CENTERS OF DEGENERATE CYCLOTOMIC HECKE
ALGEBRAS AND PARABOLIC CATEGORY O

JONATHAN BRUNDAN

ABSTRACT. We prove that the center of each degenerate cyclotomic
Hecke algebra associated to the complex reflection group of type Bq(l)
consists of symmetric polynomials in its commuting generators. The
classification of the blocks of the degenerate cyclotomic Hecke algebras
is an easy consequence. We then apply Schur-Weyl duality for higher
levels to deduce analogous results for parabolic category O for the Lie
algebra gl (C).

1. INTRODUCTION

Let R be a fixed commutative ground ring. Recall from [D] that the
degenerate affine Hecke algebra Hg is the R-algebra which is equal as an
R-module to the tensor product R[zi,...,z4] ®g RSy of the polynomial
algebra R[z1,...,z4] and the group algebra RSy of the symmetric group
Sq. Multiplication is defined so that R[x1,..., x4 (identified with the sub-
space R[z1,...,24]®1) and RSy (identified with the subspace 1® RSy) are
subalgebras, and in addition

SiTiv1 = X8 + 1,
Silj = Tjs; (J#i,i+1),
where s; denotes the basic transposition (ii+1) € Sy. It is known by
[L, Theorem 6.5] that the center Z(Hy) of Hy consists of all symmetric
polynomials in the (algebraically independent) generators x1, ..., z4.

Given in addition a monic polynomial f(z) = 2! +cjz!~' +-- -4 ¢; € R[z]
of degree | > 1, the degenerate cyclotomic Hecke algebra Hg is the quotient
of Hy by the two-sided ideal generated by f(x1). We refer to [ here as
the level. Since we seldom mention Hg itself again, it should not cause
confusion to also use the notation x1,..., x4 for the canonical images of the
polynomial generators of Hy in the quotient H CJ; . For example, if f(z) =z
then H 5 can be identified simply with the group algebra RSy, and under
this identification we have that

i—1
zi =Y (ji) € RS,

J=1
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the Jucys-Murphy elements. In this case, it has long been known (see [Ju] or
[M, 1.9]) that the center of RSy again consists of all symmetric polynomials
in z1,...,zq, though of course these generators are no longer algebraically
independent. In other words, the canonical homomorphism H; — RSy
maps Z(Hg) surjectively onto Z(RSy). Our first result proves the analogous

statement for the quotient map Hy; - H ({ in general.

Theorem 1. The center of HCJ; consists of all symmetric polynomials in

xi,...,2xq. Moreover, Z(Hg) s free as an R-module with an explicit basis
parametrized by all [-multipartitions of d.

For the first application, specialize to the case that R = F' is an alge-
braically closed field. We say that two irreducible modules L and L’ belong
to the same block if they are linked by a chain L = Lo, Ly,...,L, = L' of
irreducible modules such that there is a non-split extension between L;_;
and L; for each ¢ = 1,...,n. For modules over a finite dimensional algebra
like H 5 , this is equivalent to the property that L and L’ have the same
central character. So, on combining Theorem 1 with the existing theory,
we obtain the classification of the blocks of the degenerate cyclotomic Hecke
algebras'. The conclusion is exactly as claimed in Grojnowski’s unpublished
note [G]; see §4 below for the precise statement. Unfortunately, as has been
pointed out by Anton Cox, the argument given there is incomplete, so this
fills a gap in the literature?. Actually, [G] was mainly concerned with cy-
clotomic Hecke algebras (not their rational degenerations). For these, it has
also long been expected that the center consists of all symmetric polynomi-
als in the Jucys-Murphy elements, but we still do not know how to prove
this. Nevertheless, Lyle and Mathas [LM] have recently managed to solve
the problem of classifying the blocks of the cyclotomic Hecke algebras too,
using the analogue of Jantzen’s sum formula for cyclotomic g-Schur algebras
from [JM].

Now we further specialize to the case that F' = C. Let p = (u1,..., 1)
be an [-tuple of positive integers summing to n. Let g = gl,,(C) and let p
be the standard parabolic subalgebra with block diagonal Levi subalgebra
h=g9l,(C)o- - @gl, (C). Let O be the category of all finitely generated
g-modules which are locally finite as p-modules and integrable as h-modules,
i.e. they lift to rational representations of H = GL,,(C) x --- x GL,(C).
This is the usual parabolic analogue of the BGG category O, except that

" an earlier version of this article, we also explained that Theorem 1 implies the fol-
lowing assertion describing the blocks of degenerate affine Hecke algebras: two irreducible
H j-modules belong to the same block if and only if they have the same central character.
However, Iain Gordon has pointed out that this already follows directly by a general result
of Miiller [BG, II1.9.2], since Hy is finite as a module over its center.

2The same mistake also appears in the proof of [BK1, Corollary 8.13] dealing with the
twisted case. In the degenerate case in that setting, the appropriate analogue of Theorem
1 needed to fill the gap has recently been announced by Ruff [R] for all odd levels. In level
one the result already appears in [BK2, Theorem 3.2].
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we are only allowing modules with integral weights/central characters. The
category OF decomposes as
ot =poy
v

where the direct sum is over integral central characters v : Z(g) — C of
the universal enveloping algebra U(g), and O is the full subcategory of O
consisting of modules with generalized central character v. Our next result,
also ultimately a consequence of Theorem 1, is an essential ingredient in both
of the articles [B2] and [S], which give quite different (and independent)
proofs of a conjecture of Khovanov [Kh, Conjecture 3]. Recall that the
center Z(C) of an additive category C is the commutative ring consisting of
all natural transformations from the identity functor to itself. For example,
if C is the category of finite dimensional modules over a finite dimensional
algebra C, then Z(C) is canonically isomorphic to the center of the algebra
C itself.

Theorem 2. For any integral central character v, the natural map
my, : Z(g) — Z(0y)

sending z € Z(g) to the natural transformation defined by left multiplica-
tion by z 1s a surjective algebra homomorphism. Moreover, the dimension
of Z(OL) is the same as the number of isomorphism classes of irreducible
modules in OF.

The category OF is equivalent to the category of finite dimensional mod-
ules over a finite dimensional algebra, e.g. one can take the endomorphism
algebra of a minimal projective generator. Hence, two irreducible modules
in OF belong to the same block if and only if they have the same central
character with respect to Z(0%}). By definition, all irreducible modules in
O% have the same central character with respect to Z(g). So Theorem 2 im-
plies that all the irreducible modules in O} belong to the same block. This
proves that the above decomposition of O" (defined by central characters
with respect to Z(g)) coincides with its decomposition into blocks (defined
by linkage classes of irreducible modules). This coincidence is a special fea-
ture of type A. For an arbitrary semisimple Lie algebra and any parabolic
subalgebra, [Ja, Corollar 4] (proved using the sum formula from [Ja, Satz 2])
implies for any regular integral central character v : Z(g) — C that the full
subcategory of parabolic category O consisting of modules with generalized
central character v is always a single block. However, for singular integral
central characters in types other than type A, Platt [P] has given counterex-
amples showing that the subcategory defined by the given central character
can decompose as a sum of more than one block in general; for types B and
C one can already find such examples in [ES].
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The remainder of the article is organized as follows. There is a natural
filtration on the algebra H le” with respect to which the associated graded al-

gebra gr H CJ; is the twisted tensor product of the level [ truncated polynomial
algebra R[z1,...,z4)/(},...,2}) by the group algebra RS, of the symmet-
ric group. In section 2, we compute the center of this associated graded
algebra directly, giving the crucial upper bound on the size of Z(H, ({ ) since

we obviously have that gr Z(H CJ; ) C Z(grH glc ). There are then several differ-
ent ways to show that this upper bound is actually attained. The approach
followed in section 3 is to simply write down enough linearly independent
central elements in H CJZ . This has the advantage of yielding at the same

time an explicit basis for Z(H CJ; ) which is a generalization of Murphy’s basis
for Z(RS,,) constructed in the proof of [M, 1.9]. In section 4, we discuss
the classification of the blocks of H CJ; in more detail. In particular we com-
pute the dimension of the center of each block, refining Theorem 1 which
gives the dimension of the center of the whole algebra. Finally in section 5
we deduce the results about parabolic category O by exploiting the Schur-
Weyl duality for higher levels from [BK3], which reduces many questions

about the category O* to the degenerate cyclotomic Hecke algebras H ({ for
fx) = (z — ) - (x — m).

Acknowledgements. Thanks go to Brian Boe, Alexander Kleshchev and
Victor Ostrik for helpful discussions, Iain Gordon for pointing out Miiller’s

theorem, and Jim Humphreys for the reference to Jantzen’s paper mentioned
above.

2. THE CENTER OF THE ASSOCIATED GRADED ALGEBRA

We fix an integer [ > 1 and a commutative ring R. Let Rj[z1,...,z4]
denote the level [ truncated polynomial algebra, that is, the quotient of the
polynomial algebra R[zy,...,z4] by the relations { = --- = 2, = 0. The
symmetric group Sy acts on Rz, ..., x4] by algebra automorphisms so that
W+ T; = Ty, for each ¢ and w € S;. We view the resulting twisted tensor
product algebra Rj[z1,...,x4]® RSy as a graded algebra with each z; in
degree 1 and all elements of S; in degree 0. The goal in this section is to
compute the center of this algebra explicitly. We remark that the algebra
Ri[z1,...,24)® RSy can be viewed as a degeneration of the group algebra
R(Cy 1 Sy) of the wreath product of the symmetric group and the cyclic
group of order [. It is well known that the conjugacy classes of Cj 1.5, are
parametrized by certain multipartitions; see [Mac, p.170] or [W]. With this
in mind the results in this section should not be too surprising.

Let Qg denote the centralizer of Rj[z1,...,z4] in Ry[x1,...,24] @ RSy.
The symmetric group Sy acts on Qg by conjugation, i.e. w -z = wzw™!.
It is obvious that the center of Rj[x1,...,z4/® RSy is just the set of fixed
points:

Z(Ry[x1,...,x4)® RSq) = Q57
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We are going first to describe an explicit basis for ()4 from which it will be
easy to determine the Sy-fixed points, hence the center.

For r > 0 and any set I = {i1,...,i,} of a distinct numbers chosen from
{1,...,d}, let
he(I) = hy(in, ..., 0) == Z ril e xt € Ryfan, .., 2],
0<r1,...,ra<l

ri+-+re=(a—1)(I-1)+r
the ((a — 1)(I — 1) + r)th complete symmetric function in the variables
Ziy,- -, %;,. By the pigeonhole principle, h,(I) is zero if r > [, and moreover
hlfl( ) :L‘l 1 . .,”Ul 1

la

Lemma 2.1. Let I,J be any two subsets of {1,...,d} withc=|INJ|>0.
For any r,s > 0, we have that h,(I)hs(J) = lc_lhrﬁﬂc,l)(l,l)(l uJ).

Proof.  Suppose first that I = {i1,... i, k} and J = {ji1,...,jp, k} with
INnJ = {k}. Then we have that

[ W b(1-1 —
hr(I)hs(J) = E 27t gragali=lAr—m Tagst. . gShpbi=D+s—s 5

ta "k J1 Ik
T1y--Ta
S1y-00ySb
E : e s1 . 56, (@) (=) +rts—ri— e —ra—s1——sp
X :L'ia le ijxk
T1y--Ta
81,--55p
= hr+s(1 U J)

This proves the lemma in the case ¢ = 1. Next we take ¢ # j and note that

ho(ljh()lj Zxrllrslls
— Zx§—1+T—sx§—1+S—T — lwé—lxé—l — lhl—l(i,j)-

Finally take I = {i1,... i, k1, ke}y, J ={J1, -, Jps k1, - ke} for ¢ > 2
and assume that I NJ = {k1,...,k.}. Using the preceeding two formulae,
we get that
he(Dhs(J) = by (i1, . . 1a7k1)h0(/€1,k2) ~ho(ke—1, ke)
O(klakQ) 0(k6—17k0)h5(j17'"7jb7k1)
li hr+8+(c 1 l 1 (Zb Zav]17"'7jb7k17"'7k6)
(

=1 hyp sy e—ya-y (T U ),

This is what we wanted. 0O
Now let A = (i1 - - i4) be an a-cycle in Sy. Write h,(A) for h,(i1,...,,).
Given another cycle B = (j1 -+ jp), write AU B and AN B for the sets
{i1,-- -y i} U{J1,.- -, gp} and {i1, ..., ia} N {J1, .., b}, respectively. Let
A = h.(A)A € Rj[x1,...,24] @ RSy,
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which we call a cycle of color r. As before, we have that A" =0 for r > I,
so we need only consider colors from the set {0,1,...,1 — 1}. In the case of
1-cycles, we have that (i)(") = xi, so 1-cycles of color 0 are trivial.

Lemma 2.2. Let r,s > 0 be colors and A and B be cycles in Sy. Let
c=|ANB|.
(i) If ¢ = 0 then AW B®) = BOIAW e disjoint colored cycles com-
mute.
(ii) If c =1 (in which case the product AB is a single cycle) then
A gls) — (AB)(T+S)_
(iii) If ¢ > 2 then
AMBE) = 5T+S’0lc_lh(c_1)(l_1)(14 U B)AB.
Proof. (i) Obvious.
(ii) Say A = (i1 -+~ igk) and B = (j1 --- jp k). By Lemma 2.1, we have
that
AMBE) = b (i, .. ia, k) Ahs(1, - - -, jb, k) B
= hy(i1,. .. %0, k)hs(J1, ..., Jb,91)AB
= hr—i—s(ila s 7ia7j1a s 7jbv k)AB = (AB)(T+S)
as required.
(iii) Arguing exactly as in (ii), we get that
ADBE) =1,y o -1y 4-1) (AU B)AB.
Now observe that hy, 4 (c—1)1—1)(AU B) is zero unless r + s =0. O
Now we are going to consider products of colored cycles. Using Lemma 2.2,

it is easy to see that any such product is either zero or else it can be rewrit-

ten as some power of [ times a product of disjoint colored cycles, meaning
a product Agrl) ---A,,(:;m) where Ai,..., A, are disjoint cycles in Sy and
0<ry,...,7m <l are some colors. Moreover, two such products of disjoint
colored cycles are equal if and only if one can be obtained from the other by
reordering the disjoint colored cycles and adding/removing some 1-cycles of

color 0. For example,

(123)M(792)M) = ((123)(792))®) = (12793)®) = (12793)®) (4)©)
(123)@(7921)M =0=(123)D(79321)® (assuming I > 1),
(123)9(7921)© = (21 2923m729) 1 (123)(7921) = 1(1793)D(2)0—D),

Theorem 2.3. The set of all products of disjoint colored cycles is a basis
for Qq. In particular, it is a free R-module of rank

d! INT I\
Z’I“l'rg' (1) (2)

summing over all partitions (17272 .-.) of d.
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Proof. Observe by applying Lemma 2.2 with B(®) = (3)() = z; that
every colored cycle A" belongs to the algebra Q4. Hence all products of
colored cycles belong to Q4. Moreover, any product of colored cycles is a
linear combination of products of disjoint colored cycles, and the set of all
products of disjoint colored cycles is linearly independent. It just remains
to show that 4 is spanned by all products of colored cycles.

Suppose to start with that A = (i1 - - - i4) is an a-cycle in Sy and that

_ 1L, .. pla
z = E Cry,.ra ) xiaA

0<ry,...,ra<l
T1+“'+ra:k

is a non-zero homogeneous element of Q4 of degree k > 0 for some coefficients
Cri,....ro € R. We claim that z is a scalar multiple of A for some 0 < r < [
(in which case k = (a — 1)(I — 1) + 7). To see this, equating coefficients of

r Tt g ; i
T T z; A in the equation Ti;z = 2Ti; gives that
Crypem, 4 15ta — Criyrj+1lrji1—1,..ra
whenever r; < | —1 for some j = 1,...,a — 1, interpreting the right hand

side as zero in case rj;1 = 0. If k = (a—1)(I—1)+r for 0 < r < [, we deduce
from this that all the coefficents ¢,,, .., are equal to ¢, ;—1,, hence 2 is
a scalar multiple of A"). Otherwise, we can write k = m(l — 1) + r for
some m < a—2and 0 <r <![l—1and get that all the coefficients ¢,, . ,,
are equal to ¢;—1...1-1,00,.,0 = C1-1,..1-1,41,-1,0,..,0 = 0, contradicting the
assumption that z # 0.

Now take an element fw € (g for w € S; and a homogeneous poly-
nomial f € Ry[z1,...,xq]. Write w = A;--- A, as a product of disjoint
cycles, none of which are 1-cycles. We show by induction on m that fw is
a linear combination of products of colored cycles. The base case m = 0
is clear as then w = 1. For the induction step, suppose that m > 1 and
A = (i1 -+ iq). Let I = {i1,...,ig} and J ={1,...,d} \ I. We can write
f= Zi:l fsgs for homogeneous polynomials f1,..., fi € Riz; | i € I] and
linearly independent homogeneous polynomials g1,...,¢: € Ri[z; | j € J].
Equating coefficients of gs;A;---A;,—1 in the equations z; fw = fwzx; for
each i € I, we deduce that each fsA,, belongs to Q4. Hence by the previous
paragraph each fsA,, is a scalar multiple of Ag,’;) for some 0 < r <[ — 1.
This shows that fw = ZZT_:}) hrAqp--- Am_lAg;) for homogeneous polyno-
mials h, € Rjlz; | j € J]. Equating coefficients of A" in the equations
zjfw = fwzx; for each j € J, we deduce that each h,A;--- A,,—1 belongs
to Q4. Hence by the induction hypothesis each h,A;--- A1 is a linear
combination of products of colored cycles. Hence fw is too.

Finally take an arbitrary homogeneous element ZwESd fow € Qq, for
polynomials f,, € Ry[x1...,x4]. We have for each i that Zwesd i fow =
Zwe s, LTwi fww. Equating coefficients gives that z; f,w = Ty fuw = fuwx;
for each 7 and w. Hence each f,w belongs to Qg. So by the previous

a
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paragraph each f,w is a linear combination of products of colored cycles.
This completes the proof. O

For a partition A = (A\; > Ao > --+) we write |[A| for A} + Ay + - -+
and ¢(\) for its length, that is, the number of non-zero parts. By an [-
multipartition of d we mean a tuple A\ = ()\(1), A2 )\(l)) of partitions such
that [AM|+- -+ |AO| = d. Let My(l) denote the set of all l-multipartitions
of d. Given a product z = Agm x 'A(mrm) of disjoint colored cycles in @y,
where each A; is an a;-cycle, we can add extra 1-cycles of color 0 if necessary
to assume that a; + --- + a,,, = d. Define the cycle type of z to be the
l-multipartition A = (A1, ... A®) of d defined by declaring that A\(") is
the partition whose parts consist of all the a; such that r; = r — 1. For
A= (AW XD) e My(D), let zg(\) denote the sum of all products of
disjoint colored cycles in Qg4 of cycle type A.

Theorem 2.4. The elements {zq(\) | A\ € Mgy(l)} form a basis for the
center of Ri[x1,...,2q|® RSq. In particular, Z(Ry[x1,...,2q)®@ RSy) is a
free R-module of rank |Mg(1)].

Proof. As we remarked at the beginning of the section, the center of
Ry[x1,...,24)® RSy is the set of fixed points of Sy on Q4. Given a colored
cycle AT = (iy ---i,) and w € Sy, we have that

w- A" = (w- A" = (wiy - wig)™.

So the action of Sy on Qg is the linear action induced by a permutation
action on the basis from Theorem 2.3. It just remains to observe that two
products of disjoint colored cycles lie in the same Sy-orbit if and only if they
have the same cycle type, and the z4(\)’s are simply the orbit sums. O

Corollary 2.5. Ifd! is invertible in R then the center of Rj[z1, ..., x4 ® RSy
is generated by the elements

za(al) = Z A

all a-cycles A€Sy
forall0<r<landl<a<d.

Proof.  Take a multipartition A = (A, ..., A0) € My(l). Consider the
product of the elements zg(a"~Y) over all = 1,..., 1 and all non-zero parts
a of X("). Tt gives an invertible scalar multiple of z4(\) modulo lower terms.
O

In the remainder of the section, we are going to construct another basis for
Z(Ry[x1,...,xq] ® RS4) which is a generalization of the basis for the center
of RS, constructed by Murphy in the proof of [M, 1.9]. Given k > 0 and
1<i<d, write k= (a—1)l+rfora>1and 0<r <l then set

yi(k) == Z (i1 - Ga1 i)(r),

1<iy,ig—1<t
01,e.yiq—1 distinct
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an element of degree (a —1)(I — 1) +r. For example, y;(k) = 0 if k > il and
yi(r) = (i)") = a7 for 0 < r < I. Particularly important, we have that
i1
i) =Y (i),
j=1
which we call the ¢th colored Jucys-Murphy element.
Lemma 2.6. For any 1 <1i <d and p > 0, we have that
yi(D)" = yi(pl) + ()
(1—=1)

where (x) is a linear combination of products Ay ---Aﬁ,lf” for disjoint
cycles Ai,..., Ap, in S; such that Ay involves i and |[A1 U---U A,,| < p.

Proof. Induction exercise using Lemma 2.2. 0O

For a partition A = (A; > A9 > ---), let N/l := ([A\i1/l] > [N/l > --+).
We are going to use partitions belonging to the set

Pa(l) ={N| L) + [N/1] < d}

to parametrize our new basis. Note to start with that |Py(l)| = |[My(l)], so
this set is of the right size. Indeed, there is a bijection
@ ./\/ld(l) — ’Pd(l>,

defined as follows. Suppose that A = (A1), ..., A®) € My(l) where \") =
()\Y) > e > )\%Z > 0). Then ¢(\) denotes the ordinary partition with
parts ()\Z(T) —1)l4+r—1foralll <r<land 1l <i<m,. Itiseasy to see
that () belongs to Py(l). Conversely, given p = (u1 > pg > -+-) € Py(l),
there is a unique multipartition A = (A, ..., X)) of d such that ¢(\) = p:
the parts of A(") are the numbers |u;/1] + 1 for all i = 1,...,d — |u/I| such
that pu; = r — 1 (mod [). Hence ¢ is indeed a bijection.

Since every element p of Py(l) is of length at most d, it can be thought
of simply as a d-tuple of integers. Given two d-tuples pu = (u1,...,pq)
and v = (v1,...,v4) we write u ~ v if one is obtained from the other by
permuting the entries. For y = (u1,. .., uq) € Py(l), define

mg(p) == Z y1(v1) - - ya(va).
Ve

This is a homogeneous element of @4 of degree |u| — /]

Theorem 2.7. The elements {mq(pn) | © € Pa(l)} form a basis for the
center of Ry[x1,...,24]®@ RSy.

Proof.  Let us first check that my(p) belongs to Z(R[z1,...,xq|® RSy).
We just need to check it commutes with each basic transposition (ii+1).
Obviously, (ii+1) commutes with y;(m) if j # i,7 + 1. Therefore it suffices
to show for each i = 1,...,d — 1 and k,m > 0 that (ii+1) commutes with
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both the elements y;(k)y;+1(k) and y;(k)yir1(m) + yi(m)y;+1(k). For the
first case, write k = (a — 1)l + r as usual. We have that
vy (k)= > (i1 )G e i+ 1)

1<t1,eyig—1<0
1<)t da—1<i+1

where the sum is over distinct 41, ...,%,—1 and distinct ji,..., jo,—1. We split
this sum into two pieces:

Z (i1 - a1 )1 - jarr i+ 1)
1< 501 <i
1<g1,00Ja—1 <
which clearly commutes with (ii+1), and
a—1
S (i iq )0 derigest o Jamr i+
1 1<t i1 <0

1<j150da—1<i+1
Jp=1

b=

which also commutes with (ii+1) by an application of Lemma 2.2. The
second case is similar.

Now we compare the mg(p)’s with the basis from Theorem 2.4. For any
A € My(1) define #\ to be (d— z) where z is the number of parts of A(1) that
equal 1. We claim for A € M (1) with () = p that mg(u) = z4(\) + ()
where (x) is a linear combination of z4(v)’s for v € My(l) with #v < #A\.
The theorem clearly follows from this claim and Theorem 2.4. To prove the
claim, let yp = (1 > -+ > pp, > 0) and write each p; as (a; — 1)l +r; as
usual, so #\ = aj + - - + ap. By definition, mg(u) is a sum of products of
colored cycles of the form z = Agm) e A,(LTh) where each A; is an a;-cycle. If
Aq,..., Ay happen to be disjoint cycles then z is of cycle type A\. Otherwise,
|A1 U -+ UAp| < #A\ so using Lemma 2.2 we can rewrite z as a linear
combination of products of disjoint colored cycles of cycle type v € My(l)
with #v < #X. Combined with the first paragraph and Theorem 2.4, this
shows that mg(un) = czq(A) + (%) for some c. Finally, to show that ¢ = 1,
consider the coefficient of one particular product of disjoint colored cycles
of cycle type A in the expansion of mg(p). O

3. THE CENTER OF HCJ;

We are ready to tackle the problem of computing the center of the degen-
erate cyclotomic Hecke algebra H({, where f(x) = 2!+ 12!~ +- - -+¢ € R[z]
is a monic polynomial of degree [. Define a filtration

FoH} CF HI CFyHI C ..

of the algebra H ({ by declaring that F, H C{ is spanned by all z;, ---x;,w
for 0 < s <71 < id,...,is < dand w € S;3. So each z; is in fil-
tered degree 1 and each w € Sy is in filtered degree 0. Given an element
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zeF. H CJ; , we write gr, z for its canonical image in the rth graded com-
ponent gr, H({ =F, HC{/ F,_1 Hg of the associated graded algebra gr HI =
D, o H le” . By the PBW theorem for degenerate cyclotomic Hecke alge-
bras [BK3, Lemma 3.5], this associated graded algebra gr H CJ; can be iden-
tified with the twisted tensor product Rj[x1,...,z4]® RSy so that gry z;
is identified with z; € Rjz1,...,2q4|® RSq and gryw is identified with
w € Rylz1,...,24)® RSy. To avoid confusion, we reserve the notations
z; and s; from now on for the elements of H ({ , always using the alternate
notations (i)™ and (ii41) for the corresponding elements of the associated
graded algebra R[z1,...,zq4 ® RSy.

Given an R-submodule V of H CJ; , we can consider the induced filtration
on V defined by setting F,, V.=V Nk, H g . The associated graded module
grV is canonically identified with an R-submodule of Rj[z1,...,24]® RSq,
and for two submodules we have that V = V' if and only if grV = grV".
Note also that

gr Z(HY) C Z(Ry[z1,. .., 4] ® RSy).
Hence if we can find elements z; € F, Z(Hg), coyZm € Fi, Z(HCJ;) with
the property that gr; z1,...,gr; 2z, is a basis for Z(R;[z1,...,24 ® RSq),
then it follows immediately that z1,..., 2, also is a basis for Z(H CJ; ). This
is exactly what we are going to do. Recall the elements y;(k) and mg(u) of
Ry[x1,...,24)® RSy from the previous section.

Lemma 3.1. Assume that 1 < i < d and k = (a — 1)l +r for some a > 1
and 0 < r <. Then we have that xf €Funu-1)+r H({ and

or ok yi(k) + (x) ifr=0,
(a—1)(1—1)+r Y4 yz(k) ifr >0,
where (x) denotes a linear combination of products of disjoint colored cycles

of the form Agl_l)---Ag,lfl) such that i € Ay U---U A, C {1,...,i} and
|[AyU---UAp,| <a-1.

Proof. Assume to start with that £ = [, i.e. a = 2,7 = 0. We prove
the lemma in this case by induction on ¢ = 1,...,d. For the base case, we
have that 2} = —clxll_l — -+ — ¢, so it is in filtered degree (I — 1) and
gr; 2t = = (DD = 51(1) — ¢1(1)¢Y. For the induction step, we have
by the relations that

-1
.%‘é_H = simi-si + Z xfxiﬂ_tsi.
t=0
Hence by induction we get that 41 is in filtered degree (I — 1) and

gr_q oy = (i) (yi() — e (D)) (@i+1) + (1i4+1)©)
=yir1 () —er(i+ 1)
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as we wanted.

Now assume that k& = (a — 1)I for any a > 1, i.e. the case when r = 0.
By the previous paragraph, we have that a:f = (:L‘li)a_l is in filtered degree
(a—1)(I—1) and

8 1)1 T = (1) — e (i) )
By Lemma 2.6 this equals y;(k) + (%) where (x) is a linear combination of

products of disjoint colored cycles of the form Aglil) . --Ag,lfl) such that
i€ AjU---UA, C{l,...;i}and |[AjU---UA,| <a-—1.
Finally assume that k = (a — 1)l +r for 0 < r < [. Writing ¥ =
a—1)l
( (a—1)

x; )(z}) and using the previous paragraph and Lemma 2.2 gives the

desired conclusion in this case. O

For any d-tuple u = (i1, . .., 11q) of non-negative integers, let
pa(p) == lefl ¥ e HY.

v
Since this is a symmetric polynomial in x4, . . ., x4, it is automatically central.
Theorem 1 from the introduction is a consequence of the following more
precise result.

Theorem 3.2. For pu € Py(l), we have that pg(p) € F, Z(HC];) where
r = |u| — |p/l|l. Moreover, gr, pa(n) = ma(u) + (%) where (x) is a linear
combination of mq(v)’s for v € Py(l) with |v/l|+L(v) < |p/l|+€(p). Hence,
gr Z(HOJ;) = Z(Ri[x1,...,xq) @ RSy) and the elements

{pa(p) [ e Pal)}

form a basis for Z(HCJ;). In particular, Z(H[{) is a free R-module of rank
equal to the number of l-multipartitions of d.

Proof.  Recall the bijection ¢ : M4(l) — Py4(l) and also the notation #A
from the last paragraph of the proof of Theorem 2.7. We showed there for
A € My(l) with o(X) = p that mg(p) = zq(N\) + () where (%) is a linear
combination of z4(v)’s with #v < #\. Note #X = |u/l| + ¢(1). So we get
from this also that z4(\) = mg(u) + (%) where (%) is a linear combination of
mq(v)’s for v € Py(l) with [v/l| + (v) < |u/l] + ().

Now, by Lemma 3.1 and the definitions, py(x) is in filtered degree r = |u|—
|p/1| and moreover gr, pa(p) = mq(p)+ (x) where (x) is a linear combination
of products of disjoint colored cycles AYI) . ~-A$,7;m) such that |4 U .-+ U
Ap| < |/l + €(p). Since gr, pg(u) is central, it follows by Lemma 2.2 and
Theorem 2.4 that () can be rewritten as a linear combination of z;(v)’s
with #v < #A. Hence by the first paragraph it is also a linear combination
of mg(v)’s with |v/l] + ¢(v) < |p/l| + €(p). This proves that the elements

{grw,‘u/u pa(p) | p € Pd(l)}
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form a basis for Z(R;[x1,...,24 ®@ RS4). Now the theorem follows by the
general principles discussed just before Lemma 3.1. O

Corollary 3.3. If d! is invertible in R, then the center of Hg s generated
by the power sums x7 + -+ zl; for 1 <r < d.

Proof.  Under the assumption on R, it is well known that every symmetric
polynomial in variables x1,...,x4 can be expressed as a polynomial in the
first d power sums. 0O

4. THE BLOCKS OF Hg

In this section, we replace the ground ring R with a ground field F' over
which we can factor f(z) = (z — p1)---(x — ) for p1,...,y € F. We
will denote the algebra Hg instead by HY where p = (p1,..., ) € F'.
We point out that F' is a splitting field for the algebra H. 5 ; one way to see
this is to observe that the construction of the irreducible H/-modules over
the algebraic closure of F' from [K, §5.4] already makes sense over F' itself.
Theorem 1 just proved shows in particular that the dimension of Z(HY) is
equal to the number of [-multipartitions of d. The goal in this section is
to refine this statement by computing the dimensions of the centers of the
individual blocks.

Before we can even formulate the result, we need an explicit combinatorial
parametrization of the blocks, or equivalently, the central characters of H 5 .
This is a well known consequence of Theorem 1. To start with we recall the
classification of central characters of Hy itself following [K, §4.2]. Given a
tuple 4 = (i1,...,iq) € F?, write

x(4) : Z(Hq) = F

for the central character mapping a symmetric polynomial f(x1,...,z4) to
fli1,...,iq). Clearly, x(¢) = x(j) if and only if 4 ~ j, so this gives a
parametrization of central characters of H; by the set Xy of ~-equivalence
classes in F?. Now we pass to the quotient Hg of Hy. Since Z(Hg) maps
surjectively onto Z(H!) by Theorem 1, the set of all central characters of
H 5 is naturally parametrized by the subset

X ={ieXy|x():Z(Hy) — F factors through the quotient Z(H/)}

of Xg4. Given ¢ € X/ we will write x(¢) : Z(H!) — F for the central char-
acter of HY induced by x(2) : Z(Hq) — F. To complete the classification of
blocks of HY, it just remains to describe this subset X/ combinatorially.
To do this, we must first construct enough central characters, which we do
by considering Specht modules following [BK3, §6]. For a partition A of d, let
S\ denote the corresponding Specht module for the symmetric group over
the field F'; we are deliberately being historically inaccurate here in referring
to Sy as a Specht module as we actually mean the dual of the Specht module
S* introduced originally by James [J]. Given any m € F, we can extend Sy
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to a module over the degenerate affine Hecke algebra H,; so that x1 acts by
scalar multiplication by m. We denote the resulting Hy-module by SY*. If
d = d +d", there is a natural embedding of Hy 4v := Hy ® Hgr into Hg, so
it makes sense to define the product

M oM" = Hy ®Hd/,d” (M,XM”)

of an Hy-module M’ and an Hg-module M”, where X denotes outer tensor
product. Given an [-multipartition A = ()\(1),)\(2), .. .,/\(l)) of d, the Hy-
module

S5 =S\ 00 SN
factors through the quotient HY to give a well-defined H//-module. This is
the Specht module parametrized by the multipartition \.

Let us compute the central character of the Specht module S' f\‘ . Note that
if M" is an Hg-module of central character x(¢') and M” is an Hgs-module of
central character x(¢”), then M’o M" is of central character x (i’ o4”) where
i’ 04" denotes the concatenation (i1, ...,4,,i,... 4, ). This reduces to the
problem of computing the central character simply of SY* for a partition A
of d and a scalar m € F, which is well known: for each 4,5 > 1 fill the box
in the ith row and jth column of the Young diagram of A with the residue
(m + 7 — i); then Sﬁf is of central character parametrized by the tuple z’)f
obtained by reading off the residues in all the boxes in some order. For
example, if A = (4,2,1) and m = 5 then the residues are

5/6[7]8]
4]5
3]

and i ~ (5,6,7,8,4,5,3). Given A = (A, ... A®) we deduce that SE s
of central character parametrized by

i =i\ 00 dlp, .
In this way, we have proved the existence of many central characters of HY',
namely, the central characters {x(¢}) | A € Mgy(I)}.

To show that this construction gives all the central characters, we proceed
like in finite group theory. Let R be a Noetherian domain with maximal ideal
m such that F' = R/m and the field of fractions of R is of characteristic 0.
Let fi1,...,/y € R be lifts of the parameters p1,...,1; € F. Let R be
the completion of the polynomial algebra R[r1,...,7;] with respect to the
maximal ideal generated by m and 71 — fi1,...,7 — [i;. We still have that
F = R/m, where m is the unique maximal ideal of R. Also let K be the
field of fractions of R. Letting 7 = (71,...,7), define H] and HJ, to be the
degenerate cyclotomic Hecke algebras defined by the polynomial f(z) = (z—
71) -+ (x —7) over the field K and over the ring R, respectively. In view of
the PBW theorem for degenerate cyclotomic Hecke algebras, H is naturally
isomorphic to K®rH’,, and H 5 is naturally isomorphic to FF'®grH7, viewing
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F here as an R-module so that each 7; acts as multiplication by p;. Note
moreover that the definition of Specht modules carries over unchanged to
give modules ST for H] and S] for H] for each A € My(l), such that

1= K®rS] and S = F ®p S]. The following lemma is well known, but
the proof given here is quite instructive.

Lemma 4.1. The algebra Hj is split semisimple. Moreover, the Specht
modules S5 give a complete set of pairwise non-isomorphic irreducible H} -
modules.

Proof. For each i = 1,...,l, let H}' denote the degenerate cyclotomic
Hecke algebra over K defined by the polynomial f(z) = (x — 7;). There
is an isomorphism H' 5 K Sy which is the identity on S; and maps z;
to 7. Since K is a field of characteristic zero, we get from this and the
classical representation theory of the symmetric group that each H}' is a
split semisimple algebra and that the Specht modules ST’ for all partitions A
of d give a complete set of pairwise non-isomorphic irreducible H}*-modules.
Since 1, ..., 7 are algebraically independent, the proof of [BK3, Corollary
5.20] shows that there is an isomorphism

T o~ 71 ... Tl
Hi= B Hije-oH
di+-+d;=d

under which S} corresponds to the outer tensor product S;{U X---K S;l(l)
of Specht modules. The lemma follows. O

Lemma 4.1 implies that all the Specht modules {S] | A € X]} have
different central characters. One can also see this directly by observing
from the combinatorial definition that the tuples 4} for A € My(l) are in
different ~-equivalence classes, i.e. in the generic case the map

is injective. Actually, it is a bijection, by a trivial special case of the following
lemma completing the classification of blocks of HY in general.

Lemma 4.2. X/ = {if | A e Mgy()}.

Proof. ~ We have already noted that all ¢4 belong to X/. Conversely, we
need to show that every maximal ideal of Z(HY) is of the form ker x(¢) for
some A € M(l). We claim that []yc () ker x(2) = 0. This is more than
enough to complete the proof, for if I is any prime ideal of Z(H (’j ) then the
claim implies that ker x(#}) C I for some A € Mg(1), hence I = ker x(2}).
To prove the claim, note that the following diagram commutes

Z(H7) x(23) R

| !

D) S
1Y



16 JONATHAN BRUNDAN

where the vertical maps are defined by evaluating each 7; at u;. The left
hand map is surjective by Theorem 1. Hence given z € ker x(¢}) we can
find a pre-image Z € Z(H])) and, replacing 2 by 2 — (x(2}))(2) if necessary,
we can even assume that 2 € ker x(¢3). This shows that each ker x(¢4) is
the image of ker x(2}) C Z(HJ). Now we have that H C H], and in the
semisimple algebra Hj it is certainly the case that J[\caq,q) ker X(25) = 0
because the x(¢})’s for all A € My(l) are the central characters of a full set
of irreducible Hj-modules, thanks to Lemma 4.1. O

Forz e X 5 , let b(¢) be the primitive central idempotent corresponding to
the central character x(¢), that is, b(¢) is the unique element of Z(H}) that
acts as one on irreducible modules of central character y(¢) and as zero on
all other irreducibles. Thus, we have that

HY = P v(@)HY.
ieXy
This is the decomposition of H (’; into blocks. Similarly, recalling the bijection
My(l) — X7, — i}, we can define idempotents b(\) € Z(H]) for each

A € Mgy(l) such that b(\) acts as one on ST and as zero on all other Specht
modules. In view of Lemma 4.1, the resulting decomposition

Hi= P bNH;
AeM(l)
is the Wedderburn decomposition of the semisimple algebra H.

Since R is a Noetherian ring complete with respect to the maximal ideal
m, and moreover we know that Z(HJ) surjects onto Z(H) by Theorem 1,
there is a unique lift of each b(¢) € Z(H/) to a central idempotent b(i) € HY:
see e.g. [E, Corollary 7.5]. This lifts the block decomposition of HY to a
decomposition

Hj = D b(i)H;
eX)
of the semisimple algebra Hj. Finally, the commutative diagram from the
proof of Lemma 4.2 implies for each 4 € X/ that

b Hy = € b(NH;.

AeMy(l)

b~

Now we can prove the only new result of the section, as follows.

Theorem 4.3. Fori € X/, the dimension of the center of the block b(s)HY
s equal to the number of l-multipartitions \ of d such that z‘)f ~ 1.

Proof. By Theorem 1, Z(H}) is a free R-module of finite rank. Since R is
a local ring, it follows that the summand Z(B('L)HQ) = ZA)(z)Z(Hg) is also free,

of rank equal to dimg Z(b(2)H}). Since each b(A\)H] is a full matrix algebra
with a one dimensional center, we know from the preceeding discussion
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that the latter dimension is equal to the number of [-multipartitions A with
z’/{ ~ 4. By Theorem 1 again, the isomorphism F' ®pr H = 5 induces
an isomorphism F ®p Z(H]) — Z(H/). From this, we get an isomorphism

F@pr Z(b(3)H]) = Z(b(¢)HY). So dimp Z(b(3)HY) is the same as the rank
of Z(b(i)HJ), i.e. the number of l-multipartitions A of d with &} ~i. O

5. THE CENTER OF PARABOLIC CATEGORY O

Let g = gl,,(C) with natural module V. We denote the standard basis
for V' by v1,...,v, and use the notation e; ; for the matrix units in g. Let
t be the subalgebra of g of diagonal matrices and b be the standard Borel
subalgebra of upper triangular matrices. Let £1,...,e, be the basis for
t* dual to the standard basis eq1,...,en, for t. We write L(«) for the
irreducible highest weight module of highest weight (o — p), where p is the
weight —eg — 23 — -+ - — (n — 1)&,. Viewing elements of S(t) as polynomial
functions on t*, the Harish-Chandra homomorphism

U Z(g) = S(t)%
can be defined by declaring that W(z) is the unique element of S(t) with the
property that z acts on L(«) by the scalar (¥(z))(«) for each o € t*. TIts
image is the algebra S(t)%* of symmetric polynomials (for the usual action

of S, on t not the dot action).
In order to write down a canonical generating set for Z(g), let u be an

indeterminate and set €;; := e;; + 6; j(u + 1 — 7). Then the coefficients
Z1,...,2n of the polynomial
n
2(u) = zu" =Y sgn(w)éuwi - Eunn € U(g)[ul
r=0 ’LUES'!L

are algebraically independent generators for the center Z(g) of U(g); see
e.g. [CL, §2.2]. We adopt the convention that z, = 0 for » > n. The
image of z(u) under ¥ (extended in the obvious way to polynomials in the
indeterminate u) is given by the formula

U(z(u) = (u+er1) - (u+enn).

Hence, for & = Y "  a;e; € t*, the central element z, acts on L(«) as
the scalar e,(a) = eq(ai,...,ay), the rth elementary symmetric function
evaluated at the numbers a1, ..., a,. Let P denote the free abelian group on

basis {7, | @ € C}. For a = )" ajg; € t°, let () = v, + -+ + Va,, € P.
The point of this definition is that L(a) and L(83) have the same central
character if and only if (a) = 6(3). In this way, we have parametrized
the central characters of U(g) by the set of all v € P whose coefficients are
non-negative integers summing to d.

Let A : U(g) — U(g) ® U(g) be the canonical comultiplication on the
universal enveloping algebra of g. We are only going to need to work with
the homomorphism 6 : U(g) — U(g) ® Endc(V) obtained by composing
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A with the map 1 ® ¢ where ¢ : U(g) — Endc(V) here is the algebra
homomorphism arising from the representation of g on V. Also, let

Q= Z €jjRej; € U(g) ® Endc (V).
ij=1
The following lemma is probably classical.

Lemma 5.1. Forr > 0, we have that
r—1
5(a) = 2 @1+ 3 (—1) (2m1ms @ DO
s=0

Proof.  Both sides of the equation are elements of U(g) ® Endc(V), so
can be viewed as n x n matrices with entries in U(g). To see that these
matrices are equal, it suffices to check that their entries act in the same way
on sufficiently many finite dimensional irreducible representations of g. This
reduces to the following problem. Take a = Y " | a;e; € t* such that L(«)
is finite dimensional and

n
La) @V = P Lla+e).

i=1
We need to show that the left and right hand sides of the given equation
define the same endomorphism of L(a)®V. For such an o, let M := L(a)®V
and write v; for a highest weight vector in L(a). For i = 0,...,n, define
M; to be the submodule of M generated by the vectors vy ® v; (j < 7).
Since vy ® v; is a highest weight vector of weight o + ¢; modulo M;_1, the
assumption on « implies that 0 = My C My C --- C M,, = M is a filtration
of M such that M;/M;_1 = L(a + ¢;). Since the filtration splits, there is a
unique highest weight vector z; € M such that x; = vy ® v; (mod M;_1).
Now we just check that the left and right hand sides of the given equation
act on these highest weight vectors by the same scalar for each ¢ = 1,...,n.
Of course 0(z,) acts on z; as e,(« + €;), while each z; ® 1 acts as e;(c) on
all of M. Finally, since €2 defines a g-module endomorphism of M, it leaves
M;_1 invariant and maps x; to a scalar multiple of itself. To compute the
scalar, note that

vy @vi) =Y (eijor) ®vj = (eiv4) ®vi+ > (€ijoy) Qv
§<i j<i
= (ai+i— vy @ui+ Y (eij(vy @vj) — vy @ v5)
j<t
= avy @v;  (mod M;_1).
Hence, Qx; = a;x;. So the equation we are trying to prove reduces to
checking that

r—1

er(ate) =e(a)+ ) (1)’ 1_s(a)af
s=0
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for each ¢ = 1,...,n. This follows from the following general identity which
is true for all r, k > 0:

r—1
er(uty ... ug,u+1) =ep(ug,...,ug,u)+ Z(—l)ser_l_s(ul, coug,u)u’
s=0

To see this, expand both sides using the obvious formula e;(u1, ..., ug,v) =
er(ut,...,ug) +e—1(ug, ..., up)v. O

Let M be any g-module. Recall from [AS, §2.2] that the degenerate
affine Hecke algebra H; over the ground field C acts naturally on the right
on M ® V% by g-module endomorphisms. The action of each w € Sy
arises from its usual action on V®¢ by place permutation. The action of z;
(from which one can deduce the action of all other z;’s) is the same as left
multiplication by Q ® 124~ For any partition p with £(u) < d, recall the
notation pg(p) introduced just before Theorem 3.2; we are now viewing this
expression as an element of Hy.

Lemma 5.2. For any r,d > 0 and any highest weight module M of highest
weight a—p € t*, the endomorphism of M@V ®¢ define by left multiplication
by z, € Z(g) is equal to the endomorphism defined by right multiplication by

il (d— f(ﬁ)) .
—1“"( er_tu(a)pa(i) € Z(Hy
DG gy - it € 2078
where the sum is over partitions p of length £(p) < d and size |p| < r, and [
denotes the partition (u —1> -+ > F(p) — 1) obtained from p by removing
the first column of its diagram.

Proof.  Let §q: U(g) — U(g) ®@Endc(V)®? be the map defined inductively
by setting 09 = 1 and 64 = (0 ® 1®(d_1)) 064—1 for d > 1. Let Q; :=
(61 ©1)(Q)®11=9) € U(g) @ Endc(V)®4. If we adopt the convention that
(—=Q)~! =1, we can write the conclusion of Lemma 5.1 simply as

T

8(z) =D (2r-s @ 1)(— )",

s=0
Proceeding from this by induction on d, it is straightforward to deduce that
Sa(z) = DY (Bresymsy @ 1% (= Q)T (=)
81,...,5¢>0
s1+-+sq<r

interpreting the right hand side with same convention. Since x;+1 = s;x;8;+
s; and x1 acts as 21 by definition, one checks by induction that z; acts as
Q; for each i. Hence on applying our expression to M @ V&? we deduce
that z, acts in the same way as

> e (@) () ()

815-++,84 20
S1tFsq<r
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again interpreting (—z;)~! as 1. It is now a combinatorial exercise to rewrite
this expression as formulated in the statement of the lemma. O

Corollary 5.3. For any highest weight module M, the subalgebra of the
algebra Endc(M ® VO4)°P generated by the endomorphisms z, (1 < r < n)
coincides with the subalgebra generated by 7 + -+ a2 (1 < r < d).

Proof.  Since we are working over a field of characteristic 0, any symmetric
polynomial in x1, ..., x4 lies in the subalgebra generated by the power sums
i +---+2 (1 <r <d). By Lemma 5.2, the endomorphism defined by z,
can be expressed as a symmetric polynomial in x1,..., x4, so it lies in the
subalgebra generated by the power sums.

Conversely, we show by induction on r > 0 that every homogeneous sym-
metric polynomial in xq,..., x4 of degree r acts on M ® V& in the same
way as some element of the subalgebra generated by z1,...,2,.41. For the
induction step, every homogeneous symmetric polynomial of degree r lies in
the subalgebra generated by the power sums z§ 4+ --- + 25 (1 < s <r). By
induction all of these power sums with s < r certainly lie in the subalge-
bra generated by z1,..., 2,41, so it just remains to show that 7 +--- +
does too. By Lemma 5.2, the image of z,;1 is the same as the image of
x] + - -+ ) (which is the term py(fi) when p = (r + 1)) plus a linear com-
bination of symmetric polynomials in x1,..., x4 of strictly smaller degree,
which we already have by the induction hypothesis. O

Let u = (p1,...,/) be a composition of n and let p be the corre-
sponding standard parabolic subalgebra of g with standard Levi subalgebra
h=gl, (C)@ - -dgl,(C), as in the introduction. We are interested in the
category O* of all finitely generated g-modules that are locally finite over
p and integrable over h. Let H/ denote the degenerate cyclotomic Hecke
algebra associated to the polynomial (z — p1) - -+ (z — p) from the previous
section over the ground field FF = C. We are going to apply the Schur-Weyl
duality for higher levels from [BK3] (taking the choice of origin there to be
c = (n,...,n)) to connect the category O to the finite dimensional algebras
HY for all d > 0. Actually, [BK3] only considered the special case that p is
a partition, i.e. py > --- > py, so we will need to extend some of the results
of [BK3] to the general case as we go.

To start with, we need some combinatorial definitions. Let

Col* = {a = Zaiffi et

i=1

a1,...,ay € Z such that a; > a;41 for
all i # p, iy + pigs s+ |7

so called because its elements can be visualized as column strict tableaux of
column shape p like in [B1, §2] or [BK3, §4]. The irreducible modules in O
are the modules {L(a) | @ € Col*}. Hence the set Y* = {f(«a) | a € Col*}
naturally parametrizes the central characters arising from modules in O*.
Given v € Y*#, we let Col¥ = {a € Col* | () = v} and define O to be the
Serre subcategory of O generated by the modules {L(«a) | a € Colt}. The
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category O then decomposes as

o' = p o
vEYH
This is the same as the central character decomposition of O* that was
described in the introduction.

Let v € Y* be the special element v = Zi-:l Fi . Va- The key feature
of v is that the set Colf contains just one weight a. In other words, for
this «, L(«) is the unique irreducible module in O* with central charac-
ter parametrized by . This special irreducible module, which we denote
henceforth by P*, is automatically projective. For d > 0, let

Yi={v—(vis = via1) — - — (Vig — Vig+1) €Y | i1,...,iq € Z},
Coll] = {a € Col* | () € Y'}.

The irreducible modules {L(c) | o« € Col}j} are significant because they are
exactly the irreducible constituents of the module P*®@V®?. This statement
is proved in [BK3, Lemma 4.2] in the case that y is a partition, and the same
argument works in general.

Lemma 5.4. The map Y)' — X sending v =~v— (vi, —vi,+1) = — (Vi —
Yig+1) to & = (i1,...,1q) is injective with image equal to

(a5 | A € Ma(l) such that ¢(A")) < i, forr=1,...,1}.
For v € Y}' corresponding to i € X! in this way, the map Colt, — Mgy(l)
sending a = Y"1, a;g; to the multipartition X = (A, ... AD) such that

A = (au1+~~+ur—1+1 = My Qe pe 142 (HT - 1)’ s Qa1 1)
is injective with image equal to {\ € Mg(l) | i ~ i}.

Proof.  We leave this as a combinatorial exercise. It is helpful to use the
interpretation of Col! as the set of column strict tableaux of column shape
w and type v as in [BK3, §4]. 0O

As explained before Lemma 5.2, the degenerate affine Hecke algebra Hy
acts on the right on P* ® V®? by g-module endomorphisms. We let

pl: Hy — Endg(P" @ VET)°p
be the resulting algebra homomorphism. The following lemma is the key
to extending the results from [BK3] to general p. The proof of this is non-
trivial: the parabolic categories O and O* for conjugate compositions I

and p’ are not in general equivalent so it is necessary to work at the level of
derived categories adapting an argument due to Mazorchuk and Stroppel.
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Lemma 5.5. Given another composition ' ~ p, there is an algebra iso-
morphism v, ,,» making the following diagram commute:

N

Endg(P* @ V&P = Endg(P* ® V®4)oP,
by !
Moreover, v, s intertwines the natural actions of Z(g) on the two endomor-
phism algebras.

Proof.  As explained in the proof of [MS, Theorem 5.4], there is an adjoint
pair (F, G) of functors (which are compositions of certain derived Zuckerman
functors) between the bounded derived categories
F
Db(0") — Db(OM).
with the following properties: “

(i) F and G commute with tensoring with finite dimensional g-modules,
that is, for any finite dimensional g-module V' there are given natural
isomorphisms ay : Fo?®@V—="®@VoF and By : Go?7®@V—-7T®V oG
such that the following two diagrams commute for any morphism
f:V — W of finite dimensional g-modules:

F?@V -\ 7@V oF GV - 29Vea
]-F(id@f)l l(id®f)1F 1G(id®f)l l(id@f)lc
Fo?7 QW —— 7QWoF Go?7@QW —— ?7@Wod
aw ﬂW

(ii) The isomorphisms ay and By are compatible with the unit 7 : Id —
G o F and counit € : F oG — Id of the canonical adjunction between
F and G, i.e. the following diagrams commute:

1?®V5
—

1,
20V OV 99 VoGoF 720V 2QVoFoG

\[’r]l?@\/ T/BV]_F T&‘l?@v Tavlc

GoFo?7QV —— Go?7@VoF FoGo?7QV —— Fo?7@@V ol

Gav 1epy
(iii) F and G restrict to mutually inverse equivalences of categories be-
tween O4 and Off/.
(iv) The following associativity pentagon commutes for any two finite
dimensional g-modules V and W:
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vV eWw

Fo?7® (VW) TR (VeW)oF

H H

Fo?@Wo?Q@V —— ?7QWoFo?7QV —— 7@ Wo?®@VoF

aw L2@v QW AV

(v) F transforms the endomorphism of an object M defined by left mul-
tiplication by z € Z(g) to the endomorphism of F'M defined by left
multiplication by the same element z.

We now explain how to deduce the lemma from these facts. By (iii), we can
choose an isomorphism g : F(P*) = P#. Then define a homomorphism
g : F(P* @ V®) — PF @ Ve by o := (o ® idyead) © ayyea. This
is an isomorphism in D?(O*') by (i). Define another homomorphism @y :
PreV®d G(P“/ Ve by gy = Gpqonpugyed. This is an isomorphism
in D*(O*) by (ii). Then we get an algebra homomorphism

Ly Endg(P* @ VEL)P — Endg(PF @ VE4)oP
mapping f to pgo0 Ffo 4,0;1 and another algebra homomorphism
L i Endg(P @ VE)P  Endg(PH @ V)°P

sending g to @gl o Gg o ¢q, such that ¢, ,, and ¢, , are mutual inverses.
Moreover, by (v), both homomorphisms intertwine the natural actions of
Z(g). It just remains to check that ¢, ,/ is compatible with the action of Hy.
The compatibility of ¢,, ,» with the action of each w € Sy follows immediately
from the naturality in (i). So it suffices to show that it is compatible with the
action of ;. For this, we first reduce using (iv) to checking compatiblity just
in the special case d = 1. In that case it follows from (v) since by Lemma 5.1
we have that x; acts as left multiplication by Q = 2o ® 1 + 21 ® 1 — §(22),
and 29 ® 1 and z; ® 1 act by the same scalars on P* ® V and PYgoV. O

We can formulate the critical result needed from [BK3] as follows. Recall
the primitive central idempotents b(2) € H for each 2 € X/ introduced just
after Lemma 4.2.

Theorem 5.6. The image of p* : Hy — Endc(P* @ VE)°P coincides with
the endomorphism algebra Endg(P* ® V®dYoP - Moreover, the representation
P factors through the quotient HY of Hg, and the kernel of the induced map
HY — Endg(P*@V®9)°P is generated by (1—e), where e € HY is the central
idempotent e = . b(z) summing over all & lying in the set

{35 | A € Ma(l) such that 6N < p, forr=1,...,1}

from Lemma 5.4. Hence, p* induces an isomorphism between the sum of
blocks eH!} of HY and the endomorphism algebra Endg(P* ® y®dyop,
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Proof.  If p is a partition, this follows by [BK3, Theorem 5.13] and [BK3,
Corollary 6.7]. It then follows for arbitrary p too by Lemma 5.5. O

Corollary 5.7. The center of Endg(P* ® V®4)°P s generated by the endo-
morphisms z1, ..., 2n.

Proof. By Corollary 3.3 we know already that Z(H) is generated by the
power sums 7 + --- + 2}, for 1 < r < d. By Theorem 5.6, we can identify
the endomorphism algebra Endg(P* @ V®4)°P with eH !/ for some central
idempotent e € HY. So its center is generated by the restrictions of these
power sums to the module P* ® V&, Now apply Corollary 5.3. O

Now let us restrict attention to a single central character. For the rest
of the article, we fix v € V' and define ¢ = (i1,...,iq) € X} from v =
v — (Yiy — Yir+1) — - — (Viy — Vig+1) as in Lemma 5.4. Let

el! € Endg(PH @ VEI)op

be the central idempotent projecting P*® V®? onto its component of gener-
alized central character parametrized by v. Note (P* ® V®%)el is non-zero;
see e.g. [BK3, Lemma 4.2]. Identifying Endg(P*®V®?)°P with e HY accord-
ing to Theorem 5.6, it follows that el is identified with a non-zero central
idempotent in HY.

Lemma 5.8. e}, = b(4).

Proof.  We first prove this in the special case that p is a partition. Cer-
tainly e}, is a non-zero sum of the primitive central idempotents b(z) for
i € X/. So we just need to show that e}, acts as zero on SY for all A € M,(1)
with 2§ 7 4. Given such a A, this is clear from the definition of the idem-
potent e in Theorem 5.6 unless /(A" < p, for each r = 1,...,1. In that
case, there is a unique weight o € Colg mapping to A under the second
bijection from Lemma 5.4, and the assumption that zﬁ 4 1 is equivalent to
the statement that 6(«) # v. Let M(«) be the parabolic Verma module in
OHM of highest weight (o — p). By [BK3, Theorem 6.12], we have that

Homgy(P* @ V&, M(a)) = S
as HY-modules. Since M(a) and (P* ® V®)el have different generalized
central characters, we have that
el'Homg(P* @ V& M(a)) = Homg((P* @ VE)el, M(a)) = 0.

Hence e, SY = 0 as required.

To deduce the general case, assume still that p is a partition and take
another composition ' ~ u. We can find a central element z, € Z(g) that
acts on P* @ V® in the same way as el and on P* ® V®? in the same way
as e/ . In the notation of Lemma 5.5, we have shown that pH(b(2)) coincides
with the endomorphism of P* @ V®¢ defined by left multiplication by z,.
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We need to prove that p*' (b(7)) does too. This follows because the map .
commutes with the action of z,. O

Now we can deduce the following refinement of Theorem 5.6.

Theorem 5.9. The map p} : b(i)HY — Endg((P* ® V®9)el)°P induced by
the right action of HC’; on P* @ V® is an algebra isomorphism. Moreover,
the center of this algebra is generated by the endomorphisms z1,...,zn, and
is of dimension equal to the number of isomorphism classes of irreducible
modules in OF.

Proof. The first statement is immediate from Theorem 5.6 since el =

b(i). The fact that the center of Endg((P* ® V®)el)°P is generated by the
endomorphisms z1,..., 2z, is immediate from Corollary 5.7. The center is
isomorphic to Z(b(¢)HY), which by Theorem 4.3 is of dimension equal to
the size of the set {\ € My(l) | 7,/\ ~ 1}. By Lemma 5.4, this is the same
as the size of the set ColY, that is, the number of isomorphism classes of
irreducible modules in O). O

We need just one more fact, which is a variation on a result of Irving [I].

Lemma 5.10. The injective hull of any module in O with a parabolic
Verma flag is a finite direct sum of direct summands of (P* @ V®%)el

Proof. ~ We claim that every irreducible submodule of a parabolic Verma
module in OF embeds into (P* ® V®)el. Since (P* @ V®9)el is injective
this implies the lemma. To prove the claim, recall that v is an element of
the set Yd“ that parametrizes the central characters arising from irreducible
constituents of P* ® V¥4, So the claim follows by [BK3, Theorem 4.8]
and [BK3, Corollary 4.6] in the special case that u is actually a partition.
Essentially the same proof as there proves the analogue of this theorem for
arbitrary p, providing one replaces the definition of “standard tableau” used
in [BK3] with the less familiar combinatorial notion from [B1, (2.2)]. O

Now finally we consider the commutative diagram

/ "\

Of) —— Z(Endy((P* @ V®)el)op),

fﬂ
where m},, f// and g/ are the natural multiplication maps.
Theorem 5.11. In the above diagram, the maps ml, and g, are surjec-
tive and the map fl is an isomorphism. Hence, Z(OL) is isomorphic to

Z(b(t)HY) and is of dimension equal to the number of isomorphism classes
of irreducible module in O}

Proof.  We first prove that f/' is injective. Suppose we are given a natural
transformation z € Z(0%) defining the zero endomorphism of (P*®V®9)el
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To show that z = 0, we need to show that z defines the zero endomorphism
of every module M € OF. Let P be the projective cover of M and I be
the injective hull of P. Since P has a parabolic Verma flag by general
theory, Lemma 5.10 implies that I is a finite direct sum of summands of
(P* @ Vel Hence z defines the zero endomorphism of I. Since P em-
beds into I and surjects onto M, we get from this that z defines the zero
endomorphism of M too. Now to finish the proof of the theorem, we know
already from Theorem 5.9 that g/ is surjective. Hence by the commutativ-
ity of the diagram, m/ and f{ must both be surjective too. The remaining
statements are immediate from Theorem 5.9. 0O

Finally, we note for any v € Y* that tensoring with a sufficiently large
power of determinant induces an equivalence between O} and O, for some
Ve Yd“ and some d > 0. Given this, Theorem 2 from the introduction
follows from Theorem 5.11.
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