ON THE DEFINITION OF QUANTUM HEISENBERG CATEGORY

JONATHAN BRUNDAN, ALISTAIR SAVAGE, AND BEN WEBSTER

AssTrACT. We introduce a diagrammatic monoidal category Heisi(z, t) which we call the guan-
tum Heisenberg category; here, k € Z is “central charge” and z and ¢ are invertible parameters.

Special cases were known before: for central charge k = —1 and parameters z = g — ¢~! and

t = —z! our quantum Heisenberg category may be obtained from the deformed version of

Khovanov’s Heisenberg category introduced by Licata and the second author by inverting its
polynomial generator, while Heiso(z, t) is the affinization of the HOMFLY-PT skein category.
We also prove a basis theorem for the morphism spaces in Heisi(z, 1).

1. INTRODUCTION

Fix a commutative ground ring k and parameters z,¢ € k*. This paper introduces a fam-
ily of pivotal monoidal categories Heis(z, 1), one for each central charge k € Z. We refer
to these categories as quantum Heisenberg categories. The terminology is due to a connec-
tion to Khovanov’s Heisenberg category from [K]: our category for central charge k = —1
is a two parameter deformation of the category from loc. cit., and is closely related to the
one parameter deformation introduced already by Licata and the second author in [LS]]. The
category Heiso(z, t) has also already appeared in the literature: it is the affine HOMFLY-PT
skein category from [B2, §4]. For more general central charges, our categories are new. They
were discovered by mimicking the approach of [B1]], where the first author reformulated the
definition of the degenerate Heisenberg categories introduced in [MS]].

In fact, we will give three different monoidal presentations of Heis(z,). They all start
from the affine Hecke algebra AH,, associated to the symmetric group S,,. It is convenient to
assemble these algebras for all n > 0 into a single monoidal category AH(z). By definition,
this is the strict k-linear monoidal category generated by one object T and two morphisms
x:T>Tand 7:T® T—T ® T, subject to the relations

To(lh®x)oT=x® 1y, (1.1)
TOT =T+ 1T®T’ (1.2)
@@lpo(hene(@®lp)=(11®0)o(T® 1o (11 ®7). (1.3)

The second relation here implies that 7 is invertible. We also require that x is invertible, i.e.,
there is another generator x~' such that

xox ' =x"

Tox=14. (1.4)
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Adopting the usual string calculus for strict monoidal categories, we represent T, 771, x, and
more generally x°* for any a € Z, by the diagrams

sz\, T-lzx, x:TAL, x°“=<%a. (1.5)

Then the relations (I.1))—(I.3) are equivalent to the following diagrammatic relations:

X:X, X;\/\” (1.6)
KX
y |

<\— _/>, <\_A "

The affine Hecke algebra AH, itself may be identified with End#g,)(1®"), with its standard
generators x; and 7; coming from dot on the ith string and the positive crossing of the jth and
(j+ Dth strings, respectively; our convention for this numbers strings 1, . .., n from right to left.
It is often convenient to assume (passing to a quadratic extension if necessary) that k contains
aroot g of the quadratic equation x> — zx — 1 = 0, so that z = ¢ — ¢~'. The quadratic relation in
AH, may then be written as (7; — g)(7; + g~") = 0. Such a choice of parameter g is not needed
in sections [2H4] but is essential for the applications in sections

To obtain the quantum Heisenberg category Heisi(z,t) from AH(z), we adjoin a right
dual | to the object T, i.e., we add an additional generating object | and additional generating
morphisms ¢ =\__/ :1 >l ®Tandd =/ "\ : T ® | 1 subject to the relations

U e

Then we add several more generating morphisms subject to relations which ensure that the
resulting monoidal category is strictly pivotal, and moreover that there is a distinguished iso-
morphism T ® | 2| ® 1 1% ifk>00r1® | @©1%% = | ® 7if k < 0. There are
various equivalent ways to accomplish this in practice; see sections 2—4. In these sections,
we establish the equivalence of the three approaches, and record many other useful relations
which follow from the defining ones, including the property already mentioned that Heisi(z, 1)
admits a strictly pivotal structure.

In this paragraph, we explain the approach from section 4 in the special case k = —1.
According to Definition and , Heis_i(z,1) is the strict k-linear monoidal category

generated by objects T, | and morphisms X X m u m and U subject to
(1.7)—(1.9), the relations

J > e

N

and one more relation, which is equivalent to (T.4). We have not included the generating

morphism x since, due to a special feature of the k = —1 case, it can be recovered from the

other generators via the formula x = % = tb - tzw The relations in Definition which

involve x such as are consequences of the other relations with one exception: we must
still impose that x is invertible, that is, the relation (T.4).



QUANTUM HEISENBERG CATEGORY 3

The deformed Heisenberg category H (qz) introduced in [LS] is (the additive envelope of)
the strict k-linear monoidal category defined by the same presentation as in the previous para-
graph, with the parameters satisfying 7z = —1, but without the relation (I.4). This follows easily
on comparing our presentation with the one in loc. cit., using also the fact that our category is
strictly pivotal. The Hecke algebra generator 7' = >< from [LS|, Definition 2.1] is related to

our 7 by T = g (so that the quadratic relation becomes (T'; — NT ;+1) = 0). The polynomial
generator X appearing just before [LS, Lemma 3.8] is our —x. In fact, the category H(g*) may
be identified with the monoidal subcategory of our category Heis_;(z, —z~') consisting of all
objects and all morphisms which do not involve negative powers of x.

Motivation for the definition of Heisy(z, f) comes from the fact that it acts on various other
well-known categories appearing in representation theory. If k = 0 and ¢ = ¢" then Heisi(z, 1)
acts on representations of U,(gl,,), with the generating objects T and | acting by tensoring with
the natural U,(gl,)-module and its dual, respectively; see section E} This action is an exten-
sion of the monoidal functor from the HOMFLY-PT skein category to the category of finite-
dimensional U,(gl,)-modules constructed originally by Turaev [T]. If k # O then Heis;(z, 1)
acts on representations of the cyclotomic Hecke algebras of level |k| from [AK]], with T and
| acting by induction and restriction functors if k < 0, or vice versa if k > 0; see section [6]
When k = —1, this specializes to the action of the deformed Heisenberg category on modules
over the usual (finite) Hecke algebras associated to the symmetric groups constructed already
in [LS]|. The action of Heis_(z, t) on representations of cyclotomic Hecke algebras extends to
an action on category O over the rational Cherednik algebras of type &, Z/I for all n > 0, with
T and | acting by certain Bezrukavnikov-Etingof induction and restriction functors from [BE];
see section [7l

We also prove a basis theorem for the morphism spaces in Heisi(z, 1); see section[10]for the
precise statement. In particular, our basis theorem implies that the center Endgye;s, ;- (1) of the
quantum Heisenberg category is the tensor product Sym ® Sym of rwo copies of the algebra of
symmetric functions. In the degenerate case studied in [B2]), the basis theorem was proved by
treating the cases k = 0 and k # O separately, appealing to results from [BCNR] and [MS];
the proofs in loc. cit. ultimately exploited analogs of the categorical actions mentioned above,
on representations of degenerate cyclotomic Hecke algebras and representations of gl,(C), re-
spectively. In the quantum case, it is still possible to prove the basis theorem when k = 0
by such an argument, but for non-zero k the approach from [MS]] seems to be unmanageable
due to the larger center. Instead, we prove the basis theorem here by following the approach
developed in the degenerate case in [BSW 1| Theorem 6.4] (and earlier, in the context of Kac-
Moody 2-categories, in [W2]). It depends crucially on the existence of an action of Heisy(z, 1)
on a “sufficiently large” module category, which is obtained by choosing [ > 0 then taking
the tensor product of actions of Heis_i(z,t) and Heisi.i(z, 1) on representations of suitably
generic cyclotomic Hecke algebras of levels / and k + [, respectively.

The construction of this categorical tensor product involves a remarkable monoidal functor
from Heis;(z, 1) to a certain localization of the symmetric product Heis;(z, u) © Heis,,(z,v)
for k = [+ m and r = uv. This functor is defined in section [§|and is the quantum analog of
the categorical comultiplication from [BSW1|, Theorem 5.3]. The particular tensor products
exploited to prove the basis theorem are generic examples of generalized cyclotomic quotients
of Heisi(z, 1); see section 0] for the general definition. In fact, these k-linear categories first ap-
peared in [W1l, Proposition 5.6], but in a rather different form; the precise relationship between
the categories of loc. cit. and the ones here will be explained in [BSW2].

We have stopped short of proving any results about the decategorification of Heisy(z, 1)
here, but let us make some remarks about this. There are two complementary points of view:

e One can consider the Grothendieck ring Ky(Kar(Heisi(z, 1)) of the additive Karoubi

envelope of Heis(z,t). For generic z (i.e., when ¢ is not a root of unity), we expect
that this is isomorphic to a Z-form for a central reduction of the universal enveloping
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algebra of the infinite-dimensional Heisenberg Lie algebra, just as was established in
the degenerate case in [BSWI| Theorem 1.1]. However, there is a significant obstruc-
tion to proving this result in the quantum case: we do not know how to show that the
split Grothendieck group Ko(AH,,) of the affine Hecke algebra is isomorphic to that of
the finite Hecke algebra.

o Alternatively, one can pass to the trace (or zeroth Hochschild homology). In [CLLSSI,
this was computed already for the category H(g?) of [LS], revealing an interesting
connection to the elliptic Hall algebra. Using the basis theorem proved here, we expect
it should be possible to extend the calculations made in loc. cit. to give a description
of the trace of the full category Heisy(z, t) for all k € Z.

In the main body of the article, proofs of all lemmas involving purely diagrammatic manip-
ulations have been omitted. However, we have attempted to give enough details for the reader
familiar with the analogous calculations in the degenerate case from [B2} §2] and [BSW1,, §5]
to be able to reconstruct the proofs. The first two authors are currently preparing a sequel [BS]]
in which we incorporate a (symmetric) Frobenius algebra into the definition of Heisi(z, 1), in
a similar way to the Frobenius Heisenberg categories defined in the degenerate case in [Sal.
We will include full proofs of all of the diagrammatic lemmas in the more general Frobenius
setting in this sequel.

2. FIRST APPROACH

Before formulating our first definition of Heisy(z, t), let us make some general remarks. We
refer to the relation (1.7)) as the upward skein relation. Rotating it through +90° or 180°, one
obtains three more skein relations; for example, here is the leftward skein relation

XK a2 e

At present, this has no meaning since we have not defined the leftward cups, caps or cross-
ings which it involves! However, already in the monoidal category obtained from AH(z) by
adjoining a right dual | to T as explained in the introduction, we can introduce the rightward

X=X X

and then we see that the rightward skein relation holds from (I.7). Rotating the two right-
ward crossings once more by a similar procedure, we obtain positive and negative downward
crossings satisfying the downward skein relation. We also define the downward dot:

y= f = m 2.3)

It is immediate from these definitions and (I.9) that dots and crossings slide past rightward
cups and caps:

= =y 2.4

VARSI N\ / / N\
XY YN XY WYX e
- /N - -
KXy Xy (A /\w o\ Qv @9

Also, the following relations are easily deduced by attaching rightward cups and caps to the
relations in (1.8)), then rotating the pictures using the definitions of the rightward/downward
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crossings:

The following lemma will be used repeatedly (often without reference). There are analogous
dot slide relations for the rightward and downward crossings (obtained by rotation).

Lemma 2.1. The following relations hold for a € Z:
KD A v (KA e
\/u _ ¥si \{ _ ¥
R f?/\/+zz b% %c ifa<0; / %-'_ZZ_‘J h% %C o<t
' 2.8)
\/<’+zz b% %c ifa>0, X%JFZZ b% %C ifa=0,
\/ _ s }/ _ =
A DT I T DX SR
= 2.9)

Now we can explain the first way to complete the definition of the quantum Heisenberg
category following the scheme outlined in the introduction. The idea is to invert the morphism

g

[\
) 11—l e el® ifk>0,

(2.10)

STy
[X NS S [Telel®™ slet ifk <0

in Add(Heisi(z,1)) (where Add denotes the additive envelope).

Definition 2.2. The quantum Heisenberg category Heisi(z,t) is the strict k-linear monoidal
category obtained from AH (z) by adjoining a right dual | to T as explained in the introduction,
together with the matrix entries of the following morphism which we declare to be a two-sided
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inverse to the morphism (2.10):

X | (2.11)

0

letel® 51e ] ifk>0,

/”\ 1®T=Telel® P ifk<0.

el

We impose one more essential relation:
O=tz"14ifk>0, O=@z"'-r'zHlhifk=0, { >+ =1z '3 ifk<0, (2.12)

where the leftward cups and caps are defined by the formulas:

-7t k) ifk>0,
k—1
N th ifk >0,
U= té ifk=0, [ \:= N 2.13)

0
/ — 11 if k < 0.
t‘lb_k ifk <0; TUTN k<

To complete the definition, we introduce a few more shorthands for morphisms. We have
already introduced one of the two leftward crossings; define the other one so that the leftward
skein relation (2.1) holds. Also set

N
w:=w+z6 if k >0, W=/ if0<a<k (2.14)
0 0 a a

0 0 a a
ﬁ::ﬂ\+zQ ifk <0, N=7 if0<a< -k (2.15)
Ve

Next, introduce the following plus-bubbles assuming a < 0:

—177! "@ ifa > —k, flz-‘{}_k ifa>k,
@a = tZ_ll]l ifg= —k, a@/:: —[_]Z_l 11[ ifa = k, (216)
0 ifa < —k; 0 ifa <k.

Finally, define the plus-bubbles with label a > 0 to be the usual bubbles with a dots:
@a =Pa, o® = ag). (2.17)

Then define minus-bubbles for all a € Z by setting
@a ;:@a —@a s a@ = a@— 0@. (218)

In the case k = 0, the assertion that (2.10) and (2.TT)) are two-sided inverses means that

§j= 1 e ézw itk =0. (2.19)

In fact, the defining relations for Heisy(z, ) from Deﬁnitionare exactly the same as the ones
for the affine HOMFLY-PT skein category AOS(z, f) from [B2, Theorem 1.1 and §4]. Thus,
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Heiso(z,t) = AOS(z, t). Moreover, the leftward cup and cap introduced in Definition are
the same as the ones from [B2, (2.5)], and the plus- and minus-bubbles are the same as the ones
from [B2, (4.13)—(4.14)]. In this case, most of the other relations that we need have already
been proved in loc. cit.. However, the arguments there exploit a theorem of Turaev [T, Lemma
1.3.3] to establish all of the relations that do not involve dots; the approach described below
reproves all of these relations in a way that is indendent of Turaev’s work.

When k > 0, the assertion that the morphisms (2.10) and @2.T1)) are two-sided inverses
implies the following relations:

5: if k>0, é:] ‘—ki v if k> 0, (2.20)
N ; a0 af

AN
6:0ifk>0, “‘9=Oif0§a<k, a@:—éa,kflz_llnif0<ask. (2.21)
AN

To derive these relations, we multiplied the matrices (2.10) and (Z.T1) in both orders, then
equated the result with the appropriate identity matrix. The following useful relation is an easy

exercise at this point; one needs to use 2.8), 2.12), (2.13) and 2.21):
Z
. @ = 6401\ for0 < a < k. (2.22)

Finally, when k < 0, we will need the following relations which are deduced from (2.10)
and (2.T1)) by the same argument as explained in the previous paragraph:

e -

/
Q:Oifk<0, b =0if0<a<—k (o =-6aor 'z 11if0<a <~k (224)
/7

Now we are going to consider the counterpart of the morphism (2.10) defined using the
negative instead of positive rightward crossing:

= ) ifk>0,
(2.25)

T
O

[X B .

Telel®h 5 e ifk<O.
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Lemma 2.3. The morphism (2.23) is invertible with two-sided inverse

/]
k (2.26)

0

178l 510 ifk >0,

M |l ero1elel®d k<o,
—k-1

Moreover, we have that

K == Ny ifk >0, )=z =z Hlifk=0, {)=-r'z"11ifk <0,
(2.27)

tk ifk >0,
'\ ifk>0, 9\
0
U= Y /M= ;—'Q ifk=0, (2.28)
t“bk ifk <0, o

g ifk<o.

3. SECOND APPROACH

Our second presentation for Heisy(z, t) is very similar to the first presentation, but we invert
the morphism (2:23)) instead of (2-10).

Definition 3.1. The quantum Heisenberg category Heisi(z,t) is the strict k-linear monoidal
category obtained from AH (z) by adjoining a right dual | to T as explained in the introduction,
together with the matrix entries of the morphism (2:26)), which we declare to be a two-sided
inverse to (2.23). In addition, we impose the relation for the leftward cups and caps
which are defined in this approach from (2:28). Define the other leftward crossing, i.e., the one
which does not appear in (2.26)), so the leftward skein relation (2.I) holds. Also set

N
w::w—zé ifk>0, =/ if0<a<k 3.1
0 0 a a
0 0 a a
f”\::[\—zQ ifk <0, N:= ifo<a<-k (32
v

Finally define the plus- and minus-bubbles from 2.16)—(2.18) as before.

Theorem 3.2. Definitions 2.2 and [3.1] give two different presentations for the same monoidal
category, with all of the named morphisms introduced in the two definitions being the same.
Moreover, there is a unique isomorphism of k-linear monoidal categories

Q. : Heisp(z, 1) — Heis_(z, 1) (3.3)

sending

bt A =X el Ue N
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The effect of Q. on the other morphisms is as follows:

b d Xl KX XX
XX Ko KK KX

a

Y R N A W]

a

Mo AUUb,  @o-a@,  a@o D

Proof. To avoid confusion, denote the category Heis(z, t) from Deﬁnitionby Heis(z,1)
and the one from Definition by Heis;"(z,1). The relations and other definitions for the
category Heis;*"(z, ) in Definition and the ones for Hei s‘jllf (z,t") from Definition n are
related by reflecting all diagrams in a horizontal plane and multiplying by (—1)**”, where x
is the number of crossings and y is the number of leftward cups and caps (including leftward
cups and caps in plus- and minus-bubbles but not ones labelled by ¢ or ©). It follows that there
are mutually inverse isomorphisms
Weis‘il,?(z, ) % Heis;™(z, 1)

both defined in the same way as the functor € in the statement of the theorem. Now we apply
Lemma[2.3] and Definition 3.1] to construct a strict k-linear monoidal functor

O : Heis;™(z,1) — Weiszld(z, 1)

which is the identity on diagrams. This functor is an isomorphism because it has a two-sided
inverse, namely, Q, 0@ _;0Q_. Thus, using ®, we may identify Heis;"(z, 1) and H eiszld(z, 1).
Finally, Q; := Q, gives the required symmetry. O

In the remainder of the section, we record some further consequences of the defining rela-
tions, thereby showing that Heisi(z, 1) is strictly pivotal. The first lemma explains how dots
slide past leftward cups, caps and crossings. Its generalization to dots with arbitrary multi-
plicities n € Z may also be deduced using induction and the leftward skein relation like in
Lemmal2.1l

Lemma 3.3. The following relations hold:

U4 =%, =%, (3.4)
XK. XX

Let Sym be the algebra of symmetric functions over k. This is an infinite rank polyno-
mial algebra with two algebraically independent sets of generators, namely, the elementary
symmetric functions ey, ey, ... and the complete symmetric functions hy, h,, .... Adopting the
convention that e, = h, := 0, for n < 0, the elementary and complete symmetric functions
are related by the following well-known identity [Ml (1.2.6)]:

Z (_1)Serhx = 6n,0~ 3.6)

r+s=n

The following lemma, which we may refer to as the infinite Grassmannian relation (following
Lauda), shows that there is a well-defined homomorphism

B : Sym® Sym — Endgyeis, 5(1) 3.7
such that
M@ 1o (=1 iz k(3 1@h, - (-1t 'z (D), (3.8)
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en®1 - 7'z (Onk | 1®e, > —tz(O)-n . (3.9)
We will prove in Corollary [T0.2]that 8 is actually an isomorphism.

Lemma 3.4. For any a € Z, we have that

Z IOLEOS Z O (D =-ba07 1. (3.10)

b,ceZ b,ceZ
b+c=a b+c=a
Moreover:
(Ha =6, 41771y ifa< -k a1y = —6,4t 27y ifa<k, (3.11)
a(=y= 6,0tz "1y ifa >0, (Da =—=,0t'27"y  ifa>0. (3.12)

Corollary 3.5. For an indeterminate w, we have that

B W) Hw) =0 W Ow) =-72 (3.13)

where

@ W)= Hn w ez Wy + W Endgeigen(DIw 1, (3.14)
nez

@ w) := i n®w™ e =7 Wy + W Endggeis o (I, (3.15)
nez

QW)= > On w e =27 1y + wBndyigcn (DI, (3.16)
nez

S =D s O w™ €1z 1y + wEndpeis cn(DIWI. (3.17)
nez

Using the next relations plus (2.14) and (3.2), the leftward cups and caps decorated by ¢ or
o can be eliminated from any diagram.

Lemma 3.6. The following relations hold:

w:_zzz hw @—a—b if0<a<k, (3.18)

a b>1
(N\=-22) 3 - if0<a<~—k (3.19)
b>1

The next lemma shows that | is left dual to T (as well as being right dual by the original
construction). Thus, the monoidal category Heis(z, 1) is rigid.

Lemma 3.7. The following relations hold:

U o

The final lemma together with (3.4)) implies that Heisi(z, ) is strictly pivotal, with duality
functor

s 1 Heisp(z, 1) — (Heisp(z, H)°P)*" (3.21)
defined on morphisms by rotating diagrams through 180°.

Lemma 3.8. The following relations hold:

WU A (=0 e

(=)
(X Xy XK X e
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4. THIRD APPROACH

Now we have enough relations in hand to formulate our third presentation for Heisi(z, 1).
This presentation does not involve any leftward cups or caps decorated by ¢ or v; Lemma 3.6
showed already that these are redundant as generators.

Definition 4.1. The quantum Heisenberg category Heisi(z, 1) is the strict k-linear monoidal
category obtained from AH(z) by adjoining a right dual | to T as explained in the introduction,
plus two more generating morphisms m and U subject to the following additional
relations:

AN a
( =| |- t-le +2 ) U@-a-b : @1
% m ab>0 b

J a
\B _ 4 tzU+ 2 Z " b@U , 4.2)
fg a,b>0 mh
fb = 6k,0r11 ifk >0, ad) = Gaotz™" = Supt™' 271y if0<a<k, (4.3)
(J\ = 5k,0r1 ifk <0, (Ya = Baitz =650 )11 ifO<a< -k (44)

Here, we have used the leftward crossings which are defined in this approach by

O

and the plus-bubbles which are defined for a < 0 by
@a o= gatkel etk det(k+i—j+1©). s 4.6)

i,j=

a@ = _t—a+k—lza—k71 det (_@ i j+ 1 )i ank’ (47)

interpreting the determinant of an n X n matrix as d, in case n < 0. Finally, define the plus-
bubbles with label a > 0 to be the usual bubbles with a dots as in (2.17), then define the
minus-bubbles for all a € Z so that (2.18)) holds.

Before proving the equivalence of this definition with the earlier ones, we make some re-
marks about the relations (4.1)—(4.7). If k < 1, the relation (4.1) is equivalent to

52 U

i (4.8)
N

~

This follows immediately from the definition of the plus-bubbles from ([@.6). Similarly, when
k > —1, the relation (.2) is equivalent to

Q’:

Here are some other useful consequences of these relations:

AN %
6 = S0t M\ J ifk >0, b =i\_J ifk >0, (4.10)

+1z . 4.9)
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Q = oot/ \ ifk <0, 9 =t/ ifk <0, 4.11)

7 v

9 =60t /) if k>0, Q =t/ if k>0, (4.12)
AN v

/ N
b = 6rot\__/ ifk <0, 6 =r'"_J ifk<0. (4.13)

These follow from (4.3)—(@.4) on expanding the definitions of the sideways crossings. Then,
using [@.13) and the leftward skein relation to convert the negative crossings in (#.8)) to positive
ones, relation (#.8) can be further simplified in case that k < 0: it is equivalent to

e
g = | (4.14)

/
Similarly, @.9) is equivalent to the following when k > 0:

N
é = | 4.15)

\

Finally, when k = 0, the relations (.8)-(.9) together are equivalent to the single assertion
1

VAN AVAY
/\ = (/\) : (4.16)
i.e., both of the relations from (2.19).

Theorem 4.2. The category Heis(z,t) defined by Definition is the same as the one from
Definitions 2.2 and 31} with all morphisms introduced in the third definition being the same
as the ones from before.

Proof. To avoid confusion in the proof, we denote the category from the equivalent Defini-
tions [2.2) E and [3.1] . by Heis(z, 1), and the one from Definition 4.1|by Heisi*¥(z, r). From the
evident symmetry in the relatlons @I)-@-7), it follows that there is an isomorphism

Q: Welszew(z, 1) — Heis"" (z,t7)P

which reflects diagrams in a horizontal plane and multiplies by (—1)**> where x is the number
of crossings and y is the number of leftward cups and caps. Combining this with (3:3), we are
reduced to proving the theorem under the assumption that £ < 0.

We first check that all of the defining relations (4.1)—-(4.7) of Heis;®"(z,t) are satisfied in

Heis(z, 1), so that there is a strict k-linear monoidal functor
k
© : Heis}™(z,1) — Heisd(z, 1)

which is the identity on diagrams. For this, note to start with that holds in H eisild(z, 1)
as we have shown that the latter category is strictly pivotal. The relation {.6) is almost triv-
ial when k < 0 and holds thanks to (3.11). For (7), the identity holds if a — k < 0 due
again to (3.I1), so assume that @ — k > 0. Then the desired identity is the image under the
homomorphism 3 from (3.7) of the identity

D R @ 1 = = e et (<12 e ©1),
i,j=1,....a—k

in Sym® Sym. This follows from the well-known identity &, = det (e, ]+1) 5 see M,
Exercise 1.2.8]. It remains to check the relations @.I)-(#.4). For @.I)-@.2) when k = 0, we
just need to check the equivalent form (.16), which follows by (2.19). For .I) when & < 0,
we check the equivalent form (#.14), which holds due to the second relation from (2:23). For
(@.2) when k < 0, we use the first relation from (2.23)), expanding the leftward caps decorated
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by o using (2.13) when a = 0 or (2.15) and (3:19) when a > 0. Finally, the relations (#.3)—@.4)
follow easily from (2.24), (2.12)—(2.13)) and @2.27)—[2.28).

Now we want to show that ® is an isomorphism. We do this by using the presentation from
Definition[2.2]to construct a two-sided inverse

D : Weiszld(z, 1) — Heis}™(z, 1),

still assuming that k£ < 0. We define ® on morphisms by declaring that it takes the rightward
cup, the rightward cap, and all dots and crossings (with any orientation) to the corresponding
morphisms in H eis;®"(z,1), and also

0

O((N) =12/ ifk<0, @([g)\):z_ZZZmb ~a-b(+y if0<a< -k

b1
To see that @ is well defined, we must verify the relations from Definition[2.2] For (2.12), we
must check the following in Heis}*"(z, 1):

t8=(tz_l—t_lz_l)11 ifk=0, >k =1z7'1y ifk<o.

These follow from {@.4) and (#.12). Then the main work is to show that the images under @
of the morphisms (2.10) and @ are two-sided inverses in H eis;®(z,1). When k = 0, this
is immediate from (4.16)), so suppose that k < 0. The images under @ of the two equations in
(2:23) are precisely the known relations (.2) and (#.14). We are left with checking that the
images under @ of the relations

b

& &
a = Oa = 07 a = Oa, 1
Q o

hold in Heis}™(z,1) for 0 < a,b < —k. The first of these when a = 0 follows by . To
see it for 0 < a < —k, we first apply the leftward skein relation, then slide the dots past the
crossing using the leftward analog of (2.9) which may be deduced from the definition (.3),
and finally appeal to (.4). The second and third relations follow from @.IT) and (#4) in the
case that b = 0. To prove them when 0 < b < —k, we must show that

2\ ®=0, DB b= =641

c>1 7 c>1
in Heis}®(z,1). For the first identity, it is zero if b > —k as the plus-bubble vanishes by
@). To see it for 0 < b < —k, use the skein relation, commute the dots past the crossing,
then appeal to (#.4) and @.IT)). For the second identity, define a homomorphism y : Sym —
Endq{g,-szev«(z,,)(]l) by sending e, — 1z (}n—k for n > 0. Using h, = det (e,-_ j+1)i o and
, it follows that y sends &, = (=1)""'tz n+k @ for n < —k. Then the identity we are trying
to prove follows by applying vy to the identity 3. (=) " eriaschr—pc = Oap, Which is
@f)o complete the proof, we must show that ® and ® are indeed two-sided inverses. To check
that ® o @ = Id, the only difficulty is to see that

a a
ofn( )=
When a = 0, this is immediate from (2.13), while if 0 < a < —k it follows from (Z:I3) and
(3.19). To check that ® o ® = Id, the only difficulty is to see that

o ()=, o\ J)="UJ
These follow from (2.13)) and (#.12)-@.13). m|




14 J. BRUNDAN, A. SAVAGE, AND B. WEBSTER

To conclude the section, we formulate three more important sets of relations. The first of
these explains how to expand curls. It is quite surprising that we have never needed to simplify
left curls when k > O (or right curls when k < 0) before this point.

Lemma 4.3. The following relations hold for any a € Z:

a{%A:zZ@ah %b —ZZQHJ %b, “4.17)

adzz;o(@ah %b —Zé@a—b %b, (4.18)
ba :ZZ h% a—h®_zz h% a—h®’ (4.19)
ba :Z;o h% ﬂh@—z; b% ab(®). (4.20)

The following lemma gives a braid relation for alternating crossings. All other variations
on the braid relation can be deduced from this plus the original braid relation from (1.8), by
arguments similar to the proof of the braid relations in (2.7).

Lemma 4.4. The following relation holds:

g\/ - % =2y @_a“_é/\ % ifk >0, (4.21)
/ Ve P

N O \_Ja

- M) = 3 Z WL b (D) ifk <0. (4.22)
% é = | M

Finally we have the bubble slides:

Lemma 4.5. The following relations hold for any a € Z:

a@%%@_fz M% a-b-c(¥) (4.23)

b>0
>0

]@a = [@a ‘_ ZZZ @ a-bc %Lbﬂ , (4.24)

b>0
>0

«® ]:] a@_zzz bﬂ% a-b-c(D), (4.25)

b<0
c<0

I@a = O W_ZZZ Oa-b-c %m ) (4.26)

b<0
c<0

5. ACTION ON REPRESENTATIONS OF QUANTUM G L,

In this section, we construct an action of Heisy(z, t) on the category of modules over U,(gl,,)
and use this action to produce a family of generators for the center of U,(gl,). These central
elements were introduced originally by Bracken, Gould and Zhang [BGZ]. We also determine
their images under the Harish-Chandra homomorphism, giving a new approach to some results
of Li [Lil]. We work in the generic case over the field k := Q(g), setting z := g—¢ ' and 1 := ¢".
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In fact, the formulae which we derive are defined over Z[q, g~'], hence, they make sense over
any ground ring for any invertible ¢ (including roots of unity).

For the precise definition of U,(gl,), we follow the conventions of [B2, §3], denoting its
standard generators by {e,-,fi, d}d | i=1,....n-1,j=1,... ,n}. The usual diagonal genera-
tor k; of the subalgebra U, (sl,) is didijrll. The subalgebras of U,(gl,) generated by the e;, f;
and d;—.' are Uy(al,)*, Uy(al,)” and Uq(gln)o, respectively. We also have the Borel subalgebras
Uq(gI,,)ﬂ = Uq(gl,,)oUq(gIn)Jr and Uq(gl,,)b = Uq(gln)OUq(gIn)’. We will often cite Lusztig’s
book [Lul], noting that our g and k; are Lusztig’s vl and Ki’l.

The natural module V* and dual natural module V~ are the left Uj,(gl,)-modules with bases

{v;r I 1<i< n} and {vi’ | 1<i< n}, respectively, on which the generators act by

fivi = 6i v eV = i1 Vi, divi = 616""1/7', G.D
_ — — — _ R
Jiv; = 6i1vi ev; =0i Vi div; =qv;. (5.2)
We denote the weight of v/ by &;; then v; is of weight —g;. Let A := EBL | Ze; be the weight
lattice with inner product (-, ) defined so that g1, ..., &, are orthonormal. The positive roots

are {g;—¢;|1 < i < j < n}. By a weight module we mean a Uy(gl,)-module V that is the sum of
its weight spaces V, := {v eV|dv= q“*si)v} for all 2 € A. The Weyl group is the symmetric
d*'], permuting the

>n

group G,. It acts in obvious ways on A and on U,(gl,)’ = k[d{!,...
generators. Denote the longest element of S,, by wy.
We work with the Hopf algebra structure on U,(gl,) whose comultiplication A satisfies

Ae)=d'di1®ei+e;®1,  Af)=1®fi+fiodd,,, Ad)=d;®d. (53)
We also need various (anti)automorphisms. First, we have the bar involution, which is the
antilinear automorphism — : U, — U, defined from ¢; := ¢;, f; :== fiand d; := di‘l. Then there
are linear antiautomorphisms 7" and G defined from
T(e) := fi T(f) = e, T(d) := d,, (5.4)
G(e) := en-i, G(f) := fa-is G(d) = dyy1-i- (5.5
The maps —, T and G commute with each other. Finally, we have Lusztig’s braid group action,
under which the ith generator of the braid group acts by the automorphism 7; : U,(gl,) —
U, (gl,,)) (which is Ti”: from [Lul, §37.1.3]) defined for [j —i| > 1 and k # i,i + 1 by

Ti(e;) = —fididy,), Ti(eix1) = €i€ic1 — q e, Ti(ej) = ej,
Ti(f) = -d; ' disre;, Ti(fix1) = fiz1fi — qfifis1 T:(f) = fj,
Ti(d) = dis1, Ti(diy1) = d;, Ti(dy) = d.

A key role is played by the R-matrix. We recall its definition following the approach from
[Lul §32.1]. Let ® be the quasi-R-matrix from [Lul, §4.1]. This is an infinite sum of compo-
nents ©, € U (gl,)~, ® U,(al,); as @ runs over the positive root lattice EB?: N(g; — €11). Let
P:Ve®W — WV be the tensor flip. Assuming in addition that V and W are weight modules,
letII: V® W — V ® W be the diagonal map defined from

Oyvew) :=g¢"*vew

for v of weight A4 and w of weight u. Then, for finite-dimensional weight modules V and W,
the R-matrix

Ryw:VOW S WeV (5.6)
is the U, (gl,)-module isomorphism defined by the composition ® o P o I1, which makes sense
since all but finitely many of the components ®, act as zero. For finite-dimensional weight
modules U, V and W, we have the hexagon property:

Ryw ®idy oidy ® Ryw = Rysvw, idy ® Ryw o Ryy ®idw = Ryyew- (5.7
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In Lusztig’s treatment, this is proved in [Lul Proposition 32.2.2] (our Ry, is Lusztig’s sRwv
taking the function f from [Lul §31.1.3] to be f(4,u) := —(4, ).

In fact, to define the isomorphism Ry, one only needs one of the modules V or W to be
a finite-dimensional weight module; the other can be an arbitrary U,(gl,)-module. To see this,
one just needs to observe that IT extends to a linear map V® W — V @ W when just one of V
or W is a weight module on setting

d,® DHvew) ifwisa weight vector of weight 4,

Hvew) = { (1®dy)(vew) ifvisaweight vector of weight A,

where d,; := d(l/l"c“) e dff’s"). Then the same formula Ry := ® o P o I makes sense when
only one of V or W is a finite-dimensional weight module. It still gives an isomorphism of
U,(gl,,)-modules; the proof of this reduces to the case that both V and W are finite-dimensional
weight modules using the fact that the intersection of the annihilators of all finite-dimensional
weight modules is zero. Similarly, the hexagon property remains true if only two of U, V
and W are finite-dimensional weight modules.

The goal now is to derive explicit formulae for Ry= 3 and Ry y+ for any module M. Similar
formulae were established already in [BGZ, §III] following the older conventions of Drinfeld
and Jimbo. They involve the higher root elements defined as follows. Let

eii=fi=2", €l 1= €, Jii1 = fi. (5.8)
Then when j —i > 1 we recursively define
eij = eirerj—q e jeir, fii = Frifir = firkrss (5.9)

where r is any index chosen so that i < » < j. It is an induction exercise to see that these
elements are well-defined independent of the choice of r; see the proof of the following lemma
for a more conceptual explanation of this. Alternatively, e; ; and f; ; can be defined using the
braid group action: we have that

eij=Ti1-Tiui(e), fii=Tio1 T (fi).

Note that
T(eij) = fij T(fij) = eij, (5.10)
G(eij) = epri—jnri-is G(fij) = fur1-jn+1-i- (5.11)

However, the bar involution does not fix e; ; or f; ; (except when j =i + 1).

Lemma 5.1. Forany i < j, the (g; — &;)-component ©; ; of the quasi-R-matrix © satisfies

®i,]' = Z Zrﬁr—]sir o fioiy ® €y Cigiy = Z Zrﬁo»il i, ® €iggiy iy
i=ip<i|<-<i,=j i=ip<i| <-<i,=j
Proof. 1t suffices to derive the first expression. Then the second follows using (5.10) and the
identitiy (T ® T)(®,) = P(®,), which may easily be deduced from the characterization in [Lul,
Theorem 4.1.2(a)]. To prove the first expression, we appeal to further results of Lusztig from

[Lu]. Let f be Lusztig’s “half” quantum group with its standard generators 6y,...,0,_; see
also [BKM, §2.1] which follows the same conventions as here. There are two isomorphisms
O = Ugel)*, 6 = e, () f > Uyal)™, 6 = f

Consider the convex ordering on the positive roots defined so that &; — &; < g, — &, if either
i < por(i =pandj < q); this is the “standard order” as in [BKM, Example A.1]. Let
0;,; be Lusztig’s higher root element associated to this ordering, which was denoted r,.; in
[BKM, §2.4]. Noting that (g, — &}, & — &,,) is a minimal pair for &; — ;, [BKM, Theorem 4.2]
implies that these satisfy the following recursion: 6;;.1 = ; and 6; ; = 6;,0,,; — g0, ;0; , for any
i < r < j. Comparing with 1| it follows that 6 ;=ejand 6 = (—g)~"' f.: in particular,
these equalities justify the independence of r in (5.9). Then we appeal to [BKM| Theorem
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2.7 (which was extracted from [Lul]) to see that {0

i1y " 10 i1

| r>1l,i=ip<- = ]}
and {(l - qz)rO,-H,,-, <O | r>lizipg<---<i, = j} are a pair of dual bases for fgi_g/. with
respect to Lusztig’s form. Finally the formula from [Lu, Theorem 4.1.2(b)] gives that

0= Z ) (A=), 0, @0, 0

i=ip<-<i,=j
This simplifies to the desired formula. O

Forl <i,j<nlet e € Endi(V*) (resp. € ;€ Endg (V7)) be the i j-matrix unit with respect
to the basis v1 U 12 (resp Viseos V). Then for i < jand v* € V* we have that

eyt =elyt, fipt= e;iv+, e v = (—q)i_'7+'ejlv . iy = (=@ ey v, (5.12)
et =elyt, fiyt =t Gy == e, fiy = (g e v, (5.13)
These follow easily by induction on j — i using (3.1)—(5.2) and (5.9). Also let

min(i, j) n
Xij = 22 Z erid,frid;, Viji= 2 Z difi,drej, (5.14)
r=1 r=max(i, ;)

for any 1 <, j < n. Then for m > 0 we set

("]1) . Z KXigyit " Xy 1> )’f:;') = Z Yiosit * " Yipetsim (515)
110,11 yevesbin—15im = ] =00, i1 seensim—15im= ]
In particular, xf(i) = yf(;) 0;,j. From ti we get that
(m) (m) (m)\ _ (m)
G( i,j ) Ynri- —jn+1-i’ G(yi,j ) - xn+1—j,n+1—i' (516)

Lemma 5.2. For any U,(gl,)-module M, the endomorphisms Ry y and Ry y+ and their in-
verses are given explicitly by the following operators:

Ry-y=2Po ) el;® fiid;, Ry =-2P® ) difij@el,
i<j i<j
Ryy+ =zPo Z ei,jd,- ® e;i, R]_‘ll"/"v» =—zPo Z e;’i ® djei,j,
i<j i<j
Ry =—=2Po Y (~q) e, @ dif;; Ry =2Po Y (~) fd;@c;,
i<j i<j
Ryy- =—-zPo Z(—Q)i_jdjei,j ®e; Rz_vzl,v- =zPo Z(—q)i‘jezj ® e ;d;.
i<j i<j

Proof. These are all proved by similar calculations, so we just go through the argument for
Ry y-. Take v® v; € M ® V™. By definition, Ry y-(v ® v;) = @(vj‘. ® djflv). To compute the
action of ®, we observe by weight considerations that only its weight components ®8._g for
[ < jare non-zero on v; ® d v. Moreover, in the first expression for ©; ; from Lemma  all
of the monomials w1th r> 1 act on v; as zero. We deduce that

Ruy-(vov) =v; ® dJT v+z Z fijv; ®eijdv.
i<j
Then we use (5.12) to replace f; ; with (=¢)" *ler j» the relation e; jd; = gdje; ;, and the defini-
tione;; = -z to get
Ry v- r® V;) = —ZE;J-V;- ® d‘,-e.,-‘jv -2 Z(_Q)iijé’;jv; ® e,;jd_,-v.
i<j
Now observe that the expression on the right hand side of the formula we are trying to prove
actsonv®v; in the same way. O
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Corollary 5.3. For any U,(gl,)-module M and m € Z, we have that

n

+ (m) ;
Zei’j®xi’j ifm=>0,

(Ruy+ o Ry= )™ =4 ™00
Z e ®y5’_jm) ifm<0.
ij=1
Proof. This follows from Lemma[5.2]and the definitions (5.14)-(5.13). mi

Now we return to the Heisenberg category Heiso(z, 1) taking ¢ := ¢". Let OS(z, 1) be the
HOMFLY-PT skein category as defined in the introduction of [B2], which is Turaev’s Hecke
category from [T]]. By [B2, Theorem 1.1], OS(z, ?) has a presentation by generators and rela-
tions which is very similar to the presentation of Heiso(z, r) from Definition[2.2but without the
morphism x. Consequently, there is a strict k-linear monoidal functor OS(z,t) — Heisy(z, ).
By [B2] Lemma 4.2], this functor is faithful, so we may use it to identify OS(z, t) with a sub-
category of Heisy(z,t). Thus, OS(z, ) is the monoidal subcategory of Heis(z, f) consisting of
all objects and all morphisms which do not involve dots (i.e., x or y). In fact, as noted already
after Deﬁnition Heiso(z, 1) is the affine HOMFLY-PT skein category from [B2} §4].

Let U,(gl,)-mod be the category of all left U,(gl,)-modules. By [B2, Lemma 3.1] (although
the result is much older, e.g., it was exploited already in [T]]), there is a monoidal functor

Y :0S8(z, 1) — Uy(al,)-mod (5.17)
to the category of left U, (gl,)-modules. The functor ¥ sends the generating objects T and | to

V* and V7, respectively. It maps the various generating morphisms to the following U,(al,)-
module homomorphisms:

. vi®v/ ifi < j,
ovievie gt ey ifi=j, (5.18)

v}“®v;’+zv;’®v}' if i > j;

- +

N v e = ifi# ]

+ _ i- 5
V@V - . e 5.19
Koviey qlvj®vi*-zz<—q> Vi ®v, ifi=J; G19

r=1

v ®v; ifi > j,
A viev; =1 gyev; ifi=j, (5.20)

Vi ®V; v ®V; ifi<j;

o

< Ve ; ifi+j
Vi ®vie ] I P _ PR 5.21
\/\ l ! 4 IV.;@VI‘ —ZZ(—Q) rv,;+r®vi+r ifi=j; ( .

r=1

., vj»1®v,-+ %fi>j,
’/\ VeV g VeV ifi = j, (5.22)

v}“®v;’—zv;’®v}' ifi < j;

vj‘.®v;’ _

A e n—i ifi # j,
V@V _ _ e 5.23
X‘ ! J qvj®v;'+zZ(—q)’vj+r®v;:rr ifi=j; (5.23)

r=1

v, ®v; ifi < j,
X vievi=1 gviey; ifi=j 5.24
N v ®v, =9 ¢ v;®Y; ifi = j, (5.24)

v ®V =2 @V if i > j;
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viev:
’\/ v, v - T =l ifi # j, (5.25)
2 L qvi®V; +2 Z(—q)’v}r_, Vi, ifi = j; :
r=1
\J:le Z(—l)jqjv;- ®v7, )il z:(—l)jq”“_jv;-r ®v;, (5.26)
= =1
M\ v e, B (=16 O v ®v e (=1)g "y . (5.27)

These formulae are recorded in many places in the literature going back to the original work
[T], but one finds many different choices of normalization. For our choices, (5.18)—(5.21) and
(5:22)—(5.23)) follow from the formulae for the R-matrix and its inverse from Lemmal[5.2] while

the formulae (5.26)—(5.27) are explained in [B2] §3].

Theorem 5.4. Assumingt = q" andz = q — q~', there is a monoidal functor
¥ Heiso(z, 1) — Snd(Uq(gIn)—mod)

such that ¥ = Ev o¥ | 081y where Ev denotes evaluation on the trivial module. On objects, ¥

takes X to the endofunctor ¥(X) ® —, e.g., @(T) =V*®-and @(l) =V~ ® —. On morphisms,

¥ sends f € Homps;»(X, Y) to the natural transformation P(f)® 1 : Y(X) ® — = Y(¥) ® —.
Finally, on the additional generating morphism x, it is defined by

n
W(x)y i= Ryy+oRy+yy :VIOM > VY@M, v;-“ m > Z vl ® x; jm.

i=1
Proof. We just need to verify that the relations from Definition [2.2]are satisfied. All of the ones
that do not involve x follow immediately since they are already satisfied by the morphisms in
the image of the monoidal functor ¥. Also Ry~ o Ry y+ is invertible since each of these
R-matrices is invertible. It just remains to check the relation . In fact, this is a formal
consequence of the hexagon property; see e.g. [V, Proposition 3.1.1]. The argument goes as
follows. By (5.7), we have for any U,(gl,)-module M that

RV*@M,V* (o] RV*,V*@M = Rv+’v+ ® ldM o idv+ ®RM,V* o idv+ ® RV*,M o] RV*,V* ® ldM

This establishes that the image under ¥ of the relation

&
2
is satisfied, from which easily follows. O

Let Z,(gl,) be the center of U,(gl,). It is identified with the endomorphism algebra of the
identity functor Idy,(q1,)-mod; indeed, evaluation on the identity element of the regular represen-

tation defines a canonical algebra isomorphism &nd (Iqu(gln)_mod) S Z,(gl,,). Dotted bubbles

are endomorphisms of the unit object of Heiso(z,1). Applying the monoidal functor ¥ from
Theorem [5.4] we obtain natural transformations

@(O’” ) = Idy,g1,)-mod — Idyy,(g1,)-mod> (5.28)

hence, central elements z,, € Z(U,(al,)) for each m € Z. A calculation using (5.26)-(5.27) and
Corollary [5.3]shows that

n
Z qu_”_lxl(.?) ifm=>0,

Zm (5.29)

Ll

— l;l]
Z q2’7"71y(._.m) if m <0.
i=1
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We have trivially that zo = [n],. The goal in the remainder of the section is to compute explicit
formulae for the images of all the others under the Harish-Chandra homomorphism.

Our argument uses the Harish-Chandra homomorphism in two different forms adapted to
the positive and negative Borel subalgebras, respectively. To review the definitions, let p, :=

—-&—-2e3—--—(n—le,andp_ :=—-(m—- ey —---—2&,-5 — &,-1, 1.€., p— = wo(p,). For any
A € A, we have the shift automorphism
Sy Uy(al,)” = Uy(al)’, d; - ¢ d,. (5.30)

For example, S_, (d;) = g"~'d; and S (d) = q"'d;. Let U,(gl,)o be the zero weight space
of U,(gl,), which is a subalgebra containing Uq(gln)o. Let I, (resp. 1_) be the intersection of
U,(gl,)o with the left ideal of U,(gl,) generated by ey,...,e,_1 (resp. fi,..., fu-1). Equiva-
lently, 1, (resp. I_) is the intersection of U,(gl,)o with the right ideal generated by fi,..., fi-1
(resp. ey, ...,e,—1). It follows that I, is a two-sided ideal of U,(gl,)o. Let pr, : U, (gl,)o —
Uq(gln)0 be the algebra homomorphism defined by projection along the direct sum decomposi-
tion U,(gl,)o = Uq(gln)0 @ I.. The two versions of the Harish-Chandra homomorphism are

HC. :=S_,, opr, : Uyal)o — Uy (al,)". (5.31)
The following is an extension of the well-known description of Z,(sl,) from e.g. [ 6.25].

Lemma 5.5 ([Li, Lemma 2.1]). The restriction HC := HCJr|Z @) defines an algebra isomor-

phism between Z,(al,,) and the algebra k[(d, - - - d)™!, df, e, d,zl]e”.
The following facts are also well known, but we could not find a suitable reference.
Lemma 5.6. Each braid group generator T; : Uy(gl,) — U,(al,) fixes Z,(gl,) pointwise.

Proof. Take ¢ € Z,(gl,). Let V be an integrable highest weight module. Since V is irreducible,
both ¢ and T;(c) act on V as scalars. These scalars are equal because there is an automorphism
T; : V — V such that T;(cv) = T;(c)T;(v); see [Lul, §37.1.1]. This shows that ¢ — T;(c) acts
as zero on every integrable highest weight module. The intersection of the annihilators of all
integrable highest weight modules is zero, so this proves that ¢ = T;(c). O

Lemma 5.7. The restriction HC = HC, is equal also to the restriction HC,|Z .
q\8ln

|Zq(gl,l)

Proof. Let T,,, be the product of simple braid group generators T; taken in some order corre-
sponding to a reduced expression of wg. This is an automorphism of U,(gl,) which switches
Uq(gl,,)tt and Uq(gl,,)", and it sends d; — d,,1—;. It follows that

HCs 0T, =T, o HC.. (5.32)
Clearly, T,, fixes k[(d; ---d,)™",d}?, ..., d**]® pointwise. It also fixes Z,(gl,) pointwise by

Lemma Hence, H C‘|zl,<gln> =HC_ o1y, |Zz,(gln) =Ty 0 HC|, () = H C+‘Zq(gln)' =
Lemma 5.8. The antiautomorphism G fixes Z,(gl,,) pointwise.
Proof. We have that
HC:oG=GoHC.. (5.33)
Combined with Lemma it follows that HC, 0G| et = GoHC +| 24" Also G clearly fixes
k[(d; ---dy)™", d¥?,. .., d*]* pointwise. Hence, HC, o G|z = HC+| , which implies
n 4(8l,) Z,(al,)

the result since HC, is injective on Z,(gl,). O
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In particular, this shows that G (z,,) = z, hence, on applying G to the right hand side of
(5.29) using (5.16), we obtain another formula for z,,:

Z qn+l—2iyg;1) itm> O,
- = (5.34)
DT im0,
i=1
Comparing with (5.29), it follows that
Zem = Zm (5.35)

for every m € Z. From now on, we only consider z,, for m > 1.
Finally, consider the modified complete symmetric polynomials

— #ilseensim}—1
-1
Bn(X1s - .2 %) o= E (¢7'z) Xi X (5.36)
1<i)<<ipy<n

hp(x1, ..., %) = qz‘l ifm =0, andﬁm(xl,...,x,,) = 0if m > 0 but n = 0. These elements
obviously satisfy the recurrence relation

‘We will use these for all values of n > 0 (not just the n fixed above for gl,). We have that

Tn(61, o X0) = g1, X)) + G2 Ty (1 X)X, (5.37)
r=1
forn > 0.
Lemma 5.9. Em(xl, ey X)) = En(xl, ey Xpl1) +Em,1(x1, s X)Xy — q‘zﬁm,l(xl, ey Xl 1) X
Proof. By (5.37) with m replaced by m — 1, we have that
m—1

7 7 -1 T 1
hm—l(-xls oo »xn)xn = hm—l(xl, .. sxn—l)xn +q ZZ hm—r—l(-xls ce sxn—l)xyrz+

r=1

m
— . —
= hm—l(-xl,-“sxn—l)xn +q 2 § hm—r(-xls~~-s-xn—1)xyrz
r=2

m
= q_zhm—l(-xls ey xn—l)-xn + CI_IZZ hm—r(-xla R xn—l)x,r1~
r=1
Given this, it is easy to see that the right hand side of the identity we are trying to prove is
equal to the right hand side of (5.37). ]

Theorem 5.10. For any m > 1 we have that HC (z,,) = q”_lﬁm (d%, ... ,dﬁ).

Proof. Noting that '™z, = 2y q2"‘2”x(.'f’) according to (5.29)), this follows from the follow-

ii

ing claim: foranym > 1 andi = 1,...,n, we have that

HC, () =y (dF, ... d}) = g "I (a5, ... d2y). (5.38)

ii
To prove (5.38), we proceed by induction on m+n. The result is easy to check whenn = 1. Now
assume that n > 1. The Harish-Chandra homomorphism HC is compatible with the usual “top
left corner” embedding of U,(gl,_;) into U,(gl,). This follows because the restriction of p, for
gl,, is the weight p, for gl,_;. Also the elements x(lf"l), e xf;f)l’n_l of U,(gl,-,) are the same as
these elements in U,(gl,). Thus we get (@]) for each i < n from the induction hypothesis. It
remains to prove (5.38) when i = n. We have that

n
qTHC (20) = Y " Y HC (2", id; fi o €y 1B Fiidh)
i=1 )

Jiseesdm
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By the definition of HC_, the terms in this expansion are zero if either j; < i or j, < i. Thus,
the sum simplifies to give

1 "HC. (z) = th ZnHC_ (m l)d2 ZHC— (m 1) d2
i=1

Now we apply G, using Lemma[5.8] (5.33) and (5.11), to see that
q'"HC, () = Z HC, (x") d;.
Remembering (5.29), we have now proved that

qu anC+ (WL) ZHCJr (m 1) d2 (5.39)

The same identity with n replaced by (n — 1) gives
n—1 n—1
Z q21 2(n— I)HC (m) Z HC+ (m )] d2 (5.40)

By the induction hypothesis, the left hand side of 1} is equal to T (dlz, O

h ]) Hence,
n—
(5.39) can be rewritten to obtain

HC, (x) + q % (dF.....d2,) = HC. (x5 0)d2 + hy (dF.....d2 )

il n

=T (A3 d )+ he (A d2) A2 = P (d L d2 )

> “n—1
where we have used the induction hypothesis again to establish the second equality. This is
equal to A, (df, ey dﬁ) thanks to Lemma The conclusion follows. o

Corollary 5.11 ([Li, Theorem 4.1]). Z,(gl,) is generated by zy, .. .,z, and (d; - - -d)\.

Proof. This follows from Lemma|5.5|and Theorem since k[xi, ..., x,]%" is generated by
the modified complete symmetric functions i (xy, ..., X,), ..., B(x1, ..., Xn). O

6. ACTION ON MODULES OVER CYCLOTOMIC HECKE ALGEBRAS

Throughout the section, we assume that we are given a polynomial

fw) = fow' + AW 4+ fi e Kw] (6.1)
of degree [ > 0 such that fy f; = 1. Recall from the introduction that the affine Hecke algebra
AH, with its standard generators xi, ..., X,,Tq,...,Ts—1 1S identified with the endomorphism

algebra End agq;)(1®") so that and x; is the dot on the ith string and 7; is the positive crossing
of the jth and (j + 1)th strings (numbering strings 1, ..., n from right to left). The cyclotomic
Hecke algebra H,{ of level [ associated to the polynomial f(w) is the quotient of AH, by the
two-sided ideal generated by f(x;). We also include the possibility n = 0 with the convention
that H) = k.

The basis theorem proved in [[AK| Theorem 3.10] shows that the following gives a basis for
H,]: as a free k-module:

(a0, <Lge ), (6.2)
where 7, denotes the element of the finite Hecke algebra defined from a reduced expression
for the permutation g. By the basis theorem, the obvious homomorphism Hf — Hf .1 sending

the generators x; and 7; to the elements of H,{ 1 With the same names is injective. So we may
identify H‘,’; with a subalgebra of Hr{ 41+ We denote the induction and restriction functors by

ind;*" := H/,| ®,, - : Hj-mod — H -mod, (6.3)
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res/*! H -mod — H/-mod. (6.4)

n+1

We are going to make the Abelian category ED"ZO H,f,v-mod into a left Heis_(z, fo_l)-module
category, with T and | acting as induction and restriction, respectively. In order to do this, we
need the Mackey theorem for H;f : there is an isomorphism of functors

ind”_, ores” , @1d® — res!*' oind*' . (6.5)

The standard proof shows that the map
-1 -1
H! ®pf H‘,{@@H‘,{ - H',fH, UMV, Wp,...,wi_1) > urnv+2w,x;+l (6.6)
r=0 r=0
is an isomorphism of (H,{,H{)-bimodules. This implies that there is a unique (H,{,H{)-
bimodule homomorphism
) H - H] 6.7)

such that tr,’f(‘r,,) =0and tr,’f(x;H) =0, 0for0<r<lL
Lemma 6.1. For any n > 0, we have that trﬁ (f(x441)) = 0.

Proof. For u,v € H,{+1’ write u =, v as shorthand foru = vincasen =0,oru —v € H,{T,,H,{

in case n > 0. We first show by inductiononn =0, 1,... that

Z [ l—l (_Z2Ci)] X xo xS ifa>0,

b+cy+++c,=a \i with ¢;#0
_ b>0,c1,....¢, 20
Tn"'TlxtllTl T = 1 (68)
2 b Cn €1 1
5 [ 1 o)t g eso
b+cy+++c,=a \i with ¢;#0

b<0,cy,...,c,<0
We just explain this in detail in the case a > 0, since the case a < 0 is similar. The base case is
trivial. For the induction step, we have that

a _ —-1_a b c _ .a -1.b c 2 b c
TpXyTn = TyT, xn+1 -2 Z T”xn+1xn = .xn+1 -2 Z T, xn+1xn —Z Z xn+1xn

b+c=a b+c=a b+c=a
b,c>0 b,c>0 b,c>0
_ a 2 b c+d 2 b c _ .a 2 b c
=n Xy =< 2 Xp+1Xn — 2 2 Xn+1¥n = Xpp1 =2 2 CXpy1Xn
b+c+d=a b+c=a b+c=a
b,c,d>0 b,c>0 b,c>0

Now take the expression for 7,1 - - 71 x{71 - - - 7,1 given by the induction hypothesis, multiply
on left and right by 7,,, and use the above identity plus the observation

Ty (Hf ‘rn,lH’{_l)Tn =H TnT,,,ITnH,{_l = Hl{_lrn,lrnrn,lH,{_l - H,{T,,H,{.

n—1 n—1

Finally, to deduce the lemma, we multiply by fi-, and sumovera =0, 1,...,[to show

1
Tn"'Tlf(xl)Tl"'Tn Enﬁ"'z‘ﬁ—a Z [ 1_[ (—ZZC,')]XZ_H)CZ""')CL]‘I.

a=1 b+cy++c,=a \i with ¢;#0
b>0,c1,...,c, 20

The left hand side is zero by the cyclotomic relation in H,{ +1- The right hand side is equal to
f(xn+1) plus terms in the kernel of tr,]: . O

Theorem 6.2. There is a unique strict k-linear monoidal functor

Wy : Heis_i(z, fy") > End (@ H,’:-mod]

n>0
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sending the generating object T (resp. |) to the additive endofunctor that takes an H‘,{ -module
M to indZJrl M (resp. res)_, M), and the generating morphisms x,7,c and d to the natural
transformations defined on the H,{ -module M as follows:

o Wr(x)y : H;:H ®ps M — H‘r’;‘1 ®ps M, u®v - ux, ®v;

o Wi(t)y : H£+2 ®p/ M — H£+2 ®p/ M, u®v — ut,. ® v (where we have identified

ind"*? oind"*! with ind"** in the obvious way);

o Yoy : M — res™! (Hf

el @l M), v = 1 ®v, ie, it is the unit of the canonical
adjunction making (ind',f+1 ,res"™ ) into an adjoint pair of functors;
o Yi(d)um : H‘,’; ®ys (res) M) = M, u®v > uv, i.e., it is the counit of the canonical
? n-1

adjunction making (ind;,_,,res!,_,) into an adjoint pair of functors.

Proof. We use the presentation for Heis_(z, f; 1) from Definition Let us first treat the
degenerate case / = 0. In this case, @nzo H,{ -mod is the category of left k-modules, and all
of the induction and restriction functors are zero. Consequently, almost of the relations are
trivially true. The only one that requires any thought is the relation () = ( fo‘lz‘1 - for Hly
from @I) To see that this holds, one needs to observe that the scalar on the right hand side
is zero, which follows from the assumption that f02 =1.

Henceforth, we assume that [ > 0. Then Heis_;(z, fo 1) is generated by the objects T and |
and morphisms x, 7, ¢ and d subject to the relations (T.6)—(T.9), plus two more relations:

M [ X U \f \/31—1 ]is invertible where o := X is defined by (2.2);
2) GI = fo—lz—l 14 where y := m is defined by 1] ie., it is —fyz~! times the

(2, I)-entry of the inverse of the matrix in (1).
The relations — are straightforward to check. On H,{ -modules, ¥¢(o) comes from
the (H;f, H{)-bimodule homomorphism H;{ ®an 1 H;f — H}{ .+1’
relation (1) since (6.6) is invertible by the proof of the Mackey theorem. Moreover, we see
from and the definition that ¥ /() comes from the (H;f, H;f)-bimodule homomorphisms
—for el H{H — H/ forall n > 0. So for (2) we must show that — fyz ™! tr} (xﬁ+1) = fylzh

This follows from Lemmaand the definition of tr;,, remembering that f; = fo’l. O

u®v - utr,y. So we get the

If we switch the roles of induction and restriction, we can reformulate Theorem [6.2] in
terms of Heisenberg categories of positive central charge. We prefer for this to replace the
induction functor ind:,“’l from before (which is the canonical left adjoint to restriction) with the
coinduction functor

coind™*! := Home(H,{H, -): H/-mod — H,{H-mod (6.9)
which is its canonical right adjoint.

Theorem 6.3. There is a unique strict k-linear monoidal functor

‘PJVc s Heisi(z, fo) — Snd[@ H,{—mod]

n>0

sending the generating object T (resp. |) to the additive endofunctor that takes an H,’: -module
M to res!_| M (resp. coindZJrl M), and the generating morphisms x,7,c and d to the natural

transformations defined on the H,{ -module M as follows:

. ‘P}(x)M resh M —res) | M, v x,v;
-1

n—

Vv . n n _ .
) ‘I’f(T)M cres) M —res) M, v -1V,

) ‘P}(C)M : M — Hom,, (H‘,’,C,reszf1 M), v = (u — uv), ie., it is the unit of the
1

n—

canonical adjunction making (res"_,, coind,_,) into an adjoint pair of functors;
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° ‘PJY(d)M : resﬁ*1 (HomH_nf(H}f;l,M)> — M, 0 — 06(1), i.e., it is the counit of the canon-

ical adjunction making (res!*!, coind,’l”l) into an adjoint pair of functors.

Proof. This may be proved directly in a similar way to the proof of Theorem[6.2] One uses the
presentation for Heis;(z, fy) from Definition[3.1]instead of the one from Definition[2.2] plus the
Mackey isomorphism (6.6) and Lemma[6.T]as before. We leave the details to the reader. O

In fact, we have that ir1d+l = coind;'“. This follows by the uniqueness of adjoints, since
Lemma and Theorem (resp. Theorem implies that ind”*! is right adjoint to restric-
tion as well as being left adjoint (resp. coind,™" is left adjoint to restriction as well as being
right adjoint). It follows that all three functors (induction, coinduction and restriction) send
finitely generated projective modules to finitely generated projective modules. Hence:

Lemma 6.4. The restrictions of the functors ¥y and ‘I’JVC constructed in Theorems 6.3| give
strict k-linear monoidal functors

Y, Heis_(z, fo_l) — End (EB H,{-pmod) , ‘I’Zvc s Heisy(z, fo) = Snd[@ H,{-pmod] ,

n>0 n=0

where H;{—pmod denotes the category of finitely generated projective left H;{-modules.

7. ACTION ON CATEGORY O FOR RATIONAL CHEREDNIK ALGEBRAS

The Heisenberg action on P, _, HJ-mod from Theorem can also be extended to an
action on the category O for rational Cherednik algebras, following an argument of Shan. To
explain this in more detail, assume that k = C, and consider the complex reflection group
G(,1,n) = S, Z/IZ for | > 1, with reflection representation k" defined as in [Sh, §3.1].
Defining a rational Cherednik algebra requires a choice of parameters, for which there are a
bewildering number of different parameterizations. We have:

e a single parameter « € k, which is the parameter kg in [GGOR| Remark 3.2] for a
reflecting hyperplane H on which the difference of two coordinates vanish;

e an [-tuple (ki,...,k) € k' of parameters, which corresponds to the family {kg;}o<i</
of parameters in [GGOR, Remark 3.2] associated to a reflecting hyperplane H on
which a single coordinate vanishes so that x; = kp;. In loc. cit., it is assumed that
ko = kg; = 0, but adding a constant to all ky; leaves the algebra unchanged. It is
useful for us to incorporate an additional degree of freedom, so we drop the vanishing
condition here: our parameter x; may be non-zero.

Let H,, be the rational Cherednik algebra attached to these parameters as in [GGOR| §3].

Let g := exp( \/—_1m<) and ¢g; := exp( \/—_ln(K,- —i/f)) fori =1,...,1. One can relate these
to the parameters in [Sh]] by choosing integers e > 2 and (sy, ..., s;) then letting « := % and
ki = ks; + i/, s0 q; = q%, fori = 1,...,[; note that the parameter g in loc. cit. is our q2. Let
O =0y..x = @nzo O, where O, is the category of H,-modules introduced in [GGOR| §3].

Also deﬁne 1

fw) izn(qi_IWJrCIt), r:=qi...q.
i=1

By [GGOR|, Theorem 5.16], there is an exact functor
KZ:0 — @ H -mod. (7.1)

n>0
Matching with the formulae in [GGOR| |Sh] requires using the isomorphism from the cy-
clotomic Hecke algebra in [Sh, §3.1] to ours that sends the generators Ty, T},...,T,—1 to
—X1,4T1,...,qTn—1. The Hecke algebra generators 7; (i = 1,...,n — 1) in [Sh] are of the
form —T for Hecke algebra generators 7 from [GGOR| §5.2.5] associated to reflections in the
first type of hyperplane above. Also, Ty is a scalar multiple (depending on the choice of «;)
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of the Hecke algebra generator 7' in [GGOR| §5.2.5] associated to a reflection of the second
type. The key point in all of this is that the minimal polynomials for x; and r; (i = 1,...,n—1)
arising from the key formula in [GGORY, §5.2.5] are f(w) and (w — g)(w + g~ ') (up to scalars),
i.e., we do indeed get defining relations of H-,{ .

The functor KZ is fully faithful on projectives [GGOR|, Theorem 5.16]. Moreover, it inter-
twines the Bezrukavnikov-Etingof induction and restriction functors denoted ind,, ,, and res,,
in [Sh, §3.2] with the functors ind:l”1 and res!*! thanks to [Sh, Theorem 2.1].

n+1 n+1

Theorem 7.1. There is a strict k-linear monoidal functor
¥, @ Heis_i(z,1) — End (0). (7.2)

that makes O into a module category over Heis_i(z,t), with T and | acting as Bezrukavnikov-
Etingof induction and restriction functors, respectively. This can be done in such a way that KZ
is a morphism of Heis_(z, t)-module categories, viewing @nzo H,{ -mod as a module category
via the functor ¥y from Theorem[6.2]

Proof. Our argument is exactly as in the proof of [Sh, Theorem 5.1] using [Sh, Lemma 2.4].
We need to show that there are certain natural transformations of functors satisfying specific
relations. Theorem [6.2] allows us to define these on the image of the functor KZ via the action
of Heis_i(z,t). The fully-faithfulness of KZ allows us to transfer this to an action on the
full subcategory of projectives in O, and this action can extended to an arbitrary object X by
presenting X as the cokernel of a map between projectives. O

Remark 7.2. This quantum Heisenberg action is in many ways more convenient for work-
ing with category O over Cherednik algebras than a Kac-Moody 2-category action, since the
Heisenberg action requires no special assumptions on parameters. In fact, this action is still
well defined if k is replaced by a complete local ring, so one can extend the Heisenberg action
to deformed category O.

8. CATEGORICAL COMULTIPLICATION

In this section, we construct the quantum analog of the categorical comultiplication from
[BSWI1], Theorem 5.3]. As well as the quantum Heisenberg category Heisy(z, t), we will work
with Heis;(z,u) and Heis,,(z,v) for I,m € Z and u, v € k* chosen so that

k=1+m, t=uv. (8.1)

To avoid confusion between these different categories, the reader will want to view the material
in this section in color. Let Heis;(z, u) ® Heis,,(z,v) be the symmetric product of Heis;(z, u)
and Heis,,(z,v). As in [BSWI] §3], this is the strict k-linear monoidal category obtained by
first taking the free product Heis;(z, u) ® Heis,(z, v) in the category of strict k-linear monoidal
categories, then adjoining isomorphisms oxy : X ® Y = Y ® X for each pair of objects
X € Heis|(z,u) and Y € Heis,(z,v), subject to the relations

Oxex,y = (Ox,y® ly,) o (lx, ® 0x,v), ox,yo(f®ly)=(y® f)ooyx,y,
oxyer, = (ly, ® oxy,) o (0xy, ® ly,), oxy,c(Ix®g) =(g®lx)ooyxy,

for all X, X,X, € Heisi(z,u),Y,Y,Y, € Heis,(z,v) and f : X; — Xp,g : Y1 — Y>. Mor-
phisms in Heis;(z, u) © Heis,,(z, v) are linear combinations of diagrams colored both blue and
red. In these diagrams, as well as the generating morphisms of Heis;(z, u) and Heis,(z,v), we
have the additional two-color crossings

XKoo X X X

which represent the isomorphisms oxy for X € {T, ]} and Y € {7, |}, and their inverses

X X X X
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Definition 8.1. Given a diagram D representing a morphism in Heis;(z, u) © Heis,,(z,v) and
two generic points in this diagram, one on a red string and the other on a blue string, we will
denote the morphism represented by

(D with an extra dot at the red point) — (D with an extra dot at the blue point)
by labelling the points with dots joined by a dotted line. For example:

bisl ]

Let Heis)(z,u) © Heis,(z,v) be the strict k-linear monoidal category obtained by localizing
at $ $ . This means that we adjoin a two-sided inverse to this morphism, which we denote

as a dumbbell »
(4 1)

Just as explained in the degenerate case in [BSW1l §§4-5], all morphisms whose string dia-
gram is that of an identity morphism with a horizontal dotted line joining two points of different
colors are also automatically invertible in the localized category. We also denote the inverses
of such morphisms by using a solid dumbbell in place of the dotted one. For instance:

D] ()

We also need the following morphisms, which we refer to as internal bubbles:

SN S S e o P
59 :=zz 4)-a %a —z@—% , q} 1=ZZ ”% —a(ty —ZJT_@~ (8.5

The category Heis)(z, u) @ Heis,,(z,v) possesses various symmetries which are often use-
ful. Derived from (3.3)), we have the strict k-linear monoidal isomorphism

Qyp : Heisy(z,u) © Heis,(z,v) S (Weis_l(z, u Yo Heis_p(z,v! ))Op , (8.6)

which takes a diagram to its mirror image in a horizontal plane multiplied by (—1)** where x is
the number of one-colored crossings and y is the number of leftward cups and caps (including
ones in +-, — and internal bubbles). Also, we have

1 : Heisi(z,u) © Heis,(z,v) = Heisn(z,v) © Heis(z, u) 8.7)

defined on diagrams by switching the colors blue and red then multiplying by (—1)° where z
is the total number of dumbbells (both solid and dotted) in the picture. Finally, the category
Heis)(z,u) © Heis,,(z,v) is strictly pivotal, with duality functor

w1 Heis(z,u) © Heis(z,v) — ((Weisl(z, u) © Heis,,(z, v))op)rev (8.8)

defined by rotating diagrams through 180° just like in (3.21).
We denote the duals of the internal bubbles (8:4)—(8.3) by

SO T
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This definition ensures that internal bubbles commute past cups and caps in all possible con-
figurations. For example:

- [P=9)

Again as in [BSW1| §§4-5], there are many other obvious commuting relations, such as

oo Kk KB
I = TR el SRR o 8
X=X KT X
[ S e S A

as well as the mirror images of these under the symmetries €, 7 and *. We will appeal to all
such relations below without further mention.
Here are some more interesting relations. The first shows how to “teleport” dots across

dumbbells (plus a correction term):
SAb-ZAb e
b+c a—1 b+c=a—1

b,c>0 b,c<0

for any a € Z. We also have the following relations to commute dumbbells past one-color
crossings:

KAt X e oo
mzwuw, W:MHM, (8.11)
PO SIS = Sy e S EL)E = S

These are all straightforward to prove: one first cancels the solid dumbbells by composing on
the top and bottom with their inverses then uses the affine Hecke algebra relations (T.6)—(I.7)
to commute dots past crossings in the result.

The following seven lemmas are the quantum analogs of [BSW 1, Lemmas 5.5-5.11]. Their
proofs are quite similar to the degenerate case.

-1
Lemma 8.2. We have that 59 = —[ é}) .

Lemma 8.3. For any a € Z, we have that @ @ b@—zz o
a—b @ 0<b<a a—b @

beZ
b<a or b>0

:

TR

Lemma 8.4. The following relations hold:

S ol eglat

b>0
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b>0
b
Lemma 8.5 Wehavethat@:z%—@}—zzz a«% @
—a—b @
2

J . a
Lemma 8.6. We have that Q} = (F 1— tzu—fm +7 Z be g U .
b —a+c b
I oWy
Lemma 8.7. We have that =7 a @ b —t .
l a,b>0 @
ce —D+C
Lemma 8.8. We have that >é §< }§ .

Using these, we can prove the main theorem of the section:

Theorem 8.9. For k =1+ m and t = uv, there is a unique strict k-linear monoidal functor
Ay : Heisy(z,1) — Add (Heisi(z,u) © Heis,(z.v))
such that T— 1@ 7T, [ | ® |, and on morphisms

% ” % i % ' (8.14)
XH\/\JFXWXHIX_Z% +z%—z@ +z,§f4, (8.15)
NXom X ra ) ra =2 8 +1X—z@ +zw, (8.16)

TN VN e\ (8.17)

e R TRV YR R

Moreover, the following hold for all a € Z:

Allm(@a)zzz@b , Anm( ):_ZZ b@ (8.19)

beZ, a—b be7, a— b
Allm(@“):_zz@b s All/n(a®)=ZZ b@ . (820)
beZ a=b bez, a-b @

Equivalently, in terms of the generating functions — and their analogs in Heis)(z, u)
and Heis,,(z,v):

A (D ) = 2B (w) B (), Ap (W) = 2B WEH W), (821)
A (O W) =-2O WO W), A (O W) =20wWE W) (8.22)

Remark 8.10. For the proof, it is helpful to notice that 7 o Ay, = A,y (on extending 7 to
the additive envelopes in the obvious way). However, A, does not commute with either of
the other symmetries Q or *. In fact, the map Q_;_,, o A_j_,, o Q; would be an equally good
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alternative choice for the categorical comultiplication map. The only change to the above
formulae if one uses this alternative is that one needs to replace ¢ with —g~! in ( - -
this is the “Galois symmetry” in the choice of the root ¢ of the equation x> — zx — 1 =

Proof. Using the presentatlon from Deﬁmtlon 1] we need to check that the images under

Ay, of the re]atlons 1 9 nd |A 1 are valld in Add (Wezs;(z, u) © Heis,(z, v))
plus we must also chec The etalls are sufficiently similar to the degenerate

case from the proof of BSWI Theorem 5.3] that we only sketch the steps needed below.
First one checks (T.6)—(T.8). For example, to check the skein relation, the image under Ay,

of X - X is A + n(A) where

=N/ _\/ _ _
= el b - ) - )
Using the skein relation in Heis;(z, u) plus , A simplifies to B := zT T + zT T This is what

is required since the image under Ay, of zT T is B + n(B). The other relations here are checked
by similarly explicit calculations. The one for the braid relation is rather long.

The relation (T.9) is easy.

To check (8.19)—(8.20), we assume to start with that k > 0. Consider the clockwise plus-

bubble a(+) . When a < 0, this is just a scalar (usually zero) due to (3.11) and the assumption

k > 0, and the relation to be checked is trivial. So assume that @ > 0. Then «(*y = oy,

hence, its image under Ay, is — “@ - ”g}, which is indeed equal t0 —z Y\pez (¥ a-b(Fy
by Lemma [83] This establishes the left hand identity in (8:19), hence, the left hand identity
n ([8:21I). The right hand identity in (8.2I) then follows using (3.13)), thereby establishing the

right hand identity in (8.19) as well. Next, consider the clockwise minus-bubble «(=) . This

time the relation to be checked is trivial when a > 0, so assume that a < 0. Then, using

the assumption £ > 0 again, we have that a@ = a@ , hence, its image under Ay, is

— “g} - "&}, which is equal to z 3 ez »(=y a-»(=) by Lemma(8.3|(noting whena < 0 < k
that the term involving plus-bubbles is zero). Then we complete the proof of (8:20) using the
equivalent form (8:22) and (3.13) once again. It remains to treat k < 0. This follows by similar
arguments; one starts by considering the counterclockwise plus- and minus-bubbles using the
identities obtained by applying €, to Lemma@ then gets the clockwise ones using @

Consider (#3)-(@4). The relations involving bubbles follow easily from (8:I9)—(8.20).
Next consider the right curl relation in (#.3), so k > 0. Applying Ay, to the relation reveals
that we must show that A + n(A) = B + n(B) where

A::zlr@ —b, B:= 6,{,0;—‘]

This follows from Lemma [8.5] noting that the only non-zero term in the summation on the
right hand side of that identity is the one with a = b = 0 due to the assumption that k > 0. The
argument for the left curl in (.4) is entirely similiar; it uses the identity obtained by applying
* 0 Qp,, to Lemma

Finally, one must check (#@.I)-(&.2). This is a calculation just like in the final paragraph of
the proof of [BSWI Theorem 5.3]; ultimately one uses Lemmas [8.613.8] O

9. GENERALIZED CYCLOTOMIC QUOTIENTS

In this section, we define some k-linear categories, namely, the generalized cyclotomic
quotients of Heis(z, 7). Recall that x = % andy = f .
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Definition 9.1. Suppose we are given polynomials
fw) = fow' + i+ + fi e Kw], (9.1)
gw) = gow" +giw" ™!+ + gy € K] ©.2)

of degrees [,m > 0, respectively, such that fyf; = 1 = gogm- Letk :=m—1land ¢ := gofo‘l.
Define series A*(W) = Y,z ATw™ and B*(w) = Y,z Biw™ by

At(w) = 27 gw)/ f(w) € tz7'Wr + Wk w1, 9.3)
B*(w) := =z ' f(w)/g(w) € = 77wk 4w kw1, 9.4)
A~(w) = =z gw)/ fw) € =177 + wkw]), 9.5)
B~ (w) := 2 fw)/g(w) € 1z + wk[w]; (9.6)
cf. —. Let 7(f]g) be the left tensor ideal generated by the morphisms
[f0), Bn-A71 | ~k<n<l) 9.7)

The generalized cyclotomic quotient associated to the polynomials f(w) and g(w) is the quo-
tient category
H(flg) := Heisi(z, )/I(f1g)- 9.8)

It is a module category over Heisi(z, t).

The following is the quantum analog of [B1, Lemma 1.8]; see also [BD, Lemma 4.14] for
the analog in the setting of Kac-Moody 2-categories.

Lemma 9.2. In the setup of Definition[9.1] I(f|g) may be defined equivalently as the left tensor
ideal generated by

s, n® - BTk <n<m) 9.9)
Moreover, it contains X¥)n — A} 1, \—n— A, 1, n(+y — B{ 1 and »(=y — B, 1 for all n € Z.

Proof. For morphisms 6,¢ : X — Y, we will write 8 = ¢ as shorthand for 6 — ¢ € 7(f|g). By
—, we have automatically that (¥)» = A1 whenn < —k, n(+) = B} 1 whenn <k,
{n=A;1whenn>0,and »(=y = B,1 whenn > 0.

In this paragraph, we use ascending induction on n to show that {+)» = A1 for all n € Z.
This is immediate from if n < [, so assume that n > /. The fact that f(x) = 0 implies that
Zlazo fa@n—a+zla:0 fo(On-a = Zla:O St p n-a = 0. On the left hand side of this, the only non-
zero minus-bubble arises when n = a = [, so it shows that Zizo fa®n—a =0rp ﬁZ_ll‘_l]l. Using
the induction hypothesis, we deduce that fo () + 251:1 JaAS_ 1 = 6;,,,z‘1g51 1. Equating w'™"-
coefficients in f(W)A*(w) = z7'g(w), we get that 22:0 fuls_ = 0127 & ! Hence, ‘H)n = A}l
as claimed.

Next, we show by descending induction on n that (-)» = A, 1 for all n € Z. We may assume
that n < 0. Equating w™"-coefficients in f(w)A*(w) = —f(w)A~(w) gives that Zlazo Ji—aALy, =
—Zézo fi-aA4.,- Using the induction hypothesis plus the previous paragraph, we deduce
that 3! fia(® atn + fid; + X! _| o> a+n = 0. But also from f(x) = 0 we get that
Zlazo Jima Pa+n + ZIFO Jima (Dan = Zézo fia { pa+n = 0. Combining these two identities
establishes the induction ste

Using the notation of @Pﬁb—m, we have now shown that {x) (w) = A*(w)1. Taking
inverses using (3.13)), we deduce that @(w) = B*(w)1. Hence, n@ = Bil foralln € Z. So
we have established the last assertion from the lemma.

Equating w’-coefficients in g(w) = zf(w)A*(w) shows that g,,_, = z ZZ:O fi-aA}_,. Hence:

m m ] l ]
g0 = gnn’ =2 > fray"@ab= Y fia [ZZ b% @a—b] gy f,alf)a =0.
b=0 a=0 a=0

b=0 a=0 b>0
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We have now shown that 7(f|g), the left tensor ideal generated by (9.7), contains (9.9). Simi-
larly, the left tensor ideal generated by (9.9) contains (9.7). This completes the proof. o

We assume for the the rest of the section that k is a field. The following is well known.

Lemma 9.3. Let V be a finite-dimensional AH,-module. All eigenvalues of x, on 'V are of the
form A, q*A or g7%A for eigenvalues A of x; on V.

Proof. Suppose that v € V is a simultaneous eigenvector for the commuting operators x; and
x, of eigenvalues A; and A,, respectively. If 7;v = gv (resp. v = —g~'v) then A, = ¢?1, (resp.
A = ¢21,), as follows easily from the relation x,(7; — z)v = 71x;v. Otherwise, v and 7,v are
linearly independent, in which case the matrix describing the action of x; on the subspace with
A1 =zl

0 1 ) . So A, is another eigenvalue of x; on V. O
2

basis {v, 7| v} is (

For f(w) and g(w) as in Definition let V(f) and V(g)" denote @nzo H,{ -pmod and
@nzo HE-pmod viewed as a module categories over Heis_;(z, o 1y and Heis,(z, go) via the
monoidal functors ¥, and ‘I’g from Lemma Let

V(flg) :== V(HrV(g)” (9.10)
be their linearized Cartesian product, i.e., the k-linear category with objects that are pairs (X, Y)
for X € V(f),Y € V(g)¥, and morphisms
Homry(ﬂg)((X, Y),(U,V)) = Homq/(f)(X, U)® HOm(V(g)v(Y, V)
with the obvious composition law. There is an equivalence of categories
V(flg) — € (H/ ® H¥)-pmod,
r,s>0

hence, V(f|g) is additive Karoubian. Moreover, V(f|g) is a module category over the sym-
metric product Heis_(z, o Yo Heisn(z, g0).

Lemma 9.4. Suppose that k is a field over which both f(w) and g(w) factor as products
of linear factors, and that Au™" ¢ {q2i | i€ Z} for all roots A of f(w) and u of g(w). Then
the categorical action of Heis_(z, fo 1Y o Heis,(z, go) on V(flg) extends to an action of the
localization Heis_i(z, fo—]) © Heis,,(z, go) from Deﬁnition

Proof. Lemma implies that the eigenvalues of xj,...,x, on any finite-dimensional H,{ -
module are of the form ¢* A for i € Z and a root A of f(w). Consequently, the commuting
endomorphisms defined by evaluating T $ and $ T on an object of V(f|g) have eigenvalues
contained in the sets {qzi/l | i€Z,Aarootof f (w)} and {qzjy | Jj € Z,u aroot of g(w)}, respec-
tively. By the genericity assumption, these sets are disjoint, hence, all eigenvalues of the

endomorphism defined by % $ = T $ - % Tlie in k*. Consequently, this endomorphism
is invertible. m]

Lemma [9.4] shows for suitably generic f(w), g(w) that there is a strict k-linear monoidal
functor Wy © ¥y : Heis (z, f; Y ® Heis,(z,g0) — End(V(flg). Composing this functor
with the functor from Theorem[8.9] we obtain a strict k-linear monoidal functor

P = Ay 0 Wy O, Heisy(z, 1) — End (V(f1g)), (9.11)

where f := go fo‘1 and k := m—/asin Deﬁnition Thus, we have made V(f|g) into a module
category over Heisy(z, ).

Theorem 9.5. Assume that k is a field and f(w), g(w) satisfy the genericity assumption from
Lemma Let Ev : End (V(f1g)) — V(flg) be the k-linear functor defined by evaluation on
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S = (Hf B Hg ) € V(flg). The composition BEv o¥ j, factors through the generalized cyclotomic
quotient H(f|g) to induce an equivalence of Heisy(z, t)-module categories

Ui - Kar (H(f1g) = V(f1g)-

Proof. We first show that ¥, (0 (w) ) € w* End(S)[w™"' | equals A*(w)1s. Recalling that
A*(w) is the expansion at w = oo of the rational function z~' g(w)/ f(w), this follows because

Prie (D)) =¥ (B ), 0% (D W),

thanks to (8.21), and also ¥, (@ (w) )Hf =z'/f(w) and £ 94 (@ (w) )Hg =z 'g(w). To see

the last two assertions, we first apply Lemma to see that 7(f|1), the left tensor ideal of
Heis_i(z, fo‘l) generated by f(x), contains all coefficients of the series {¥) (w) — '/ fw)1;all
elements of this ideal act as zero on H(’; since its generator f(x) acts as zero. Then we apply
Lemma [9.2] again to see that 7(1|g), the left tensor ideal of Heis,,(z, go) generated by g(y),
contains all coefficients of (+) (w) — z~!g(w)1; all elements of this act as zero on Hg .

The previous paragraph shows that (+)n — A} 1 acts as zero on S for all n € Z. Also it is
obvious that f(x) acts as zero on §. So the left tensor ideal 7 (f|g) acts as zero on S, which
proves that Ev o¥ s, factors through the quotient H(f|g) = Heisw(z,1)/T(flg) to induce a k-
linear functor H(f|g) — V(f) ® V(g)". Since V(f|g) is additive Karoubian, this extends to
the Karoubi envelope to induce the functor i 4, from the statement of the theorem. Moreover,
it is automatic from the definition that i, is a morphism of Heis;(z, f)-module categories. It
just remains to show that i}, is an equivalence, which we do by showing that it is full, faithful
and dense.

First we show that i 4, is full and faithful. It suffices to check this on objects X = X,®- - -®X;
and Y = Y; ® --- ® Y; that are words in T and |. We assume moreover that £ > 0; a similar
argument with the roles of T and | interchanged does the job when k < 0 too. Let X* =
X{®- - -®X; be the dual object (here, T*=], |*=T). By rigidity, we have a canonical isomorphism
Homgy (1) (X, Y) = Homgy( (1, X* ® Y), from which we get a commuting diagram

Homgy(f)e) (X, Y) _— Homyys) (1, X* ®Y)

'//flgl llﬁ flg

HOInry(ﬂg)(X@S,Y@S) SN HOIIlfV(ﬂg) S, X*'Y®S).

The left hand vertical map in this diagram is an isomorphism if and only if the right hand
vertical map is one. Also the left hand vertical map is an isomorphism when X = Y =1
Proof: the canonical homomorphism AH, — Endgisn (1%") induces a homomorphism
H,{ — Endy s (1®") which is obviously surjective since bubbles on the right hand edge
are scalars in the generalized cyclotomic quotient; on the other hand, Endy s, (1%" ®S) =
EndHi (H,{) = H,{. Hence, the right hand vertical map is an isomorphism when X* ® ¥ =|®"
® 1%, Using this, we can show that the right hand vertical map is an isomorphism in general.
All of the morphism spaces are zero unless X* ® Y has the same number of 1’s as |’s. If all |’s
are to the left of all 7’s, we are done already, so we may assume that X* ® Y involves T ® | as
a subword. Let U be X* ® Y with the two letters in this subword interchanged and V be X* ® Y
with these two letters deleted. Using the isomorphism 1 ® | = | ® T @ 1®* from , we get
a commuting diagram

Homyfip (1,X* ®Y)  —— Homy((ip) (1. U ® V)

Ve l l'/’f\g

Homy() (S, X" ® Y ® ) —— Homqysp) (S, U®S &V ®S%).

By induction, the right hand vertical map is an isomorphism, hence, so too is the left hand one.
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Finally, we explain why /s, is dense. Let Q be an indecomposable object in V(f|g).
We have that |[®" @ 1% @S =|®" ®(H,{,Hg) = (H!,H%) ® M where M is a direct sum of
summands of (H,{,, Hi ) withn” < nand m’ < m. It follows that Q is isomorphic to the image of
some idempotent in Ende( ) (1" ® %" ®S') for some m, n > 0. Since we have shown already
that v s, is full and faithful, there is a corresponding idempotent in Endgy o) (1*" ® 1%"). The
latter idempotent defines an object P of Kar (H(f|g)) such that i 4,(P) = Q. m|

Remark 9.6. If g(w) = 1 the genericity assumption is vacuous, so Theorem [0.3] gives us
an equivalence of categories ¥ : Kar (H(f[1)) — V(f). In other words, the generalized
cyclotomic quotient H(f|1) is Morita equivalent to the “usual” cyclotomic quotient defined by
the cyclotomic Hecke algebras H,]: for all n > 0. This statement is the quantum analog of [B1],
Theorem 1.7]; see also [Rl Theorem 4.25] for the analogous result in the setting of Kac-Moody
2-categories.

10. BASIS THEOREM

Finally, we prove a basis theorem for the morphism spaces in Heisi(z,1). Our proof of
this is very similar to the argument in the degenerate case from [BSW1| Theorem 6.4]. Let
X=X,®--®X;and Y = Y, ®--- ® ¥} be objects of Heisi(z,1) for X;,¥; € {1,]l}. An
(X, Y)-matching is a bijection between {i | X; =T} U {j|Y; =l}and {i | X; =L} U {j|Y; =T}. A
reduced lift of an (X, Y)-matching means a diagram representing a morphism X — Y such that

¢ the endpoints of each string are points which correspond under the given matching;

e there are no floating bubbles and no dots on any string;

o there are no self-intersections of strings and no two strings cross each other more than
once.

Fix a set B(X, Y) consisting of a choice of reduced lift for each of the (X, Y)-matchings. Let
B.(X,Y) be the set of all morphisms that can be obtained from the elements of B(X,Y) by
adding dots labelled with integer multiplicities near to the terminus of each string. Also recall
the homomorphism 8 : Sym® Sym — Endy,s, o n(1) from . Using it, we can make the
morphism space Homeyejs, (2,1 (X, Y) into a right Sym ® Sym-module: ¢6 := ¢ ® 5(6).

Theorem 10.1. For any ground ring k, parameters z,t € k*, and objects X,Y € Heisi(z,1),
the morphism space Homyy,is,.1(X, Y) is a free right Sym ® Sym-module with basis B,(X, Y).

Proof. We just prove this when k < 0; the result for £ > 0 then follows by applying ;. Let
X=X,® --®X;andY = Y;®---®Y; be two objects.

We first observe that B,(X, Y) spans Homgy,is,;1(X, Y) as a right Sym ® Sym-module. The
defining relations and the additional relations derived in sections [2] [3]and 4] give Reidemeister-
type relations modulo terms with fewer crossings, plus a skein relation and bubble and dot
sliding relations. These relations allow diagrams for morphisms in Heis(z,t) to be trans-
formed in a similar way to the way oriented tangles are simplified in skein categories, modulo
diagrams with fewer crossings. Hence, there a straightening algorithm to rewrite any diagram
representing a morphism X — Y as a linear combination of the ones in B,(X, Y).

It remains to prove the linear independence. We say ¢ € B.(X,Y) is positive if it only
involves non-negative powers of dots. It suffices to show just that the positive morphisms in
B.(X,Y) are linearly independent. Indeed, given any linear relation of the form Zfi L 9i®B(Y;) =
0 for morphisms ¢; € B,(X, Y) and coefficients §; € Sym ® Sym, we can “clear denominators”
by multiplying the termini of the strings by sufficiently large positive powers of dots to reduce
to the positive case.

The main step now is to prove the linear independence in the special case that X = ¥ =19".
To do this, we need to allow the ground ring k to change, so we will add a subscript to our nota-
tion, denoting Heisi(z, 1), V(flg), Sym® Sym, ... by yHeisi(z, 1), V(f1g), e Sym ®  Sym, . ..
to avoid any confusion. It suffices to prove the linear independence of positive elements of
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B.(X,Y) in the special case that k = Z[z*',*']; one can then use the canonical k-linear
monoidal functor yHeisg(z,1) = k @zt w1y g1 w1y Heisi(z, 1) to deduce the linear indepen-
dence over an arbitrary ground ring k and for arbitrary parameters.

So assume now that k = Z[z*!, #*'] and take a linear relation Zf\il ¢; ® B(6;) = 0 for positive
¢; € Bo(X,Y). Choose a so that the multiplicities of dots in all ¢; arising in this linear relation
are < a. Also choose b,c > 0 so that all of the symmetric functions §; € xSym ® Sym are
polynomials in the elementary symmetric functions e; ® 1,...,e, ® l and 1 ® ey,...,1 ® e..
Then choose I,m so thata < I, b + ¢ < m and k = m — [. Note that [ > m due to our standing
assumption that k < 0. Let u;,...,u; and vy, ..., v, be indeterminates and K be the algebraic
closure of the field Q(z, #,uy, ..., up, vy, ...,v.). Pick g € K* sothatz = g — q" and consider
the cyclotomic Hecke algebras KH,{ and x H$ over K associated to the polynomials

m—1

fow) =W +1, gw) =W +uw" W v 4w+ L

Note the formula for g(w) makes sense because b + ¢ < m. Consider the xHeis(z, t)-module
category g V(flg) from (O.11). Since k — K, there is a canonical k-linear monoidal functor
vHeisy(z,1) — gHeisi(z,1), allowing us to view xV(f|g) also as a module category over
«Heisi(z,1). Then we evaluate the relation ' ¢; ® 8(6;) = 0 on ¢S := (KH(’;, KHg) to obtain
a relation in KH,{ . By the basis theorem for KH,{ from |i and the assumption that a <
I, the images of ¢y,...,¢y in KH,’: are linearly independent over K, so we deduce that the
image of B(6;) in K is zero for each i. To deduce from this that §; = 0, recall that 6; is a
polynomial ine; ® 1,...,e, ® 1,1 ® ey,...,1 ® e.. So we need to show that the images of
Bler®1),....8(e,®1),B(1®e),...,8(1 ®e.)in K are algebraically independent. In fact, we
claim that these images are the indeterminates uj, ..., up, vi, ..., V¢, respectively. To prove the
claim, we use the definition and Lemmato see that the image of S(e, ® 1) is t‘le;Z’_k
and the image of B(1 ® e,,) is —#zA;,. Then we compute the low degree terms of A*(w):

IZA W) = lgw)/ fw) = wE +uw TP e WKW,
—1zZA~ (W) = tgw)/fw) =1+ viw+ - - + v + -+ - € K[w],

soindeed B(e, ® 1) =u, forn=1,...,bandB(1Q®e,) =v,forn=1,...,c.

We have now proved the linear independence when X = Y =1®". Returning to the general
case, we can use the canonical isomorphism Homgyeig,21(X, Y) = Homgeis,o.n(1, X* ® Y) aris-
ing from the rigidity so see that the Sym ® Sym-linear independence of the positive morphisms
in Bo(X,Y) is equivalent to the Sym ® Sym-linear independence of the positive morphisms in
Bo,(1,X* ® Y). Thus, we are reduced to the case that X = 1. Assume this from now on.
The set B,(1,Y) is empty unless Y has the same number n of 1’s as |’s. Also we have al-
ready proved the linear independence in the case ¥ =|®" ® 1®". So we may assume that ¥
has a subword T ® |. Let Z be Y with the two letters in the subword interchanged. By in-
duction, we may assume the linear independence has already been established for B.(1,Z).
Consider a linear relation Zf\;, ¢; ® B(6;) for positive ¢; € B.(1,Y). Recalling the isomorphism
1® | ®1%h 5 | ® 1 from , multiplying the subword T ® | on top by the sideways
crossing X defines a Sym® Sym-linear map s : Homgyeis, o (1, Y) — Homgeis, (1, Z).
Unfortunately, s does not send B,(1,Y) into B.(1,Z). However, the image of B,(1,7Y) is re-
lated to B,(1, Z) in a triangular way, which is good enough to complete the argument. The full
explanation of this is almost exactly the same as in the degenerate case, so we refer the reader
to the last paragraph of the proof of [BSW 1l Theorem 6.4] for the details. O

Corollary 10.2. Endy.,;n(1) = Sym® Sym.
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