then dy = 3 unless p = 5.
Proof. The argument as in the proof of Lemma 4.10 shows that

D)\J,E ey ~ D(me,ka) ® D(2’2) @ D(mfl,k73) ® D(3,1) @ (1 _ 51) S)D(m,k74) ® 1247
which implies the desired result. O

In the following corollary we gather the most important information obtained in this sec-
tion.

Corollary 4.12. Let n > 7, and A = (m, k) be a two row partition with k > 2.
(i) Let p > 5. If m# k — 2 (mod p) and m # k then

dim Homps,, (M ®™~3%) Endp(D*)) > dim Hompy, (M2 Endp(D")).

(ii) Let p > 5. If m =k — 2 (mod p) or m =k then
dim Hompy, (M™% Endp(D*)) > dim Hompy, (M ™33 Endp(D*)).

(iii) Let p="5. If m# k — 2 (mod p) and m — k > 3 then
dim Homps,, (M®™~3%) Endp(D*)) > dim Hompy,, (M "2 Endp(D")).

(iv) Let p=>5. If m =k — 2 (mod p) and m — k > 3 then
dim Homps, (M™% Endp(D?)) > dim Hompys,, (M™% Endp (D).

Proof. This follows from (3), Corollary 4.9, and Lemmas 4.10, 4.11. a
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5. PROOF OF THE MAIN THEOREM

Let G < %, be a proper subgroup, and D* be an irreducible F¥,-module which is irre-
ducible over G. In view of Theorem 0.7, the main thing is to consider the 2-transitive groups.
Furthermore, the case where G is 2-transitive and D* € R,,(1) (see (2)) has been studied by
Mortimer, see Example 0.5. To deal with 2-transitive groups on all other modules we will
use Proposition 5.1 below and some ad hoc methods.

We denote by rj, the number of G-orbits on the (unordered) k-element subsets of {1,...,n}.
If G is 2-transitive, it is 2-homogeneous, and so we will always have ro = 1.

Proposition 5.1. Letn > 8, G < X, be a 2-homogeneous subgroup, and D* be an irreducible
F¥,-module with D* ¢ R, (1).

(i) Assume that p > 5 and G is not 3-homogeneous. Then D/\l(; 1s reducible, except
possibly in the cases where D = D) o DMK @ son and m = k — 2 (mod p) orm = k.
If, additionally, r4 > r3 then D)‘lG is reducible in the exceptional cases too.

(ii) Assume that p = 5 and G is not 3-homogeneous. Then D*|. is reducible, except
possibly in the cases where D* =2 D(™F) or DK @sgn and m = k—2 (mod p) orm—k < 3.
If, additionally, r4 > r3 then D*| 5 is reducible in the exceptional cases too, unless m—k < 3.

(iii) Assume that p > 3 and G is 3-homogeneous but not 4-homogeneous. Then D] is
reducible, except possibly in the cases where h(\) < 3 or h(AM) < 3.

Proof. (i), (ii). If neither D* nor D* ®sgn is isomorphic to D(™F) for some two row partition
(m, k), then the result follows from Lemma 1.1, Corollary 3.9, and Proposition 3.4. Otherwise
we use Corollary 4.12 and Lemma 1.1, Proposition 3.4 again.

(iii) This follows from Lemma 1.1, Corollary 3.9, and Proposition 3.4. g

Now let p > 3, as in the Main Theorem. If n < 5 then F'¥, is semisimple, and the result
follows e.g. from [39]. So from now on we assume that n > 5. First, we suppose that
D> ¢ R, (1) unless otherwise stated, and go through the list of 2-transitive groups from [25].
After that we will complete the proof by considering the case G < 3, _1.

Alternating groups. This case has been considered in Example 0.3.

Groups with a regular normal subgroup. A group G in this class is always a subgroup
of the group AT'L(m, q) of all non-degenerate semilinear affine transformations of the affine
space V' = Ty acting naturally on the ¢" points of V. We have n = ¢, and | AT'L(m, q)| =
fg™mAD2(gm — 1) (g™t —1)... (¢ — 1), if ¢ = ¢/ for a prime £.

Assume first that m = 1. Then ¢ =n > 5. We have |G| < | ATL(1,q)| = fq(¢ — 1), where
q = ¢f for a prime £. By (1), if D* is irreducible over G then dim D* < \/fq(q —1). If p > 5,
this contradicts Lemma 1.18(i) when ¢ > 9 and Lemma 1.22(i)—(iv) otherwise. If p = 5 we
can use Lemma 1.18(i) when ¢ > 11, and Lemma 1.22(i)—(v) otherwise. So from now on we
assume that m > 2.

If p=25, ¢ > 2 and D* is D% or D(™) @ sgn for r — s < 3, then it follows from
Theorem 1.16 that dim D* = £, or f,_1. By (1), we must have

fa1 < V1G] < (fqm(m“)/z(qm — (g™ =1)... (¢ — 1))

But an elementary argument using Lemma 1.17 shows that this is impossible. So from now
on we exclude the case where p =5, ¢ > 2, and D* is D) or D™ @ sgn with r — s < 3.
Assume now that G = AT'L(m, ¢) and g > 2. In this case G is not 3-homogeneous. Indeed,
it can not move 3 points lying on an affine line to 3 points in a general position. Bearing in
mind Proposition 5.1, we want to prove that ry > r3. It is well known that G is transitive
on the triples of points in general position. So r3 = 1 + s, where s is the number of orbits
of G on the triples {a,b,c} such that a,b,c lie on an affine line. Similarly, G is transitive

on 4-tuples of points in general position. Note that 4 points in general position exist only if
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m > 3. Set t =1if m >3 and t = 0 if m = 2. Also denote by u (resp. v, resp. w) the
number of G-orbits on 4-tuples {a, b, ¢, d} such that a, b, c,d lie in the same affine plane, but
no 3 of them lie on a line (resp., exactly 3 of the points a, b, ¢, d lie on a line, resp. all four of
the points lie on a line). Then we can write ry=t+u+v+w. Note that w > 0 if and only if
q > 3. Moreover, assume that {a1,b1,c1,d1} and {ag,be, ca,ds} are in the same G-orbit, and
that exactly three points in each of these 4-tuples belong to a line. Assume without loss of
generality that a;, b;, and ¢; lie on the same line (i = 1,2). Then {a1,b1,c1} and {ag, ba, c2}
must be in the same G-orbit (on triples). This implies that v > s. As u > 0, we conclude
that r4 > r3 unless G = AT'L(2,3). In all the other cases we may use Proposition 5.1.

Now let G = AT'L(2,3). Then |G| = 432, and so every irreducible FG-module has dimen-
sion < 20, thanks to (1). By Lemma 1.22(v), we may assume that p = 7 and dim D* = 19.
But G = V x GL(2,3). As D* is faithful and (p,q) = 1, it follows from [41], section 8.2,
Proposition 25 that D* | is induced from a certain proper subgroup of G containing V. As
19 is prime, this implies that G has a subgroup of index 19, which is absurd.

Thus, if m = 1, or if m > 2 and ¢ > 2, then the restriction of D* to AT'L(m, q), and hence
to any of its subgroups, is reducible. It just remains to treat the case G < AT'L(m,2). This
is rather harder than the others so we consider it as a separate case as follows.

Groups G with G < ATL(m,2). Note m > 3, as we have assumed n > 5. First,
let G = AT'L(m,2) = AGL(m,2). Then G is 3-homogeneous but not 4-homogeneous. By
Proposition 5.1(iii), we may assume that h(\) < 3. We will prove that D*|; is irreducible if
and only if D* or D* ® sgn is 1, D11, D(=21%) o D(5:3) (p=5).

Set M; = {D(l), DU-1L), D(l_m’l)}. We prove the following intermediate fact on branching.
Lemma 5.2. Let [ > 6, and D7 be an irreducible F'¥;-module. If every composition factor
of the restriction D7y, | belongs to M;_y, then D7 € M.

Proof. At least one of the modules DU~ D(U=21) D(=31.1) yhyugt be in the socle of D7y, ..
If this is DU~V then v = (I) or (I — 1,1) by Theorem 1.12(i). If this is DU~21 then by
Theorem 1.12(i), v = (I—1,1), (1—2,1,1) or (I—2,2). But by Theorem 1.12(ii), DU~22 |y
contains D—32) ag a composition factor, which leads to a contradiction. Finally, if D(¢=3:1.1)
appears in the socle of D7y,  then again by Theorem 1.12(i), v = (1 -2,1,1),(1—3,2,1) or
(1—3,1,1,1). But D(l_S’Q’I)lzl_l contains D¢=421) and D(l_3’1’1’1)lzl_1 contains D(—41L11),
in view of Theorem 1.12(ii). This leads to a contradiction again. O

We now develop a technical result on restrictions from om to Xgm—1 X ¥gm-1, which will
turn out to be precisely what is needed in the later argument.
Lemma 5.3. Let m > 3, p > 3, n = 2™ and \ be a p-regular partition of n with h(\) < 3.
Set k = n/2. Assume that every composition factor of D Is. x5, has one of the following
forms:

(1) D¥* @ D* with € {(k), (k—1,1),(2,1,1)}.

(2) D*® DY or DY@ D* for u € {(k—1,1),(k—2,12),(3,3,2),(5,3)} and v € {(k),(2,2)}.
Then, A € {(n),(n —1,1),(n —2,12),(3,3,2),(5,3)}.

Proof. If m > 4, it follows from the assumption that any composition factor of D)‘lzk belongs
to Mj. So D* € M, by Lemma 5.2.

Now, let m = 4. If D* is as in the assumption then all composition factors of the restriction
D/\lzg belong to Mg U {D®3) D332} We will deduce from this that D* € Myg. In view
of Lemma 5.2, it suffices to prove that every composition factor of D* |y, 1, belongs to M.

To verify that, we first prove that every composition factor of D)‘lzg belongs to My U
{DB33) DO with DO3) only needed if p = 5. Indeed, let D? be a composition factor
of D/\lzg. Then all composition factors of Dﬁlzs belong to Mg U {D®3) D332} If an
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element of Mg appears in the socle of DP Iy, then arguing as in the proof of Lemma 5.2,
we conclude that D € My. Assume that D®3) appears in the socle. By Theorem 1.12(i),
g € {(6,3),(5,4),(5,3,1)}. But by Theorem 1.12(ii), D(G’?’)lzg has a composition factor
D62 ynless p = 5, which leads to a contradiction. Similarly we get a contradiction in
the remaining two cases, as D(574)l28 has a composition factor D*% and D(5’3’1)l28 has a

(3:3,2) appears in the socle of Dﬂlzs, then a similar

composition factor D*31) Finally, if D
argument implies that 5 = (3,3, 3).

Now, let D7 be a composition factor of D)‘lzw- By the previous paragraph, the composi-
tion factors of D7]y, belong to My U {D(3’3’3), D(6’3)}, with D(3) omitted unless p = 5. If
an element of Mg appears in the socle of D7y, then we argue as in the proof of Lemma 5.2
to conclude that DY € M. If p = 5 and D©®3) appears in the socle of D7y, then by
Theorem 1.12(i), v € {(7,3),(6,4),(6,3,1)}. All of these lead to a contradiction because, in
view of Theorem 1.12(ii), D(7’3)l29 contains D(72), D(674)l29 contains DG4 and D(6’3’1)l29
contains D®31) | as composition factors. The case where D®33) appears in the socle of
D7y, is considered similarly.

Finally, let l» = 3. In this case it suffices to show that a composition factor from the
set {DW @ DZ2) D2 g pE2) PG g DELDY appears in the restriction D’\lz4xz4 for
every A € {(6,2),(4,4),(5,2,1),(4,2,2),(4,3,1)}. For the first three \’s this follows from
Lemma 1.11. If A = (4,3,1) or A = (4,2,2) and p > 5 then X is a p-core, and the required
fact follows from the Littlewood-Richardson rule. Finally, if A = (4,2,2) and p = 5, we have
AM = (4,4), and the result is obtained by tensoring with sgn. O

Write G = V;,,.Gp, where G,,, = GL(m,2) and V,,, = FJ' is its natural module. Let
{e1,€2,...,em} be a basis of V,,. Then any element of V,, can be written in the form
aie1 + -+ amem where a; = 0 or 1. A formal expression of the form y = bie1 + -+ - + bem,
with b; = 0 or 1, will be identified with the linear character

X Vin = F* (ar1e1 + - + amey,) > (—1)@brttambm,

Any irreducible representation of V;,, over F looks like this, and we denote the set of all
irreducible F'V,,-modules by IrrV,,. Note that x ® x = 1y, for any x € IrrV,,. Write
0 =0y + - - - + Ogy, for the trivial representation 1y, . The group G acts on Irr V, via

g-x(a)=x(g"ag), g€G, ac€Vpm, x €IrVp,.

Under this action G has two orbits on Irr G: {0} and Irr G \ {0}. We denote the stabilizer
of x € IrrV,, in G by Gy. Note that G.,, = V,,. AGL(m — 1,2). Now we explain how
the irreducible F'G-modules can be parametrized by the irreducible F'G;-modules for all
0 < i < m (where Gy is the trivial group), see [9], section 5.1, or [44], section 13, for more
details. Let L be any irreducible F'G-module. Consider the restriction L|y, . If V;, acts
trivially on L, the action of G factors through the surjection G — G, to give an irreducible
G-module. If this module is X, we denote L by L(X;0). Next, assume that V;, does not
act trivially on L. Then it is not hard to see that

Ly, = @ L

x€lrr Vi, \{0}

where L, is the x-isotypic component of L|y, . Moreover, L, is an (irreducible) F'G,-module
in a natural way, and L = (LX)T\(;mGX for any x € Irr V,,, \ {0}. Taking x to be &,,, we see in
particular that L., is an irreducible F[V,,. AGL(m — 1, 2)]-module, which factors through to
give an irreducible F[AGL(m — 1,2)]-module. Now, AGL(m —1,2) = V;,_1.Gp—1. If Vi
acts trivially on L., , this module factors through to give an irreducible F'G,,—1-module,
say X. In this case we denote our L by L(X;1). Otherwise iterate by taking (Lc,,)e,, ;>

etc. In this way the module L will be labelled by L(X;j), where 0 < j < m —1 and X
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is an irreducible F'G,,_;-module. Note that V;, does not have non-trivial fixed points on
L(X;j), unless j = 0, when V,, in fact acts trivially on the whole module. In particular, the
construction implies that dim L(X;j) = dim X (2™ — 1)(2™"t —1)... (2m~7+L — 1),

Now let n = 2™ and embed G = V,,.G,, into X,, via the natural permutation represen-
tation. First, we show that D11 and D(=21%) are irreducible over G. In fact, we show
more:

Lemma 5.4. DD | o>~ [(14 ;1) and D21 |0~ L(1g ,:2).

m—27

Proof. By Lemma 1.9, we have S(»~11) = pD—1L1) apq §(n=21%) — p(r-21) " Hence the

dimensions of the modules are n — 1 =2™ — 1 and (n — 1)(n — 2)/2 = (2™ — 1)(2™ 1 - 1).
Consider the natural permutation module M ™11 Tts elements are the formal F-linear

combinations of the form ZveVm fyv. As p does not divide n = 2™, we have M1 =~

S=11) g 1. As V,, acts regularly on M~ we conclude that

S(n—l,l) leg @ S>(<n_171),
X€Irr Vi \{0}

where each S&nfl’l) is 1-dimensional. So now to prove that S~V |, 2 L(1g, ;1) we just
need to check that G,,—1 acts trivially on nglfl’l). To prove this it is enough to show that
n—1,1)

m

. Note that for any ¥, M;En_l’l) is spanned by the vector

Ty = Z x(v)v.

’UEVm

G.n—1 acts trivially on Mg(

As e, (brey + -+ + ben) = (—1)P7, one can easily see that Gy, 1 fixes 2. .

To prove that S("_2’12)lG = L(1q,, ,;2), we show that (552—2,12))€m_1
fixed by Gp,—2. This will imply that S("72’12)LG D L(1¢,, ,;2), whence the two are equal
by dimension. By Lemma 1.7, S(n=2,1%) o /\2 S(=L1)  Note that M™~11) = gh—1.1) g 1
implies A\ M(=11) = A? g(=11) g §(n=1.1) * Ag we already know that (5’8(11_1’1))%71 =0,
it suffices to observe that (A ML), ). | contains a Gy, o-fixed vector, namely, the
vector Te, +4em N Te, ;- O

contains a vector

Lemma 5.5. Let m > 2, p > 3 and X be a p-reqular partition of n. Then, (D*)Vm = D* if
and only if D is one of 1y,,sgny or D22)

Proof. If m > 2 then D* is a faithful representation of ¥, unless D* = 1y _ or sgny , SO
only these two cases arise. For m = 2, the natural module DGV clearly has points moved by
Vin, 80 D@1 = pB1) g sgn does too. It just remains to observe that all of D22 is fixed
by V,,. Indeed, dim D22 — 2 while Irr V,, contains three non-trivial characters permuted
transitively by Gy, so none of these can arise as constituents of D(22) lv,- O

Lemma 5.6. Let m > 2, p > 3 and X\ be a p-reqular partition of n with h(\) < 3. Then,
(DM)Vm =0 if and only if D* is one of D=1 pn=21%) pBE3) o pB3:3.2),

Proof. (<). Lemma 5.4 gives that (D*)Vm =0 for A = (n — 1,1) or (n —2,12). For DG32),
it suffices (since p 1 |V3|) to prove that S(332) does not have Vs-fixed points, which in turn
will follow from (S&*?)Vs = 0. Note that G < Ag < g, the module S&*?) splits into
two irreducible CA,-modules ST and S~ under the restriction to A,, and those modules
remain irreducible over G by [39, Theorem 2(iv)]. By faithfulness of the Ag-modules, we now

conclude that V,,, does not have fixed points on S* and S—, and hence on S((C3’3’2)

. Finally,
to prove that D®3) does not have Vi-invariants, it suffices to prove the same for S©3).
Moreover, it is enough to prove that (S®3)¥s = 0 in any fixed characteristic different from

2, for example in characteristic 5. But in characteristic 5 we have (3 = DG:3) 1 p(T.1)
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by virtue of Lemma 1.10. Moreover, (D(7’1))V3 = 0, and D3 ~ DB32) g sgn, whence
(DG3N)Vs =0, and so (S®3)Vs = 0.

(=). Denote our embedding V,,, — %,, by ¢;,,. Note that V,,, =Y U Z, where Y (resp. Z)
is the set of all vectors in V,,, whose e,,-coordinate is 0 (resp. 1). Then Y is a subgroup of V,,,
isomorphic to V,,,—1. Let us identify V,,,_1 with Y. Note that V,,_1 acts regularly on both Y
and Z. Denote the symmetric groups on the sets Y and Z by X(Y') and ¥(Z), respectively.
Of course, %(Y) = 3(Z) = %, /5. Moreover H := X(Y) x %(Z) & %, )5 X X, /5 is a Young
subgroup of ¥, in a natural way, and V,,,—; is embedded into H diagonally via @,;,—1 X ©m—1.
Set ¢ = ¢m(em). Then ¢ is an element of order 2 which permutes Y and Z. Let C = {1, ¢} <
3., be the subgroup of order 2 generated by c¢. Then V,,, =V,,_1.C < H.C = En/2 wr C.

We next describe the irreducible representations of H.C. Let p and v be p-regular partitions
of n/2. For any F'H-module of the form D*® D" define amap 7 : D*®QD" — D"QDV, dQf —
f&d (for d € D*, f € D¥). For yu # v, we consider an F H-module D* @ D" @& D" @ D*. Let
cactonit viac-(x+y) =71(y) + 7(z) (for x € D* ® D”, y € DY ® D*). One can easily see
that this defines an irreducible F'[H.C]-module, which we denote by D(u,r). Also consider
an F'H-module D*® D¥. Let ¢ act on it via ¢-z = 7(z) (resp. ¢-x = —7(x)). This defines an
irreducible F'[H.C]-module, which we denote by D(u,+1) (resp. D(pu,—1)). It follows from
the Clifford theory (see e.g. [12], section III1.2) that any F'[H.C]-module looks like D(p, £1)
or D(p,v) = D(v, u) for p # v.

For m > 2 and any p-regular partitions p, v of n/2, we claim that

(a) D(p,+1)"m # 0;

(b) D(u, —1)Vm # 0, unless D* € Ry, 0(1) = {1,sgn, D/2-1L1) p(/2-11) @ ggn};

(c) D(p,v)Vm # 0 unless (D*)Vm-1 =0, (D¥)Vm=1 = DV or (D*)Vm-1 = D (DV)Vm-1 = (.
Indeed, for (a), pick any non-zero vector v € D§ for any x € Irr V,,—1. Then, as x®@x = 1y, ,,
v®v € D(p,+1) is a non-trivial V,,-invariant. For (b), assume that dim Dy > 2 for some
X € Irr V;,,_1. Pick a pair f,d of linearly independent vectors in DY. Then, as y®@x = 1y, |,
f®d—d® f € D(u,—1) is a non-trivial V,,,-invariant. The only problem arises if dim D{ <1
for all x € Irr V;;,—1. But this implies that the irreducible F'%, o-module D* has dim D* <
2m=1 = /2. It follows from Lemmas 1.18 and 1.22 that D* ¢ Ry, /2(1), as required. For
(c), under the assumption there, we can find x € IrrV;,—1 such that both DY and Dy are
non-zero. Let d € DY, f € DY be non-zero vectors. Then, this time, d ® f + f ® d € D(u,v)
is a non-trivial V,,-invariant.

Now we can complete the proof of the lemma by induction on m = 2,3, ..., the conclusion
being immediate for m = 2 by Lemma 5.5. So suppose that m > 2 and that we have proved
the result for all smaller m. Take A with (D*)Ym = 0. Then, using the fact that p{|V},|, we
must have that DV» = 0 for all composition factors D of (D)‘) la.c. Combining this with
(a)—(c) above, we deduce that all composition factors of D* | . have one of the following
forms:

(1) D(p, —1), with D* € Ry, j5(1);

(2) D(p,v) with (D#)Vm-1 =0, (D¥)Vm-1 = DV.

Also note by a Specht module argument that all composition factors of D* |y must be of
the form D* @ DY with h(u),h(v) < h(A) < 3. So, applying Lemma 5.5 and the induc-
tion hypothesis, all composition factors of D* |y are of the form D* ® DY or D¥ ® DM
with either p = v € {(k),(k —1,1),(2,1,1)} or u € {(k),(2,2)} and v € {(k — 1,1),(k —
2,1,1),(5,3),(3,3,2)}, where k = n/2. We conclude from Lemma 5.3 that A € {(n), (n —
1,1),(n —2,1,1),(5,3),(3,3,2)}. But A = (n) clearly has (D))" # 0 so does not arise. [J

Now we can complete the analysis in this case. Suppose that D? is an irreducible F¥,,-module

of dimension > 1, with A(\) < 3, and that D* | is irreducible. As n > 5, D* is faithful, so

V,, cannot fix all of the module D*. Hence, D* | contains a composition factor of the form

L(X;j) for j > 0, so by the irreducibility D* |2 L(X;j) for j > 0. This shows that in
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fact V, has no non-trivial fixed points on D*. So by Lemma 5.6, D* is D~ 1.1), D("*Q’lz),
DG3) or DB32) | Tt just remains to consider the modules DG:32) pB3) - and D(n=21%) op
the 2-transitive subgroups G with G < AGL(m,2) < ¥,,.

Note that AGL(3,2) < Ag < Xg, and D(:3.2) o~ D(3’3’2)®sgn if p > 5, so in this case already
the restriction D332 | Ag 18 reducible. As for D) in characteristic p > 5, it has dimension
28, and so if D®3) | AGL(3,2) Was irreducible then GL(2,2) would have an irreducible module
of dimension 4, which is false. Let p = 5. Note that (3,3,2)M = (5,3). By Theorem 1.16,
dim DG32) = dim D®3) = 21. It follows by dimensions that the Specht module S®332) has
exactly two composition factors: D(32) and D63, Tt follows from [39, Theorem 2(iv)] that
the restriction S((C3’3’2)i AGL(3,2) has only two composition factors, and since 5 does not divide
| AGL(3,2)], the reductions of these modules modulo 5 are irreducible. It follows that the
restrictions of D®332) and D(>3) to AGL(3,2) are also irreducible. Finally, by (1), no proper
subgroup of AGL(3,2) can be irreducible on these modules.

Now, we consider Dn=2,1%), By Lemma 1.9, D®=21%) ig an irreducible reduction modulo
p of the corresponding Specht module 5(&”—2712)' By [39], the only subgroup of AGL(m,2) for
which the restriction Sén_2’12)lg is irreducible is V4.A7 < AGL(4,2). So in characteristic p
this is the only possibility, too. We saw above that dim D41 — 105, and

n— 2 ~J
D20 > Va\{0} TX

where 7y stands for y ®--- @ x). A similar decomposition holds for S (n72’12)l . As we
X X X p C Vy
—_—
7 times )
know (from [39]) that the restriction Sén_2’1 )lV4. 4, is irreducible, it follows that A7 acts

transitively on Irr V; \ {0}. The stabilizer H in A7 of a non-zero weight x is then a subgroup
of index 15. jFrom the description of the maximal subgroups of A; (see e.g. [10], p. 10),
H = GL(2,7) =2 GL(3,2). Moreover, by [41], section 8.2, Proposition 25,

Sé:an,lQ ~ (Séan,lz))XTVz;.A7

)

lV4.A7 - Vi.H >

and (S((Cnd’l?))x is irreducible as a CH-module. But the only irreducible 7-dimensional
C GL(3,2)-module remains irreducible under reduction modulo p > 2, see [10], p. 3, and

[23], p. 3. Let L be the reduction. As induction commutes with reduction modulo p, we see

Vi A7

512
S((cn 21 )lv4.A7a is isomorphic to L1y 5,

that D(”_2’12)lv4.A7, which is reduction modulo p of
which is irreducible by [41], section 8.2, Proposition 25.

Groups G with PSL(m,q) < G < PT'L(m,q), m > 2. Recall that PT'L(m, q) is the
projective semi-linear group. In view of the Fundamental Theorem of Projective Geometry
[1], Theorem 2.26, this group is isomorphic to the automorphism group of the projective
geometry PGp,—1(F,), provided m > 3. In any case, PT'L(m, ¢) is generated by PGL(m, q)
and automorphisms

P YF,) — PN, [xrmg o) o (2] 2 af)]

where o is a field automorphism of Fy. The group PT'L(m, ¢) acts naturally on the points of
P™~1(F,) (which we call lines), yielding a permutation representation of degree n = (¢™ —
1)/(g—1). If we twist this permutation representation with an outer automorphism of G, we
get another permutation representation, non-equivalent to the first one. However, in both
cases we get the same subgroup of ¥,,, and for the problem we are considering we may assume
without loss of generality that the action is natural.

We consider the case m = 2 first, when n = ¢+ 1. We have |G| < |PTL(2,q)| = fq(¢* - 1),
where ¢ = ¢/ for a prime ¢. Using (1) and Lemma 1.18(i) as above, we may assume that
qg=16or ¢ <9.
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If ¢ = 16 then PT'L(2,16) = PSL(2,16).4, and irreducible F' PSL(2,16)-modules have
dimensions at most 17, see [10], p. 12, [23], p. 20. It follows that dimensions of irreducible
F PTL(2,16)-modules do not exceed 17 - 4. Now, if D* is irreducible over PI'L(2, 16), we
get a contradiction to Lemma 1.18(i), which claims that the dimension of an irreducible
F¥i7-module outside of R,(1) is at least 103.

If ¢ = 9 we have PI'L(2,9) = PSL(2,9).22, see [10]. By [10, 23], the dimensions of
irreducible F' PSL(2,9)-modules are among 1, 5, 8, 9, 10. It follows that the dimensions of
irreducible F'PT'L(2, 9)-modules, exceeding 27, can only be 4-10 = 40, 4-9 = 36 and 4-8 = 32.
By Lemma 1.22(vi), it remains to consider the restriction D(® 12)l ifp > 5. But D®1) is a

reduction modulo p of S¢ (8.1%), By [39], S )LG is reducible, hence D(® lG is.

If ¢ = 8, we may assume that p=>5or 7 as otherwise we are in the ‘characteristic 0’ situ-
ation: both F'¥,, and F'G are semisimple, and the result follows from [39]. Assume first that

= 5. As 5 does not divide | PT'L(2, 8)|, reduction modulo 5 of any irreducible F' PT'L(2, 8)-
module is irreducible. We know from [39] that S ("=22) 5 irreducible over PT'L(2,8), whence
D= )lprL(g,g) is also irreducible in characterlstlc 5. Moreover, it follows from [10] that
irreducible F'PT'L(2, 8)-modules have dimensions 1, 7, 8, 21, and 27. By Lemma 1.22(v), it re-
mains to consider the module D(6 3) of dimension 21. By Lemma 1.10, $63) = D(6’3) +D(™2),
As we already know that D7 lPFL (2,8) Is irreducible and dim S(6:3) — 48, D(6:3 lPFL(z,S) can

be irreducible only if S(é Ipri(e,g) has two composition factors of dimensions 21 and 27.
However, the group PT'L(2 8) is 2-homogeneous but not 3-homogeneous, hence M iPI‘L(z 8)
has more lnvarlants than M lPFL (2,8) by Lemma 1.1. So in view of [17], Exal mple 17.17,

we see that S lPFL(Z g) has non-trivial invariants. Now, let p = 7. In this case the irre-

ducible F' PI‘L(?, 8)-modules have dimensions 1, 7, 8, 21, see [23]. Now, if D* is irreducible
over PT'L(2,8), we get a contradiction with Lemma 1.22(v), which claims that the dimension
of an irreducible F'¥g-module in characteristic 7 is either 19 or at least 27.

Let ¢ = 7. Then dimensions of irreducible F' PT'L(2, 7)-modules do not exceed 8, see [10],
p. 3, and [23], p. 3. Now we can apply Lemma 1.22(iv).

Let ¢ = 5. We only need to consider the case p = 5 as otherwise we are in the ‘characteristic
0’ situation. By Lemma 1.22(ii) and [23], p. 2, we only have to worry about D(32)lPFL(275).

But D3 = DG by Lemma 1.10, so the result follows from [39] again. Finally, the case
g = 4 does not arise as PT'L(2,4) = Xs.

JFrom now on we assume that m > 3. Let m = 3 and ¢ = 2. The irreducible modules over
PT'L(3,2) = GL3(2) have dimension at most 8, [10, 23], and we can apply Lemma 1.22(iii)
to deduce that D’\lG is reducible if p > 5. If p = 5 we just need to consider the restriction

of D(®2) A character calculation using [10], pp. 10, 3, shows that S lGL (2) is a sum of
two irreducible modules of dimensions 8 and 6. On the other hand a reduction modulo 5
of $©2) has composition factors D2 and D1 of dimensions 8 and 6, respectively. As
reduction modulo p commutes with restriction to a subgroup, and 5 does not divide | GL3(2)],
we conclude that D(5’2)lGL3(2) is irreducible. From now on we assume that (m, q) # (3,2).

If p=5, and D* is D) or D) @ sgn for r — s < 3, then it follows from Theorem 1.16
that dim D)‘ fnor fn—1. By (1), we must have

far < VIGT < (Jame D2 g = 1)@ - 1)

But an elementary argument using Lemma 1.17 shows that this is impossible (as we already
have m > 3, and (m, q) # (3,2)). So in what follows we exclude the case where p = 5 and
D> is D%) or D(™) @ sgn for r — s < 3.

Under the assumptions which we have now made, the group G = PI'L(m,q) is not 3-

homogeneous, as it cannot move three lines in a general position to three lines in one plane.
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In view of Proposition 5.1, it remains to prove that r4 > r3. It is well known that G is
transitive on the triples of lines in general position. Moreover, it is not difficult to see that
it is also transitive on the triples of lines lying in one plane. Thus r3 = 2. For the 4-tuples
of lines, we have an orbit of lines in general position (if m > 4), an orbit of lines such that
no three of them lie in one plane, an orbit of lines such that exactly three of them lie in one
plane, and an orbit of lines all four of which lie in one plane (if ¢ > 3). Thus r4 > r3 (as we
already have (m,q) # (3,2)).

Groups G with PSU(3,q) < G < PIr'u(3,q), g > 2. The group PI'U(3, q) is isomor-
phic to Aut(PSU(3, q)) = PSU(3, ¢).H, where H is of order (3,¢+1)f if ¢ = ¢ for a prime ¢.
Thus |G| < |PTU(3,q)| = f¢*(¢*> —1)(¢® +1). The group G has a 2-transitive representation
of degree n = ¢> + 1. If D? is irreducible over G, we get from (1) and Lemma 1.18(i) that

VIG@-D(@+1) > (¢ +1)*=5(¢° + 1) +2)/2,

which is impossible.

Groups G with Sz(q) < G < Aut(Sz(q)), g > 2. We have ¢ = 2/ for an odd f, and
|G| < | Aut(Sz(q))| = fq*(¢*> +1)(g¢ — 1). The group G has a 2-transitive representation of
degree n = ¢® + 1. So we get from (1) and Lemmas 1.18(i), 1.22(vi) that

VIA@+1)(g—1) = ((@° +1)* = 5(¢° +1) +2)/2,

which is impossible.

Groups G with Re(q)’ < G < Aut(Re(q)’). We have ¢ = 3/ for an odd f, and
|G| < |Aut(Re(q))| = f¢3(¢> + 1)(¢ — 1). The group G has a 2-transitive representation of
degree n = ¢ + 1. So as above we get

VIA@E+1)(g—1) > (¢ +1)* = 5(¢° +1) +2)/2,

which is impossible.

The group G = Sp(2m,2), m > 3. In this case G has two 2-transitive representations
Q0 and Q' of degrees 2™~1(2™ + 1) and 2™~ 1(2™ — 1), respectively.

If p =5, and D* is DK or D(™F) @ sgn for m — k < 3, then by Theorem 1.16 and (1),
we must have

faor S VIGT = (2@ = 1)@ — 1) (2 - 1))1/2 .

But an elementary argument using Lemma 1.17 shows that this is impossible. So from now
on we exclude the case where p = 5 and D* is D™%) or D(™K) @ sgn for m — k < 3.

We shortly describe the construction of the representations Q° and Q' referring the reader,
for example, to [11], section 7.7, for more details. Let V be a 2m-dimensional Fa-vector
space endowed with a non-degenerate symplectic form (-,-), and {e1,...,en, f1,..., fn} be a
corresponding symplectic basis of V. For a € V and ¢ € Fy set

L(a,e) :={v eV | (a,v) =¢}.
We consider the quadratic form Qg on V' defined by

QO(Z(aiei +bifi)) = Z ab;.
i=1 i=1

The following technical results on Qg will be of importance:

Lemma 5.7. [11, Lemma 7.7B] Let €, € Fo, and a,b be distinct vectors of V.. Then Qg is
not constant on L(a,e) N L(b,0).
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Lemma 5.8. [11, section 7.7] For every a,b € V we have
Qo(a +b) — Qo(a) — Qo(b) = (a,b). (9)
Moreover, if Q is another quadratic form such that Q(a +b) — Q(a) — Q(b) = (a,b) for all
a,beV, then Q(—) = Qo(—) + (¢, —) for some ce V.
For any ¢ € V define the quadratic form ). by setting

Qe(—) = Qo(=) + (¢, ).
Set Q := {Q. | ¢ € V}. Then, in view of Lemma 5.8, G acts on Q by (g-Q)(v) := Q(g* -
v), @ € Qv e V. For a vector b € V define the transvection t;, € G as the map
ty:v— v+ (v,b)b (veV).
Lemma 5.9. [11, Lemma 7.7A] Let a,b € V. Then

Qe Q)
th- Qo= {Qa+b Zf Qa(b) =

For e =0 or 1 we set Q° := {Q. | Qo(c) = ¢}.
Lemma 5.10. [11, Theorem 7.7A] Q° and Q' are the orbits of G on Q. Moreover, G is
2-transitive on each of them and |Q°| = 2m~1(2m 4+ 1), |QY] = 2m~1(2m —1).

We prove that for both Q° and Q! one has 73 = 2 and 74 > 2. Then Proposition 5.1 will
show that D*| is reducible.

Fix € € Fy. For ¢ € Fa, we denote by I's the set of all 3-element subsets {Qq, Qp, Q} of
QF such that (a,b) + (a,c) + (b,c) = 4.
Lemma 5.11. 'y and I'y are the orbits of G on 3-element subsets of Q°. In particular,
r3 = 2.

Proof. First, we prove that I's is G-invariant. Let {Qq, Qp, Q.} € I's . As G is generated by
transvections, it is enough to prove that {t, - Qqu,ts - Qp,tz - Q.} € I's for every x € V. By
Lemma 5.9, we have t; - Qq = Qq4(1-Qu(x))« for any d,z € V. Now,

(a+ (1= Qa(z))z, b+ (1 - Qv(z))z)
+(a+ (1= Qalz))z,c+ (1 — Qe()))
+(b+ (1= Qp(x))z,c+ (1 = Qe(x))2)
= (a,b) + (1 = Qu(2))(a,z) + (1 — Qa(x))(b
+(a,¢) + (1 = Qe(x))(a, 2) + (1 = Qa(z))
+(b,¢) + (1 = Qe(2)) (b, ) + (1 = Qu(x))(c,
= (a,b) + (a,¢) + (b, ¢) — (Qb(x) + Qc(2))(a, z)
—(Qa() + Qc(2)) (b, 2) — (Qa(x) + Qp(2))(c, x)
= (a,b)+(a,c)+(, ¢) = (Qo(z) + (b, z) + Qo(x) + (¢, x))(a,x)
Qo(x) + (a,2) + Qo(z) + (¢, 2)) (b, 2) — (Qo(x) + (a, z) + Qo(z) + (b, 2))(c, )
= (avb) ( a, ) (6,6)25,

which proves that I's is G-invariant.

It remains to prove that G is transitive on I's. As G is 2-transitive, it is enough to prove
that for {Qq, Qp, Qc},{Qa, Qp, Qqa} € I's with ¢ # d, there exists g € G with g- Q, = Qu,
g-Qp=Qp, and g- Q. = Q-

First of all, for a triple {Qq, @y, Qy} € I's we find a condition for

tc+y : Qa - QCU 7fc+y : Qb = Qb, tc+y : Qc = Qy- (10)
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In view of Lemma 5.9 and (9), the conditions (10) are equivalent to
Qo(y) =¢, (a+c,y) =1+ (a,c), (b+c,y) =1+ (b,c). (11)
The equality (a,b) + (a,c¢) + (b,¢) = (a,b) + (a,y) + (b,y) implies that (a + ¢,y) = 1 + (a,c)
is equivalent to (b + ¢,y) = 1+ (b,¢). Thus, (11) is equivalent to
Qo(y) =¢, (a+c,y) =1+ (a,c).
So if we have (a + ¢,d) = 1 + (a,c) then the transvection .4 will move {Qq, Qp, Qc} to

{Qa, Qp, Qq}. Otherwise, we have (a + ¢,d) = (a,c). In this case we wish to use the product
ty+dtety for some choice of y. By the previous paragraph, this product will move {Qq, Qs, Qc}

to {Qa, Qp, Qa}, providing y satisfies
Qo(y) =¢, (a+c,y) =1+ (a,¢), (a+y,d) =1+ (a,y),
which is equivalent to
Qo(y) =¢, (a+c,y) =1+ (a,c), (a+d,y) =1+ (a,d).
By Lemma 5.7, there always exists y satisfying these conditions. U

Lemma 5.12. Let ¢ € Fy. For the action of G on Q° we have r4 > 2.

Proof. Let {e1,...,em, f1,..., fm} be a symplectic basis in V. We claim that
{er Qfl ) Q61+f1+627 Q61+f1+f2}7 {Q61+62+€3’ Qf1 ) Qfm Qf3}7 and {Q61 ) pr Qf1+627 Qes}

belong to distinct G-orbits on 4-element sets. Indeed, it follows from Lemma 5.11 that
{Quay Qbys Qcy s Qay + and {Qay, Qby, @y, Qu, } are in the same orbit only if the sets

{(al,bl) + (al,cl) + (51,01), (al,b1) + (al,dl) + (bl,dl),
(al,cl) + (al,dl) + (Cl,dl), (61,01) + (bl,dl) + (C1,d1)}

and

{(a2,b2) + (a2, c2) + (b2, c2), (az2,b2) + (a2,da) + (b2, d2),
(GQ,CQ) + (ag, d2) + (Cg,dg), (bg, 02) + (bg, d2) + (02, dg)}

are the same. But the corresponding sets for the 4-tuples above are {1,1,1,1}, {0,0,0,0},
and {0,1,1,0}. O

The group PSL(2,11) in representations of degree 11. By [10, 23|, dimensions of the
irreducible modules over PSL(2,11) do not exceed 12, and one can use Lemma 1.22(vii).

The group Mj; in representations of degrees 11 and 12. The Mathieu group Mi; has
a 4-transitive representation of degree 11 and a 3-transitive representation of degree 12. We
only have to consider the cases p = 11, 7, and 5, because otherwise we are in the ‘characteristic
0’ situation.

If p = 11 it follows from [16] or [23], p. 34, that the irreducible modules over Mj; have
dimensions 1,9, 10,11, 16,44, 55. In view of Lemmas 1.22(vii),(viii), only the modules D2,
D2 @ sgn and D(10’12), D01 g sgn over Y17 and Y19, respectively, may be irreducible
over Mj;,. We will work with modules D2 and D(10.1%) only, as the result for D* ® sgn
follows from that for D*. In characteristic 0 the corresponding Specht modules S((C9’2) and

Sé10,12) are irreducible over My, see [39]. Moreover, by Lemmas 1.10, 1.9 and the character

information available from [10, 23], we conclude that reductions modulo 11 of these modules
are irreducible for both X717 and Mj;. This shows that the restrictions are irreducible in
characteristic 11, too.

Let p = 7. Then the irreducible modules over M;; have dimensions 1,10, 11, 16,44, 45, 55.
By Lemma 1.22(vii),(viii), we have to consider the restrictions

DO |, DOy and DO,
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By [39], the corresponding Specht modules in characteristic 0 are irreducible over M;. More-
over, by Lemma 1.9 their reductions modulo 7 are irreducible. Finally, because 7 does not
divide |Mj;|, their restrictions to My are irreducible.
Let p = 5. Then the irreducible modules over M;; have dimensions 1,10,11,16,45,55. By
Lemma 1.22(vii),(viii), we have to consider the restrictions
D(7,4)lM D(9712)LM11 and D(10,12)lM

117 11°

By [39], the restrictions Ség’ﬂ)l M, and Sé:m’12)l M,, are irreducible over Mj;. Moreover, by
Lemma 1.9 their reductions modulo 5 for ¥1; and X9 are irreducible. By [10], p. 18, M1,
has only one complex representation of dimension 45, and only one complex representation
of dimension 55, and these representations remain irreducible modulo 5, thanks to [10], p. 18,
and [23], p. 34. This implies that D(9’12)lM11 and D(lo’lz))lM11 are irreducible. Finally, it
follows from the character information contained in [10, 23] that D4 |, is reducible (in
fact it has composition factors of dimensions 10 and 45).

The group Mj2. This group has two 5-transitive representation of degree 12. We only have
to consider the cases p = 11, 7, and 5.

If p = 11 it follows from [16] or [23], p. 77, that the irreducible modules over Mjs have
dimensions 1, 11, 16,29, 53, 55,66, 91,99, 176. In view of Lemma 1.22(viii), only the modules
p(10,2) - p(10,1%) (and the corresponding D* ® sgn) may be irreducible over M. In fact, in
characteristic 0 the corresponding Specht modules Sé10,2) and Sgo’lg) are irreducible over M,
see [39]. Moreover, by Lemma 1.9 and the character information available from [10, 23], we
conclude that the reduction modulo 11 of the module S(1%!*) is irreducible for both ¥11 and
M7i1. This shows that the restriction D(10’12)l M, 18 irreducible in characteristic 11. Now we
consider the module D(10:2), By Lemma 1.10, for the corresponding Specht module we have
5(10.2) — p(10:2) 4 1. Moreover, by a character calculation using [10, 23], S(lo’z)an =L+1,
where L is a 53-dimensional irreducible F'Mji-module. It follows that D(IO’QU My = L

Let p = 7. Then the irreducible modules over Mjo have dimensions 1, 11, 16, 45, 54, 55,
66, 99, 120, 144, 176. In view of Lemma 1.22(viii), only the modules D(1%2) and D(10.1*)
need to be considered. The corresponding Specht modules 580’2) and 5’80’12) are irreducible
over Mja, see [39]. Moreover, by Lemmas 1.10, 1.9 and because 7 does not divide |Mjs], we
conclude that reductions modulo 7 of these Specht modules are irreducible for both 12 and
M7o. This shows that the restrictions to Mo are irreducible in characteristic 7, too.

Finally, let p = 5. Then the irreducible modules over Mjs have dimensions 1, 11, 16,
45, 55, 66, 78, 98, 120. In view of Lemma 1.22(viii), only the module D01 peeds to be
considered, which is done as for other characteristics above.

The case Moo < G < M>s2.2. Such a group has a 3-transitive representation of degree 22.
By comparing dimensions with the use of [10], p. 40, [23], pp. 96-100, and Lemmas 1.23, 1.21,

.. (20 12) (20,12) .. .
we only have to worry about the restriction of D*"*"). By [39], S¢ L is irreducible. If

p # 11, it follows from Lemma 1.9 and [10, 23], that reductions modulo p of the module Sgo,ﬁ)
are irreducible for both Y95 and GG. This shows that the restriction D(20’12)lG is irreducible in
characteristic p. Let p = 11. By Lemma 1.9 and [10, 23], we have §(201%) — p(20,1%) 4 p(21,1)
and S0 | , = L, + Ly where dim L; = dim D2%*) = 190 and dim Ly = dim D11 = 20.
So D(20712)lc is irreducible in characteristic 11.

The group Mas. This group has a 4-transitive representation of degree 23. By [10], p. 71,
[23], pp. 178-179, and Lemmas 1.23, 1.21, we only have to consider the restrictions of D(L1%)
and D12 In characteristic 0, the restrictions of the corresponding Specht modules are

irreducible over Mas by [39].
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Let A = (21,2). Assume first that p # 7,11. Then reductions modulo p of the Specht
module S(é are irreducible, thanks to Lemma 1.10. To prove that D* is irreducible over Mas,
we have to show that the reduction modulo p of S(él M, 18 also irreducible. If p # 5,23 this
follows from the fact that p does not divide [Mag|. Let p = 5 or 23. Note that dim Sp = 230.
So the restriction S(él M, 18 an irreducible module of dimension 230. But Ma3 has only one
irreducible module of dimension 230 in characteristic 0. Now one can use the information on
characters available in [10, 23] to deduce that the reduction modulo p of S(él M, 18 irreducible.
Let p = 11. Then by Lemma 1.10, S* = D* + 1. Moreover, S’\lM23 has composition factors
of dimensions 229 and 1, thanks to [10, 23]. This implies that D*| M, 18 irreducible. The
case p = 7 is similar to the case p = 11.

Let A = (21,12). Then dim S* = 231. Assume first that p = 23. Then by Lemma 1.9,
S* = D>+ D21 This implies that S*|,,, is reducible. But, by [10, 23], the only ordinary
irreducible character of Mag of dimension 231, which is reducible modulo 23, is yg (in the
notation of [10]), and the reduction has composition factors of dimensions 210 and 21. As
dim D#2Y = 21, we conclude that D* is irreducible over Mys. Now let p # 23. Then the
reduction modulo p of the Specht module S(é is irreducible, thanks to Lemma 1.9. To prove

that D? is irreducible over Moas, it remains to note that the reduction modulo p of yg is
irreducible, see [10, 23].

The group May4. This group has a 5-transitive representation of degree 24. By [10], p. 96,
[23], pp. 268-271, Lemmas 1.23, 1.21, we only have to consider the restrictions of D(22’12),
D222) D12 and D@L Note that in characteristic 0, the restrictions of the correspond-
ing Specht modules are irreducible over May by [39]. All four cases are treated similarly, so
we consider only one of them (the hardest).

Let A = (21,2,1). Assume first that p # 7,23. Then the reduction modulo p of the Specht
module S(é is irreducible, thanks to Lemma 1.21(iv). To prove that D?* is irreducible over
Moy, we have to show that the reduction modulo p of Sél M,, 18 also irreducible, which follows
from [10, 23]. Let p = 23. Then it is easy to deduce from [32], Theorem 1.10, and Lemma 1.21
that S* = D* + D("=22)_ Moreover, S*| M,, has composition factors of dimensions 3269 and

251, thanks to [10, 23]. This implies that D)‘lM24 is irreducible. The case p = 7 is similar.

The group A7 in representations of degree 15. This case is considered using (1) and
Lemma 1.18(i).

The Higman-Sims group HS in representations of degree 176. This case is considered
using (1) and Lemma 1.18(i).

The Conway group Cog in representation of degree 276. By Lemmas 1.20,1.21, The-
orem 1.16 and (1), we only have to consider the modules D7) and D41 Moreover,
by Lemma 1.21(i),(ii), we have

37399,  if p=137;
dim D@™2) = { 37673,  ifp=11 or 5;
37674, otherwise;

37675, otherwise.

Using the GAP library, we find that Cos does not have irreducible modules with such dimen-
sions.
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Completion of the proof. We have now completed the analysis of the 2-transitive groups.
Now we can finish the proof of the main theorem by considering the case G < ¥,,_1 < X,,.

In view of Example 0.4, we may assume that A is a Jantzen-Seitz partition. In this case
Theorem 1.12 implies that D/\lzn, L= D where A is the top removable node of \. By
Theorem 0.7, we need to consider the cases where G < ¥, _5 or G is 2-transitive (as a
subgroup of ¥,_;). It follows easily from Theorem 1.12 that D/\lzn_Q is reducible, so we
only need to worry about the latter case. By what has already been proved in this section,
we need to consider the cases where Ag # (A4)M or Ay = (n —2,1), (n —3,2), (n — 3,1?),
(5,3) for p =5, (21,2,1), (21, 13) (for example, the first case will give irreducible restrictions
if G = A,,_1 and the last two are only needed for the case G = Myy). By [6], Theorem 5.10,
if X is a Jantzen-Seitz partition with A # AM, then A4 # (A4)™M, which yields the case (vii)
of the Main Theorem. On the other hand, if A = AM then already the restriction D*| A,
is reducible. For the other cases, we just need to observe that (n — 1,1) (resp. (n — 2,2),
(n—2,12), (22,13), (6,3)) is Jantzen-Seitz if and only if n = 0 (mod p) (resp. n =2 (mod p),
n =0 (mod p), p=>5, p=>5), and (22,2,1) is not Jantzen-Seitz. Thus, for example in the
case (ix), the exceptions from Example 0.5 do not appear because for the exceptions (i),
(iii)-(v) from 0.5 we would need to have p|(n — 1), and for the exception (ii) to appear p must
be 2.
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