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GOOD GRADING POLYTOPES

JONATHAN BRUNDAN and SIMON M. GOODWIN

Abstract

Let g be a finite-dimensional semisimple Lie algebra over C and e ∈ g a nilpotent element. Elashvili and Kac
have recently classified all good Z-gradings for e. We instead consider good R-gradings, which are naturally
parameterized by an open convex polytope in a Euclidean space arising from the reductive part of the centralizer
of e in g. As an application, we prove that the isomorphism type of the finite W -algebra attached to a good
R-grading for e is independent of the particular choice of good grading.

1. Introduction

In this article, we construct isomorphisms between the finite W -algebras associated to a
nilpotent orbit in a complex semisimple Lie algebra. In some important special cases, these
finite W -algebras were first defined and studied in the PhD Thesis of Lynch [14], generalizing
a construction of Kostant [13]. The same algebras were later rediscovered by mathematical
physicists, who coined the name ‘finite W -algebra’ used here; see for example [2]. In full
generality, a finite W -algebra associated to an arbitrary nilpotent orbit was introduced only
recently by Premet [18], who views the resulting algebra as an enveloping algebra for the
Slodowy slice through the nilpotent orbit in question; see also [7].

To review a slight generalization of Premet’s definition in more detail, let g be a finite-
dimensional semisimple Lie algebra over C and let e ∈ g be nilpotent. An R-grading

Γ : g =
⊕
j∈R

gj

of g is called a good grading for e if e ∈ g2 and the linear map ad e : gj → gj+2 is injective for all
j � −1 and surjective for all j � −1. This definition originates in [12]. We call a good grading
integral if gj = 0 for all j /∈ Z and even if gj = 0 for all j /∈ 2Z; these are the most important
cases. A classification of all integral good gradings can be found in [6]. By [6, Theorem 2.1], even
good gradings correspond to nice parabolic subalgebras as have been independently classified
by Baur and Wallach [1].

Suppose Γ is a good grading for e, and let ( , ) denote the Killing form on g. The alternating
bilinear form 〈 , 〉 on g−1 defined by 〈x, y〉 = ([x, y], e) is non-degenerate. Choose a Lagrangian
subspace k of g−1 and define

m = k ⊕
⊕

j<−1

gj .

This is a nilpotent subalgebra of g and the map χ : m → C, x �→ (x, e) defines a representation
of m. The finite W -algebra associated to e and the good grading Γ may then be defined as the
endomorphism algebra

Hχ = EndU(g)(U(g) ⊗U(m) Cχ)op
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of the generalized Gelfand–Graev representation U(g) ⊗U(m) Cχ. A critical point for this
article is that the definition of the algebra Hχ is independent of the particular choice of
the Lagrangian subspace k. More precisely, given another Lagrangian subspace k′ of g−1, a
construction due to Gan and Ginzburg [7] (generalized slightly in Theorem 27 below) yields a
canonical isomorphism between the finite W -algebras Hχ and Hχ′ arising from the choices k
and k′, respectively.

As explained in detail in the introduction of [3], the algebras considered originally by Kostant
and Lynch in [13, 14] are naturally identified with the algebras Hχ defined here in the special
case that the good grading Γ is even, that is, when the good grading arises from a nice parabolic
subalgebra. In particular, in the even case, Hχ can actually be realized as a subalgebra of U(p),
where p is the parabolic subalgebra p =

⊕
i�0 gi. This makes the representation theory of Hχ

easier to study in the even case; for instance, it is clear in these cases that Hχ possesses many
finite-dimensional representations arising from restrictions of finite-dimensional U(p)-modules.
In general it is still an open problem to show even that Hχ has a 1-dimensional representation;
see [19, Conjecture 3.1].

On the other hand, the algebras studied by Premet [18, 19] and Gan and Ginzburg [7]
are the algebras Hχ defined here in the special case that the good grading Γ is the Dynkin
grading, that is, the grading defined by embedding e into an sl2-triple (e, h, f) and considering
the ad h-eigenspace decomposition of g. Representation theory of sl2 implies that the Dynkin
grading is always an integral good grading for e. The present definition of Hχ, involving
an arbitrary choice of good grading for e, gives a general framework containing both the
Kostant–Lynch construction and the Premet construction as special cases. Our main result
shows that in fact the algebra Hχ only depends up to isomorphism on e, not on the choice of
good grading for e.

Theorem 1. The finite W -algebras Hχ and Hχ′ associated to any two good gradings Γ
and Γ′ for e are isomorphic.

To prove the theorem, we need to make precise the physicists’ idea of deforming one
good grading into another. Say two good gradings Γ : g =

⊕
i∈R

gi and Γ′ : g =
⊕

j∈R
g′j are

adjacent if

g =
⊕

i−�j�i+

gi ∩ g′j,

where i− denotes the largest integer strictly smaller than i and i+ denotes the smallest integer
strictly greater than i. If Γ and Γ′ are adjacent, then by Lemma 26 below, there exist Lagrangian
subspaces k in g−1 and k′ in g′−1 such that

k ⊕
⊕
i<−1

gi = k′ ⊕
⊕

j<−1

g′j ,

that is, the nilpotent subalgebra m defined from Γ and k coincides with the nilpotent subalgebra
m′ defined from Γ′ and k′. With these choices, the algebras Hχ and Hχ′ corresponding to Γ and
Γ′ are simply equal. In view of the aforementioned result of Gan and Ginzburg (independence
of choice of Lagrangian subspace), Theorem 1 therefore follows if we can prove that any two
good gradings for e are linked by a chain of adjacent good gradings. The precise statement is
as follows.

Theorem 2. Given any two good gradings Γ and Γ′ for e, there exists a chain Γ1, . . . , Γn

of good gradings for e such that Γ is conjugate to Γ1, Γi is adjacent to Γi+1 for each
i = 1, . . . , n − 1, and Γn is conjugate to Γ′.


















































