HECKE-CLIFFORD SUPERALGEBRAS, CRYSTALS OF TYPE Aéi) AND
MODULAR BRANCHING RULES FOR S,

JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

ABSTRACT. This paper is concerned with the modular representation theory of the affine
Hecke-Clifford superalgebra, the cyclotomic Hecke-Clifford superalgebras, and projective
representations of the symmetric group. Our approach exploits crystal graphs of affine
Kac-Moody algebras.

1. INTRODUCTION

In [LLT], Lascoux, Leclerc and Thibon made the startling combinatorial observation

that the crystal graph of the basic representation of the affine Kac-Moody algebra g = Agl),
determined explicitly by Misra and Miwa [MM], coincides with the modular branching graph
for the symmetric group S, in characteristic p = ¢ + 1, as in [K;]. The same observation
applies to the modular branching graph for the associated complex Iwahori-Hecke algebras
at a primitive (¢+1)th root of unity, see [B]. In this latter case, Lascoux, Leclerc and Thibon
conjectured moreover that the coefficients of the canonical basis of the basic representation
coincide with the decomposition numbers of the Iwahori-Hecke algebras.

This conjecture was proved by Ariki [A;]'. More generally, Ariki established a similar
result connecting the canonical basis of an arbitrary integrable highest weight module of
g to the representation theory of a corresponding cyclotomic Hecke algebra, as defined in
[AK]. Note that this work is concerned with the cyclotomic Hecke algebras over the ground
field C, but Ariki and Mathas [A2, AM] were later able to extend the classification of the
irreducible modules (but not the result on decomposition numbers) to arbitrary fields. For
further developments related to the LLT conjecture, see [LT1, VV, Sch].

Subsequently, Grojnowski and Vazirani [Gi, Go, GV, Vi, V3] have developed a new
approach to (amongst other things) the classification of the irreducible modules of the
cyclotomic Hecke algebras. The approach is valid over an arbitrary ground field, and is
entirely independent of the “Specht module theory” that plays an important role in Ariki’s
work. Branching rules are built in from the outset (like in [OV]), resulting in an explanation
and generalization of the link between modular branching rules and crystal graphs. The
methods are purely algebraic, exploiting affine Hecke algebras in the spirit of [BZ, Z;] and
others. On the other hand, Ariki’s result on decomposition numbers does not follow, since
that ultimately depends on the geometric work of Kazhdan, Lusztig and Ginzburg.

In this article, we use Grojnowski’s methods to develop a parallel theory in the twisted
case: we replace the affine Hecke algebras with the affine Hecke-Clifford superalgebras of

Jones and Nazarov [JN], and the Kac-Moody algebra Agl) with the twisted algebra g = Agi).

2000 subject classification: 17B67, 20C08, 20C20, 17B10, 17B37.
Both authors partially supported by the NSF (grant nos DMS-9801442 and DMS-9900134).
1Grojnowski has informed us that the result can also be proved following his note “Representations of
affine Hecke algebras (and affine quantum GL,) at roots of unity”, Internat. Math. Res. Notices 5 (1994),
215-217.
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In particular, we obtain an algebraic construction purely in terms of the representation
theory of Hecke-Clifford superalgebras of the plus part Ug of the enveloping algebra of g, as
well as of Kashiwara’s highest weight crystals B(oco) and B(A) for each dominant weight .
These emerge as the modular branching graphs of the Hecke-Clifford superalgebras. Note
there is at present no analogue of the notion of Specht module in our theory, underlining
the importance of Grojnowski’s methods. However, we do not obtain an analogue of Ariki’s
result on decomposition numbers.

As we work over an arbitrary ground field, the results of the article have applications
to the modular representation theory of the double covers §n of the symmeric groups,
as was predicted originally by Leclerc and Thibon [LTj], see also [BKg|. In particular,
the parametrization of irreducibles, classification of blocks and analogues of the modular
branching rules of the symmetric group for the double covers over fields of odd characteristic
follow from the special case A = Ay of our main results. These matters are discussed in the
final section of the paper, §9.

Let us now describe the main results in more detail. Let H,, denote the affine Hecke-
Clifford superalgebra of [JN], over an algebraically closed field F' of characteristic different
from 2 and at defining parameter a primitive (2¢ + 1)-th root of unity ¢ € F*. All results
also have analogues in the degenerate case ¢ = 1, working instead with the affine Sergeev
superalgebra of Nazarov [N], when the field F' should be taken to be of characteristic (2¢41).

We consider

K (o) = ) K (Rep; Hn),
n>0
the sum of the Grothendieck groups of integral Zs-graded representations of H, for all
n (see §4-d for the precise definition). In a familiar way (cf. [Zg]), K(co) has a natural
structure as a commutative graded Hopf algebra over Z, multiplication being induced by
induction and comultiplication being induced by restriction. Hence, the graded dual K (oco)*
is a cocommutative graded Hopf algebra over Z.

Next, let g denote the twisted affine Kac-Moody algebra of type Ag). We will adopt
standard Lie theoretic notation for the root system of g, summarized in more detail in
the main body of the article. In particular, Ugp = U@ U&U@ denotes the Q-form of the
universal enveloping algebra of g generated by the Chevalley generators e;, f;, hi(i € I). Also
Uz = U, UJUS denotes the Kostant Z-form of Ug. The first main theorem (Theorem 7.17)
identifies K (co)* with U}, viewing the latter as a graded Hopf algebra over Z via the
principal grading:

Theorem A. K(o0)* and Ug are isomorphic as graded Hopf algebras.

We also introduce for the first time for each dominant integral weight A € P, a finite
dimensional quotient superalgebra M) of H,. These superalgebras play the role of the
cyclotomic Hecke algebras in Grojnowski’s theory. In the special case A = Ag, H) is the
finite Hecke-Clifford superalgebra introduced by Olshanski [O]. Consider the sum of the
Grothendieck groups

K(\) =P K(RepH,)
n>0
of finite dimensional Zs-graded H)-modules for all n. In this case, we can identify the
graded dual K(\)* with
K(\)* = P K (ProjH,)
n>0
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where K (ProjH;)) denotes the Grothendieck group of finite dimensional Zs-graded projec-
tives. It turns out that the natural Cartan map K (\)* — K(\) is injective (Theorem 7.10),
so we can view both K(\)* and K()) as lattices in K(\)g = Q ®z K(A\) = Q®z K(\)*.
Each K()) has a natural structure of right K (co)-comodule, with K(\)* C K(\) being
a subcomodule. In other words, according to Theorem A, K(\)* and K()) are left Uy -
modules. The action of the Chevalley generator e; here is essentially a refinement of the
restriction functors from H;) to H)_;. We show moreover, by considering refinements of
induction, that the action of U, extends to an action of all of Uz on both K ()) and K (A)*.
Hence, on extending scalars, we have an action of Ug on K (\)g, with K(\)* C K()) being
two different integral forms. The second main theorem (Theorem 7.16) is the following:

Theorem B. For each A € P, K(\)q is the integrable highest weight Ug-module of highest
weight \, with highest weight vector [1x] corresponding to the irreducible H())‘—module. More-
over K(A)* C K() are integral forms for K(\)g with K(X)* = U, [1x] and K(\) being the
dual lattice under the Shapovalov form.

Now let B(co) denote the set of isomorphism classes of irreducible integral H,-modules
for all n > 0. This has a natural crystal graph structure, the action of the crystal operators
€; being defined by considering the socle of the restriction of an irreducible H,,-module to
H,—1. Similarly, writing B(\) for the set of isomorphism classes of irreducible H-modules
for all n > 0, each B(\) has a natural crystal structure describing branching rules between
the algebras H; and H)_,. We stress the crystal structures on B(co) and each B(\) are
defined purely in terms of the representation theory of the Hecke-Clifford superalgebras.
The next main result (Theorems 8.10 and 8.11) identifies the crystals:

Theorem C. The crystal B(oo) is isomorphic to Kashiwara’s crystal associated to the crys-
tal base of U@. Moreover, for each A € P, the crystal B(\) is isomorphic to Kashiwara’s
crystal associated to the integrable highest weight Ug-module of highest weight X.

Acknowledgements. We would like to express our debt to the beautiful ideas of Ian
Grojnowski in [Gi]. Many of the proofs here, and certainly the overall strategy adopted
in the article, are exactly as in Grojnowski’s work. We would also like to thank Monica
Vazirani for explaining [GV] to us, in discussions which initiated the present work.

2. AFFINE HECKE-CLIFFORD SUPERALGEBRAS

§2-a. Ground field and parameters. Let F' be an algebraically closed field of character-
istic different from 2, and choose ¢ € F'* such that

either ¢ is a primitive odd root of unity (including the possibly ¢ = 1),
or q is not a root of unity at all.

Let h be the “quantum characteristic”, i.e. the smallest positive integer such that
L I (e B

or oo in case no such integer exists. We refer to the case ¢ # 1 as the quantum case and
q = 1 as the degenerate case. All the results will apply to either situation, but there are
sufficiently many differences that for the purpose of exposition we will work in the quantum
case in the main body of the text, with a summary of modifications in the degenerate case
given at the end of each section whenever necessary. We set

E=q—q*
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as a convenient shorthand.

§2-b. Modules over superalgebras. We will use freely the basic notions of superalgebra,
referring the reader to [Le, ch.I], [Man, ch.3, §§1-2] and [BK3, §2]. We will denote the parity
of a homogeneous vector v of a vector superspace by v € Zs. By a superalgebra, we mean
a Zo-graded associative algebra over the fixed field F. If A and B are two superalgebras,
then A® B = A®p B is again a superalgebra with multiplication satisfying

(a1 ® by)(ag ® by) = (_1)51a2a1a2 ® b1bo

for a; € A,b; € B. Note this and other such expressions only make sense for homogeneous
b1, as: the intended meaning for arbitrary elements is to be obtained by extending linearly
from the homogeneous case.

If A is a superalgebra, an A-module means a Zs-graded left A-module. A morphism
f: M — N of A-modules M and N means a (not necessarily homogeneous) linear map
such that f(am) = (—=1)7%af(m) for all a € A,m € M. The category of all such A-modules
is denoted A-mod. By a submodule of an A-module, we always mean a graded submodule
unless we explicitly say otherwise. We have the parity change functor

IT : A-mod — A-mod. (2.1)

For an object M, IIM is the same underlying vector space but with the opposite Zs-grading.
The new action of a € A on m € 1IM is defined in terms of the old action by a-m =
(—1)%am.

It will occasionally be necessary to consider bimodules over two superalgebras A, B: an
(A, B)-bimodule is an A-module M, as in the previous paragraph, which is also a Zo-
graded right B-module such that (am)b = a(mb) for all a € A,b € B,m € M. Note a
morphism f : M — N of (A, B)-bimodules means a morphism of A-modules as in the
previous paragraph such that f(mb) = f(m)b for all m € M,b € B. This gives us the
category A-mod-B of all (A, B)-bimodules. Also if M is an (A, B)-bimodule, IIM denotes
the A-module defined as in the previous paragraph, with the right B-action on IIM being
the same as the original action on M.

If M is a finite dimensional irreducible A-module, Schur’s lemma (e.g. [BKg, §2]) says
that End 4 (M) is either one dimensional, or two dimensional on basis idys, 0ps where 0y is
an odd involution of M, unique up to a sign. In the former case, we call M an irreducible of
type M, in the latter case M is an irreducible of type Q. We will occasionally write M ~ N
(as opposed to the usual M = N) to indicate that there is actually an even isomorphism
between A-modules M and N. For instance, if M is an irreducible of type Q, then M ~ I1M,
while if M is irreducible of type M then M = IIM but M # IIM.

Given another superalgebra B and A-, B-modules M, N respectively, M @ N = M ®p N
has a natural structure of A ® B-module with

(a®b)(m®@n) = (—1)"am @ bn.
We will call this the outer tensor product of M and N and denote it M X N. If M and N
are finite dimensional irreducibles, M X N need not be irreducible (unlike the purely even
case). Indeed, if both M and N are of type M, then M X N is also irreducible of type M, while
if one is of type M and the other of type Q, then M X N is irreducible of type Q. In either of

these two cases, it will be convenient to write M ® N in place of M X N. But if both M
and N are of type Q, then M X N is decomposable: let 85, : M — M be an odd involution
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of M as an A-module and 6y : N — N be an odd involution of N as a B-module. Then
Oy RO - MRIN - MKRN, men— (—1)m9M(m)®9N(n)

is an even A® B-automorphism of M XN whose square is —1. Therefore M XN decomposes
as a direct sum of two A ® B-modules, namely, the 4+/—1-eigenspaces of the linear map
Opr ® On. The map 0 ® idy then gives an odd isomorphism between the two summands
as A ® B-modules. In this case, we pick either summand, and denote it M ® N: it is an
irreducible A ® B-module of type M. Thus,

M®N@I(M®N), if M and N are both of type Q,

MXN ~ .
M® N, otherwise.

We stress that M ® N is in general only well-defined up to isomorphism.

Finally, we make some remarks about antiautomorphisms and duality. In this paper, all
antiautomorphisms 7 : A — A of a superalgebra A will be unsigned, so satisfy 7(ab) =
7(b)7(a). If M is a finite dimensional A-module, then we can use 7 to make the dual space
M* = Homp (M, F') into an A-module by defining (af)(m) = f(7(a)m) for all a € A, f €
M*,m e M. We will denote the resulting module by M7. We often use the fact that there
is a natural even isomorphism

Hom (M, N) — Homa(N7, M7) (2.2)

for all finite dimensional A-modules M, N. The isomorphism sends f € Homyu (M, N) to
the dual map f* € Homg (N7, M7) defined by (f*0)(m) = 0(fm) for all § € N7.

§2-c. Grothendieck groups. For a superalgebra A, the category A-mod is a superadditive
category: each Hom4 (M, N) is a Zg-graded abelian group in a way that is compatible with
composition. Moreover, the underlying even category, i.e. the subcategory consisting of the
same objects but only even morphisms, is an abelian category in the usual sense. This allows
us to make use of all the basic notions of homological algebra on restricting our attention
to even morphisms. For example by a short exact sequence in A-mod, we mean a sequence

0— M; — My — M3 —0 (2.3)

that is a short exact sequence in the underlying even category, so in particular all the
maps are necessarily even. Note all functors between superadditive categories that we shall
consider send even morphisms to even morphisms, so make sense on restriction to the
underlying even subcategory.

Let us write Rep A for the full subcategory of A-mod consisting of all finite dimensional
A-modules. We define the Grothendieck group K(Rep A) to be the quotient of the free
Z-module with generators given by all finite dimensional A-modules by the submodule
generated by

(1) My — My + Ms for every short exact sequence of the form (2.3);
(2) M —1IIM for every A-module M.

We will write [M] for the image of the A-module M in K(Rep A). In an entirely similar
way, we define the Grothendieck group K (Proj A), where Proj A denotes the full category
of A-mod consisting of finite dimensional projectives.

Now suppose that A and B are two superalgebras. Then the Grothendieck groups
K(Rep A) and K(Rep B) are free Z-modules with canonical bases corresponding to the
isomorphism classes of irreducible modules. Moreover, there is an isomorphism

K(Rep A) ®z K(Rep B) — K(Rep A ® B), (L)@ [L'] — [L® L (2.4)
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for irreducible modules L € Rep A, L’ € Rep B. This simple observation explains the im-
portance of the operation ®.

§2-d. The superalgebras. We now proceed to define the superalgebras we will be inter-

ested in. First, P, denotes the algebra F[X fcl, . ,X,f”] of Laurent polynomials, viewed as
a superalgebra concentrated in degree 0. We record the relations:
XX '=1, XX, =1, (2.5)

—1vyv—1 —1vyv—1 -1 -1 —1 —1
XeXj = XX, XX = XX XX = XX, XX = XX (2.6)

forall 1 <i<n,1<j<k<n. (Of course, some of these relations are redundant, but the
precise form of the relations is used in the proof of Theorem 2.2.)

Let A,, denote the superalgebra with even generators X fﬂ, ..., XF! and odd generators

Ci,...,Cy,, where the Xl-jEl are subject to the polynomial relations (2.5), (2.6), the C; are
subject to the Clifford superalgebra relations
Cl =1,
CyC; = =C;Cy,
forall 1 <i<n,1<j<k<n,and there are the mixed relations
CiXj=X;Ci, CGX;'=X7'Ci, CiXi=X'Ci, CX[' = XC; (2.9)
for all 1 <4,j < n withi # j. For a = (aq,...,a,) € Z" and 8 = (f1,...,0n) € Z5,
we write X® and CP for the monomials X' X352 ... X2 and 0161 0252 ...CPB" | respectively.
Then, it is straightforward to show that the elements
{(XCP|laezm perl)

form a basis for A,. In particular, 4, = 4; ® --- ® A; (n times), and P,, can be identified
with the subalgebra of A,, generated by the X iﬂ.

The symmetric group will be denoted S,, with basic transpositions si,...,s,—1 and
corresponding Bruhat ordering denoted <. We define a left action of .S, on A,, by algebra
automorphisms so that

for each w € S,,i=1,...,n.
Let HS! denote the usual (classical) Hecke algebra of Sy, viewed as a superalgebra con-
centrated in degree 0. This can be defined on generators 71, ...,T,_1 subject to relations

T2 = €T+ 1, (2.11)

T,T; = TyT,, T Ty = To TTig (2.12)

for all admissible 4, j with |i — j| > 2. Recall HS has a basis denoted {T}, | w € S, }, where
Ty=1T;...T;, ifw=s; ...s;, is any reduced expression for w. We also record

T '=T,-¢ (2.13)

Now we are ready to define the main object of study: the affine Hecke-Clifford superalgebra

H,,. This was first introduced by Jones and Nazarov [JN], being the g-analogue of the affine
Sergeev superalgebra of Nazarov [N]. By definition, H,, has even generators T1,...,T,_1,
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Xlil, ..., XF! and odd generators C1,...,C,, subject to the same relations as A, (2.5),

n

(2.6), (2.7), (2.8), (2.9) and as HS (2.11), (2.12), together with the new relations:

1;C; = CiTy, (2.14)
T;C; = Ci1T5, (2.15)
TiX;=X;Ti,  TX;'=X;'T; (2.16)
(Ti + £CiCi) XiTi = Xia (2.17)

for all admissible i, with j # 4,7 + 1. The relation (2.15) is equivalent to
T;Ciy1 = CiT; — £(Cs — Ciqr), (2.18)

while (2.17) is equivalent to any of the following four statements:

T:Xi = XinTi — £(Xip1 + CiCi1 Xy), (2.19)
TX7 =X AT+ (X + X, CiCi), (2.20)
TiXiy1 = XiT; + (1 = CiCig1) Xiga, (2.21)
X = X' — X7 (1= CiCip) (2.22)

foralli=1,...,n — 1. Using (2.19) and induction on j > 1, one shows that

j—1
(T3 + €CiCis) X] = X0y (T - ©) — € 3 (XX E + XTEXI CiCin ) (228)
k=1

for all j > 1,1 <14 < n. Hence:
(T} + £CiCi41) X} C; =X, | Cis1 (Ti + £CiCis1)

I . (2.24)
€3 (X EXEAG - XX O )
k=1
(T, = X7 =X A(T; 4+ §CiCisn)
. (2.25)

j—1
+EY (Xz‘_kaJr_f + Xi]_kXijrleiCi-i-l) :
k=1

Finally, let Hi™ denote the subalgebra of H,, generated by all C;, Tjfori=1,...,n,j =
1,...,n — 1. Alternatively, as follows easily from Theorem 2.2 below, ’Hgn can be defined
as the superalgebra generated by elements Cj, T} subject only to the relations (2.7), (2.8),
(2.11), (2.12) and (2.14), (2.15). Hence, Hi" is the (finite) Hecke-Clifford superalgebra first
introduced by Olshanski [O] as the g-analogue of the Sergeev superalgebra of [S1].

§2-e. Basis theorem. Now we proceed to study the algebra H, in more detail. The
first goal is to construct a basis. There are obvious homomorphisms f : A, — H, and
g: H%l — H,, under which the X;, C; or T; map to the same elements of H,. We write
X*CP also for the image under f of the basis element X*C”? of A,,, and T}, for the image
under g of T, € H¢. This notation will be justified shortly, when we show that f and g are
both algebra monomorphisms. The following lemma is obvious from the relations:
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Lemma 2.1. Let f € A,, z€S,. Then, in H,,
Tof = (z- H)To+ > fyTy, fTo=To(z™ - )+ > Tyf,

y<z y<zx

for some fy, f,, € Ay.

It follows easily that H, is at least spanned by all X*CPT, for all a € Z",3 € Z% and
w € S,. We wish to prove that these elements are linearly independent too:

Theorem 2.2. The {X“CPT, |a € Z", 5 € Z},w € S,} form a basis for H,.

Proof. Consider instead the algebra H,, on generators )N(iﬂ, C, Tj for1<i<n,1<j<n
subject to relations (2.5)—(2.9), (2.11), (2.14)—(2.16) and (2.18)—(2.22). Thus we have all
the relations of H,, except for the braid relations (2.12). Using precisely these relations as
the reduction system, it is a routine if tedious exercise using Bergman’s diamond lemma
[Be, 1. 2] to prove that H, has a basis given by all X®CPT for all a € Z",3 € Z35 and all
words T in the T which do not involve a subword of the form T2 for any j. Hence, the

subalgebra A, of H, generated by the X +1 C; is isomorphic to A,. Also let ’HCI denote the
subalgebra of Hn generated by the TJ, SO that HCI is isomorphic to the algebra on generators
T, ..., Th subject to relations T2 {T + 1 for each j.

Now, by definition, H,, is the quotlent of H,, by the two-sided ideal Z generated by the
elements o o S

a;; =TTy = T5T;, b =TT, 1T, — T\ Ty

for 4,5 as in (2.12). Let J be the two-sided ideal of 7:[C1 generated by the same elements
ai j,b; for all 4,5. Then, by the basis theorem for HZ, ’HCI/ J = HY, with basis given by
elements T, for w € S, defined in the usual way. It follows immediately that to prove the
theorem, it suffices to show that 7 = A J in H In turn, this follows if we can show
that rt = t'r for each r € {a;;,b;} and each generator t of A,,, where t' is some other
element of A,,. Now again this is a routine check: for example, the most complicated case
involves verifying that ( Z+1T TZ+1 - TTZHT )XZ+2 XZ(TZHT TZ+1 — Tﬂ+1T) using only
the relations in H,. O

So we have a right from now on to identify A,, and HS with the corresponding subalgebras
of H,,. The theorem also shows that the superalgebra Hi" has basis {CAT,, |3 € Z5,w € Sy}
So Theorem 2.2 can be restated as saying that H, is a free right Hf"-module on basis
{XY|aeZ"}.

As another consequence, it makes sense to consider the tower of superalgebras

HoCHiCHy C---CHpC...
where for ¢ < n, H; is identified with the subalgebra of H,, generated by Ci,...,C;,
de, e ,Xiil, T1,...,T;_1. Similarly, we can consider A; C A,,P; C Py, etc....
Finally, we point out that there are obvious variants of the basis of Theorem 2.2, reordering

the C’s, X’s and T’s. For instance, H,, also has {T,,X“C® |w € S,,,a € Z",3 € ZJ} as a
basis. This follows using Lemma 2.1.

§2-f. The center of H,,. The next theorem was first established in [JN, Prop. 3.2] (for
the case F' = C).

Theorem 2.3. The (super)center of H, consists of all symmetric polynomials in X1 +
XX XL
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Proof. Let Z denote the center of H,, i.e. the z such that zy = yz for all y € H,.
(The argument applies equally well to the supercenter defined by zy = (—1)*Yyz.) One first
checks that symmetric polynomials in X7 + X, X, + X1 are central following the
argument in the proof of [JN, Prop. 3.2(b)].

Conversely, take z = > s, JuTw € Z where each f,, € A,. Let w be maximal with
respect to the Bruhat order such that f,, # 0. Assume for a contradiction that w # 1.
Then, there exists some i € {1,...,n} with wi # i. Consider (X; + X; 1)z — 2(X; + X; ).
By Lemma 2.1, this looks like fi,(X; + X i_l — Xwi — X;il)Tw plus a linear combination of
terms of the form f,T for f, € A, and = € S,, with z # w in the Bruhat order. So in view
of Theorem 2.2, z is not central, a contradiction.

Hence, we must have that z € A,,. Considering the form of the center of A,, one easily
shows that 2 in fact lies in F[X;+X',..., X, + X, !]. To see that z is actually a symmetric
polynomial, write z = >~ .~ a;; (X1 + X H(Xy + X531 where the coefficients a; ; lie in
F[Xs5+ X;l, .oy Xy + X, Y. Applying Lemma 2.1 to Tyz = 2T} now gives that a; ; = a;;
for each ¢, 7, hence z is symmetric in X1 + X Land X, + X5 ! Similar argument shows
that z is symmetric in X; + XZ»_1 and X;1 + X;_ll forall i =1,...,n — 1 to complete the
proof. O

§2-g. Parabolic subalgebras. Suppose that p© = (p1,...,1y,) is a composition of n,
i.e. a sequence of positive integers summing to n. Let S, = S, x --- x S, denote the
corresponding Young subgroup of S,,, and 'Hf} C HY denote its Hecke algebra. So ’Hf} =
Hf}l Q& Hf}u is the subalgebra of Hfll generated by the T); for which s; € S,,.

We define the parabolic subalgebra H,, of the affine Hecke-Clifford superalgebra H,, in a
similar way: it is the subalgebra of H,, generated by A, and all T} for which s; € S,. It
follows easily from Theorem 2.2 that the elements

{(X“C°T, |a € 2", B € Z5,w € S}
form a basis for H,,. In particular, H, = H,, ®---®H,,. Note that the parabolic subalgebra
H1,1,...,1) is precisely the subalgebra A,,.
We will need the usual induction and restriction functors between H,, and H,,. These will
be denoted simply

ind}; : Hy-mod — H,-mod, res;, : Hp-mod — H,-mod, (2.26)

the former being the tensor functor H,®4,? which is left adjoint to res);. More generally, we
will consider induction and restriction between nested parabolic subalgebras, with obvious
notation. We will also occasionally consider the restriction functor

res;_; : Hp-mod — H,,—1-mod (2.27)

where H,,_; denotes the subalgebra of H,, generated by Xfl, Ciand Tj fori =1,...,n —
Li=1,....,n—2.

§2-h. Mackey theorem. Let u,v be compositions of n. We let D, denote the set of
minimal length left S,-coset representatives in S, and D;l denote the set of minimal
length right S),-coset representatives. Then D, , := D;l N D, is the set of minimal length
(Su, Sy)-double coset representatives in S,. We recall some well-known properties, see e.g.
[DJ, §1]. First, for z € D, ,,, S, NaS,z~! and 2715,z N S, are Young subgroups of S,,. So
we can define compositions N av and 2= N v of n from

SN xS,z = unav  and m_lsﬂm ns, = 1w
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Then, for x € D, ,, every w € S,25, can be written as w = uzv for unique elements
uwe S, andv e S, N D;_ll ~,+ Moreover, when this is done, {(w) = £(u) + £(x) + £(v). This
fact implies the following well-known lemma which is essentially equivalent to the Mackey

theorem for HS (see e.g. [DJ, Theorem 2.7)):
Lemma 2.4. For x € Dy, the subspace HST,HE of HE has basis {T,, |w € S,25,}.
This is our starting point for proving a version of the Mackey theorem for H,,.

Lemma 2.5. For x € D,,,,, the subspace ’HMTQCH,C,1 of H,, has basis {X*CPT,, |a € Z" 3 €
7y, w € S,xS,}. Moreover,
Moo= P H.IH.
:EEDM,V
Proof.  Since H, = Aan}, Lemma 2.4 implies at once that the given {X*CPT,} span
HuTfo,l. But they are linearly independent too by Theorem 2.2, proving the first statement.
The second follows immediately using Theorem 2.2 once more. O

Now fix some total order < refining the Bruhat order < on D, ,. For x € D, ,, set

Bze= P HIHS, (2.28)
YyE€Duv, y=z

Bo= P HIH, (2.29)
yeDu,w y=<x

B, = B<y/B<s. (2.30)

It follows immediately from Lemma 2.1 that B<; (resp. Bxy) is invariant under right
multiplication by A,. Hence, since H, = HYA,, we have defined a filtration of H, as
an (H,,H,)-bimodule. We want to describe the quotients B, more explicitly as (H,, H,)-
bimodules.
Lemma 2.6. For each x € D,,,,, there exists an algebra isomorphism

P = Pr-1: HMﬂIV - Hz—luﬂy
with ¢(Ty) = Typ-14z, ©(Xi) = X145, and ¢(C;) = Cp-1; for w € Syngy, 1 <i < n.
Proof.  The isomorphism ¢ : Synz — Sp-1,0,, U — x~luzx is length preserving. Equiva-
lently, z71(i + 1) = (27 %) + 1 for each i with s; € Synz. Using this, it is straightforward
to check that the map ¢ defined as above respects the defining relations on generators. O

Let N be a left H,-1,~,-module. By twisting the action with the isomorphism ¢ -1 :
Hunar — Hy—1,00 from Lemma 2.6, we get a left H,~;,-module, which will be denoted *N.
Now we can identify the module B, introduced above.

Lemma 2.7. View H, as an (H,, Hunw)-bimodule and H,, as an (Hy-1,n,, H,)-bimodule
in the natural ways. Then, *H, is an (Hunew, Hy)-bimodule and
Bw = HM ®H,ur‘lzu xHV
as an (H,, H,)-bimodule.
Proof.  We define a bilinear map H,, x H, — B, = B<;/B<s; by (u,v) — uTv+ B<,. For
yeS,NxS,at,
T,Ty = Tye = = T, Ty1y,

zx—lyz
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which is all that is required to check that the map is H,nz,-balanced. Hence there is an
induced (Hy,H,)-bimodule map @ : 'H, ®%,,, “H, — B;. Finally, to prove that ® is
bijective, note that

{(XC'T,@T,|acZ"fels,ucS,veS,NDL 3}

is a basis of the induced module H,, ®,,.,, “H, as a vector space. In view of Lemma 2.5,
the image of these elements under @ is a basis of B,. O

Now we can prove the Mackey theorem.

Theorem 2.8. (“Mackey Theorem”) Let M be an H,-module. Then res;ind; M admits a
filtration with subquotients >~ to indﬂmyz(resa’;_lmyM), one for each x € D, ,. Moreover,
the subquotients can be taken in any order refining the Bruhat order on D, ,, in particular
indﬁmyreSZmVM appears as a submodule.
Proof.  This follows from Lemma 2.7 and the isomorphism
. H Hy,
(HM ®Huﬁzu IHV) ®Hu M = 1ndeszx(reSHZ71u M),

nv

which is easy to check. O

§2-i. Some (anti)automorphisms. A check of relations shows that H, posesses an
automorphism ¢ and an antiautomorphism 7 defined on the generators as follows:

o:Ti— =T, ; +&, Cj — CnJrlfj’ Xj — XnJrl,j; (231)
T:T; |—>Ti+§Cz-CZ-+1, Cj '—)Cj, Xj I—>Xj, (2.32)

foralli=1,...,n—1,5=1,...,n.

If M is a finite dimensional H,-module, we can use 7 to make the dual space M* into
an H,-module denoted M7, see §2-b. Note 7 leaves invariant every parabolic subalgebra of
Hy,, so also induces a duality on finite dimensional H,-modules for each composition u of n.

Instead, given any H,-module M, we can twist the action with o to get a new module
denoted M?. More generally, for any composition v = (v1,...,1,) of n we denote by v*
the composition with the same non-zero parts but taken in the opposite order. For example
(3,2,1)* = (1,2,3). Then o induces an isomorphism of parabolic subalgebras H,« — H,.
So if M is an ‘H,-module, we can inflate through o to get an H,~-module denoted M?. If
M = M X---XK M, is an outer tensor product module over H, then M7 = M7 X---X M7 .
The same holds if each M; is irreducible and X is replaced with ®. These observations
imply:

Lemma 2.9. Let M € H,,-mod and N € H,-mod. Then
(indjtP M K N)7 = ind) "N K M.
Moreover, if M and N are irreducible, the same holds for ® in place of K.
§2-j. Duality. Thoughout this subsection, let i be a composition of n and set v = p*. Let

d € D, be the longest double coset representative. Note that pNdv = p and d'unv =v,
so S,dS, = S,d = dS,. There is an isomorphism

¢ =pg-1: Hy — Hy, (2.33)
see Lemma 2.6. As in §2-h, for an H,-module M, *M denotes the ‘H,-module obtained by

pulling back the action through . We begin by considering the classical situation, adopting
the obvious analogous notation for modules over Hf}, HEL
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Lemma 2.10. Define a linear map 6% : HS — TH by
1 Ty if w e dS,,
0 (Tw) = { Od N (f;herwise,
for each w € S,,. Then:
(i) 6 is an even homomorphism of (Hﬁ,Hil)-bimodules;
(ii) ker 6! contains no non-zero left ideals of HS;
(iii) the map
FHS — Homga (K, M), hoe b6
is an even isomorphism of (HS, HS)-bimodules.
Proof. (i) Since d~'punv = v, ’Hf}TdH,C} = TyH is isomorphic as an (Hf}, HE-bimodule to
41!, the isomorphism being simply the map Ty, — Ty-1,, for w € dS,,, compare Lemma 2.7.
Now (i) follows because 6 is simply this isomorphism composed with the projection from
HE to H/CJTdHf,l along the bimodule decomposition HS = D.c Dy Hf}TzHgl.
(ii) We show by downward induction on £(x) that §(HSt) # 0 whenever we are given

x € D, and
t= > T,h,
yeD, with £(y)<{(x)
with each hy € HS and h, # 0. Since d is the longest element of D, the induction starts
with 2 = d: in this case, the conclusion is clear as 6°'(t) = h, # 0. So now suppose = < d
and that the claim has been proved for all higher x € D,,. Pick a basic transposition s such
that sx > x and sx € D,. Then,

Tyt = > T,h,,
y€D, with £(y)<l(sz),
for ! € HY with h’, = h, # 0. But now the induction hypothesis shows that §(HSt) =
y v sx n

O (HITt) # 0.

(iii) We remind the reader that h6< : HS — d’Hf} denotes the map with (h6%)(t) =
(—=1)"g°(th) (the sign being + always in this case). Given this and (i), it is straightforward
to check that £ is a homomorphism of (HS, HS)-bimodules. To see that it is an isomor-

phism, it suffices by dimension to show that it is injective. Suppose h lies in the kernel.
Then, (f°'(h))(t) = 0°(th) = 0 for all t € HS'. Hence h =0 by (ii). O

Now we extend this result to H,, recalling the definition of ¢ from (2.33).
Lemma 2.11. Define a linear map 0 : H, — “H, by

_ (p(f)Tdflw wa € dS,,
0(fTw) = { 0 otherwise,
for each f € Ap,w € S,. Then:

(i) 0 is an even homomorphism of (H,, H,)-bimodules;
(ii) the map
f o Hy — Homgy, (Hp, “H,), h— hé
is an even isomorphism of (Hy, H,)-bimodules.
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Proof. (i) According to a special case of Lemma 2.7, the top factor B, in the bimodule
filtration of H,, defined in (2.30) is isomorphic to 9H, as an (H,,H,)-bimodule. The map
f is simply the composite of this isomorphism with the quotient map H, — By.

(ii) Recall that {T,, |w € D;l} forms a basis for H,, as a free left H,,-module, and 9H,,
is isomorphic to H, as a left H,-module. It follows that the maps

{¢w|we D"}

form a basis for Homsyy, (Hp, 9H,) as a free right H,-module, where 1, : H, — %H,, is the
unique left H,,-module homomorphism with ty,(T,,) = 0y .1 for all u € D;l.

The analogous maps ¢ € Homy,q (HEL YHEY) defined by »(T,) = G-l for u € D!
form a basis for Homgyq (HE, ¥H) as a free right HE-module. So in view of Lemma 2.10(iii),

we can find a basis {a,, |w € D;l} for HS! viewed as a right HS-module such that f(a,,) =
Y for each w € D;l, i.e.
o 1 fu=w,

0" (Tuaw) = { 0 otherwise
for every u € D', But H, = HEA,,, so the elements {a,, | w € D;;'} also form a basis for
H,, as a right H,-module, and f(a,) = 1 since § = 0 on HS. Thus f maps a basis of
H,, to a basis of Homyy, (Hy, 9H,) (as free right H,-modules), hence f is an isomorphism of
(Hn, Hy)-bimodules. O

Corollary 2.12. There is a natural isomorphism Homgyy, (Hon, ¥ M) ~ Hy, @y, M of Hyp-
modules, for every left H,-module M.

Proof. Let f : H, — Homy, (Hn,“H,) be the bimodule isomorphism constructed in
Lemma 2.11. Then, there are natural isomorphisms

id
Hn H, M ﬂ&’ HOHIHH (Hm dHl/) OH, M ~ HOIHHN (Hna dHl/ H, M) = Homen (Hm dM)a

the second isomorphism depending on the fact that H, is a free left H,-module, see e.g.
[AF, 20.10]. O

Recall the duality (2.32) on finite dimensional H,,- (resp. H,-) modules.
Corollary 2.13. There is a natural isomorphism ind],(M™) ~ (indZ(dM))T for every finite
dimensional H,-module M .
Proof.  One routinely checks using (2.2) that the functor 7 oindj; o 7 (from the category
of finite dimensional H,,-modules to finite dimensional H,-modules) is right adjoint to res};.
Hence, it is isomorphic to Homy, (Hn,?) by uniqueness of adjoint functors. Now combine

this natural isomorphism with the previous corollary (with x4 and v swapped and d replaced
by d7!). O

We finally record a special case, which is the analogue of [G1, Proposition 5.8]:

Theorem 2.14. Given a finite dimensional H,,-module M and a finite dimensional H.,,-
module N,

(indj "M R N)™ = ind) /" (NT R MT).
Moreover, if M and N are irreducible, the same is true with X replaced by ®.

§2-k. Modifications in the degenerate case. Now we summarize the necessary changes
in the degenerate case ¢ = 1. So now F' is an algebraically closed field of odd characteristic h
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and ¢ = 1. The superalgebras P, A, Hp, Hy, H'" need to be replaced with their degenerate
analogues (but we keep the same symbols).

First of all, P, becomes the ordinary polynomial algebra F|zi,...,z,] concentrated in
degree 0. Then, A, is replaced by the algebra on even generators z1,...,z, and odd
generators ci,...,c,, where the z; satisfy the relations of a polynomial ring and the ¢;
satisfy the same Clifford relations as before (2.7), (2.8). The relations (2.9) become instead:

CiL; = —XT;Cq, Cil'j = xjcz- (2.34)

for 1 < 4,7 < n with i # j. The algebra HS is replaced by the group algebra F'S,, of the
symmetric group, always writing simply w in place of T, before.

Now the affine Hecke-Clifford superalgebra becomes the affine Sergeev superalgebra of
[N]. This is the superalgebra H,, defined on even generators xi,...,Zn,S1,...,S,—1 and
odd generators ci,...,c,. The relations between the x’s and ¢’s are as in the new A, the
relations between the s; are the usual relations of the symmetric group, i.e. (2.11), (2.12)
with ¢ there equal to 1, and there are new relations replacing (2.14)—(2.17):

S§iC; = Cj+1S53, SiCi+1 = CiS4, 5iCj = CjS;, (235)
SiT; = Lj4+15; — 1-— CiCi+1, SiTi+1 = X455 + 1-— CiCi+1, Silj = TjS; (236)
for all admissible 4, 7 with j # i,7 + 1. We record the useful formula, being the analogue of
(2.23):
j—1
. . - g
Six] = ] 1S — Z(:pi Yk b2l ()P eici) (2.37)
k=0
for all j > 1,1 <4 < n. Finally, Hi" is replaced by the subalgebra of H, generated by
the ¢;, s;: it is alternatively the twisted tensor product of a Clifford algebra with the group
algebra of the symmetric group, i.e. the original Sergeev superalgebra considered in [S;], also
see [BKag, §3].

The automorphism o : H,, — H,, and antiautomorphism 7 : H, — H, are now defined
by:

08— —Sn—i, Cj = Cnpl—j, &j = Tpiij (2.38)
TS Si, cj ¢, xj — xj, 2.39)
forallt=1,...,n—1,7=1,...,n.

The basis theorem, proved in an analogous way to Theorem 2.2, now says that H,, has
a basis given by {z%%w | a € Z%q,B € Z3,w € Sp}. The center of H,, proved as in
Theorem 2.3, is now the set of all symmetric polynomials in x%,x%, ..., 22 (see also [N,
Prop. 3.1]). Parabolic subalgebras H, of H,, are defined in the same way as before. The
Mackey Theorem and Theorem 2.14 are proved in an entirely similar way.

3. CycrLoToMIC HECKE-CLIFFORD SUPERALGEBRAS

§3-a. Cyclotomic Hecke-Clifford superalgebras. Keep all the notation from the pre-
vious section. Suppose now that f € F[X;] C H, is a polynomial of the form

adel—i—ad,le_l—i—---—i—ale—i—ao (3.1)
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for coefficients a; € F with aq = 1 and a; = agaq_; for each i = 0,1,...,d. This assumption
implies that
C1f = agX{fCy. (3.2)
Define 7y to be the two-sided ideal of H,, generated by f and let
Hf = H, /Ty (3.3)

We call ’H£ the cyclotomic Hecke-Clifford superalgebra corresponding to f. It is the analogue
in our setting of the cyclotomic Hecke algebra of [AK].

§3-b. Basis theorem. The goal in this subsection is to describe an explicit basis for
Hg, analogous to the Ariki-Koike basis [AK] for cyclotomic Hecke algebras. We introduce
some further notation for the proof. Set f; = f and for ¢ = 2,...,n, define inductively
fi=(Ti=1 + £Ci1Cy) fi—1Ti—1. The first lemma follows easily by induction from (2.23):

Lemma 3.1. Fori=1,...,n,
fi = X 4 (terms lying in Pi_1 X¢HE™ for 0 < e < d) + u;
where u; € Hzﬁn is a unit.
Given Z ={z1 < --- <z} C{L,...,n}, let fz = f., fzy ... f2, € Hn. Define
I, ={(e,2) | Z C{1,...,n},a € Z" with 0 < o;; < d whenever i ¢ Z}, (3.4)
I ={(a,2) €, | Z # @}.

Lemma 3.2. H,, is a free right Hi"-module on basis {X®f7 | (o, Z) € 11,,}.
Proof.  Define a total order < on Z so that

Sl = 8l -1=< gl +1= 15 -2=< 5] +2 <.

We have a corresponding reverse lexicographic ordering on Z": « < o' if and only if a,, =
Qs Qg1 = Qg 0 < @ for some k= 1,...,n. It is important that Z" has a smallest
element with respect to this total order. Define a function v : II,, — Z" by y(a, Z) :=
(Y1, .-+ ,7Yn) where

e ifi¢ Z ora; <0,
=Y oy +d ific Zand oy >0.

We claim that for (a, Z) € II,,,
X%y = X%y + (terms lying in XPH for 5 < y(a, Z)),

where u is some unit in HA". In other words, X“f; = X@2)y 4 (lower terms). Since
v : II,, — Z™ is a bijection and we already know that the {X“ |« € Z"} form a basis for H,,
viewed as a right Hgn—module by Theorem 2.2, the claim immediately implies the lemma.

To prove the claim, proceed by induction on n. If n = 1, the statement is quite obvious.
Now assume n > 1 and the statement has been proved for (n — 1). We need to consider
X%fz for (o, Z) € II,,. If n ¢ Z, then the conclusion follows without difficulty from the
induction hypothesis, so assume n € Z. Let o/ = (a1,...,a,-1) and Z' = Z — {n}. Then
by induction

X f = X720y 4 (terms lying in X HE | for B < (o, Z")),
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where ¢’ is some unit in Hg‘ll. Multiplying on the left by X5 and on the right by f,,, using
Lemma 3.1, one deduces that
XOfy = XonFdx 20y 4 xon X120y, 4+ (terms lying in XPH for 8 < y(a, Z))
where both u’ and w/u,, are units in Hi". Noting that
(@) _ Xgn—i—dXv/(o//,Z/) if a, > 0,
Xon X2 if o, < 0,
this is of the desired form. O

Lemma 3.3. (i) For 1 <i<mn,
i—1
Cif ™ C X CfHE + > PifeHA™
k=1
(ii) For1<i<j<m,

Pi(Tj1 =€) ... (T — (T — X, fHE C i Pj frHa™
k=1
(iii) Forn > 1, Hin, f,Hin = £, Hfin
Proof. (i) Proceed by induction on 7, the case i = 1 being immediate from (3.2). For
1> 1,
CifiHp" = Ci(Tim1 + £Cia C) fimt H" = (Timy — €)Cima fima MO
i—2
C(Ti1 — &)X, fiyH™ 1 Z(Ti—l — &Py fryHin
k=1

i—1 i—1
C XU Tioa +6CaC) fia HE Y Pifi M = X fHE + > PifiHA",
k=1 k=1
applying Lemma 2.1, the relations in H,, especially (2.25), and the induction hypothesis.
(ii) Proceed by induction on (j — i), the conclusion being immediate in case j = i. If
j > i, an application of (2.25), combined with (i) to commute C; past f;, gives that

J
Pi(Tj-1=&) .. (L= )X, fiHy CPj(Tia =€) . (Tipn =X finn M+ D P fiHy".
k=1
Now apply the induction hypothesis.

(iii) By considering the antiautomorphism 7 of Hf" | one sees that H!" | is generated by
the elements C; for 1 <i <n—1and (T;+£C;Cj41) for 1 < j < n—1, and the latter satisfy
the braid relations. We show that each of these generators of Hi%, leave f,HI® invariant.

First, consider C; f, Hi" for 1 <i < n— 1. Expanding the definition of f,, and commuting
C; past the leading terms, it equals

(Tn—1 + £Cn1Cn) ... Ci(T; + £CiCig) fHA"

By the relations, C;(T; + £C;Cit1) = (T; + £CiCi41)Ciqr1. Now the conclusion in this case
follows immediately since C;,1 fiHi® = A0,
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Next, consider (T +&C;Cjt1) faHi® for 1 < j < n— 1. Expanding and commuting again
gives that it equals
(Ta1 +€Cn1Cn) - (Tj + €CjCi1) (Ti1 + ECj11Ch2)(Ty + £C;Cj) fiHR
Applying the braid relation gives
(Tn1 4 €Cn1Cy) - (Tj11 + £C511C512) (T + £C5Ci1) (Tin + £Cj11 Ciya) fiHR"

which again equals f, Hi® as required. O

n
Lemma 3.4. 7 = anfiﬁgn.

i=1
Proof.  Let Hgnn denote the subalgebra of Hi" generated by Cs,...,Cp, Ts, ..., Ty 1, 50
Hin = pHfin  We first claim that

n n

HR € Y (o1 +£CiaC) . (Ty + ECLC)HEY, + D (Ticy =€) - (Th — 1M,
i=1 =1

To prove this, it suffices to show that T,,C? lies in the right hand side for each w € S, 8 €

Z35. Proceed by induction on the Bruhat order on w € S, the case w = 1 being trivial. For

the induction step, we can find 1 <7 <n and v € Sy, such that

T,C° =T, .. \T,C° =T,_, ... T,C""T,C"

where 3’ = (0,82, ...,08,). Now an argument using Lemma 2.1 gives that
T CoF — { (Ty_1 + €C;_1Cy) ... (Ty + §C%CQ)TUCW if p1 =0,
v (T;_1 — &) ... (T — &C1T,,CF if B =1,

modulo lower terms of the form 7., C?" with w’ < w. The claim follows.

Now let J =31 | Pn fiHin, Clearly J C T ¢. So it suffices for the lemma to show that
Zy € J. Noting that H,, = Pann and using the result in the previous paragraph, we get
that

Ir = HofiHn = Ho fiPyH™ = H, fiyHE® = P, 100 £ 10

Y Pu(Ticy +£CiaCy) . (Th + EC1C) AHE 4D Pu(Tic1 — &) ... (T1 — )C1 AHE™
=1 =1
Now, each Py (Tj_1 +£C;_1Cy) ... (Ty +EC1Co) frHAin = P, fyHE C 7. Also each P, (T;_1 —
€)...(Ty — €)O1 f1HA" is contained in J thanks to Lemma 3.3(i),(ii). O

Lemma 3.5. 7 = Z X frHin,

(e, Z)ell}
Proof. We proceed by induction on n, the case n = 1 being almost obvious. So now
suppose that n > 1. Clearly we can assume that d > 0. It will be convenient to write I} for
the two-sided ideal of H,,_1 generated by f, so

= Y, XYfzH, (3.6)
(o, 2")em}

by the induction hypothesis. Let J = Z(a,Z)GHi X fzHE Obviously J C Zy. So in view
of Lemma 3.4, it suffices to show that X f;H" C 7 for each a € Z" and eachi =1,...,n.
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Consider first X f, Hir, Write X = X% XP for 8 € Z"~!. Expanding X” in terms of

the basis of ‘H,,_1 from Lemma 3.2, we see that
XOfHENC YT XX fpHE £
(a/,Z")€ll, 4

This is contained in J thanks to Lemma 3.3(iii).

Finally, consider X®f;H" with i < n. Write X* = X% X? for § € Z""'. By the
induction hypothesis,

XOfH = XpnXPRHRC o S XX fa
(o, Z2")elrt |
Now we need to consider the cases o, > 0 and «a,, < d separately. The argument is entirely
similar in each case, so suppose in fact that a,, > 0. Then we show by induction on «, that
Xon X foHin C F for each (o, Z') € II_,. This is immediate if a,, < d, so take ay, > d
and consider the induction step. Expanding f,, using Lemma 3.1, the set
Xon X o fa My € T

looks like the desired X% X fz/H™ plus a sum of terms lying in X,‘i‘”_d“‘eZ}Han with
0 < e < d. It now suffices to show that each such Xﬁ‘"‘d*‘eI}Han C J. But by (3.6),

XpeTa Y e
(a’,Z’)GH;til

and each such term lies in J by induction, since 0 < a,, —d+e < ay,. O

Theorem 3.6. The canonical images of the elements
{XCPT, | € Z™ with 0 < ay,...,an < d,3 € ZY,w € Sy}

form a basis for 'Hf;.
Proof. By Lemmas 3.2 and 3.5, the elements {X®f7 | (o, Z) € II}} form a basis for Z
viewed as a right Hi"-module. Hence Lemma 3.2 implies that the elements

{XlaeZ" with0 < ay,...,an < d}

form a basis for a complement to Z; in H,, viewed as a right HEi-module. The theorem
follows at once. O

§3-c. Cyclotomic Mackey theorem. We will need a special case of a Mackey theorem for
cyclotomic Hecke-Clifford superalgebras. Let f € P; be a polynomial of degree d > 0 of the
special form (3.1). Let H,J; denote the corresponding cyclotomic Hecke-Clifford superalgebra.
Given any y € H,,, we will write g for its canonical image in H. Thus, Theorem 3.6 says
that the elements
{XCPT, |a € Z" with 0 < ay,...,an < d,B € Z5,w € Sy}

form a basis for Hg. o

It is obvious from Theorem 3.6 that the subalgebra of Hfl 1 spanned by the X aCBT,, for
a€eZ” with0 <ayq,...,an <d, € Zy and w € Sy, is isomorphic to Hfb. We will write
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f
n+1

for the induction and restriction functors between ’Hf and ’H to

. "
de{i and Tes, ¢ il

avoid confusion with the affine analogue from (2.27). So,
de}l“M Hn+1 ®ys M.

Lemma 3.7. Foralll <i<n,j >0, k‘eZg,

X! CEAT, = T,X]Cf € Z (th+1“4 + X +1lcz+1~/4>
h=1
Proof.  Rearrange (2.23) and (2.24). O

Lemma 3.8. (i) 'H£+1 s a free right HY-module on basis
(X0CMT; ... T, |0<a<dbeZy1<j<n+1}

() Hl =HiTH e @ X0 Chy M) as an (], H))-bimodule.
0<a<d,beZs
(iii) For any 0 < a < d, there are isomorphisms

Xeo M en,  Xp CopM 1T, HITH M e, M,

n 1
as (MY, HL)-bimodules.
Proof.  For (i), by Theorem 3.6 and dimension considerations, we just need to check that
Hfi 41 1s generated as a right Hi-module by the given elements. For this, it suffices to show
that all elements of the form
X*CPTy... T, (a€Z"BEZY,0<ay,...,an1 <d)

lie in the right H{-module generated by {XaCka T, \ 0 <a<dbeZyj<k<n+1}.
This involves considering terms of the form X aC’bT k1---Ipforj<k<n4+land0<a<
d,b € Zs, for which Lemma 3.7 is useful.

For (ii),(iii), define a map H}, x Hi, — HL T HY, (u,v) — uT,v. This is Hi_l—balanced,
so induces a well-defined epimorphism

M @, M — HITH,

n 1

of (Hf;, H,]i)—bimodules. We know from (i) that Hfl ®pys H,{ is a free right Hfl-module on
n—1

basis XJ‘?CJ’-’TJ- T i®lforl <5< n0<a<dbe Zy. But ® maps these elements

to X]"C’JI’TJ ... T,_1T, which, again using (i), form a basis for HfLTan; as a free right 'Hf;—

module. This shows that HLT,H{, ~ Hj, o HJ,. Now the remaining parts of (ii), (iii)

n—1

are obvious consequences of (i). O

We have now decomposed 'Hf; 41 as an (Hg, Hﬁ)—bimodule. So the same argument as for
Theorem 2.8 easily gives:

Theorem 3.9. Let M be an Hi-module. Then, there is a natural isomorphism

! f
resz}”'llnd M~ (M e TIM)® @ 1ndH resgf 1M

n 1

of H{ -modules.
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. . . . .M :
§3-d. Duality. We wish next to prove that the induction functor de}‘*l commutes with

n

the 7-duality. We need a little preliminary work.
Lemma 3.10. For1<i<n anda >0,
(Tn +£CuCrin) - (T; + ECiCop ) XPT; . T = X5ty + (%) (3.7)

a—1
where (x) is a term lying in HﬁTan + Z ( +1'H + Xnﬁc +1H£); and
k=1

(Tn + §CnCrpa) .. (T; + §CiCip ) XPCIT; . Ty = X3t Crgt + (%) (3.8)
where (xx) is a term lying in HfLTanL + Z ( +1H + XnHC +1H£).
k=1

Proof.  'We prove (3.7) and (3.8) simultaneously by induction on n =4,i+1,.... In case
n = i, they follow from a calculation involving (2.23) or (2.24) respectlvely, together with
Lemma 3.7 to commute X 41 and Xe +1C’n+1 past T,,. The induction step is similar, noting

that both (Th41 + £Cry1Chya) and Tpyq centralize H. O

Lemma 3.11. For any s € 'Hf
XdHS = —aps + (a term lying in 'HfT Hf + Z ( HHfL + Xﬁ;%é’nﬂ'f'[?{)) .

Proof.  Recall the polynomial f € F[X;] from (3.1). Its image f € H{ is zero. Hence,
(Tn + £CnCryr) ... (T1 + ECLCo) fT ... T, = 0.

But a calculation using (3.7) shows that the left hand side equals X nt1 T ag modulo terms

of the given form. The lemma follows easily on multiplying on the right by s. O

Lemma 3.12. There exists an even (Hfl,Hfl)—bimodule homomorphism 6 : H£+1 — M}
such that ker 0 contains no non-zero left ideals of HfH_l
Proof. By Lemma 3.8(ii), we know that

d—1
Hl =& Copt] @ GB (Xa] @ Xy, Cunith) @ HIT

=1
as an (M3, HJ)-bimodule. Let 6 : ’Hn b1 HJ, be the projection onto the first summand of
this bimodule decomposition. We just need to show that if y € Hfl 41 has the property that

O(hy) =0 for all h € H£+1, then y = 0. Using Lemma 3.8(i), we may write
d—1 d—1 n
y = (Xg+1sa + Xg+lén+1ta) >3 (X“T Trtta; + X0C4T; . fnva,j)
a=0 a=0 j=1
for sq,ta;Ua,j,va,j € HL. Consider H(Xgﬁénﬂy). An application of Lemma 3.7 reveals
that this equals t4_1, hence t3_1 = 0. Next consider (X, +1y). Using Lemma 3 11 as well
as Lemma 3.7 this time, we get that s;_; = 0. Now consider similarly 6(X JrlC’ 11Y),
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0(X3L+1y), G(ijé’nﬂy),e(f(gﬂy), ... in turn to deduce t4_9 = S4_2 = tg_3 = S4_3 =

R—Y
We have now reduced to the case that
d—1 n
y=3 3 (5T Tywa + X5C5T5 . Ty )
a=0 j=1

Now consider y/ := (Tn + §énén+1)y. Note
(Tn + fénén+l)Tn—1Tn = Tn—lfn(fn—l + fén—lén)
so the terms of y with j7 < n yield terms of 3’ which lie in HfLTn’HfL. Hence, by Lemma 3.10

too, ~ ~
Y = X 1Cni10a1,0 + (%)

d-1
where (¥) is a term lying in H/ T, HJ + Z (XZYLHH{; + Xﬁ;ié’nHHi) Now multiplying ¢/’
k=1

by XSHCN’,LH and applying ¢, as in the previous paragraph, gives that v4_;, = 0. Hence
in fact, by Lemma 3.10 once more, we have that
y/ = Xg;}ud—l,n + (*)

and now one gets u4—1, = 0 on multiplying by Xn+1 and applying 6, again as in the previous
paragraph. Continuing in this way gives that all ug, = v4, = 0.

_Now repeat the argument in the previous paragraph again, this time considering y =
(T + €CCrni1)(Th—1 + £Cr—1Cy)y, to get that all ug p—1 = v4n—1 = 0. Continuing in this
way eventually gives the desired conclusion: y =0. O

Now we are ready to prove the main result of the subsection:

Theorem 3.13. There is a natural isomorphism H{LH ®,,s M ~ Hom, (Hfl_ﬂ, M) for all

Hf;—modules M.

Proof. ~ We show that there is an even isomorphism ¢ : H/ 41 — Hom, s (HS +1,H£) of
('H£ +1,H£)—bimodules. The lemma then follows on applying the functor ? ®, , M: one
obtains natural isomorphisms

®id
MYy @40 M5 Homyy (H L 1)) @40 M~ Homy (MY, M).

Note the existence of the second isomorphism here uses the fact that H{L 11 1s a projective
left 7—{£—module7 see [AF, 20.10].

To construct ¢, let 6 be as in Lemma 3.12, and define ¢(h) to be the map h#, for each
h € H£+1. One easily checks that ¢ : H£+1 — Hom, (H£+1,H£) is then a well-defined
homomorphism of (Hfl +1,H£)—bimodules. To see that it is an isomorphism, it suffices by
dimensions to check it is injective. Suppose ¢(h) = 0 for some h € Hf; 4+1- Then for every

T € H£+17 O(xzh) =0, i.e. the left ideal H£+1h is contained in ker 6. So Lemma 3.12 implies
h=0. O

Corollary 3.14. H£ is a Frobenius superalgebra, i.e. there is an even isomorphism of left
Hfl—modules H£ o~ HomF(HIL,F) between the left reqular module and the F-linear dual of
the right regular module.
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Proof.  Proceed by induction on n. For the induction step,

] =M @y H  ~Hl® v Homp(H!_,, F)

-1 -1

~ HomHi (Hn,HomF(Hn L F)) ~ HomF(Hf;_l Bnt_, HI,F)

~ Homp(H/, F),
applying Theorem 3.13 and adjointness of tensor and Hom. 0O

For the next corollary, recall the duality induced by 7 (2.32) on finite dimensional H,,-
modules. Since 7 leaves the two-sided ideal Z; invariant, it induces a duality also denoted

7 on finite dimensional Hf;—modules

!
Corollary 3.15. The ezact functor 1nd "“ is both left and right adjoint to 1"esH"+1 More-
over, it commutes with duality in the sense that there is a natural isomorphism
f
indHZ“(MT) ~ (indHZ“M)T
for all finite dimensional Hf modules M.

. - HIL . :
Proof.  The fact that 1nd "“ = Hf; +1®,,¢ 7 is right adjoint to 1resH;Z+1 is immediate from

Theorem 3.13, since Hom,, ! (Hf; 41, 7) is right adjoint to restriction by adjointness of tensor

and Hom. But on finite dimensional modules, a standard check using (2.2) shows that the
.M : : . o o
functor 7 o 1ndH;}+1 o T is also right adjoint to restriction. Now the remaining part of the

corollary follovvsnby uniqueness of adjoint functors. 0O

§3-e. Modifications in the degenerate case. In the degenerate case, ’Hﬁi becomes the
cyclotomic Sergeev superalgebra defined for f € F[z1] C H,, a polynomial of the form

d—4
:U1+ad 2([)1 +ad 4Ty T F .,

i.e. the powers of z; appearing are either all even or all odd and the leading coefficient is
1. By definition, H,’; = H,/Z; where Iy is the two-sided ideal generated by f. The basis
theorem says that H{ has basis given by the images of

{%Pw | e 72 So with 0 < a; < d, B € Zy,w € Sy},

where 7y is the two-sided ideal of 'H,, generated by f.

The proof is entirely similar to that of Theorem 3.6; actually in this case it is much more
straightforward. To give a little more detail, one defines the element f; = s;_1...51fs1...8i—1
for each i = 1,...,n then defines fz as before for Z C {1,...,n}. By (2.37),

fi = ¢ 4 (a linear combination of terms lying in P;_1z{HI™ for 0 < e < d).
Given this one easily proves as in Lemma 3.2 that the
{(2%fz | Z C{1,...,n},a € Z5, with 0 < o; < dif i ¢ Z}
form a basis for H,, viewed as a right Hgn—module. Moreover, arguing as for Lemma 3.5 the
{2%fz19#Z C{1,...,n},a € Z3, with 0 < oy < d if i ¢ Z}

form a basis for 7 as a right Hgn—module. Finally, the proof is completed as in Theorem 3.6.
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Theorem 3.9 goes through without significant alteration. Note a suitable decomposition
of H{L 41 as an (M4, HL)-bimodule is

M= P inda M eHs.H]. (3.9)
0<a<d,bEZs
To prove that induction commutes with duality, i.e. Theorem 3.13, there is a slight twist in
proving the analogue of Lemma 3.12: the map 8 should be taken to be the projection
0: H7{+1 - $Z111H£ ~ H},
along the direct sum decomposition (3.9).

4. THE CATEGORY OF INTEGRAL REPRESENTATIONS

84-a. Affine Kac-Moody algebra. Now we introduce some standard Lie theoretic nota-
tion. Let us treat the case h # oo first, when we let £ = (h —1)/2 and g denote the twisted

affine Kac-Moody algebra of type Ag) (over C), see [Kc, ch. 4, table Aff 2]. In particular

we label the Dynkin diagram by the index set I = {0, 1,...,¢} as follows:

-2 (-1 ¢ .
o oo ey if£>2, and = iff=1.

The weight lattice is denoted P, the simple roots are {«; | € I} C P and the corresponding
simple coroots are {h; | i € I} C P*. The Cartan matrix ((hi, a;))o<; j<; i

2 -2 0 -~ 0 0 O
-1 2 -1 --- 0 0 O
o -1 2 -~ 0 0 O
. 2 —4 .
. if £ > 2, and (_1 2> if £/ =1.
o o o0 ... 2 =10
o o o ... -1 2 =2
o o o ... 0 -1 2

Let {A; |7 € I} C P denote fundamental dominant weights, so that (h;, A;) = d;;, and let
P, C P denote the set of all dominant integral weights. Set
¢ —1
c=ho+ ) 2h;, 5= 20;+ay (4.1)
i=1 i=0
Then the Ay, ..., Ay, d form a Z-basis for P, and (¢, ;) = (h;,d) =0 for all i € I.
In the case h = oo, we make the following changes to these definitions. First, we let £ = oo,
and g denotes the Kac-Moody algebra of type B, see [Ke, §7.11]. So I = {0,1,2,...},

corresponding to the nodes of the Dynkin diagram
0o 1 2

Note certain notions, for example the element ¢ from (4.1), only make sense if one passes to
the completed algebra b, see [Kc, §7.12], though the intended meaning whenever we make
use of them should be obvious regardless.

Now, for either h < oo or h = oo, we let Ug denote the Q-subalgebra of the universal
enveloping algebra of g generated by the Chevalley generators e;, f;, h; (i € I). Recall these
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are subject only to the relations

[hi, hj] =0, les, f5] = 0ijhis (4.2)
[hisej] = (hiyo)ej, (e, fi] = —(his ) £, (4.3)
(ad e;) '~ hiake, = 0, (ad f;) 1~ hoord £ = 0 (4.4)

for all 4,7,k € I with i # k. We let Uz denote the Z-form of Ug generated by the divided
(n

: ) = e’ /n! and fl-(n) = fI'/n!. Then, Uz has the usual triangular decomposition

Uz = U, UYUS .

powers e

We are particularly concerned here with the plus part Uir , generated by all egn). It is a
graded Hopf algebra over Z via the principal grading deg(egn)) =nforallie l,n>0.

§4-b. Cyclotomic Hecke-Clifford superalgebras revisited. Given i € I, define
L 4 g2l

1) =2
q(i) "

Note in particular that ¢(0) = 2. For A € P, let Z, denote the two-sided ideal of H,
generated by the element

e L. (4.5)

l
(X1 — DN TT 0 + X1 = (i) eV (4.6)

i=1
Up to a power of the unit X7, this is an element of the form (3.1), so the quotient superal-
gebra

HY = H, /Ty
is a special case of the cyclotomic Hecke-Clifford superalgebras introduced in the previous
section. This quotient of H,, defined for A € P, should not be confused with the parabolic
subalgebra H,, defined earlier for y a composition of n.

Theorem 3.6 immediately gives the following basis theorem for H:

Theorem 4.1. For any X\ € Py, the canonical images of the elements

{XCPT, | € Z™ with 0 < ay,...,an < (¢, \),B € Z}, w e S,}
form a basis for H,. In particular, dim H, = (2(c, \))"(n!).
Remark 4.2. In the special case A = Ag is the first fundamental dominant weight, the
cyclotomic Hecke-Clifford superalgebra H, can be identified with the superalgebra Hfn,
This follows easily from Theorem 4.1: since {(c, Ag) = 1, HA0 has basis given by the images

of the elements {CPT,, | 8 € Z3,w € S, } just as Hi" and the multiplications are the same
by construction. See also [JN, Prop. 3.5].

Introduce the functors
pr’ : H,-mod — Hj-mod, infl* : H)-mod — H,,-mod . (4.7)

Here, infl* is simply inflation along the canonical epimorphism H,, — H;\, while on a module
M, pr*M = M/I\M with the induced action of H%. The functor infl* is right adjoint to

pr?, i.e. there is a functorial isomorphism

Homy (pr* M, N)) ~ Homyy,, (M, infl* N). (4.8)
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Note we will generally be sloppy and omit the functor infl* in our notation. In other words,
we generally identify H}-mod with the full subcategory of H,,-mod consisting of all modules
M with ZyM = 0.

84-c. Elements éj. We will need certain elements of H,, defined originally by Jones and
Nazarov. Given 1 < j < n, define

2= X+ X = X - X = XXX 0 - D)(XGX - 1), (4.9)
b, = 2T, 1 ¢ 4 ¢ 4 oo (4.10)
= 23T + - ity .

J X, X]_+1 1 X]X]+1 -1 &g+l

Then ij is equal to zqu)j where ®; is the element defined by Jones and Nazarov in [JN,

(3.6)]. Note ®; really does make sense as an element of M, unlike ®; which belongs to a
certain localization. An easy calculation as in [JN, (3.7)] gives that

F +1 +1 +1 +1F T +1 +1F
o X = X5, oXF =X7'9;, X =Xy, (4.11)
®;C; = Cin®j,  2;Cj = C;P;, ©;C), = Cy@; (4.12)
for k # j,j + 1. Moreover, [JN, Prop. 3.1] implies that
0% = 27 (X 2(X; X — DXL — 1) = €X' XL (XX — 1)
— XX (XX —1)7). (4.13)

In order to make use of this, we need the following techmcal lemma:
Lemma 4.3. Suppose a,b € F* with b+ b~ = q(i) for some i € I. If
a=2(ab—1)%(ab™t — 1)2(a_2(ab —1D)%(abt —1)2 —&2a ! (ab —1)?
—&ab(ab™' —1)%) =0.
then a +a~! = q(j) for j € I with |i —j| < 1.
Proof.  Follow [JN, (4.1)-(4.4)]. O

A more lengthy calculation also as in [JN, Prop. 3.1] shows that the elements (i>j satisfy
the braid relations, i.e.

(i)i(i)j = (i)j(i)i, (i)zci)H_l(i)Z = (ii_:,_l(ii(i)“_l, (4.14)
for all admissible ¥ with |i — j| > 1 Thi§ means that for any w € S,, we obtain well-

defined elements ®,, € H,,, namely, ®,, := &;, ... éim where w = s;, ... s;,, is any reduced
expression for w. According to (4.11),(4.12), these elements have the property that

i)’LIJ“)(7J:‘:1 = Xi):iléwa éwcz = Cwi&)wy (415)

for all w € S,,,1 <1i <n. Note we will not make essential use of (4.15) or the fact that the
®; satisfy the braid relations in what follows.

84-d. Integral representations. Now call an A,-module M integral if it is finite dimen-
sional and moreover all eigenvalues of X1+ X; ', ..., X,,+ X, ! on M are of the form ¢(i) for
i € I, see (4.5). Call an ‘H,,-module, or more generally an H,-module for x a composition of
n, integral if it is integral on restriction to A,. In what follows we will restrict our attention
to these modules, and write Rep; H,, (resp. Rep; A,, Rep; H,,) for the full subcategory of
Hp-mod (resp. Ap-mod, H,-mod) consisting of all integral modules.
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Lemma 4.4. Let M be a finite dimensional H,-module, and 1 < j < n. Assume that the
eigenvalues of X; + Xj_1 on M are of the form q(i), i € I. Then the same is true for the

etgenvalues of all other X + Xk_l, k=1,2,...,n.
Proof. It suffices to show that the eigenvalues of X; + X ;1 are of the form ¢(7) if and

only if the eigenvalues of X; 1 + X i +11 are of the same form, for 1 < j < n. Actually, by
an argument involving conjugation with the automorphism o, it suffices just to prove the
‘if” part. So assume that all eigenvalues of X; i + X j_+11 on M are of the form ¢(i) for
various 7 € I. Let a # 0 be an eigenvalue for the action of X; on M. We have to prove
that a + a~! is also of the form ¢(i). Since Xj and X1 commute, we can pick v lying in
the a-cigenspace of X; so that v is also an eigenvector for X;i1, of eigenvalue b say. By
assumption, b+ b1 = ¢(i) for some i € I. Now let ®; be the element (4.10). By (4.11),
(X1 + X))@ = (X, + X;1). Soif ;v # 0, we get that
(a+a )5 = &;(X; + X; v = (Xju1 + Xj ) ®jv

so that a + a~' = ¢(i') for some i’ € I by assumption. Else, &ij =0 so @?U = 0. So
applying (4.13) and Lemma 4.3, we again get that a +a~! = ¢(’) for some i’ € I. O

Corollary 4.5. Let M be a finite dimensional H,-module. Then M is integral if and only
if IxM =0 for some X\ € Py.

Proof. If ZyM = 0, then the eigenvalues of X7 + Xl_1 on M are of the form ¢(i) for i € I,
by definition of Z,. Hence M is integral in view of Lemma 4.4. Conversely, suppose that M
is integral. Then the minimal polynomial of X1 + X; ' on M is of the form [[,;(t — q(i))™
for some A; > 0. So if we set A = 2 gAg + A Ay + - + ApAy € Py, we certainly have that
the element (4.6) acts as zero on M. O

Recall from §2-c that Rep HQ denotes the category of all finite dimensional Hﬁ—modules.
Corollary 4.5 implies that the functors pr* and infl* from (4.7) restrict to a well-defined
adjoint pair of functors at the level of integral representations:

pr* : Rep; H,, — Rep H,), infl* : Rep H;y — Rep; Ho. (4.16)

Let us also check at this point that induction from a parabolic subalgebra of H,, preserves
integral representations, the analogous fact for restriction being obvious.

Lemma 4.6. Let pu be a composition of n and M be an integral H,-module. Then, ind, M
s an integral H,-module.
Proof. By Theorem 2.2, indj; M is spanned by elements T,, ® m for m € M, in particular
it is finite dimensional. Let

v, = [1CX + X7 = a()).

el

By Corollary 4.5, it suffices to show that YlN annihilates indy M for sufficiently large N.
Consider YlNTw ®m for w € Sp,,m € M. We may write T,, = T, T} ...T} for u € Sy, =
Sn_1and 0 < k <n. Then, YlN commutes with T, so we just need to consider YlN ... T.®
m. Now using the commutation relations, one checks that Y{V T} ...Tp ® m can be rewritten
as an H,-linear combination of elements of the form 1 ® YjN "m for 1 <j<nand N —k <
N’ < N. Since M is integral by assumption, we can choose N sufficiently large so that each
such term is zero. O
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It follows that the functors indz7 res, restrict to well-defined functors

ind), : Rep; H,, — Rep; Hn, res, : Rep; Hy, — Rep; Hy, (4.17)

on integral representations. Similar remarks apply to more general induction and restriction
between nested parabolic subalgebras of H,,.

§4-e. Modules over A,,. Let i € I and define
V(@) [a(i)?
b =L 441
i.e. the roots of the equation x + 27! = ¢(i). Let L(i) denote the vector superspace on basis
w,w’, where w is even and w’ is odd, made into an A;-module so that

Crw =w', Crw' =w, Xilw =by(i)w, Xi'w' = bs(i)w'.

One easily checks:

(4.18)

Lemma 4.7. For each i € I, L(i) is an irreducible A;-module, of type M if i # 0 and
of type Q if i = 0. Moreover, the modules {L(i) | i € I} form a complete set of pairwise
non-isomorphic irreducibles in Rep; A;.

Recall that A,, = A;®---®.A4; (n times) as superalgebras. Hence, fori = (iy,...,i,) € I,
we can consider the irreducible A,-module L(i1)®- - -®L(iy). By Lemma 4.7 and the general
theory of outer tensor products §2-b, one obtains:

Lemma 4.8. The Ay,-modules {L(i1)®---® L(iy)|i € I"} form a complete set of pairwise
non-isomorphic irreducible A, -modules. Moreover, let vy denote the number of j =1,...,n
such that i; = 0. Then, L(i1) ® - -- ® L(ip) is of type M if v is even and type Q if v is odd.
Finally, dim L(i1) ® - - - ® L(iy,) = 2"~ 10/2].

Now let M be any module in Rep; A,,. For any i € I", let M|[i] be the largest submodule
of M all of whose composition factors are isomorphic to L(i1) ® - -+ ® L(ip). Alternatively,
since each Xy + X, ' acts on L(i1) ®- - -® L(i,) by the scalar g(i;) and all the scalars g(i) for
i € I are distinct, we can describe M[i] as the simultaneous generalized eigenspace for the
commuting operators X +Xf1, .o, X+ X! corresponding to eigenvalues q(i1), . .., q(in),
respectively. Hence:

Lemma 4.9. For any M € Rep; A, M = EB M]i] as an Ay,-module.

ZGI"
We write K(Rep; Ay), K(Rep; Hy), ... for the Grothendieck groups of the categories
Rep; A,,Rep; Hy, ..., defined as in §2-c. Note for an integral A,-module M, knowledge of

the dimensions of the spaces M|i] for all ¢ is equivalent to knowing the coefficients a; when
[M] € K(Repy Ay) is expanded as

[M] =" a;[L(i1) ® - ® L(in)]
ieln

in terms of the basis {[L(i1) ® --- ® L(i,)] | i € I"}.
Now suppose instead that M is an integral H,-module, so that its restriction resy ;M
to A, is in Rep; A,. We define the formal character of M by:

ch M = [res] M] € K(Rep;Ay). (4.19)
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Since the functor resy ; is exact, ch induces a homomorphism
ch : K(Rep; Hy) — K(Rep; A,)

at the level of Grothendieck groups. We will later see that this map is actually injective
(Theorem 5.12), justifying the terminology. Note we will occasionally consider characters
of integral modules over parabolic subalgebras H, for p a composition of n, or over the
cyclotomic algebras H;\ for A € P,. The definitions are modified in these cases in obvious
ways.

Lemma 4.10. Let i = (i1,...,in) € I". Then
chind? L(i1) ® - @ L(in) = Y [L(iy-11) ® - ® L(iyy-1,)]
wESn
Proof.  This follows from Theorem 2.8 with p=v = (1"). O

Lemma 4.11. (“Shuffle Lemma”) Let n = m+k, and let M € Rep; Hy, and K € Rep; Hy,
be irreducible. Assume

M= Y 0Ll @ @ Lin)),  hK = 3 b6 @ @ LG
ielm jerk
Then
chindy, M ®K = > "> a;ib;(> L(h1) ®-- @ L(hy)),
i€l jerk h
where the last sum is over all h = (hy,...,hy) € I" which are obtained by shuffling i and
i, i.e. t/l\tere exist 1 < up < -+ < Uy < n such that (hyyy... hy,) = (i1,...,0m), and

Pty ey gy ) = (s - )
Proof.  This follows from Theorem 2.8 with p = (1") and v = (m,k). O

§4-f. Central characters. Recall by Theorem 2.3 that every element z of the center
Z(H,) of H,, can be written as a symmetric polynomial f(X; + Xl_l, e X+ X1 in the
Xy + X,;l. Given ¢ € I™, we associate the central character

Xi i Z(Hn) = F, f(X1+ X7 X+ X0 o flalin), - lin).

Consider the natural left action of S,, on I" by place permutation. We write i ~ j if ¢, j lie
in the same orbit. The following lemma follows immediately from the fact that the ¢(i) are
distinct as ¢ runs over the index set I.

Lemma 4.12. Fori,j € I", x; = x; tf and only ifi ~ j.
Given i € I, we define its weight wt(i) € P by

wt(i) = Z%ai where vi=8{j=1,...,n|i; =i} (4.20)
i€l
So wt(i) is an element of the set I',, of non-negative integral linear combinations v =
> ic1 Vicy of the simple roots such that ;v = n. Obviously, the S,-orbit of 4 is uniquely
determined by its weight, so we obtain a labelling of the orbits of S, on I"™ by the elements
of I';,. We will also use the notation ., for the central character x; where 7 is any element
of I" with wt(i) = 7. So X; = Xwt(i)-
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Now let M be an integral H,-module and v = . _; vio;; € T',. We let M[y] denote the
generalized eigenspace of M over Z(H,) that corresponds to the central character x., i.e.

My ={m € M| (z — x,(2))fm = 0 for all z € Z(H,) and k > 0}.

Observe this is an H,-submodule of M. Now, for any i € I"™ with wt(i) = v, Z(Hy) acts on
L(i1) ® --- ® L(iy,) via the central character x,. So applying Lemma 4.12, we see that

MM = P M,

i with wt(2)=~
recalling the decomposition of M as an 4,-module from Lemma 4.9. Therefore:

Lemma 4.13. Any integral Hy-module M decomposes as

M = (P M[]

Y€
as an H,-module.

Thus the {x |y € I',} exhaust the possible central characters that can arise in an integral
‘H,-module, while Lemma 4.10 shows that every such central character does arise in some
integral H,-module.

Let us write Rep, Hy, for the full subcategory of Rep; H, consisting of all modules M
with M[y] = M. Then, Lemma 4.13 implies that there is an equivalence of categories

Rep; H, = @ Rep, H. (4.21)
7€l
We say that Rep,, H,, is the block of Rep; H,, corresponding to the central character x. In
particular, if M # 0 is indecomposable then M belongs to Rep, H,, i.e. M = M [v], for a
unique v € I'y.

We can extend some of these notions to Hj-modules, for A\ € P,. In particular, if
M € RepH,), we also write M[y] for the summand M[y] of M defined by first viewing
M as an H,-module by inflation. Also write Rep,, H) for the full subcategory of Rep H;)
consisting of the modules M with M = M|y]. Thus we also have a decomposition

Rep H;, = €P Rep, H, (4.22)

vel'y
induced by (4.21). Note though that we should not yet refer to Rep, H) as a block of
Rep H): the center of H;) may be larger than the image of the center of H,, so we cannot
yet assert that Z(H,) acts on M|y] by a single central character. Also we no longer know

precisely which v € I';, have the property that Rep, H,\ is non-trivial. These questions will
be settled in §8-d.

§4-g. Kato’s theorem. Let ¢ € I. Introduce the principal series module

L(i") :==ind} ,L(i) ®---® L(3). (4.23)
By Lemma 4.10, we know immediately that ch L(i") = n![L(i) ® --- ® L(7)], hence L(i")
belongs to the block Rep,,,. Hy,. In particular, for each k = 1,...,n, the only eigenvalue of

the element X + Xk_1 on L(i") is ¢q(¢). In addition, if ¢ = 0, then the only eigenvalue of
each X} is 1.
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Lemma 4.14. Letn > 2,1 <j<n, i€l —{0}, andv € L(i) K --- X L(i) (n copies).

Then X; (1 — CjCji1)v # (1 — C;Cj1) Xjy1v.

Proof.  The elements of A,, which are involved in the inequality act only on the positions

j and j 4 1 in the tensor product. So we may assume that n =2 and j = 1. Let
v=aw@w+bww +cw ®w+dw @uw

for a,b,¢c,d € F. Then
X1 - C109)w = (b_(i)a + b_(i)d)w @ w + (b_(i)b + b_(i)c)w @ w’
+ (by(i)c — b (D))’ @ w + (b4 (1)d — by (7)a)w’ @ W',

(1 —C1Cy)Xov = (by()a+b_(i)d)w @ w + (b—(8)b + by (i)c)w @ W’
+ (by(i)c = b_(D)b)w' @ w + (b—(i)d — by (i)a)w’ @ w'.
Now the lemma follows from the inequality b_(i) # by (i) for i #0. O

Lemma 4.15. Leti€ 1. Set L=L(i)®---® L(i), so L(i") = Hy, ®4,, L.
(i) If i # 0, the common q(i)-eigenspace of the operators X1 + Xfl, o X1+ X;El
on L(i™) is precisely 1 ® L, which is contained in the q(i)-eigenspace of X, + X, *
too. Moreover, all Jordan blocks of X1 + Xl_1 on L(i") are of size n.
(ii) Ifi =0, the common 1-eigenspace of the operators X1, ..., Xp—1 on L(i") is precisely
1® L, which is contained in the 1-eigenspace of X, too. Moreover, all Jordan blocks
of X1 on L(i"™) are of size n.
Proof.  We prove (i), (ii) being similar. Note L(i") = @ ,cg, Tz ® L, since by Theorem 2.2
we know that H,, is a free right A,-module on basis {T,, |z € S, }.
We first show that the eigenspace of X1+ X ! is a sum of the subpaces of the form Ty®L,
where y € So._,, = S,—1 is the subgroup of S,, generated by so,...,s,-1. Well, any T, can
be written as T,,T175 ... T} for some y € Sy, and 0 < j < n. Note

(Xj1 + X2 = a(i))v =0
for any v € L, by definition of L. Now the defining relations of H,, especially (2.21), (2.22)
imply
(X1 + X g, .. Tj@v =
ET,T1 ... Tjma @ (X1 (1 = CjCjp1) = (1 = CjCj1) Xja) + (),
where () stands for a sum of terms which belong to subspaces of the form T,/T...T}, ® L

fory' € So. pand 0 < k< j— 1.
Now assume that a linear combination

zi= > YD ey T Ty @0

yESQ.“n OS.?<TL veL

is an eigenvector for X7 4+ X7 '. Then it must be annihilated by X; + X;* — ¢(i). Choose
the maximal j for which the coefficient ¢, ;. is non-zero, and for this j choose the maximal
(with respect to the Bruhat order) y such that ¢, ;. is non-zero. Then the calculation above
and Lemma 4.14 show that (X7 + X' — q(i))z # 0 unless j = 0. This proves our claim on
the eigenspace of X1 + Xl_l.
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Now apply the same argument to see that the common eigenspace of X; + X 1 and
Xo + X2_1 is spanned by T, ® L for y € S3_,, and so on, yielding the first claim in (i).
Finally, define

V(m):={z € L") | (X1 + X; ' —q(i))™z = 0}.
It follows by induction from the calculation above and Lemma 4.14 that
V(m) =span{T,T1T>...T; Qv |y € So._pn, j <m, v € L},
giving the second claim. O

Now we are ready to prove the main theorem giving the structure of the principal series
module L(i"), compare [Kt].

Theorem 4.16. Leti € I and = (u1,- .., ) be a composition of n.

(i) L(i") is irreducible of the same type as L(i) ® --- ® L(i), i.e. type M if either i # 0
ori =0 and n is even, type Q otherwise, and it is the only irreducible module in its
block.

(ii) All composition factors of res),L(i") are isomorphic to L(i*1) ® --- & L(i**), and
socres); L(i") is irreducible.

(iii) socres” | L(i") = res! P L") @ L(i).
Proof.  Denote L(i) ® --- ® L(i) by L.
(i) Let M be a non-zero Hj-submodule of L(:"). Then, resf ;M must contain an A;-

submodule N isomorphic to L. But the commuting operators X; + Xl_l, s X+ X
(or Xy,...,X, if i = 0) act on L as scalars, giving that N is contained in their common
eigenspace on L(i"). But by Lemma 4.15, this implies that N = 1 ® L. This shows that M
contains 1 ® L, but this generates the whole of L(i") over H,. So M = L(i").

To see that the type of L(i") is the same as the type of L, the functor indy _; determines

a map

Endy, (L) — Endy, (L(3")).
We just need to see that this is an isomorphism, which we do by constructing the inverse
map. Let f € Endy, (L(i")). Then f leaves 1 ® L invariant by Lemma 4.15, so f restricts
to an A,-endomorphism f of L.

Finally, to see that L(i") is the only irreducible in its block, we have already observed
using Lemma 4.10 that ch L(:") = n![L(i) ® --- ® L(7)]. Hence all composition factors of
resf ;L(i") are isomorphic to L(i) ® - -- ® L(i). Now apply Frobenius reciprocity and the
fact just proved that L(i™) is irreducible.

(ii) That all composition factors of resj;L(:") are isomorphic to L(i#') & --- ® L(i**)
follows from the parabolic analogue of (i). To see that socres);L(i") is simple, note that
the submodule H, ® L of resy, L(i") is isomorphic to L(i*1) ® --- ® L(i*). This module
is irreducible, and so it is contained in the socle. Conversely, let M be an irreducible H,,-
submodule of L(i"). Then using Lemma 4.15 as in the proof of (i), we see that M must
contain 1 ® L, hence H, ® L.

(iii) By (ii), L(i") has a unique Hy,_1 1-submodule isomorphic to L(i" ') ® L(i), namely,
H,—1,1®L. Since this is completely reducible on restriction to H,_1, it follows that H,,—11®
L C socres]!_;L(i"). Conversely, take any irreducible H,,_j-submodule M of L(i"). The
common eigenspace of X1 —|—X1_1, v, Xn1 —|—X;_11 (resp. Xi,...,X,—1ifi=0) on M must
liein 1 ® L by Lemma 4.15. Hence, M C H,_1 1 ® L which completes the proof. O
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§4-h. Covering modules. Fix ¢ € I and n > 1 throughout the subsection. We will
construct for each m > 1 an ‘H,-module L,,(:") with irreducible cosocle isomorphic to L(i").
Let J(i") denote the annihilator in H,, of L(:"). Introduce the quotient superalgebra

Ron (i) := Hp /T (™)™ (4.24)

for each m > 1. One checks that 7 (i") contains (X + X, ' — q(i))™ for each k = 1,...,n.
It follows easily from this that each superalgebra R,,(i") is finite dimensional. Moreover,
by Theorem 4.16, L(i"™) is the unique irreducible R, (i")-module up to isomorphism.

Let L,,(i") denote a projective cover of L(i™) in the category R, (i")-mod. For conve-
nience, we also define Ly(i") = Ro(i") = 0. Note we know the dimension of L(i") from
Lemma 4.8, and moreover L(i") is of type Q if « = 0 and n is odd, type M otherwise. Using
this and the general theory of finite dimensional superalgebras, one shows:

Lemma 4.17. For each m > 1,
(L (i) @ Ly (") &™) i i £ 0,
Ron(i") 22§ (L (i™) @ MLy, (i) ®2" 72200 i — 0 and n is even,
Lm(i”)@Q(nfl)/Q(”!) if i =0 and n is odd,

as left Hyp-modules. Moreover, L, (i") admits an odd involution if and only if i =0 and n
1s odd.

There are obvious surjections
R1(i") « Ra(i") «— ... (4.25)

In the case m = 1, we certainly have that L;(:") & L(i"); let us assume by the choice of
Li(i") that in fact L;(i") = L(i"). Then we can choose the L,,(i") for m > 1 so that the
the maps (4.25) induce even maps

Li(i") «= Lo(i") « ... (4.26)
Moreover, in case ¢ = 0 and n is odd, we can choose the odd involutions
Om : Lin(i") — L (i) (4.27)

given by Lemma 4.17 in such a way that they are compatible with the maps in (4.26).
The significance of the H,,-modules R, (i") is explained by the following lemma:

Lemma 4.18. Let M be an H,-module annihilated by j(z”)k for some k. Then, there is a
natural isomorphism
Homyy, (R (i), M) — M
for allm > k.
Proof.  The assumption implies that M is the inflation of an R,,(i")-module. So

Homyy, (R (i), M) ~ HomRm(in)(Rm(i”), M)~ M,
all isomorphisms being the natural ones. O

Let us finally consider the most important case n = 1 in more detail. In this case, one
easily checks that the ideal J (i)™ is generated by (X1 4+ X; ' —q(i))™ if i # 0 or (X1 —1)™
if ¢ = 0. It follows that

4m if i # 0,

dim Ry, (i) = { o il (4.28)
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Moreover, Lemma 4.17 shows in this case that

. Ly, (i) ® Ly, (i) ifi#0,
Rt~ { 1700 20 (429)
Hence, dim L,,(i) = 2m in either case. Using this, it follows easily that L,,(i) can be
described alternatively as the vector superspace on basis wi, ..., Wy, wi,...,w,,, where
each wy, is even and each w), is odd, with H;-module structure uniquely determined by
Xiwg = by (1)wg + w1, Crwy, = wy,
for each k = 1,...,m, interpreting wy,+1 as 0. Using this explicit description, one now

checks routinely that L,,(7) is uniserial with m composition factors all ~ L(i).
We can also describe the map Ly, (i) «= Ly,+1(¢) from (4.26) explicitly: it is the identity
ON Wi, ..., Wy, W), ..., w, but maps wy,41 and w, ; to zero. Also, the map 6, from (4.27)

can be chosen so that
wy, — V— 1w}, w), — —v/—1wy,
foreach k=1,...,m.

§4-i. Modifications in the degenerate case. For i € I, the definition (4.5) of ¢(7)
becomes

gli)=i(i+1) € F (4.30)

for each ¢ € I. For A € P, the quotient superalgebra H;\L, is defined to be the quotient
H., /Iy of the affine Sergeev superalgebra H,, by the two-sided ideal 7, generated by

1
ho,A N
2N Tt = at) ™. (4.31)
i=1
The basis theorem for H;) gives that H; has a basis given by the images of the elements
{2°Pw | o e 75y with 0 < a; < (¢, \), B € Zy, w € Sy} (4.32)

The definition of the category Rep; H,, of integral representations is modified in the appro-
priate way to ensure that the integral representations of H,, are precisely the inflations of
finite dimensional representations of H) for A € P,. To be precise, an integral .A,,-module
now means a finite dimensional A,,-module such that the eigenvalues of all 2, ..., x2 are of
the form ¢(i) for ¢ € I. The appropriate analogue of Lemma 4.4, involving elements x? now
of course, is proved using the elements

0 = s;(25 — i) + (2 +aj41) + ¢iejia (e — j41)
from [N, (3.4)]. Proofs of the basic properties of ®;, analogous to those in §4-c, can be found

in [N, Prop. 3.2] and at the end of [N, §4].
The module L() in §4-e is now defined to be the A;-module on basis w,w’ with action

cw =, cw' = w, zw = +/q(i)w, rw = —/q(i)w'.

The remaining definitions go through more or less unchanged: for example for an integral
Hp-module M, M[i] is the simultaneous generalized eigenspace of the operators :U%, e ,l‘%
corresponding to eigenvalues ¢(i1),. .., q(i,) respectively.

Kato’s theorem (Theorem 4.16) is the same, as is Lemma 4.15 when X; 4+ X; ! is replaced

by :zf and eigenvalue 1 for X; is replaced by eigenvalue 0 for x; in the usual way. Note the
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main technical fact needed in the proof of Lemma 4.15 is the following: for i # 0, and every
0#veL(i)X®--- X L() (n copies),

(2;(1 = ¢jcj1) + (1= ¢jejpa)xjpn)v # 0
foreach j=1,...,n— 1.

5. CRYSTAL OPERATORS

§5-a. Multiplicity-free socles. The arguments in this subsection are based on [GV]. Let
M € Rep; Hy, and i € I. Define A;M to be the generalized q(i)-eigenspace of X, + X, ! on
M. Alternatively,
AM= P Mi,
ieln, in=i

recalling the decomposition from Lemma 4.9. Note since X,,+X,, ! is central in the parabolic
subalgebra H,_11 of H,, A;M is invariant under this subalgebra. So in fact, A; can be
viewed as an exact functor

A; : Rep; Hy, — Repy Hp—1.1, (5.1)
being defined on morphisms simply as restriction. Clearly, there is an isomorphism of
functors

res, 11~ 00 @A DDAy
Slightly more generally, given m > 0, define

Aim : Repr Hyp — Repr Hp—mom (5.2)

so that A;m M is the simultaneous generalized ¢(i)-eigenspace of of the commuting operators
X + Xk_1 for k =n—-—m+1,...,n. In view of Theorem 4.16(i), A;nM can also be
characterized as the largest submodule of resy,_,, ., M all of whose composition factors are

of the form N ® L(i™) for irreducible N € Rep; Hy—m.
The definition of A;» implies functorial isomorphisms

Homy, .. (N B L(i™), Ajm M) ~ Homyy, (ind;; NRXL(GE™), M)

n—m,m

for N € Rep; Hp—m, M € Rep; H,. For irreducible N this immediately imples:
Homyy, . .. (N ® L(i™), Aym M) = Homyy, (ind;, N®&L@Gi™),M). (5.3)

n—m,m

Also from definitions we get:

Lemma 5.1. Let M € Rep; Hy, withch M =37 pn a;[L(i1)®- - -®L(in)]. Then we have that

ch Aim M =37, a;[L(j1) ®- - ® L(jn)], summing over all j € I" with jp—mi1 =+ = jn = i.
Now for ¢ € I and M € Rep; 'H,,, define
g;(M) = max{m > 0| A;m M # 0}. (5.4)

Note Lemma 5.1 shows that €;(M) can be worked out just from knowledge of the character
ch M.

Lemma 5.2. Let M € Rep;H, be irreducible, i € I, € = g;(M). If N ® L(i"™) is an
irreducible submodule of Ajm M for some 0 < m < e, then ¢;(N) =¢ —m.
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Proof.  The definitions imply immediately that €;(IN) < € —m. For the reverse inequality,
(5.3) and the irreducibility of M gives that M is a quotient of ind], N & L(i™). So

applying the exact functor Aje, A= M # 0 is a quotient of Ay (indz:m:mN ® L(i™)). In
particular, A (indy;_,, ,,N ® L(i"™)) # 0. Now one gets that ¢;(N) > & —m applying the

Shuffle Lemma (Lemma 4.11) and Lemma 5.1. O

Lemma 5.3. Let m >0, i € I and N be an irreducible module in Rep; H,, with £;(N) = 0.
Set M :=ind /"N @ L(i™). Then:
(i) AimM = N ® L(i"™);
(ii) cosoc M is irreducible with €;(cosoc M) = m;
(iii) all other composition factors L of M have ;(L) < m.

Proof. (i) Clearly a copy of N ® L(i"™) appears in A;m M. But by the Shuffle Lemma and
Lemma 5.1, dim A;m M = dim N ® L(i"™), hence Ajm M = N & L(i"™).

(ii) By (5.3), a copy of N ® L(i"") appears in A;m(Q for any non-zero quotient @) of M,
in particular for any constituent of cosoc M. But by (i), N ® L(i"™) only appears once in
A;m M, hence cosoc M must be irreducible.

(ili) We have shown that A;mM = A;m(cosoc M). Hence, AjmL = 0 for any other
composition factor of M by exactness of A;m. O

Lemma 5.4. Let M € Rep; H,, be irreducible, i € I, e = g;(M). Then, Aje M is isomorphic
to N & L(i¢) for some irreducible Hy_--module N with ¢;(N) = 0.

Proof.  Pick an irreducible submodule of A;=M. In view of Theorem 4.16(i), it must
be of the form N ® L(i¢) for some irreducible H,,_.-module N. Moreover, £;(N) = 0 by
Lemma 5.2. By (5.3) and the irreducibility of M, M is a quotient of ind;_. N & L(i%).

Hence, A M is a quotient of As;zind!__ _N ® L(:¢). But this is isomorphic to N ® L(i®) by

n—e,e

Lemma 5.3(i). This shows that A= M = N ® L(i¢). O

Lemma 5.5. Let m > 0, ¢ € I and N be an irreducible module in Rep; H,. Set M =
ind 7" (N @ L(i™)). Then, cosoc M is irreducible with e;(cosoc M) = g;(N) + m, and all
other composition factors L of M have €;(L) < ;(N) + m.

Proof.  Let e = ¢;(IN). By Lemma 5.4, we have that A;e N = K ® L(3°) for an irreducible
K € Rep; Hp—. with ;(K) = 0. By (5.3) and the irreducibility of N, N is a quotient
of ind)y__ K ® L(i). So the transitivity of induction implies that ind)} "N @ L(i") is a

quotient of indﬁfg; K ® L(=7™). Now everything follows from Lemma 5.3. O

Theorem 5.6. Let M be an irreducible module in Rep; H, and i € I. Then, for any
0 <m <¢gi(M), soc Aim M is an irreducible Hy—p, m-module of the same type as M, and is
isomorphic to L ® L(i™) for some irreducible H,—_m,-module L with e;(L) = ;(M) —m.

Proof.  Let € = ¢;(M). Suppose K; ® L(i"™) & Ko ® L(i") is a submodule of A;mM,
for irreducibles Ky, K». By Lemma 5.2, we have €;(K;) = ¢ — m, hence Ajm—c K = KJ’- ®
L(i™~¢) for some irreducible K7, for each j = 1,2. This shows that res, 2] A;:M
contains K| ® L(i)®° & K} ® L(i)®° as a submodule. But according to Lemma 5.4 and
Theorem 4.16, res; "] A M has irreducible socle, so this is a contradiction. Hence,
soc A;ym M is irreducible. Now certainly soc Ajm M = L &® L(i"™) for some irreducible H,,_,-
module L, by Theorem 4.16(i). It remains to show that L ® L(i"™) has the same type as M.

Note by Lemma 5.5, indy,_,, ., L ® L(i"™) has irreducible cosocle, necessarily isomorphic to
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M by Frobenius reciprocity. So applying (5.3) we have that
Endyy,,_,, .. (L ® L(i™)) ~ Homyy,, ., . (L ® L(i™), Ajm M)

~ Homy, (ind], L® L(i"™), M) ~ Endy, (M),

n—m,m

which implies the statement concerning types. O
The theorem has the following consequence:

Corollary 5.7. For irreducible M € Rep; H,, the socle of res, 1M is multiplicity-free.

We can also apply the theorem to study res]! ; M, meaning the restriction of M to the
subalgebra H,,—1 C H,, see (2.27).

Corollary 5.8. For an irreducible M € Rep; H,, with £;(M) > 0,

L®TIL if M is of type Q ori # 0,

L if M is of type M and ¢ = 0,
for some irreducible H,—1-module L of the same type as M if i # 0 and of the opposite type
to M if i = 0.
Proof. Let ¢ := 1 if M is of type M and ¢ = 0, § := 2 otherwise. By Theorem 5.6, the
socle of A; M is isomorphic to L ® L(i) for some irreducible H,,_1-module L, and

res” V'L @ L(i) = L®°,

n—1

soc reSZ:}’l o Ay(M) ~

indeed it is exactly as in the statement of the corollary. Now take any irreducible submodule
K of rest71 o Aj(M). Consider the H,_11-submodule H} K, where H] is the subalgebra
generated by Cp,, X;f!. All composition factors of H|K are isomorphic to K ® L(i). In
particular, the socle of H} K is isomorphic to K ® L(7) which implies K = L. We have now
shown that soc resZ:i’lAi(M) =~ 19 for some & > 4.

By Lemma 5.2, ¢;(L) = ¢ — 1 where ¢ = ¢;(M), and A;-—1 L is irreducible by Lemma 5.4.
So at least 0" copies of Aje—1L appear in socres; 22 A (M). But Aje M = N @ L(:°) for

some irreducible N, so applying Theorem 4.16(iii) and the facts about type in Theorem 5.6,
socres,_° Ay(M) = socres, 5 N & L(i°)

n—e,e—1 n—e,e—1
o resn—s,e—l,lN ® L(is—l) ® L(Z) ~ (N ® L(,ia—l))éBd_

n—e,e—1

Hence &' <6 too. O

§5-b. Operators €; and ﬁ Let Irr;H,, denote the set of isomorphism classes of irreducible
modules in Rep; H,,. We define

B(o0) = U IrrHyp, (5.5)
n>0

For each ¢ € I, we define the affine crystal operators

éi : B(oo) U{0} — B(oc0) U {0}, (5.6)

fi : B(co) U{0} — B(oo) U {0} (5.7)
as follows. First, we set €;(0) = fi(0) = 0. Now let M be an irreducible module in Rep; H,,.
Then, f; M is defined by

fiM := cosoc indZﬁlM ® L(7), (5.8)
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which is irreducible by Lemma 5.5. To define ;M , Theorem 5.6 shows that either A;,M =0
or soc A;M = N & L(i) for an irreducible module N € Rep; Hy—1. In the former case, we
define €;M = 0; in the latter case, we define ;M = N. Thus:

soc A;M = (e;M) ® L(37). (5.9)
Note right away from Lemma 5.2 that
gi(M) =max{m > 0]¢&"M # 0}, (5.10)
while a special case of Lemma 5.5 shows that
gi(fiM) = e;(M) + 1. (5.11)

Lemma 5.9. Let M be an irreducible in Rep; Hy, @ € I and m > 0.
(i) soc Ajm M =2 (e]"M) ® L(i"™).

(i) cosocind M @ L(i™) = fM.
Proof. (i) If m > &;(M), then both parts in the equality above are zero. Let m < g;(M).
Clearly, (¢/"M) is a submodule of res;, ;""" A;m M. Hence, (¢/"M) & L(i)®™ is a submodule
of res; ™" | Aim M. So Frobenius reciprocity gives that (/" M) ® L(:"") is a submodule
of A;ym M. Now we are done by Theorem 5.6.

(ii) By exactness of induction, f"M is a quotient of ind /"M ® L(i™). Now the result

follows from the simplicity of the cosocle, see Lemma 5.5. O

Lemma 5.10. Let M € Rep;H, and N € Repy Hpq1 be irreducible, and i € I. Then,
f;M = N if and only if &N = M.

Proof.  Suppose fiM = N. Then by (5.3), Homy, ,(M ® L(i), A;N) # 0, so M & L(7)
appears in the socle of A;N. This means that M ® L(z) =~ (¢;N) ® L(i), whence M = ¢&;N.
The converse is similar. O

Corollary 5.11. Let M, N be irreducible modules in Rep; H,. Then, fiM = f;N if and
only if M = N. Similarly, providing e;(M),e;(N) >0, &M = &N if and only if M = N.

We can also define cyclotomic analogues of the crystal operators. So now suppose that

A € Py, and let Irr HQ denote the set of isomorphism classes of irreducible H;\L—modules.
Define

B(\) = | JIrH,). (5.12)

n>0
The functors infl* and pr* induce maps
infl* : BOA)U{0} — B(co)U{0},  pr*: B(co)U{0} — B(\) U {0}, (5.13)
with pr* o infi*(L) = L for each L € B()\). In other words, we can view B(\) as a subset

of B(c0) via the embedding infi*. Now by restricting & and f; to B(\) C B(co), we obtain
the cyclotomic crystal operators, namely,

e =prog; oinfl* : B(A)U {0} — B(\) U {0}, (5.14)

f2=pr*o fioinfi* : B(A) U {0} — B(\) U {0} (5.15)
for each i € I and A € Py. Note that ¢; already maps B(A) into B(A) U {0}, so we always

have that &M = é M for M € B(\). This is certainly not the case for f;: for M € B()),
it will often be the case that f(M) = 0 even though f;(M) is never zero.
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§5-c. Independence of irreducible characters. We can now prove an important theo-
rem, compare [Vy, §5.5]:

Theorem 5.12. The map ch : K(Rep; Hy) — K(Rep; A,) is injective.

Proof. ~ We need to show that {ch L | [L] € Irry/H,} is a linearly independent set in
K(Rep; A,). Proceed by induction on n, the case n = 0 being trivial. Suppose n > 0 and

Z arch L =0

LelrryHn

for some ay, € Z. Choose any i € I. We will show by downward induction on k =n,...,1
that ar, = 0 for all L with &;(L) = k. Since every irreducible L has ¢;(L) > 0 for at least
one i € I, this is enough to complete the proof.

Consider first the case that k& = n. Then, AjnL = 0 except if L = L(i"), by Theo-
rem 4.16(i). Since ch A;n L can be worked out just from knowledge of ch L using Lemma 5.1,
we deduce on applying A;» to the equation that the coefficient of ch L(i") is zero. Thus the
induction starts. Now suppose 1 < k < n and that we have shown ay = 0 for all L with
g;(L) > k. Apply A;x to the equation to deduce that

Z aLch AikL =0.
L with g; (L)=k

Now each such AL is irreducible, hence isomorphic to (6¥L) ® L(i*), according to Lem-
mas 5.4 and 5.9(i). Moreover, for L % L', é¥L % é¥L' by Corollary 5.11. So now the
induction hypothesis on n gives that all such coefficients ay, are zero, as required. 0O

Corollary 5.13. If L is an irreducible module in Rep; H,,, then L = L".

Proof. Since 7(X;) = X;, 7 leaves characters invariant. Hence it leaves irreducibles
invariant since they are determined up to isomorphism by their character according to the
theorem. O

We can also show at this point that the type of an irreducible module L is determined by
the type of its central character:

Lemma 5.14. Suppose L € RepyH, s irreducible with central character x~ where v =
Y icr Vici € Ty Then, L is of type Q is yo is odd, type M if vy is even.

Proof. Proceed by induction on n, the case n = 0 being trivial. If n > 1, let L be
an irreducible H,-module with central character x,. Choose ¢ € I so that ;L # 0. By
definition, €;L has central character v — c;. So by the induction hypothesis, é;L is of type Q
if 70 — di 0 is odd, type M otherwise. But by general theory §2-b and Lemma 4.7, (¢;L) ® L(4)
is of the opposite type to é;L if i = 0, of the same type if i # 0. Hence, (ezL) ® L(7) is of
type Q if 7 is odd, type M otherwise. Finally, the proof is completed by Theorem 5.6, since
this shows that L has the same type as soc A;L = (¢;L) ® L(i). O

§5-d. Crystal graphs. We can view the datum (B(c0), &;, f;) as a combinatorial structure:
the crystal graph. This is the directed graph with vertices the set B(oo) and an edge

(M] = [N]
whenever [M],[N] € B(co) satisty f;M = N, or equivalently, by Lemma 5.10, M = &N.

Similarly, (B()), &}, f) can be viewed as a crystal graph.
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Motivated by this, we introduce some notation to label the isomorphism classes of irre-
ducible representations, or equivalently the vertices of the crystal graph. Write 1 for the
(trivial) irreducible module of Hy. If L is an irreducible module in Rep; H,, one easily
shows using Lemma 5.10 repeatedly that

L= fi, . fipful
for at least one tuple i = (i1, 42,...,i,) € I". So if we define

L(i) = L(i1, ... in) = fin - fiafir 1,
we obtain a labelling of all irreducibles in Rep; H,, by tuples in I"™. For example, L(i,1,...,1)
(n times) is precisely the principal series module L(i™) introduced in (4.23). Similarly, any
irreducible H)-module can be represented as
LMi) = LMiv, ..., in) = fAF) L f) 1A
where 1y is the irreducible H)-module. Of course, L*(i) = pr*L(i).

Thus, our labelling of the irreducible modules in Rep; H,, is by paths in the crystal graph
starting from 1, and similarly for RepH;\. Of course, the problem with this labelling is
that a given irreducible L will in general be parametrized by several different tuples i € I™,
corresponding to different paths from 1 to L. But basic properties of L(i) are easy to read

off from the notation: for instance the central character of L(i) is x;, so by Lemma 5.14,
L(z) is of type Q if an odd number of the i; are zero, type M otherwise.

§5-e. Boring central characters. Given i = (i1,...,4,), let
ind(i) = ind(i1,...,4,) == ind} 1 L(i1) ® - ® L(in).

Note the character of ind(i) is ), cg L(iy-11) ® -+ ® L(iy-1,). So every irreducible con-
stituent of ind(i) belongs to the block Rep., Hy, where v = wt(i).

Lemma 5.15. Let v € Ty, and pick any i € I"™ with wt(i) = . Then:
(i) res? 1L(i) has a submodule isomorphic to L(i1) ® - ® L(in);
(ii) ind(2) contains a copy of L(i) in its cosocle;
(iii) every irreducible module in the block Rep, Hn appears at least once as a constituent
of ind(2).

Proof. (i) Proceed by induction on n. For the induction step, let j = (i1,...,0p—1)-
By Frobenius reciprocity, there is a non-zero (hence necessarily injective) H,—_; j-module
homomorphism from L(j) ® L(in) to res;_; 1 L(i). Hence by induction we get a copy of
L(i1) ® -+ ® L(in—1) ® L(in) in res’" L(i).

(ii) Use (i) and Frobenius reciprocity.

(ili) We have just shown that L(i) appears in ind(i). But for any other j with the
same weight as 4, ind(j) has the same character as ind(4), hence they have the same set of
composition factors thanks to Theorem 5.12. Hence, L(i) appears in ind(j). O

We also need the following criterion for irreducibility, compare [Gi, Lemma 5.9]:

Lemma 5.16. Let M, N be irreducibles in Rep; Hp,, Repy H, respectively. Suppose
(i) ind "M @ N = ind F"N @ M;
(iil) M ® N appears in resm:;”indmz"M ® N with multiplicity one.

m

Then, indn "M ® N is irreducible.
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Proof.  Suppose for a contradiction that K = indﬁE"M ® N is reducible. Then we can
find a proper irreducible submodule S, and set @ = K/S. By Frobenius reciprocity, M ® N
appears in res%}ﬁ”@ with non-zero multiplicity. Hence, it cannot appear in res%f;"S by
assumption (ii). But assumption (i), Corollary 5.13 and Theorem 2.14 show that K = K.
Hence, K also has a quotient isomorphic to S™ 2 S, and the Frobenius reciprocity argument

implies that M ® N appears in res%jlns . O

Lemma 5.17. Let i € I"™,j € I™ be tuples such that |ig — jp| > 1 for all1 < a <m,1 <
b<n. Then, ind,t"L(i) ® L(j) = ind} 7" L(j) ® L(i) is irreducible.
Proof. By Lemma 5.16 and the Shuffle Lemma, it suffices to show that
ind"t"L(i) ® L(4) = ind)) " L(§) @ L(3).
By the Mackey Theorem, res;t™ind " L(j) ® L(i) contains L(i) ® L(j) as a summand

m,
with multiplicity one, all other constituents lying in different blocks. Hence by Frobenius

reciprocity, there exists a non-zero homomorphism
foind L) @ L(§) — ind) " L(5) ® L(i).

Every homomorphic image of ind}it* L(i) ® L(j) contains an H,p, n-submodule isomorphic to
L(i)® L(j). So, by Lemma 5.15(i), we see that the image of f contains an A,,;,-submodule
V' isomorphic to L(i1) ® -+ ® L(im) ® L(j1) ® - - - ® L(jp)-

Now we claim that the image of f also contains an A4,,1,-submodule isomorphic to
L(j1) ® - ® L(jn) ® L(iy) ® --- ® L(iy). To see this, consider ®,,V. Pick a common
eigenvector v € V for the operators X! and er:tz}H; then (X, + X,,})v = q(in)v and
(X1 + X;Lfrl)v = ¢(j1)v. So according to (4.13), ®2, acts on v by a scalar, and the
assumption that |i,, —ji| > 1 combined with Lemma 4.3 shows that this scalar is necessarily
non-zero. Thus, ®,,V # 0, so by (4.15) it is an irreducible A,,4,-module, namely,

PV = L(i1) ® -+ ® L(im—1) ® L(j1) ® L(im) ® L(j2) ® -+ ® L(jn).

Next apply ®p_1,...,P; to move L(j1) to the first position, and continue in this way to
complete the proof of the claim.

We have now shown that the image of f contains L(j1)®- - -®L(j,,)®L(i1)®- - -®L(iy, ). But
by the Shuffle Lemma, all such composition factors of res’fﬁﬁindm;’%( J) ® L(i) necessarily
lie in the irreducible H,, n,-submodule 1 ® L(j) ® L(i) of the induced module. Since this
generates all of ind) /" L(j) ® L(i) as an Hy,yn-module, this shows that f is surjective.
Hence f is an isomorphism by dimension, which completes the proof. O

Theorem 5.18. Let i € I™,j € I™ be tuples such that |ic — jp| # 1 for all 1 < a <
m,1 < b < n. Then, ind 7" L(i) ® L(j) = ind)'["L(j) ® L(i) is irreducible. Moreover,
every other irreducible module lying in the same block as ind%j}nL(Z) ® L(4) is of the form
ind%j;"L(z') ® L(§") for permutations i’ of i and j' of j.

Proof. The second statement of the theorem is an easy consequence of the first and
Lemma 5.15(iii). For the first statement, proceed by induction on m+n, the case m+n = 1
being trivial. For m +n > 1, we may assume by Lemma 5.17 that there exists k € I that
appears in both the tuples i and j. Note then that for every a = 1,...,m, either i, = k or
lic — k| > 1, and similarly for every b = 1,...,n, either j, = k or |j, — k| > 1. So by the
induction hypothesis, we have that

L(i) =ind; . L(i") ® L(K"),  L(j) Zindy  [L(j") ® L(k")

n—r,r
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for some r,s > 1, where 4,5’ are tuples with no entries equal to k. By Theorem 2.14,
Corollary 5.13 and Lemma 5.17,

ind" " S L(KT) @ L(5') & ind” =St L(5') @ L(K").

T,Mm—S m—s,r

So using Theorem 4.16(i) and transitivity of induction,
ind;7 3" L(i) ® L(j) = indy", L(i") ® L(k") ® L(4') ® L(k")

n—r,r,m—s,s
~ indm—l—n L(Z,) ®L<i/) ® L(kr+8).

n—r,m—s,r+s

Finally this is irreducible by the induction hypothesis and Lemma 5.17. O

85-f. Some character calculations. At this point we need to compute the characters of
certain very special H,,-modules explicitly.

Lemma 5.19. Let i,j € I with |i — j| = 1. Then, for all a,b > 0 with a +b < —(h;, o),
there is a non-split short exact sequence

0 — L(i*ji®) — ind2 T3 L(i%i%) @ L(i) — L(i*ji"*") — 0.

Moreover, for every a,b > 0 with a4+ b < —(h;, o),
ch L(i%5i%) = (a!)(b)[L(1)®* ® L(j) ® L(i)®").
Proof. ~ We proceed by induction on n =0,1,..., —(h;, ;) to show that
ch L(i"j) = n![L(:)*" ® L(j)],

this being immediate in case n = 0. For n > 0, let M := indﬁﬁlL(i”_lj) ® L(i). We know
by the inductive hypothesis and the Shuffle Lemma that

ch M = n![L()® @ L(j)] + (n — VLG @ L(5) ® L(i)].
Now consider the H,, 1-submodule

N i= (Xop1 + X1, — ()M = L) © L(j)

of M. The key point is that IV is stable under the action of T},, hence all of H,, ;1. Although
this is in principle an elementary calculation, it turns out to be extremely lengthy. It was
carried out by hand for n < 2 but for the cases n = 3,4 (when ¢ necessarily equals 1), we had
to resort to a computer calculation using the GAP computer algebra package. This proves
the existence of an irreducible H,,1-module N with character n![L(i)®" ® L(j)]. This must
be L(i"7), by Lemma 5.15(i), completing the proof of the induction step.

Now we explain how to deduce the characters of the remaining irreducibles in the block.
In the argument just given, the quotient module M /N has character (n — 1)![L(:))®~D @
L(j) ® L(i)], so must be L(i"1ji). Twisting with the automorphism o proves that there
exist irreducibles with characters n![L(j) ® L(i)®"] and (n — 1)![L(i) ® L(j) ® L(7)®" 1],
which must be L(ji") and L(iji" 1) respectively by Lemma 5.15(i) once more. This covers
everything unless n = 4, when we necessarily have that ¢ = 0,5 = 1 and ¢ = 1. In this case,
we have shown already that there exist four irreducibles with characters

ch L(00001) = 24[L(0)®* @ L(1)], ch L(00010) = 6[L(0)®® ® L(1) ® L(0)],
ch L(10000) = 24[L(1) ® L(0)®*], ch L(01000) = 6[L(0) ® L(1) ® L(0)®3).

So by Lemma 5.15, there must be exactly one more irreducible module in the block, namely
L(00100), since none of the above involve the character [L(0)®?®L(1)®L(0)®2]. Considering
the character of indﬁle(O()lO) ® L(0) shows that ch L(00100) is either 4[L(0)®? ® L(1) ®
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L(0)¥?] or 4[L(0)®? ® L(1) ® L(0)®?] + 6[L(0)®* ® L(1) ® L(0)]. But the latter is not
o-invariant so cannot occur as there would then be too many irreducibles.

Now that the characters are known, it is finally a routine matter using the Shuffle Lemma
and Lemma 5.5 to prove the existence of the required non-split sequence. O

Lemma 5.20. Let i,j € I with |i — j| =1 and set n =1 — (h;, ;). Then
L(i"5) = L(i" " Y34).
Moreover, for every a,b > 0 with a4+ b = —(h;, oj),
L(i%ji*™) = ind ' L(i%5i") ® L(i) = ind}H ' L(i) ® L(i%i")
with character a!(b+ 1)![L(7)®* ® L(5) ® L(7)®+D] + (a4 1) [L(1)®OTD @ L(j) ® L(1)®*].
Proof. Let M = indZﬁlL(i"*1 J) ® L(i). We first claim that M is irreducible. To prove

this, arguing in the same way as the proof of Lemma 5.19, it suffices to show that the
Hy,,1-submodule

(Xnt1 + Xppy — q(0))M = L") ® L(j)
of M is not invariant under T},. Again this was checked by an explicit computer calculation.
Hence, there is an irreducible H,,-module M with character

nl[L()®" @ L(5)] + (n — VLG @ L(5) ® L(3)).
Hence &M = L(i"'j) and é;M = L(i") by Theorem 5.6. So we deduce that M =
L(i"Yji) = L(i"j) thanks to Lemma 5.10.

Now consider the remaining irreducibles in the block. There are at most (n—1) remaining,
namely L(i%ji®*!) for a > 0,b > 1 with a+b = —(h;, ;). Considering the known characters
of indZﬁlL(i“ 4i%) ® L(i) and arguing in a similar way to the second paragraph of the proof
of the breceeding lemma, the remainder of the lemma follows without further calculation.
O

Remark 5.21. It is worth pointing out at this point that by further computer calculations,
we have calculated the characters of all irreducibles in Rep; H,, for n < 4, or n < 6 in case
¢ = 1. The results are listed in the appendix. Note we make no use of these calculations
other than in the cases treated in Lemmas 5.19 and 5.20 above.

§5-g. Higher crystal operators. In this subsection we will introduce certain general-
izations of the crystal operators fj, following the ideas of [Gy, §10]. The results of this
subsection are only needed in §6-e below. To simplify notation, we will write simply ind in
place of indj; throughout the subsection.

Lemma 5.22. Leti,j € I withi# j. For any a,b> 0 with a4+ b= —(h;, oj),
ind L(i%i®) ® L(i"™) 2 ind L(i™) ® L(i%i®)

18 1rreducible.

Proof.  We first claim that
ind L(i%ji%) ® L(i"™) = ind L(i™) ® L(i%ji®).
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This is immediate from Lemma 5.17 in case | — j| > 1. If | — j| = 1, then transitivity of
induction and Lemma 5.20 give that
ind L(i%i®) ® L(i™) = ind L(i%i®) ® L(i) ® L™ ")
>~ ind L(i) ® L(i%i®) ® L(™™Y),
and now repeating this argument (m — 1) more times gives the claim.
Hence, by Corollary 5.13 and Theorem 2.14, K := ind L(i%ji®) ® L(i™) is self-dual. Now

suppose for a contradiction that K is reducible. Then we can pick a proper irreducible
submodule S of K, and set @ := K/S. Applying Lemmas 5.19 and 4.11,

ch K = Z ( ) (a+ k) (b+m— k)![L(z‘)@(aJrk) ® L(j) ® L(i )@(b+m k)]

By Frobenius reciprocity, () contains an Hqp41,m-submodule isomorphic to L(i* FiV)®L(i™).
So by Lemma 5.15(1), the irreducible Ag 441 m41-module L(7)®* ® L(j) ® L(i)®+™) appears
in @ with non-zero multiplicity, hence in fact by Theorem 4.16(i) it must appear with
multiplicity al(b + m)! (viewing @ as a module over Hy 1 pim). It follows that L(i)®e
L(j) ® L(i)®+™) is not a composition factor of S. But this is a contradiction, since as K is
self-dual, S = S7 is a quotient module of K hence must contain L(i)®* ® L(j) ® L(i)®(+m)
by the Frobenius reciprocity argument again. O

Lemma 5.23. Let i,j € I with i # j. For anya >1 and b > 0 with a+b = —(hs, o), any
irreducible module M in Rep; Hy, and any m > 0,

cosoc ind M & L(i™) ® L(i%ji®)
is irreducible.

Proof. By the argument in the proof of Lemma 5.5, it suffices to prove this in the special
case that ¢;(M) =0. Let k =m +a+ b+ 1. Recall from the previous lemma that

= ind L(i™) ® L(i%ji")

is an irreducible Hj-module. Moreover by Lemma 5.19, ch L(i%i®) = (a!)(b))[L(i)®* ®
L(j) ® L(i)®]. So since ;(M) = 0 and a > 0, the Mackey Theorem and a block argument
shows that

resp ¥ (ind M ® L(i™) ® L(i%i")) = (M ® N) & U
for some H,, -module U all of whose composition factors lie in different blocks to those
of M ® N. Now let H := cosocind M & L(i™) ® L(i%ji®). It follows from above that
res"+kH (M ® N) @ U where U is some quotient module of U. Then:

Homy,, ,,(H, H) = Homy,, ,, (ind M ® L(i™) ® L(i"ji"), H)
= Homy,, , (M @ N, res " H)
= HomHn’k(M ®N,M®N @&U) = Homy, ,(M®N,M®N).

Since H is completely reducible and M & N is irreducible, this implies that H is irreducible
too, as required. O

Now we can define the higher crystal operators. Let ¢,j € I with i # j, and a > 1,06 >0
with a + b = —(h;, oj). Then the special case m = 0 of the theorem shows that

fiaﬂbM := cosoc ind M ® L(i%}i)
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is irreducible for every irreducible M in Rep; H,. Thus we have defined an operator

fiajiv : B(0o) — B(o0). (5.16)

Lemma 5.24. Take i,j € I with i # j and set k = —(h;,«;). Let M be an irreducible
module in Repy H,,.

(i) There exists a unique integer a with 0 < a < k such that for every m > 0 we have
ei(f"fiM) =m + (M) —a.
(ii) Assume m > k. Then a copy of fsz]M appears in the cosocle of
ind f™ M ® L(i%ji*~).
In particular, if a > 1, then flmf]M = ﬁajikfaf,bmikM.
Proof.  Let e = &;(M) and write M = f£N for irreducible N € Rep; H,,_. with &;(N) = 0.
It suffices to prove (i) for any fixed choice of m, the conclusion for all other m > 0 then
following immediately by (5.11). So take m > k. Note that f"f;M = f"f;fiN is a
quotient of
ind N ® L(i°) ® L(j) ® L(i)®* @ LGi™™F),
which by Lemma 5.19 has a filtration with factors isomorphic to
F,:=ind N ® L(i¥) ® L(i%i* %) ® L(i™ %), 0<a<k.

So flm fJM is a quotient of some such factor, and to prove (i) it remains to show that
gi(L) = € + m — a for any irreducible quotient L of F,. The inequality ¢;(L) <e+m —a
is clear from the Shuffle Lemma. On the other hand, by transitivity of induction and
Lemma 5.22, F, 2 ind N ® (ind L(i®ji*~®) ® L(¥7™~%)). So by Frobenius Reciprocity, the
irreducible module N ® (ind L(i%ji*~%) ® L(i+™~%)) is contained in res,_c 11+ L. Hence
gi(L)>e+m—a.

For (ii), by Lemma 5.22, we also have F, = ind N ® L(#™*+%) ® L(i®ji*~?), and by the
Shuffle Lemma, the only irreducible factors K of F, with ¢;(K) = ¢ +m — a come from its
quotient

ind fMEN @ L(i%i*%) =2 ind f" M @ L(i%5i"7).

Finally, in case a > 1, the cosocle of the last module is precisely fiajik—a fimko . O

§5-h. Modifications in the degenerate case. Other than replacing X; + Xi_1 by z?
everywhere, everything in this section goes through in the degenerate case in exactly the
same way. Note the computer calculations in §5-f were checked separately in the degenerate
case.

6. INDUCTION AND RESTRICTION

86-a. t-induction and i-restriction. Fix A € Py throughout the subsection. Recall
the definition of the functors A; for ¢ € I, see §5-a. Let us denote the composite functor
resZ:%’l o A; instead by

res; : Rep; Hy,, — Repr Hn—1, (6.1)
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for any n. Note if M is an Hj-module, then res; M is automatically an H;\_;-module. So
the restriction of the functor res; gives a functor which we also denote
res; : RepH) — RepH)_;. (6.2)
We now focus on this cyclotomic case.
There is an alternative definition of res;: if M is a module in Rep, H) for some fixed
v = Zje[ v € 'y, then

Ha —al if
res; M = (reSHﬁ,lM) [v—a;] if v >0, (6.3)
0 ifﬁ@iz 0.
This description makes it clear how to define an analogous (additive) functor
ind; : RepH, — RepH, .. (6.4)

Using (4.22) and additivity, it suffices to define this on an object M belonging to Rep., H)
for fixed v =3,y vjoy € T'n. Then, we set

A
ind; M = (indy 3™ M)y + o). (6.5)
By the definitions (6.3) and (6.5) and Lemma 4.9, we have that
A
1ndHS“M = @indiM, resZSilM = @resiM. (6.6)
icl i€l

To complete the definition of the functor indZ7 it is defined on a morphism f simply by

restriction of the corresponding morphism 1nd "“ f. We stress that the functor ind; depends
fundamentally on the fixed choice of A, unhke res; which is just the restriction of its affine
counterpart.

Lemma 6.1. For A € P, and each i € I,

(i) ind; and res; are both left and right adjoint to each other, hence they are exact and
send projectives to projectives;
(ii) ind; and res; commute with duality, i.e. there are natural isomorphisms

ind;(M7) ~ (ind;, M)7, res;(M") ~ (res; M)"
for each finite dimensional H;\-module M.

Proof. We know that ind;M and res; M are summands of 1ndH§“M and 1resHA
respectively. Moreover, 7-duality leaves central characters invariant because 7(X;) = X for
each j. Now everything follows easily applying Corollary 3.15. O

In order to refine the definitions of ind; and res; in the next subsection, we need to give an
alternative definition, due to Grojnowski [G1, §8] in the untwisted case. Recall the definition
of the left Hi-modules R, (i) for ¢ € I,m > 0 from (4.24). The limits in the next lemma
are taken with respect to the systems induced by the maps (4.25).

Lemma 6.2. For every finite dimensional H)\-module M and i € I, there are natural
1isomorphisms

ind; M ~ Lianr’\indeilM &R (7),
res; M ~ li_lf>1r1101r/\H01m77[/1 (R (i), M)
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(in the second case, H) denotes the subalgebra of H,—11 generated by Cpn, X and the
Hy—1-module structure is defined by (hf)(r) = h(f(r)) for f € Homyy (Rin(i), M) and
r € Rm(i)).

Proof.  For res;, it suffices to consider the effect on M € Rep, H) for v = jer Vi € I'n
with v; > 0, both sides of what we are trying to prove clearly being zero if 7; = 0. Then,
for all sufficiently large m, Lemma 4.18 (in the special case n = 1) implies that

. H)
Homyy; (R (i), M) ~ (resHSAM)[’y — ).
Hence,
A
lii>1r1p1r’\H0mH/1 (R (i), M) ~ (resZﬁilM) [v — ay] = res; M.

This proves the lemma, for res;.

To deduce the statement about induction, it now suffices by uniqueness of adjoint functors
to show that lianr)‘indel? X R, (1) is left adjoint to li_1r>npr>‘H01rnH/1 (R (i), 7). Let N €
Rep HQ,l and M € RepH,). First observe as explained in the previous paragraph that the
direct system

pr)‘HornH/1 (R1(3), M) — pr)‘HomH/1 (Ro(i), M) — ...
stabilizes after finitely many terms. We claim that the inverse system

pr)‘indﬁle X R (i) « prind™ TN KRy (i) « ...

n,1

also stabilizes after finitely many terms. To see this, it suffices to show that the dimension of
pr)‘indeilN MR, (7) is bounded above independently of m. Well, each R, () is generated as
an Hj-module by a subspace W isomorphic (as a vector space) to the cosocle Rq (i) of R, (i).
Then indelN XR,, (i) is generated as an H,,11-module by the subspace W' = 1@ (N @ W),
also of dimension independent of m. Finally, pr)‘indZﬁIN KR, (i) is a quotient of the vector
space 'Hﬁ +1 ®F W', whose dimension is independent of m.

Now we can complete the proof of adjointness. Using the fact from the previous paragraph
that the direct and inverse systems stabilize after finitely many terms, we have natural
isomorphisms

Homy g (lim priindy_; ;N B Ry, (i), M) ~ lim Homyys (priindy_ ; N K Ry (i), M)
=~ lim Homyy,, (indj_; ;N X R, (4), M)
=~ lim Homyy, _, , (N X R (4), vesy_q 1 M)
=~ lim Homyy,, _, (N, Homyy (R (i), M))
~ lim Homy» (N, pr)‘HomH/1 (R (i), M))
~ Homgpn (N, lii>1r1p1r)‘H0mH/1 (R (i), M)).

This completes the argument. 0O

§6-b. Operators e; and f;. Continue with A € P, being fixed. We wish to refine the
definitions of the functors res; and ind; to give operators, denoted e; and f; respectively,
from irreducible H;-modules to isomorphism classes of H,_,- (resp. M, ;-) modules.
Actually, e; is simply the restriction to Irr H,) of an operator also denoted e; on the
irreducible modules in Rep; H,,. We define this first; recall the definition of the module



HECKE-CLIFFORD SUPERALGEBRAS 47

Ly, (i) from §4-h. Let M be an irreducible in Rep; H,,. Let H] denote the subalgebra of H,,
generated by C,, X1, For each m > 1, we define an H,,_1-module

Homyy (L (i), M) (6.7)

as follows. If M is of type M or i # 0, this is simply the space Homyy (L, (2), M) viewed as
an Hy—1-module in the same way as in Lemma 6.2. But if M is of type Q and ¢ = 0, we can
pick an odd involution €5 : M — M and also have the odd involutions 0y, : Ly, (i) — Ly, (i)
from (4.27). Let

On @ O« Homyyr (Lin (i), M) — Homyy, (Lin (i), M)

denote the map defined by ((0a @ 0,n)f)(v) = (=1)7 0 (f(0v)). One checks that (6y; ®
0m,)% = 1, hence the +1-eigenspaces of 0y; @ 6, split Homyy; (L (i), M) into a direct sum
of two isomorphic H,,_1-modules (because there is an obvious odd automorphism swapping
the two eigenspaces). Now in this case, we define Ho—mHl1 (L (i), M) to be the 1-eigenspace

(say).
In either case, we have a direct system

Homgy; (L1(i), M) — Homyy (La(i), M) — ...
induced by the inverse system (4.26). Now define
e;M = lim Homyy (L, (i), M), (6.8)

giving us the affine version of the operator e;. Note if M is an Hj-module then each
Homyy; (Lyn (i), M) is an H)\_,-module, so

eiM = li_n)lpr)‘HOInH/1 (L (3), M). (6.9)

We take (6.9) as our definition of the operator e; in the cyclotomic case. Comparing (6.9)
with Lemma 6.2 and using (4.29), one sees at once that:

Lemma 6.3. Let ¢« € I and M be an irreducible module in Rep; Hy, or an irreducible
H)-module. Then,

e; M if i =0 and M is of type M,

reSiM ~ { eiM @ He,LM otherwise.

Now we turn to the definition of f; M which, just like ind; M, only makes sense in the
cyclotomic case. So, let M an irreducible H,-module. We need to extend the definition of
the operation ® to give meaning to the notation M & L,, (i), for each m > 1. If either M is
of type M or i # 0, then M ® Ly, (i) := M X L,, (7). But if M is of type Q and ¢ = 0, pick an
odd involution 37 : M — M. Then, the 4++/—1-eigenspaces of 0y ® 6,, acting on the left
on M X Ly, (i) split it into a direct sum of two isomorphic H,, ;-modules. Let M & L, ()
denote the \/—1-eigenspace (say) for each m.

We then have an inverse system M & L (i) «— M ® La(i) « ... of Hy1-modules induced
by the maps from (4.26). Now we can define

fiM = 1lim priind? ' M ® Ly, (i). (6.10)
Comparing the definition with the proof of Lemma 6.2, one sees that the inverse limit

stabilizes after finitely many terms, hence that f; M really is a well-defined finite dimensional
H; -module. Indeed:
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Lemma 6.4. Leti € I and M be an irreducible H\-module. Then,

fiM if i =0 and M is of type M,

ind; M ~ { fiM @ IIf; M otherwise.

Lemma 6.5. Leti € I and M be an irreducible module in Repy H,. Then, e;M is non-zero
if and only if &;M £ 0, in which case it is a self-dual indecomposable module with irreducible
socle and cosocle isomorphic to €;M.

Proof. To see that e;M has irreducible socle é; M whenever it is non-zero, combine
Lemma 6.3 with Corollary 5.8. The remaining facts follow since M is self-dual by Lemma 5.13,
and res; commutes with duality by Lemma 6.1(ii). O

Before the next theorem, we recall again that the operator f; depends critically on the
fixed choice of .
Theorem 6.6. Let A € Py and i € I. Then, for any irreducible H;\L-module M,
(i) e;M is non-zero if and only if ég\M # 0, in which case it is a self-dual indecomposable
module with irreducible socle and cosocle isomorphic to éf‘M;
(ii) fiM is non-zero if and only if fl-)‘M £ 0, in which case it is a self-dual indecomposable
module with irreducible socle and cosocle isomorphic to fM.
Proof. (i) This is immediate from Lemma 6.5.
(i) We deduce this from (i) by an adjointness argument. Let M be an irreducible H-
module, and N be an irreducible Hf‘l_i_l—module. Let 657 equal 1 if ¢ = 0 and M is of type M,
2 otherwise, and define dy similarly. Then, by Lemmas 6.1(i), 6.3 and 6.4,

. I .
dim HomHﬁﬂ(fiM, N) = 5 dim Homy»  (ind; M, N)

A
M n+1
1 oN .
= — dim Homy (M, res; N) = — dim Homyx (M, e;N).
By (i), the latter is zero unless M = &N, or equivalently N = f; M by Lemma 5.10. Taking
into account the superalgebra analogue of Schur’s lemma using Lemma 5.14, one deduces

that cosoc f;M = f;M. Finally, note f;M is self-dual by Lemma 6.1(ii) so everything else
follows. O

Remark 6.7. Let us also point out, as follows easily from the definitions, that e;M and
fiM admit odd involutions if either ¢ # 0 and M is of type Q, or ¢ = 0 and M is of type M.

§6-c. Divided powers. Continue with A € P, and fix i € I. We can generalize the
definitions of e;, f; to define operators denoted ezm, fz-(T) on irreducible H)-modules, for each

r > 1. It will be the case that el(»l) = e, fi(l) = f;. For the definitions, we make use of the
covering modules Ly, (") from §4-h.

Let M be an irreducible module in Rep;H,. If r > n, we set egr)M = 0. Other-
wise, let H, denote the subalgeba of H,, generated by XTETH, L XL Gty O
Tn—ri1,---,1n—1. We have a direct system

HOHIH;« (Ll(ir), M) — HOHIH;“ (LQ(Z‘T>7 M) — ...
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induced by the inverse system (4.26), where Hom is interpreted in exactly the same way as
in §6-b using the generalized maps 6, from (4.27) in case i = 0. Now define

el M = lim Homyy, (L (i), M). (6.11)
As in §6-b, if M is an H)-module then ey)M is too, so that
el M = lim pr*Homyy (Lo (i), M) (6.12)
in the cyclotomic case.
To define fi(r), which as usual only makes sense in the cyclotomic case, let M be an
irreducible Hj-module. We have an inverse system M & Li(i") « M ® Lo(i") « ... of

Hp, -modules induced by the maps from (4.26), again interpreting ® as in §6-b. Now we
can define

FOM = lim priind 7 M @ Ly (i) (6.13)
Lemma 6.8. Leti € I,7 > 1 and M be an irreducible H%-module. Then:
(el M @ TIe{") pry®2 () ifi 0,
(res;) M ~ ET)MEBZ(PWQ(T') if i =0, r is odd, M is of type M,
(e, )0 @ Trel” )M)@Qw_l)/2J ) otherwise;
(s} ;i M@Hf(’") eI i,
(ind;)" M ~ f " M@Q(T 1)/2( % if i =0, ris odd, M is of type M,
( ‘M & Hf )GBQL(PI)/QJ (") otherwise.

Proof.  Using Lemma 4.17 and the definitions, it suffices to show that
(res;)"M ~ h_n)lpr)‘HomH; (R (i"), M),
(ind;)" M =~ lim priind 1" M K Ry, (i").

For (res;)", this follows from Lemma 4.18 in exactly the same way as in the proof of
Lemma 6.2. Now (ind;)" is left adjoint to (res;)", so the statement for induction follows
from uniqueness of adjoint functors on checking that the functor @pr)‘indﬁfgr? X R (i")

is left adjoint to lii>npr’\HomH/T (Rim(i"), 7). The latter follows as in the proof of Lemma 6.2.
O

(r)

Since we have defined the operator e;

(r)

also denoted e;

el K(Rep; Hy) — K(Rep; Hp—r), (T) (Rep H)) — K(RepH)_,),

(2

on irreducible modules we get induced operators

at the level of Grothendieck groups, namely,

in the affine and cyclotomic cases respectively. Similarly fi induces an operator
£ K(RepH)) — K(RepH)),,)
on Grothendieck groups. We record:

Lemma 6.9. As operators on the Grothendieck group K(Rep™;) (or on K(Rep; H,) in
the case of e;), we have that e] = (r!)ey) and fI = (r!)fi(r).
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Proof.  Let us prove in the case i # 0. The proof for ¢ = 0 is the same idea, though the
details are more delicate (one needs to use Lemma 5.14 too). By Lemmas 6.3 and 6.4, we
have that
(res;)" = 2"e;, (ind;)" =2"f]
as operators on the Grothendieck group. By Lemma 6.8, we have that
(res;))” =2"("Mel”,  (indy)" = 27 (1) £,
This is enough. O

Let us finally note that we have only defined the operators el(-r) and fi(T) on irreducible

modules. However, the definitions could be made more generally on pairs (M, 0,), where
M is an H%-module (or an integral H,,-module in the case of ¢;) and 0y, : M — M is either

the identity map or else an odd involution of M. In case 03, = idjs, the definitions of el(»T)M
and fi(r)M are exactly the same as the case M is irreducible of type M above. In case 6, is

an odd involution, the definitions of eET)M and fi(r)M are exactly the same as the case M
is irreducible of type Q above, substiting the given map 6, for the canonical odd involution
of M in the situation above.

This remark applies especially to give us modules egr)PM, fi(r) Pys, where Py is the pro-
jective cover of an irreducible H}-module: in this case, if M is of type Q, the odd involution
Opr of M lifts to a unique odd involution also denoted #j; of the projective cover. On doing

this, we have that
el Pa) = e[Pul, 17 Pu] = £ [Pu] (6.14)

(2 (2
where the equalities are written in K (RepH;_,) and K(Rep H,,,,) respectively. To prove
this, one needs to observe that all composition factors of Py are of the same type as M by
Lemma 5.14.

Note Lemma 6.8 is also true if M is replaced by its projective cover Py, the proof being
the same as above. In particular, this shows that eET)PM is a summand of (res;)" Py, and

(

similarly for f;. So Lemma 6.1(i) gives that eir)PM and fi(r)PM are also projective modules.

(r

Hence e, ) and fi(r) induce operators with the same names on the Grothendieck groups of
projective modules too:

e . K (ProjH)) — K(ProjH) ), fi(r) : K(ProjH;) — K(ProjH,..,).

(2

Moreover, by the same argument as in the proof of Lemma 6.9, we have:

Lemma 6.10. As operators on the Grothendieck group K(Proj H%), we have that

[Pl = (e Pal, fITPu] = ()7 Pad),
for all irreducible H)\-modules M.

86-d. Alternative descriptions of ;. In this subsection we give three new interpretations
of the functions ¢;, precisely as in [Gi, Theorem 9.13].

Theorem 6.11. Let © € I and M be an irreducible module in Rep; Hy,. Then
(i) [eiM] = ei(M)[e;M]+> ca[No] where the N, are irreducibles with e;(Ny) < €;(€;M);
(ii) &;(M) is the mazimal size of a Jordan block of X, + X7 ! (resp. X, ifi =0) on M
with eigenvalue q(i) (resp. eigenvalue 1 if i = 0);
(iii) Endy, , (e;M) ~ Endy, _, (&;M)®=M) a5 vector superspaces.
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Proof. Lete=r¢;(M)and N =& M.
(i) By Lemma 5.4 and Frobenius reciprocity, there is a short exact sequence
N® L(i") — M — 0.

Moreover, all composition factors L of R have ¢;(L) < € by Lemma 5.3(iii). Applying the
exact functor A;, we obtain an exact sequence

0 — AR — Ajind,,— . N ® L(i°) — A;M — 0.
By the Mackey Theorem, A;ind))__ N ® L(if) = ind”” M Ne A;L(i%). By considering

4 n
0— R—ind,_ .,

n—e,e n—e,e—1,1
characters [A;L(i€)] = e[L(i°~') ® L(i)]. Hence,
[Ajind] N @® L(i¥)] = efind) 11| \N ® L(i* ") @ L(i)]. (6.15)

Using Lemma 5.3 again, the cosocle of indz:;’;_uN ® L= ® L(i) is (&;M) ® L(i), and
all other composition factors of this module are of the form L ® L(i) with ;(L) < e — 1.
Moreover, all composition factors of A;R are of the form L ® L(i) with £;(L) < e —1. So

we have now shown that
[AM] = e[6;M ® L(i)] + Y _ calNa ® L(3)]

for irreducibles N, with €;(NN,) < g;(€;M). The conclusion follows on applying Lemma 6.3.
(ii) We give the argument for the case i # 0, the case ¢ = 0 being similar but using
Lemma 4.15(ii) instead of Lemma 4.15(i). We know that A;M = N ® L(i). So, applying
the automorphism o to Lemma 4.15(i), we deduce that the maximal size of a Jordan block
of X,, + X! on AjzM is . Hence the maximal size of a Jordan block of X, + X7 ! on A;M
is at least ¢.
On the other hand, the argument given above in deriving (6.15) shows that the mod-

ule Ajindy;__ N ® L(i®) has a filtration with e factors, each of which is isomorphic to

ind "l |  [N®L(i*"!)®L(i). Since (X,,+X, ' —q(i)) annihilates ind} ! | | N®L(i*!)®
L(i), it follows that (X, + X, — ¢(i))° annihilates Asind}, _ N ® L(i). So certainly

(X, + X, 1 — q(i))° annihilates its quotient A; M. So the maximal size of a Jordan block of
X, + X, on A;M is at most e.

(iii) Let z = (X, + X,; 1 — q(i)) if i # 0 and (X,, — 1) if i = 0. Consider the effect of left
multiplication by z on the H,_;-module R = mst’1 o A;(M). Note R is equal to either
e;M or e;M @ Tle;M, by Lemma 6.3. In the latter case, (X, + X, ') (resp. X,,) acts as a
scalar on soc R ~ ¢; M @©1Ile; M, hence it leaves the two indecomposable summands invariant.
This shows that in any case left multiplication by z (which centralizes the subalgebra H,,_1
of H,) induces an H,,_1-endomorphism 6 : e;M — e; M. But by (ii), #°7 # 0 and §° = 0.
Hence, 1,6, ...,6° ! give ¢ linearly independent even H,,_1-endomorphisms of e; M. In view
of Remark 6.7, we automatically get from these € linearly independent odd endomorphisms
in case ¢;M is of type Q, so we have now shown that

dim Endy,, ,(e;M) > edimEndy,, , (é;M).

On the other hand, e; M has irreducible cosocle €; M, and this appears in e; M with multi-
plicity € by (i), so the reverse inequality also holds. O

Corollary 6.12. Let M, N be irreducible H,-modules with M 2 N. Then, for every i € I,
Homyy,, ,(e;M,e;N) = 0.
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Proof. Suppose there is a non-zero homomorphism 6 : e;,M — e;N. Then, since e;M
has simple head €; M, we see that e;N has ;M as a composition factor. Hence, by The-
orem 6.11(i), €;(&;N) > €;(é;M). Dualizing and applying the same argument gives the
inequality the other way round, hence ¢;(&;N) = ¢;(é;M). But then, é;M is a composition
factor of e; N with ¢;(é;M) = ¢;(&;N), hence by Theorem 6.11(i) again, ;M = é;N. But
this contradicts Corollary 5.11. O

To state the next corollary, we first need to introduce the x-operation on the crystal

graph. This will play a fundamental role later on. Suppose M is an irreducible module in
Rep; H,, and 0 < m < n. Using Lemma 2.9 for the second equality in (6.17), define

&M = (&:(M7))°, (6.16)
fiM = (fi(M°))? = cosoc ind?ﬁlL(i) ® M, (6.17)
ef (M) =&;(M?) =max{m > 0] (&)™ M # 0}. (6.18)

Note (M) can be worked out just from knowledge of the character M: ef(M) is the
maximum k such that [L(i)®* @ ...] appears in ch M.

Recalling the definition of the ideal Z, generated by the element (4.6), Theorem 6.11(ii)
has the following important corollary:

Corollary 6.13. Let A € Py and M be an irreducible in Rep; H,. Then ZyM = 0 if and
only if e (M) < (hi, \) for alli € I.

86-e. Functions ;. Fix A € Py throughout this subsection. Let M be an irreducible
H)-module. Recall from (5.10) that for i € I,
g;(M) = max{m > 0| (&))™M # 0}, (6.19)

A

since €;' is simply the restriction of €;. Analogously, we define

@i(M) = max{m > 0| (f})™M # 0}. (6.20)
We will see shortly (Corollary 6.17) that ¢;(M) < oo always so that the definition makes
sense. Note unlike £;(M ), the integer ¢;(M) depends on the fixed choice of A.
As in §5-d, 1 denotes the irreducible H(}—module.
Lemma 6.14. £;(1x) =0 and ¢;(1x) = (hi, \).
Proof.  The statement involving ¢; is obvious. For ¢;(1x), note that f1x = L(:™) and
g (L(i™)) =m,  &5(L(i™)) =0

7 J

for every j # i. Hence by Corollary 6.13, pr*L(i™) # 0 if and only if m < (h;,\). This
implies that ¢;(1x) = (h;, A). O

Lemma 6.15. Let i,j € I with i # j and M be an irreducible module in Rep; H,,. Then,
ei(f"M) < g5(M) for every m > 0.

Proof.  Follows from the Shuffle Lemma. O

Lemma 6.16. Leti,j € I withi# j. Let M be an irreducible module in Rep H) such that
@i (M) > 0. Then, @;(fiM) —ei(f;M) < ¢i(M) — ei(M) — (hi, o).
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Proof. Lete=¢;(M),p =¢;(M) and k = —(h;, ;). By Lemma 5.24, there exist unique
a,b >0 with a4+ b = k such that ;(f;M) = ¢ — a. We need to show that ¢;(f;M) < ¢ +b,
which follows if we can show that pr* fzm ij =0 for all m > ¢ + b. We claim that

e (M0 ;M) = ef (" M)
for all m > 0. Given the claim, we know by the definition of ¢, Corollary 6.13 and
Lemma 6.15 that &f(f™M) > (h;, \) for all m > ¢. So the claim implies that e} (f" f;M) >
(hi, \) for all m > ¢ + b, hence by Corollary 6.13 once more, pr* fzm fJM = 0 as required.

To prove the claim, note that a < ¢, so b+ ¢ > k. Hence, Lemma 5.24(ii) shows that
there is a surjection

indgm;f’;jb M ® L") ® L(i® i) — frre M.

a+b+1L

bt (i%§4%) = L(i%) ® L(ji®). Hence by Frobenius reciprocity, there is

By Lemma 5.19, res

a surjection
de,Jl:ﬁlL(Za) ® L(ji%) — L(i%ji").

Combining, we have proved existence of a surjection

ind] 5 M @ L™ © L) — J70 M.

Hence by Frobenius reciprocity there is a non-zero map

(ind2Em M @ L(i™)) @ L(ji®) — res'tm b1 fmtb far,

Since the left hand module has irreducible cosocle f*M @ L(ji®), we deduce that f™° f; M
has a constituent isomorphic to f;*M on restriction to the subalgebra H,rm € Hypmtbti-
This implies the claim. O

Corollary 6.17. Let A € Py and M be an irreducible H;\-module with central character X~
for some v € T'y,. Then, @;(M) —e;(M) < (hi, A — 7).

Proof.  Proceed by induction on n, the case n = 0 being immediate by Lemma 6.14. For
n > 0, we may write M = ij for some irreducible 1} ;-module N with ©;(N) > 0. By
induction, ¢;(N) —&;(N) < (hi, A — v + ;). The conclusion follows from Lemma 6.16. O

§6-f. Alternative descriptions of ¢;. Keep A € P, fixed. Now we wish to prove the
analogue of Theorem 6.11 for the function ;. This is considerably more difficult to do. Let
M be an irreducible H)-module. Recall that

fiM = limpriind? 7'M ® Ly, (i), ind;M = lim priind ' M & R, (i),
and that the inverse limits stabilize after finitely many terms. Define ¢;(M) to be the
stabilization point of the limit, i.e. the least m > 0 such that f;M = pr’\indf;{lM ® L (1),
or equivalently ind; M = pr)‘indeglM MRy (i). The first lemma follows [G1, Theorem 9.15].

Lemma 6.18. Let M be an irreducible Hjy-module and i € I. Then:
(i) [iM] = &i(M)[fiM] + 3 ca[No] where the N, are irreducible H}) . ,-modules with

Ei(Na) < €l(flM), ~
(ii) EndeH(fiM) ~ EndHA_H (fiM)29: (M) 45 vector superspaces.
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Proof. (i) Take any m > 1. Since pr’ is right exact, the natural surjection Ly, (i) —»
L;,—1(3) and the obvious embedding L, (i) < Lpy+1(i) (see §4-h) induce a commutative
diagram

prind ' M @ L) —2"—  prind! M @ L (i)~ priind!{'M ® Ly,_1(i) — 0

H l

priind? T M @ L()) 225 prhind? M ® Ly () 22 priind? "M @ Lin(i))  — 0
where the rows are exact. Note if o, = 0 then ay,4+1 = 0. It follows that if 5, is an isomor-
phism so is 3, for every m’ > m. So by definition of @;(M), the maps B1, B2, ..., B, (ar)
are not isomorphisms but all other §,,,,m’ > @;(M) are isomorphisms.

Now to prove (i), we show by induction on m = 0,1,...,@;(M) that

[pr)‘indz’ﬁlM ® L (i)] = m[fiM] + lower terms,

where the lower terms are irreducible M, -modules N with ;(N) < & fiM). This is
vacuous if m = 0. For m > 0, [3,, is not an isomorphism, so «;, # 0. Hence, by Lemma 5.5,
the image of a,, contains a copy of fiM plus lower terms. Now the induction step is
immediate.

(ii) Take m = @;(M). One easily shows using the explicit construction of L, (i) in §4-
h that there is an even endomorphism 6 : L,,(i) — Ly, (i) of Hi-modules, such that the
image of 0% is ~ L,,_(i) for each 0 < k < m. Frobenius reciprocity induces superalgebra
homomorphisms

Endy, (Lm (i) = Endy,, , (M @ Ly, (i) — Endyy,,, (ind? 7'M ® Ly, ().

n,1
So 6 induces an even ‘H,, 1-endomorphism  of indelM ® Ly (i), such that the image of §*
is ~ indelM ® Ly,_1(i) for 0 < k < m. Now apply the right exact functor pr* to get an
even ‘H;\ , -endomorphism
0: pr’\indZﬁIM ® Ly (i) — pr’\indz,ﬁlM ® Ly, (1)

induced by 6. Note 6™ = 0 and §™1 = 0 because its image coincides with the image of the
non-zero map «,, in the proof of (i). Hence, 1, 0,....0m ! are linearly independent, even
endomorphisms of f; M. Now the proof of (ii) is completed in the same way as in the proof
of Theorem 6.11(iii). O

Corollary 6.19. Let M, N be irreducible H)-modules with M % N. Then, for everyi € I,
I‘IOIIlHi;_’_1 (flM, le) = 0.

Proof.  Repeat the argument in the proof of Corollary 6.12, but using ¢; and Lemma 6.18(i)
in place of ¢; and Theorem 6.11(i). O

The main thing now is to prove that @;(M) = ¢;(M). Note right away from the definitions
that ¢;(M) = 0 if and only if p;(M) = 0.

Lemma 6.20. If M is an irreducible H)-module then

l
(Go(M) = eo(M)) +2) (Gi(M) = &i(M)) = (¢, N).
i=1
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Proof. By Frobenius reciprocity and Theorem 3.9, we have that

L Han Mo, Mo
EndH?LH(deTAL M):HomH%(M,resHé de,ﬁ M)

A A
~ Homyy (M, M @ IIM)®© @ Homy (M, ind:gilresZ’;

n—1

M)

~ Homyp (M, M & TIM)®N @ Endyn (ress M),

n
n—1 'HX

n—1

Hence, by Schur’s lemma,

. . HAL . HA _f 2(e,\) if M is of type M,
dim Endﬁﬁﬂ(md?i% M) — dim EndHﬁ_l(reSHQ,lM) o { 4(c,\) if M is of type Q.
Now if M is of type M,
l l
. H Ha
de}lﬂM ~ foM @ EB(fZM @ IIf; M), restilM ~ egM @® @(eiM @ lle; M).
i=1 i=1

by Lemmas 6.3, 6.4 and (6.6). Hence by Lemma 6.18(ii) and Theorem 6.11(iii),

. o, _ o
dimEndy  (ind, 3™ M) = 2¢9(M) + 4 > @i(M),
=1

n—1 anl

l
dimEnd,p (res)d M) = 2e0(M) + 4 (M),
=1

and the conclusion follows in this case. The argument for M of type Q is similar. O

Lemma 6.21. Let M be an irreducible Hﬁ—module andi € 1. Let ¢; =14fi =0, ¢ =2
otherwise. Then,

[resiindiM : M] = 26Z61(ﬁM)g5Z(M), [indiresiM : M] = QCZEZ(M)@(éZM),

soc res;ind; M ~ (M & HM)EBCZ'@(M), soc ind;res; M ~ (M & HM)@C'“E"(M).
Proof.  The statement about composition multiplicities follows from Theorem 6.11(i) and
Lemma 6.18(i), taking into account how res; and ind; are related to e; and f; as explained in
Lemmas 6.3 and 6.4. Now consider the statement about socles. We consider only res;ind; M,

the other case being entirely similar but using results from §6-d instead. By adjointness, it
suffices to be able to compute HomHAH(indiN ,ind; M) for any irreducible H)-module N.

But in view of Lemma 6.4, this can be computed from knowledge of HOI’HH>\+1( fiN, fiM)

which is known by Corollary 6.19 (if M % N) and Lemma 6.18(ii) (if M = N). The details
are similar to those in the proof of Lemma 6.20, so we omit them. 0O

The proof of the next lemma is based on [V, Lemma 6.1].
Lemma 6.22. Let M be an irreducible H;y-module and i € I. There are maps
ind;res; M ¥, res;ind; M =5 res;ind; M /soc res;ind; M,

whose composite is surjective.
Proof.  Let k = ¢;(M) and

m o ind T M ) Ry (i) — priind i M K Ry (i) = ind; M
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be the quotient map. Let H) denote the subalgebra of H,, generated by XFL C,, and set
z=X,+ X, —q(i) (resp. X, —1ifi=0). Recall from §4-h that viewed as an H}-module,
we have that Ry (i) ~ H;/(z¥). In particular, Ry (i) is a cyclic module generated by the
image 1 of 1 € Hj}.
We first observe that for any m > &;(M) + ¢;(M), 2™ annihilates the vector
[T, ® (u®v)] € ind; M

for any u € M,v € Ry(i). This follows from the relations in H,1, e.g. in case i # 0
one ultimately appeals to the facts that (X, + X' — ¢(4))5™) annihilates v (see The-
orem 6.11(ii)) and (X,41 + X;il — q(1))?M) annihilates v. Tt follows that the unique
Hy—1,1-homomorphism (res; M) XH) — res);_; jres;ind; M such that u®1 +— 7T}, ® (u® 1)]
for each u € res;M C M factors to induce a well-defined H,_1 1-module homorphism
(res; M) X Ry, (i) — resy_q jres;ind; M. We then get from Frobenius reciprocity an induced
map

VY, :indyy_q 4 (ves; M) KR (i) — res;ind; M (6.21)
for each m > ;(M) + ¢;(M). Each 1y, factors through the quotient priind,_; ;(res;M) X
Rum(i), so we get an induced map
¥ :ind;res; M = Liilpr)‘indZ,Ll(resiM) X R (i) — res;ind; M.

It remains to show that the composite of 1 with the canonical epimorphism from res;ind; M
to res;ind; M /soc res;ind; M is surjective.
Let z = (n,n + 1) € S,41. By Mackey Theorem there exists an exact sequence

0 — M Ry (i) — resi i (ind T M R Ry (4)) — ind!) | *((vesi_; i M) KIRy(i)) — 0.
In other words, there is an H,, 1-isomorphism
ind) ) | P ((resp_y (M) RRE(1) > res ! (ind T M KR (i) /(M KRy (i),
h@(u®v) — +hl, Qu®v+ MRR(>)

for h € Hy,u € M,v € Ry(i), where M K Ry(7) is embedded into restl(indelM X R (7))
as 1 ® M ® R (7). Recall from (4.28) that dim Ry (i) = 2ke; where ¢; is as in Lemma 6.21.
Hence, applying Lemma 6.21,

res™t M X Ry (i) ~ (M & IIM)*¢ ~ soc res;ind; M.

So applying the exact functor res; = rest o A; to the isomorphism above we get an isomor-
phism

ind),_; | (res; M) KM Ry(i) — resi(inde{lM X R (7))/soc res;ind; M,
h@u®v +— hT, ®u® v+ socres;ind; M.
It follows that there is a surjection
6 :indy_; o (res; M) KRy (i) — res;ind; M /soc res;ind; M
such that the diagram
indy,_; 1 (res; M) X Ry, (7) res;ind; M

l lcan

indy,_; q(res; M) X Ry (i) ., res;ind; M /soc res;ind; M

d)rn
—_—
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commutes for all m > ¢;(M) + $i(M), where 1, is the map from (6.21) and the left
hand arrow is the natural surjection. Now surjectivity of 6§ immediately implies the desired
surjectivity of the composite. O

Lemma 6.23. Let M be an irreducible H;\-module with e;(M) > 0. Then,

Gi(eiM) = @i(M) + 1.
Proof.  Let us first show that

@i(&M) = pi(M) + 1. (6.22)
Recall p;(M) = 0 if and only if ¢;(M) = 0. Suppose first that ¢;(M) = 0, when ;(é;M) #

0. Then, @;(M) =0 and @;(é;M) # 0, so the conclusion certainly holds in this case. So we
may assume that ¢;(M) > 0, hence @;(M) # 0. Note by Lemma 6.21,

[ressind; M /soc resgind; M = M| = 2¢ie;(fi M) @i (M) — 2¢;p:(M) = 2¢5e:(M)@;(M) # 0.
In particular, the map ¢ in Lemma 6.22 is non-zero. Now Lemma 6.22 implies that the
multiplicity of M in im ) is strictly greater than 2¢;e;(M)@;(M), since at least one compo-
sition factor of soc im C soc res;ind; M must be sent to zero on composing with the second
map can. Using another part of Lemma 6.21, this shows that

2ciei(M)@i(&;M) > 2c;e;(M)pi (M)
and (6.22) follows.
Now using (6.22) and Lemma 6.21, we see that in the Grothendieck group,
[res;ind; M — ind;res; M : M| < 2¢;(@i(M) — g;(M)),

with equality if and only if equality holds in (6.22). By central character considerations, for
i # j, [resjind; M : M| = [ind;res; M : M] = 0. So using (6.6) we deduce that

l

Hyq. M . HA H - ~

[resH%“de%“M — 1ndHA71reSHA71M s M) <2(@o(M) —eo(M)) +4 E (@i(M) —e;(M))
1=1

with equality if and only if equality holds in (6.22) for all ¢ € I. Now Lemma 6.20 shows
that the right hand side equals 2(c, ), which does indeed equal the left hand side thanks to
Theorem 3.9. O

Corollary 6.24. For any irreducible H)\-module M, p;(M) = ¢;(M).
Proof. ~ We proceed by induction on ¢;(M), the conclusion being known already in case
@i(M) = 0. For the induction step, take an irreducible H)-module N with ¢;(N) > 0, so
N = &M where M = f;N is an irreducible H; ;-module with &;(M) > 0, ¢;(M) < ¢;(N).
Then by Lemma 6.23 and the induction hypothesis,
Gi(N) = @i(&M) = @i(M) + 1= ¢i(M) + 1 = pi(&M) = p;i(N).

This completes the induction step. O

As a first consequence, we can improve Corollary 6.17:

Lemma 6.25. Let M be an irreducible Hé—module of central character x~ for v € I'y.
Then, pi(M) — &i(M) = (hi; A — 7).
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Proof. In view of Corollary 6.17, it suffices to show that

l
(po(M) = eo(M)) +2) (@i(M) = &i(M)) = (¢, N).
i=1

But this is immediate from Lemma 6.20 and Corollary 6.24. O

We are finally ready to assemble the results of the subsection to obtain the full analogue
of Theorem 6.11 for ¢;:
Theorem 6.26. Leti € I and M be an irreducible H)\-module. Then,
i) [fiM] = @i(M)[fiM] + 3. ca[N,] where the N, are irreducibles with pi(N,) <

@i fiM);
(i) i(M) is the least m > 0 such that f; M = pr)‘indelM ® Ly, (i);

(ili) Endy, , (fiM) ~ EndHnH(fZ-M)@‘Pi(M) as vector superspaces.
Proof. (i) Since p;(M) = @i(M) by Corollary 6.24, we know by Lemma 6.18(i) that

M) = oMM + 3 cal Vo]
where the N, are irreducibles with &;(N,) < ;(f;M). Suppose that M € Rep,, H;, for
v € I'n. Then f;M and each N, have central character X+, Since they are all composition
factors of ind; M. So by Lemma 6.25,
0i(No) = (hi, A=y —ai) +&i(No),  @i(fiM) = (hi, A\ =y — i) + &i(fiM).

It follows that ¢;(N,) < ¢;i(fiN,) too.
(ii) This is just the definition of @;(M) combined with Corollary 6.24.
(iii) This follows from Lemma 6.18(ii). O

7. CONSTRUCTION OF U

§7-a. Grothendieck groups revisited. Let us now write

K(00) = (P K (Rep; Hn) (7.1)

n>0

for the sum over all n of the Grothendieck groups of the categories Rep; H,,. Also, write

K(00)g = Q®z K(0), (7.2)

extending scalars. Thus K(oo) is a free Z-module with canonical basis given by B(c0),
the isomorphism classes of irreducible modules, and K (00)g is the Q-vector space on basis
B(o0). We will always view K (co) as a lattice in K (00)q.

We let K(oc0)* denote the restricted dual of K(oco), namely, the set of functions f :
K(c0) — Z such that f vanishes on all but finitely many elements of B(co). Thus K (oco)*
is also a free Z-module, with canonical basis

{0m [ [M] € B(c0)}

dual to the basis B(oo) of K(o0), i.e. dp([M]) = 1, da([N]) = 0 for [N] € B(oo) with
N 2 M. Note for an arbitrary N € Rep; Hy, 0 ([IN]) simply computes the composition
multiplicity [N : M] of the irreducible module M as a composition factor of N. Finally, we
write B(oo)g = Q ®z B(c0)*, which can be identified with the restricted dual of B(c0)q.
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Entirely similar definitions can be made for each A € Py:
K(\) = D K (Rep; Hy) (73)
n>0

denotes the Grothendieck groups of the categories Rep H,, for all n. Again, K()) is a free
Z-module on the basis B(\) of isomorphism classes of irreducible modules. Moreover, infl*
induces a canonical embedding
infl* : K(\) — K (o).

We will generally identify K (\) with its image under this embedding. We also define K (\)*
and K(\)g = Q®z K(\) as above.

Recall the operators e; and more generally the divided power operators egr) for r > 1,
defined on irreducible modules in res;H,, in (6.8) and (6.11) respectively. These induce
linear maps

")+ K(00) = K(o0) (7.4)

for each » > 1. Similarly, the operators 62('7”) and fl-(r) from (6.12) and (6.13) respectively
induce maps

e D KN = K(N). (7.5)

)

Recall by Lemma 6.9 that
ef = (e, =", (7.6)
Extending scalars, the maps elm, fi(T) induce linear maps on K (00)g and K(\)g too.

§7-b. Hopf algebra structure. Now we wish to give K (co) the structure of a graded Hopf
algebra over Z. To do this, recall the canonical isomorphism
K(Rep; Hm) ®z K(Rep; Hy) — K(Rep; Hinn) (7.7)

+n
n

indt" - K(Rep; Himn) — K(Repr Hign)-

Composing with the isomorphism (7.7) and taking the direct sum over all m,n > 0, we
obtain a homogeneous map

from (2.4), for each m,n > 0. The exact functor ind]. 7" induces a well-defined map

o1 K(00) ®z K(00) — K(00). (7.8)

By transitivity of induction, this makes K (0co0) into an associative graded Z-algebra. More-
over, there is a unit

L Z — K(c0) (7.9)

mapping 1 to the identity module 1 of Hg. Finally, since the duality 7 induces the identity
map at the level of Grothendieck groups, Theorem 2.14 implies that the multiplication ¢ is
commutative (in the usual unsigned sense).

Now consider how to define the comultiplication. The exact functor res
map

n

ny.me nduces a

res” : K(Repl Hn) — K(Repl Hm,m)‘

ni,n2



60 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

On composing with the isomorphism (7.7), we obtain maps

AR ny (K (Repr Hy) — K(Rep; Hy, ) @z K(Repy Hap,), (7.10)
A= > A :K[RepHa) —» €D K(Rep;Hn,) @z K(Repy Hn,).  (7.11)
ni+n2=n ni+nz2=n

Now taking the direct sum over all n > 0 gives a homomogeneous map
A K(00) = K(00) ®z K(0). (7.12)
Transitivity of restriction implies that A is coassociative, while the homogeneous projection
onto K (Rep; Ho) = Z gives a counit
e: K(0) — Z. (7.13)
Thus K (o0) is also a graded coalgebra over Z. Now finally:

Theorem 7.1. (K(c0),0,A,t,€) is a commutative, graded Hopf algebra over 7Z.

Proof. Tt just remains to check that A is an algebra homomorphism, which follows using
the Mackey Theorem. Note in checking the details, one needs to use Lemma 5.14 to take
the definition of ® into account correctly. O

We record the following lemma explaining how to compute the action of e; on K(o0)
explicitly in terms of A:

Lemma 7.2. Let M be a module in Rep; H,. Write
no1a[M] =) [Ma] @ [Na]

a

for irreducible H,,_1-modules M, and irreducible H1-modules N,. Then,

e[ M) = > M)

a with No=L(i)

Proof.  This is immediate from Lemma 6.3. O

Lemma 7.3. The operators e; : K(oco) — K(00) satisfy the Serre relations, i.e.

eiej = eje; if li— 4] > 1,

elej +ejel = 2eie e if i —jl=1,i#0,5 # 4

6%61 + 360616(2) = 36(2)6160 + eleg if £ #£ 1,

€5 _1eq+ 3ep_1eges | = 3e2_jepep_1 + epes if £ # 1,

eder + begereg + 10edered = 10eder ey + Hegeren + erel if 0 =1,

fori,gel.

Proof.  In view of Lemma 7.2 and coassociativity of A, this reduces to checking it on
irreducible H,-modules for n = 2, 3,4, 4,6 respectively. For this, the character information
in Lemmas 5.19 and 5.20 is sufficient. 0O

Now consider K (\) for A € Py. This has a natural structure as K (co)-comodule: viewing
K()\) as a subset of K(o00), the comodule structure map is the restriction

AN K(\) — K(\) @7 K(00)
of A. In other words, each K(\) is a subcomodule of the right regular K (oo)-comodule.
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One checks from the definitions that the dual maps to ¢, A, ¢, e induce on K(0co0)* the
structure of a cocommutative graded Hopf algebra. From this point of view, each K(\) is
a left K(oo)*-module in the natural way: f € K(co)* acts on the left on K ()) as the map
(id®f) o AN, Similarly, K(oo) is itself a left K (co)*-module, indeed in this case the action
is even faithful.

Lemma 7.4. The operator egr) acts on K(oo) (resp. K(N) for any A € Py ) in the same

way as the basis element dp,;ry of K(00)*.
Proof.  Let M be an irreducible module in Rep; H,, or Rep H}\. Let

A’n—’f‘,’/‘ [M] = Z[Ma] ® [Na]

a

for irreducible H;\L_T—modules M, and irreducible H,-modules N,. By the definition of the
action of K (o0)* on K(A), it follows that

orn M| = > [Ma].
a with Ng=L(i")
Hence, since [res] L(i")] = (r!)[L(7)®"], we get that 57;(1') acts in the same way as (!)dp,(;r).

So in view of (7.6), it just remains to check that ;) acts in the same way as e;, which
follows by Lemma 7.2. O

Lemma 7.5. There is a unique homomorphism m : Ug — K(o0)* of graded Hopf algebras
such that egr) > Op(ry for eachi € I andr > 1.

Proof.  Since K(00) is a faithful K (oco)*-module, (7.6) and Lemmas 7.3 and 7.4 imply that
the operators dr;r) satisfy the same relations as the generators ez(-T) of Ug . This implies
existence of a unique such algebra homomorphism. The fact that 7 is a coalgebra map
follows because

A(éL(i)) = 5L(i) ®1+1® 5L(i)
by the definition of the comultiplication on K(co)*. O

§7-c. Shapovalov form. Now focus on a fixed A\ € P;. For an H)-module M, we let
Py; denote its projective cover in the category Ha-mod. Since H; is a finite dimensional
superalgebra, we can identify

K(\)* = P K (ProjH,;)) (7.14)
n>0
so that the basis element dj; corresponds to the isomorphism class [Pyy] for each irreducible
H)-module M and each n > 0. Moreover, under this identification, the canonical pairing
(L) KA)*" XKW\ —Z (7.15)
satisfies
dim Homyx (P, N) - if M is of type M,

((Pal, [N]) = { + dim Homgy (Par, N) if M is of type Q, (7.16)

for H)-modules M, N with M irreducible (since the right hand side clearly computes the
composition multiplicity [N : M]).
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There is a homogeneous map
w: KW\ — K(\) (7.17)

induced by the natural maps K (ProjH;) — K(RepH;) for each n. We warn the reader

that we do not yet know that w is injective.

As explained at the end of §6-c, we can define an action of egr) and fi(T) on the projective

indecomposable modules, hence on K(\)*. We know by Lemma 6.10 that (7.6) holds for
(r

the operations on K (\)* as well as on K(\). Also, the actions of e; ) and fi(r) commute

with w by (6.14).

Lemma 7.6. The operators e;, fi on K(\)* and K(\) satisfy (e;x,y) = (x, fiy), (fix,y) =
(x,ey) for each x € K(A)* and y € K(\).

Proof.  Let M be an irreducible H;-module and N be an irreducible H;) 1-module. We
check that (fi[Pu], [N]) = ([Pum], €i[N]) in the special case that i = 0, M is of type Q and
N is of type M. In this case, Lemmas 6.4, 6.1(i) and 6.3,

(Fi[Pu], [N]) = %(indi (Par], [N]) = % dim Hom,gy _(ind; Par, V)

L.
=3 dim Homyy» (Par, res; V) = ([Pu], resi[N]) = ([Pum], e[ N]).
All the other situations that need to be considered follow similarly. O

Corollary 7.7. Suppose
eIM = Y aun[N, fOM]= Y buwIN).
[N]eB(X) [NJeB(X)
for [M] € B(\). Then,
eDPnl= >0 bunlPul. £y =Y amn[Pul
[M]eB(X) [M]eB(\)
for [N] € B(A).

Using this, the next lemma is an easy consequence of Theorem 6.26(i), see [G1, Lemma 11.2]
for the detailed proof.

Lemma 7.8. Let M be an irreducible Hp-module, set € = ;(M), o = @i(M). Then, for
any m > 0,

(m)
e [Pu] = > an[PerN]
N with e;(N)>m
for coefficients ay € Z>g. Moreover, in case m = ¢,

€+
656)[PM] — < . SD) [PéfM] + Z aN[PéfN].
N withe;(N)>e
We also need:
Theorem 7.9. Given an irreducible H)-module M, [Py] € K(ProjH}\) can be written as

an integral linear combination of terms of the form fi(fl) e f(r“)[lx].

la
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Proof.  Proceed by induction on n, the conclusion being trivial for n = 0. So suppose n > 0
and that the result is true for all smaller n. Suppose for a contradiction that we can find an
irreducible H)-module M for which the result does not hold. Pick i with € := &;(M) > 0.
Since there are only finitely many irreducible H)-modules, we may assume by the choice of
M that the result holds for all irreducible Hj\-modules L with &;(L) > . Write

WPl = Y arlPi
[L)€lrr H)
for coeflicients ay, € Z. By Corollary 7.7, ar, = [eEE)L : €&5M]. In particular, a;, = 0 unless
ei(L) > . Moreover, if ar, # 0 for L with ¢;(L) = ¢, then by Theorem 6.11(i), we have that
eEE)L e L =e;M, whence L = M and aps = 1. This shows:

[Py] = fi(s) [Pespr] — Z ar[Pr] (7.18)
L withe;(L)>e
for some ay, € Z. But the inductive hypothesis and choice of M ensure that all terms on the

) 40re)

right hand side are integral linear combinations of terms f; i, [1a], hence the same
is true for [Pys], a contradiction. O

The next two theorems are fundamental, so we include the proofs even though they are
identical to the argument in [G;, Theorem 11.1].
Theorem 7.10. The map w : K(A\)* — K () from (7.17) is injective.

Proof. ~ We show by induction on n that the map w : K(ProjH,) — K(RepH,) is
injective. This is clear if n = 0, so assume n > 0 and the result has been proved for all
smaller n. Suppose we have a relation

> anw([Pu]) =0

[M]€lrr H)

with not all coefficients a; being zero. We may choose i € I and an irreducible module M

such that aps # 0,6 :=&;(M) > 0 and ay = 0 for all N with ;(IV) > e.

Apply 62(5) to the sum. By Lemma 7.8, we get

> (5 + %(N)) anw([Pien]) + X =0
N)=e¢

3
N with &;(

where X is a sum of terms of the form w([Pz.]) with €;(L) > . Now the inductive
hypothesis shows that X = 0 and that ay = 0 for each N with ¢;(N) = . In particular,
apr = 0, a contradiction. O

In view of Theorem 7.10, we may identify K (\)* with its image under w, so K (\)* C K(\)
are two different lattices in K (\)g: on tensoring with Q they become equal. Extending
scalars, the pairing (7.15) induces a bilinear form

(., ) : K()\)Q X K(/\)Q — Q (719)
with respect to which the operators e; and f; are adjoint.

Theorem 7.11. The form (.,.) : K(A)g x K(A)g — Q is symmetric and non-degenerate.

Proof. It is non-degenerate by construction, being induced by the pairing (.,.) from
(7.15). So we just need to check that it is symmetric. Proceed by induction on n to show
that (.,.) : K(RepH))g x K(RepH))g — Q is symmetric. In view of Theorem 7.9, any
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element of K (RepH;)g can be written as fiz for x € K(RepH)_;)g- Then for any other
y € K(RepH))g, we have that

(flxvy) = (%eiy) = (eiyvx) = (ya flx)
by the induction hypothesis. O

§7-d. Chevalley relations. Continue working with a fixed A € P;. We turn now to
considering the relations satisfied by the operators e;, f; on K(\).

Lemma 7.12. The operators e;, f; : K(\) — K () satisfy the Serre relations (4.4).

Proof.  We know the e; satisfy the Serre relations on all of K(oco) by Lemma 7.3, so they
certainly satisfy the Serre relations on restriction to K (\). Moreover, e; and f; are adjoint
operators for the bilinear form (., .) according to Lemma 7.6, and this form is non-degenerate
by Theorem 7.11. The lemma follows. O

Now we consider relations between the e; and f;. For i € I and an irreducible Hj-module
M with central character x, for v € I';,, define

Ba[M] = (i, A — 7)[M]. (7.20)
Recall according to Lemma 6.25 that we have equivalently that
hilM] = (@i(M) — &i(M))[M]. (7.21)
More generally, define
h; (M) —ei(M
<7~> LK) — K(\),  [M]— (W )r el ))[M] (7.22)

where (') denotes m(m—1)...(m—r+1)/(r!). Extending linearly, each (’Z}) can be viewed

as a diagonal linear operator K(\) — K (). The definition (7.20) implies immediately that:
Lemma 7.13. As operators on K(X), [hi,ej] = (hi,a5)e; and [hs, f;] = —(hi, a5) f; for all
ijel.

For the next lemma, we follow [G;, Proposition 12.5].
Lemma 7.14. As operators on K (\), the relation [e;, f;] = 6; jh; holds for each i,j € I.
Proof.  Let M be an irreducible H)-module. It follows immediately from Theorems 6.11(i)
and 6.26(1) (together with central character considerations in case i # j) that [M|] appears
in e; f;[M] — fje;[M] with multiplicity &; ;j(¢i(M) — &;(M)). Therefore, it suffices simply to
show that e; f;[M] — fje;[M] is a multiple of [M]. Let us show equivalently that

[res;ind; M — ind;res; M]

is a multiple of [M].

For m > 0, we have a surjection indZﬁlM X Ry (j) — ind; M. Apply pr* ores; to get a
surjection

prAresiindelM X Ry (j) — res;ind; M. (7.23)

By the Mackey Theorem and (4.29), there is an exact sequence

0 — (M & TIM)®%5 ™% — res;ind !} M B Ry, (j) — indj_,  (ves; M) B Ry () — 0,
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where ¢; is as in Lemma 6.21. For sufficiently large m, pr)‘indZ,Ll(resiM )X Rn(j) =

ind;res; M. So on applying the right exact functor pr* and using the irreducibility of M,
this implies that there is an exact sequence

0 — M®™ @ IIME™2 pr)‘resiindZ:glM X Ry (j) — indjres; M — 0, (7.24)

for some my,ma. Now let N be any irreducible Hj-module with N 2 M. Combining (7.23)
and (7.24) shows that

[indres; M — res;ind; M : N] >0 (7.25)
Now summing over all ¢, j and using (6.6) gives that [ind res M — resind M : N| > 0. But

Theorem 3.9 shows that equality holds here, hence it must hold in (7.25) for all i,5 € I.
This completes the proof. O

To summarize, we have shown in (7.6), Lemmas 7.12, 7.13 and 7.14 that:

Theorem 7.15. The action of the operators e;, fi, hi on K(\) satisfy the Chevalley relations

(4.2), (4.3) and (4.4). Hence, the actions of egr),fi(r) and (]:}) for all i € I,r > 1 make
K (X)g into a Ug-module so that K(\)*, K(\) are Uz-submodules.

§7-e. Identification of K(oc0)*, K(A)* and K (A). Now we can prove Theorems A and
B stated in the introduction. Compare [Aq, 4.3, 4.4] and [Gq, 14.1, 14.2].

Theorem 7.16. For any A € P4,
(i) K(N)q is precisely the integrable highest weight Ug-module of highest weight X\, with
highest weight vector [13];
(ii) the bilinear form (.,.) from (7.19) on the highest weight module K(\)g coincides
with the usual Shapovalov form satisfying ([1x], [1A]) = 1;
(iii) K(A\)* € K(X) are integral forms of K(X)g containing [1,], with K(X)* being the
minimal lattice U, [1x] and K(X) being its dual under the Shapovalov form.
Proof. It makes sense to think of K(\)g as a Ug-module according to Theorem 7.15.
The actions of e; and f; are locally nilpotent by Theorems 6.11(i) and 6.26(i). The action
of h; is diagonal by definition. Hence, K(\)g is an integrable module. Clearly [1,] is a
highest weight vector of highest weight A. Moreover, K(\)g = Ugy[1a] by Theorem 7.9.
This completes the proof of (i), and (ii) follows immediately from Lemma 7.6. For (iii), we
know already that K(\)* C K(\) are dual lattices of K (\)g which are invariant under Uz.
Moreover, Theorem 7.9 again shows K(\)* = U, [15]. O

Theorem 7.17. The map 7 : Ug — K(00)* constructed in Lemma 7.5 is an isomorphism.

Proof.  Note by Lemma 7.4 that the action of the egr) € U% on K (co), hence on each
K ()), factors through the map w. So if = € ker 7, we have by the previous theorem that z
acts as zero on all integrable highest weight modules K(\), A € P;. Hence x = 0 and 7 is
injective. To prove surjectivity, take x € K(oo). It suffices to show that (7(u),z) = 0 for
all u € U% implies that x = 0. Note

(m(u),z) = (r(V)w(u), z) = (7(1), w(u)z) = (7(1), uz)
where the second equality follows because the right regular action of K(oco)* on itself is
precisely the dual action to the left action of K(00)* on K(c0), and the third equality
follows from Lemma 7.4. Hence, if (7(u),z) = 0 for all u € U, we have that (7 (1), uz) = 0
for all u € U;. Now choose A € Py sufficiently large so that in fact z € K(\) C K (o).
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Then, it follows that ([1x],uz) = 0 for all u € U, where (.,.) now is canonical pairing
between K(A)* and K (A). Hence by Lemma 7.6, (v[1x],2) = 0 for all v € U, . But then
Theorem 7.9 implies that x = 0. 0O

8. IDENTIFICATION OF THE CRYSTAL

§8-a. Final properties of B(oo). Now we follow the ideas of [G1, §13].

Lemma 8.1. Let M € Rep; H,, be irreducible.

(i) For anyi € I, either ;(ffM) = e;(M) or e;(M) + 1.

(ii) For anyi,j € I withi# j, Ez(f* M) =¢e;(M).
Proof. ~ We prove (i), the proof of (ii) being similar. By the Shuffle Lemma, we certainly
have that &;(ffM) < e;(M) + 1. Now let N = f*M. Then obviously, £;(e:N) < g;(N).
Hence, ¢;(M) < &;(ffM). 0O

Lemma 8.2. Let M € Rep; H,, be irreducible and i,5 € I. If 51(];]*M) = ¢;(M) then,
writing € := ;(M), we have é?f;‘M fj* eEM.
Proof. Set n=m —¢e. Let N =& M, so N is an irreducible H,-module with &;(IN) = 0
and M = féN. For 0 < b < e, let Q = res{ "f M. Theorem 6.11(i) and Lemma 6.3 imply
that in the Grothendieck group, @Qp is some number of copies of é‘,f_b f]*M plus terms with
strictly smaller ¢;. In particular, £;(L) < b for all composition factors L of @, while Qg is
consists only of copies of &f fJ*M

We will show by decreasing induction on b = €, — 1,...,0 that there is a non-zero
Hy1p+1-module homorphism

E d?;;b,le( )X N K L) — Q.

Incaseb=¢, Q. = f*M is a quotient of 1ndm+1L( )X M and M is a quotient of ind}’. N X

L(if), so the inductlon starts. Now we suppose by induction that we have proved -, # 0
exists for b > 1 and construct v,_1.

Consider resZigﬁllnd?flbj 'L(j) )R NKL(i%). By the Mackey Theorem, this has a filtration

0 C F1 C F> C F3 with successive quotients
Fy ~ind 750 resi ) L(j) RN K L(i"),
Fy/Fy ~ind} !t Presy ™t | L) W R L(),
F3/Fy ~ ind %' N ® L(i) K L(j),
where w is the obvious permutation. As 7, # 0, Frobenius reciprocity implies that there
is a copy of the H; ,p-module L( ) ® N ® L(i®) in the image of 7. Now b > 0, so the

q(i)-eigenspace of X, 1p11+ X +b+1 acting on L(j) ® N ® L(i%) is non-trivial. We conclude
that the map

b = res;(p) : I'eSleldqf—;blj_lL( VRN K L(i%) — resiQy = Qp_1

is non-zero.
If i # 7, then it follows from the description of F3/F5 and F5/F; above that res;(F3/Fy) =
0. So in this case, we necessarily have that 7,(F1) # 0. Similarly if ¢ = j, res;(F>/F1) =0,
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so if 4p(F1) = 0 we see that 73 factors to a non-zero homomorphism

res! TVl ind" T N K L(i%) R L(i) — Qp1.

But this implies that Qp—1 has a constituent L with &;(L) = b, which we know is not the
case. Hence we have that 4,(F1) # 0 in the case i = j too.
Hence, the restriction of 4, to F} gives us a non-zero homomorphism

n+b,1.  b+n,l 1,n,b . b
TS, 1 1nd1,n,b—1,1resl,n,b_1,1L(J) XNKL(GE") — Qp-1-

Now finally as all composition factors of res} ;L(i®) are isomorphic to L(i®~1!), this implies
the existence of a non-zero homomorphism ~;,_1 : indl{;’?b_lL(j) XNKLG®Y) - Qpy
completing the induction.

Now taking b = 0 we have a non-zero map  : ind’i‘fllL(j) X N — . But the left hand

side has irreducible cosocle f;‘N = f;éfM while all composition factors of the right hand

side are isomorphic to €§ fj*M . This completes the proof. O

(M)M and

Corollary 8.3. Let M € Rep;(Hy,) be irreducible and i € I. Let My = &'
My = (e5)5MM . Then, (M) = (M) if and only if £;(M) = ;(Ms).
Proof. Since we can apply the automorphism o, it suffices to check just one of the
implications. So suppose g;(M) = ¢;(Msy). Clearly, ¢f(M) > ef(M;). For the reverse
inequality, the preceeding two lemmas show that

This shows that (M) > ef(M). 0O

Lemma 8.4. Let M € Rep; My, be irreducible and i € 1 satisfy e;(fi M) = e;(M) + 1.
Then & fFM = M.
Proof.  Set € :=¢;(M) and N = &;M. By the Shuffle Lemma and Theorem 5.12,

[ind™t! _L(i)® N ® L(i°)] = [ind™"! N @& L(*™)).

I,m—ee m—e,e+1
Hence by Theorem 6.11(i), [ind{"}'_ _L(i) ® N @ L(i%)] equals [f{ ™' N] = [f;M] plus terms
[L] for irreducible L with ¢;(L) < e. On the other hand, ind’l’?;£€7€L(i) ® N ® L(i°) surjects

onto fZ*M So the assumption 5Z(ﬁ*M) — ¢+ 1 implies f; M =~ f‘l*M O

§8-b. Crystals. Let us now recall some definitions from [Ka]. A crystal is a set B endowed
with maps

g B—ZU{—00} (i€l),
&, fi:B—BU{0} (iel),
wt: B — P
such that
(C1) i(b) = £i(b) + (hiy w(b) for any i € T
(C2) if b € B satisfies €;b # 0, then ¢;(€;b) = €;(b) — 1, p;(é;b) = ¢;(b) + 1 and wt(é;b) =
wt(b) + ay; ) ) )
(C3) if b € B satisfies f;b # 0, then ¢;(fib) = €i(b) + 1, @i(fib) = ¢i(b) — 1 and wt(é;b) =
wt(b) — ay; .
(C4) for bl, by € B, by = fibl if and only if by = éibg;
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(C5) if @;(b) = —o0, then &b = fib = 0.
For example, for each i € I, we have the crystal B; defined as a set to be {b;(n) |n € Z}
with

SIODES S e ={ " H50
ety = { gD By ={ g0 2

and wt(b;(n)) = na;. We abbreviate b;(0) by b;. Also for A € P, we have the crystal T
equal as a set to {£\}, with e;(ty) = pi(ty) = —00, éity = fita = 0 and wt(ty) = \.

A morphism ¢ : B — B’ of crystals is a map ¢ : BU {0} — B’ U {0} such that

(H1) %(0) = 0;

(H2) if ¢(b) # 0 for b € B, then wt((b)) = wt(b), £i(¢(b)) = €i(b) and @i(¥(b)) = ¥(b);

(H3) for b € B such that ¥ (b) # 0 and v (€;b) # 0, we have that 1)(€;b) = ;1 (b);

(H4) for b € B such that ¢ (b) # 0 and ¥(f;b) # 0, we have that 1 (f;b) = fix(b).
A morphism of crystals is called strict if ¥ commutes with the é;’s and fi’s, and an embedding
if 1) is injective.

We also need the notion of a tensor product of two crystals B, B’. As a set, B® B’ is
equal to {b® ¥ |be B,V € B'}. This is made into a crystal by

ei(b®@ V) = max(ei(b),ei(V) — (hi, wt(b))), @i(b @) = max(pi(b) + (hi, wt(b)), i),
_ N EbRY i (b)) > (V) n_ J fib@b if 0i(b) > &i(V)
w000 = J05 et 20+ 0= 1e 5y it <o)

wt(b @ b') = wt(b) + wt ().
Here, we understand b @ 0 =0= 0 b.

Having recalled these definitions, we now explain how to make our sets B(co) and B(\)
from (5.5) and (5.12) into crystals in the above sense. To do this, it just remains to define
the weight functions on both B(oco) and B(\), as well as the function ¢p; on B(co): set

wt(M) = —~, (8.1)

for an irreducible M € Rep., H;, and

WA (N) = A — 1, (8.2)
for an irreducible N € Rep, H\. Also for an irreducible [M] € B(cc), define
pi(M) = i(M) + (hi, wt(M)), (8.3)

so that property (C1) is automatic. Thus we have defined (B(c0), e, i, &, fi, wt) and
(B(\), &4, @i, €2, f, wt?) purely in terms of the representation theory of the Hecke-Clifford
superalgebras.

Lemma 8.5. (B(oo),ai,goi,éi,fi,wt) and each (B(/\),Ei,goi,é?, Nl-’\,wt)‘) for X € Py are
crystals in the sense of Kashiwara.

Proof.  Property (C1) is Lemma 6.25 or the definition in the affine case. Property (C4) is
Lemma 5.10. The remaining properties are immediate. O

Recall the embedding infl* : B(A\) U {0} — B(co) U {0} from (5.13).
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Lemma 8.6. The map B(\) < B(co) ®@Th, [N] — infi’[N] @ty is an embedding of crystals
with image

{[M]@t\ € B(oo) @ Ty | ef (M) < (hi, \) for each i€ I}.
Proof.  Since & and f} are restrictions of &;, f; from B(cco) to B(\), respectively, the first
statement is immediate. The second is a restatement of Corollary 6.13. O

§8-c. Identification of B(oc) and B(A). The first lemma follows directly from Lem-
mas 8.1 and 8.2, applying the automorphism o to get (ii).
Lemma 8.7. Let M € Rep; Hyy, be irreducible and i,j € I with i # j. Set a =& (M).
(i) &;(M) = &;((&7)"M).
(ii) If ej(M) > 0, then € (e;M) = e; (M) and (&F)*é;M = é;(&})* M.
The proof of the next result is taken from [G;, Proposition 10.2].
Lemma 8.8. Let M € Rep; Hy, be irreducible and i € I. Set a = & (M) and M = (&F)*M.

(i) (M) = max(g;(M),a — (h;, wt(M))).
(ii) If ei(M) > 0,

* ([~ a Zf Z( = i )>’
gz(elM):{ a—1 Zf;(7 7)

=8
NIV
SIS
(.
33
SIS

(iii) If &;(M) > 0,
ppear{ I ) 20 o)

i ZfEZ(M) <a-— (hi,Wt(M»,
where b= e (&;M).
Proof. Lete=¢;(M),n=m—¢, and N = (&) M.
(i) By twisting with o, it suffices to prove that (for arbitrary M)

eX(M) = max(e(N), e — (hs, wt(N))). (8.4)

)

Define the weights A(0), A(1),--- € Py by taking the Aj-coefficient of A(r) to be ¢} (N) +r
and the Aj-coefficients of A(r) for j # i to be > 0. Then Z,(,)N = 0 for any r > 0, see

Corollory 6.13. Moreover, the same corollary implies that for k = gpj‘(r)(N ),
e1(fEN) = (hi, A(r)) and &} (FFTIN) = (hi, A(r)) + 1.

Now, pMN) — e}(N) = (hi, A + wt(N)) and &;(N) = e} (N). Moreover, by Lemma 8.1(i)
(twisted with o) we have ¢ (f¥N) > &f(N) for any k. All of these applied consecutively to
A(0), A(1),... imply:

(N = { 51 (V) i 5 < () + (V) + (hiy wh(NV),
SN =0 s = i(N) = (ha, wh(N)) if s > €3 (N) + &5(N) + (hi, wt(N))

for all s > 0. For s = ¢, taking into account &;(N) = 0, this gives (8.4).

(ii) Observe by (8.4) that €} (é;M) = ¢f (M) —1if and only if € > (h;, wt(N))+ef(N), and
that otherwise e} (¢;M) = &f(M). But (h;,wt(N)) = (hi, wt(M)) + 2¢ and (h;, wt(M)) =
(hi,wt(M)) + 2a so (ii) follows if we show that (h;, wt(M)) + e (N) + ¢ < 0 if and only if

(hi, wt(M)) +&;(M) +a < 0. But by (i) and (8.4),
(hi, wt(M)) +ef(N) + & = max({(h;, wt(M)) +ef(N) + ;(M),e;(N) — a),
(hi, wt(M)) + €;(M) + a = max({h;, wt(M)) + &;(M) + &f(N),&;(M) — €).
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Moreover, obviously €f(N) —a < 0 and (M) —e < 0, and it remains to observe that
ef(N) —a = 0if and only if £;(M) — ¢ = 0, thanks to Corollary 8.3.

(iii) This follows from (ii) and Lemmas 8.2 and 8.4 (twisted with o). O

Now for each i € I, define a map
U, : B(oo) — B(o0) ® B (8.5)
mapping each [M] € B(oo) to [(&5)*M] @ fb;, where a = X(M).
Lemma 8.9. The following properties hold:
(i) for every [M] € B(c0), wt(M) is a negative sum of simple roots;
(i) [1] is the unique element of B(oo) with weight 0;
(iii) €;(1) =0 for everyi € I;
(iv) €i(M) € Z for every [M] € B(co) and every i € I;
(v) for every i, the map V; : B(oco) — B(00) ® B; defined above is a strict embedding of
crystals; B
(vi) Wi(B(<) € Bloc) x {fi | n > 0}; ~
(vii) for any [M] € B(oco) other than [1], there exists i € I such that ¥;([M]) = [N]® f'b;
for some [N] € B(co) and n > 0.
Proof.  Properties (i)—(iv) are immediate from our construction of B(co). The information
required to verify (v) is exactly contained in Lemmas 8.7 and 8.8. Finally, (vi) is immediate

from the definition of ¥;, and (vii) holds because every such M has € (M) > 0 for at least
oneic . 0O

The properties in Lemma 8.9 exactly characterize the crystal B(oo) by [KS, Proposi-
tion 3.2.3]. Hence, we have proved:

Theorem 8.10. The crystal B(co) is isomorphic to Kashiwara’s crystal B(oo) associated
to the crystal base of Ug-

In view of [Ka, Theorem 8.2], we can also identify our maps ¥; with those of [Ka]. Taking
into account [Ka, Proposition 8.1] we can then identify our functions ¢} on B(co) with those
in [Ka]. It follows from this, Lemma 8.6 and [Ka, Proposition 8.2] that:

Theorem 8.11. For each A € P, the crystal B()\) is isomorphic to Kashiwara’s crystal
B(\) associated to the integrable highest weight Ug-module of highest weight X.

§8-d. Blocks. Let A € P;y. As an application of the theory, we mention here another
delightful argument of Grojnowski from [Gs], which in our setting classifies the blocks of
the cyclotomic Hecke-Clifford superalgebras H;\.

Let us recall the definition in the case of a finite dimensional superalgebra A. Let ~ be
the equivalence relation on the set of isomorphism classes of irreducible A-modules such
that [L] ~ [M] if and only if there exists a chain L = Lo, L1,..., L, = M of irreducible
A-modules with either Extk(Li,LiH) % 0 or Extk(LiH,Li) # 0 for each i. Given a ~-
equivalence class b, the corresponding block Rep, A is the full subcategory of Rep A consisting
of the A-modules all of whose composition factors belong to the equivalence class ~. Thus,
there is a decomposition

Rep A = @ Repy A
b

as b runs over all ~-equivalence classes. As usual, there are various equivalent points of
view: for instance, [L] ~ [M] if and only if the even central characters xr, xa : Z(A)g — F
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arising from the actions on the irreducible modules L, M are equal. Alternatively, the blocks
of A can be defined in terms of a decomposition of the identity 14 into a sum of centrally
primitive even idempotents.

Theorem 8.12. Let M, N be irreducible H;\-modules with M % N. Let
0O—M-—X-—N-—0

be an exact sequence of H,-modules. Then, pr*X = X and the sequence is also an exact
sequence of Hp-modules.

Proof.  'We note that for irreducible modules M, N in Rep; H,, with M 2 N, we have that
HomHn—l (feSZqM, reszle) =0.

This follows immediately from Corollary 6.12, Lemma 6.3 and (6.6). Using this in place of
[G2, Lemma 2|, the proof of the theorem is now completed by exactly the same argument
asin [Go]. O

Note the theorem can be reinterpreted as saying that
Extj,, (M, N) ~ Exty, (M, N) (8.6)

for irreducible H)-modules M, N with M 2 N. This is certainly not the case if M = N!
Recalling the definitions from §4-f, we immediately deduce the following corollary which
determines the blocks of H}\:

Corollary 8.13. The blocks of H)\ are precisely the subcategories Rep, H) for v € Ty,
Moreover, Rep.,, H)\ is non-trivial if and only if the (A —~)-weight space of the highest weight
module K(X)g is non-zero.

9. BRANCHING RULES

In this final section, we deduce some important consequences for modular representations
of the double cover §n of the symmetric group. In particular we obtain the classification of
the irreducible modules, describe the blocks of the group algebra F §n and prove analogues of
the modular branching rules of [K;, Ka, K3, K4, B, BK;]. Actually the results on branching
are somewhat weaker here: there is no representation theoretic interpretation at present to
the notion of “normal node” introduced below.

§9-a. Kang’s description of the crystal graph. Now we focus on the fundamental
highest weight Ag. In this case, Kang [Kg] has given a convenient combinatorial description
of the crystal B(Ag) in terms of Young diagrams, which we now describe.

For any n > 0, let A = (A1, A2,...) be a partition of n, i.e. a non-increasing sequence of
non-negative integers summing to n. Recall that £ € Z~o U {oco} and h = 2¢ 4+ 1. We call A
an h-strict partition if h divides A, whenever A\, = A\, for r > 1 (to interpret correctly in
case h = oo, we adopt the convention that co divides 0 and nothing else). Let Z2,(n) denote
the set of all h-strict partitions of n, and &), := ;5o Pn(n). We say that A € Zp,(n) is
restricted if in addition B

Ar — Ayl < b if hIA,,
{ A —Ay1 < h ifht A,
for each r > 1. Let Z%,(n) denote the set of all restricted h-strict partitions of n, and
APy = Ups0 ZP1(n).



72 JONATHAN BRUNDAN AND ALEXANDER KLESHCHEV

Let A € &), be an h-strict partition. We identify A with its Young diagram
A={(r,s) € Z=o X Zso | s < A\ }.

Elements (r, s) € Zso X Z¢ are called nodes. We label the nodes of \ with residues, which
are the elements of the set I = {0,1,...,¢}. The labelling depends only on the column and
follows the repeating pattern

0,1,....,0—1,6,0—1,...,1,0,

starting fom the first column and going to the right, see Example 9.1 below. The residue of
the node A is denoted res A. Define the residue content of X to be the tuple

cont(A) = (7i)ier (9.1)
where for each ¢ € I, v; is the number of nodes of residue i contained in the diagram .

Let i € I be some fixed residue. A node A = (r,s) € A is called i-removable (for \) if one
of the following holds:

(R1) res A =i and Ag := A — {A} is again an h-strict partition;

(R2) the node B = (7, s+1) immediately to the right of A belongs to A, res A =res B = 1,

and both A\p = A — {B} and A4 g := A — {A, B} are h-strict partitions.
Similarly, a node B = (r,s) ¢ A is called i-addable (for \) if one of the following holds:
(A1) res B =i and AP := AU {B} is again an h-strict partition;
(A2) the node A = (r,s — 1) immediately to the left of B does not belong to A, res A =
res B =i, and both A = AU {A} and A5 := AU {A, B} are h-strict partitions.
We note that (R2) and (A2) above are only possible in case i = 0.

Now label all i-addable nodes of the diagram A by + and all i-removable nodes by —.
Then, the i-signature of A is the sequence of pluses and minuses obtained by going along
the rim of the Young diagram from bottom left to top right and reading off all the signs.
The reduced i-signature of A is obtained from the i-signature by successively erasing all
neighbouring pairs of the form +—.

Note the reduced i-signature always looks like a sequence of —’s followed by +’s. Nodes
corresponding to a — in the reduced i-signature are called ¢-normal, nodes corresponding to
a + are called i-conormal. The rightmost i-normal node (corresponding to the rightmost —
in the reduced i-signature) is called i-good, and the leftmost i-conormal node (corresponding
to the leftmost 4 in the reduced i-signature) is called i-cogood.

Example 9.1. Let h = 5, so £ = 2. The partition A = (16,11,10,10,9,5,1) belongs to
X P, and its residues are as follows:

0 ol1]2]1]o]0]

o oo
[an}

[ev)l fanll fan ) [an ) aw)
[ S e ey .
NN (NN (DD
[ S i e -

=== == =
DN (N[NNI
=== == =
[evl fen )l [an) [an ) [an]

|OOOOOOO
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The 0-addable and 0-removable nodes are as labelled in the diagram:

HERE

@+

)

Hence, the 0-signature of A is —, —, 4,4+, —, —, — and the reduced 0-signature is —, —, —.
Note the nodes corresponding to the —’s in the reduced 0-signature have been circled in the
above diagram. So, there are three 0-normal nodes, the rightmost of which is 0-good; there

are no (0-conormal or 0-cogood nodes.
In general, we define

£i(A) = #{i-normal nodes in A\} = #{—’s in the reduced i-signature of A}, (9.2)
©i(A) = #{i-conormal nodes in A} = f{+’s in the reduced i-signature of A}. (9.3)
Also set
~ i\ _ ) Aa ifg(A) >0 and A is the (unique) i-good node,
G = { 0 ifeg(\) =0, (9.4)
=y [ AB if 0i(X\) > 0 and B is the (unique) i-cogood node,
filh) = { 0 if pi(A) = 0. (9:5)
Finally define
wt(A) = Ao — > yicy (9.6)

el
where cont(\) = (7;)ic;. We have now defined a datum (2, e;, s, &, fi, wt) which makes

the set &7, of all h-strict partitions into a crystal in the sense of §8-b. The definitions
imply that &;()), fi(\) are restricted (or zero) in case A is itself restricted. Hence, Z %), is

a sub-crystal of &7,. We can now state the main result of Kang [Kg, 7.1] for type Aéi):

Theorem 9.2. The set ZX}, equipped with &;,p;, €;, fi,wt as above is isomorphic (in the
unique way) to the crystal B(Ag) associated to the integrable highest weight Ug-module of
fundamental highest weight Ag.

Example 9.3. The crystal graph of Z%;, = B(Ap) in case h = 3, up to degree 10, is as
follows:
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0]
N
[O]1]O]
b~
[0]1]0[0] [0[1]0]
0] 0[1]
1 0
[0]1]0[0] 0[1]0]
[0]1] [0]1]
0]
0[1]0[0] O[1]0]
10]1] [0]T] 0[1[0]
0] 0]
0
|5 |
O[1[0]0[1] 0[1[0]0] 0[1]0]
10]1] 0[1]0] 0[1]0]
0] 0] [0]1]
0 . y
O[1]0[0[1] 0[1]0]0] 0[1]0]
0[1]0] 0[1]0] 0[1]0]
0 01 10]1]
;o A 0]

v LN N\
0[1]0]0[1] 0[1]0]0]1] 0[1]0]0] 0[1]0
0[1[0]0] 0[1]0] 0[1[0] 0[1[0
0] [0]1] 10]1] 0[1[0

0] 0]

Let us also mention here the extension of Morris’ notion of h-bar core [Mo] to an arbitrary
h-strict partition A € &, (n). By an h-bar of A\, we mean one of the following:

(B1) the rightmost h nodes of row ¢ of A if A\; > h and either h|\; or A has no row of

length (\; — h);

(B2) the set of nodes in rows 7 and j of A if \; + A\; = h.
If A has no h-bars, it is called an h-bar core. In general, the h-bar core X of X is obtained
by successively removing h-bars, reordering the rows each time so that the result still lies
in &, until it is reduced to a core. The h-bar weight of A, denoted w(\), is then the total
number of h-bars that get removed. For a Lie theoretic explanation of these notions, we
refer the reader to [Kc, §12.6]. In particular, as observed in [LTs, §4], for p, A € P, (n) we
have that

cont () = cont(\) if and only if i = A. (9.7)
Also, bearing in mind Theorem 9.2, we can state Kac’ formula [Kc, (12.13.5)] for the char-
acter of the highest weight Ugp-module of highest weight Aq as follows: for A € Z%(n),

H{pu € ZP,(n) | cont(p) = cont(N)} = Parg(w(N)), (9.8)
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where Parg(/N) denotes the number of partitions of N as a sum of positive integers of ¢
different colors.

§9-b. Representations of finite Hecke-Clifford superalgebras. Now that we have an
explicit description of the crystal B(Ag), we formulate a more combinatorial description of
our main results for the representation theory of the finite Hecke-Clifford superalgebras FHf®,
Recall from Remark 4.2 that this is precisely the cyclotomic Hecke-Clifford superalgebra
HA0. The results of this subsection also hold in the degenerate case, when Hi" is the finite
Sergeev superalgebra, see §2-k.

As explained in §5-d, the isomorphism classes of irreducible Hgn-modules are parametrized
by the nodes of the crystal graph B(Ag). By Theorems 9.2 and 8.11, we can identify B(Ay)
with Z2},. In other words, we can use the set Z % (n) of restricted h-strict partitions of
n to parametrize the irreducible Hi"-modules for each n > 0. Let us write M()) for the
irreducible Hg“-module corresponding to A € ZZ,(n). To be precise,

M(\) := L(i, . .. ,in)

if A = fln e fh@. Here the operator f; is as defined in (9.5), corresponding under the
identification Z 2, (n) = B(/Ap) to the crystal operator denoted fiAO in earlier sections, and
@ denotes the empty partition, corresponding to 15 € B(Ao).

For A € ZZ1,(n), we also define

b(A) :==H{r = 1[ht A}, (9.9)
the number of parts of A that are not divisible by h. The definition of residue content
immediately gives that

b(A) =4 (mod 2), (9.10)
where 7y denotes the number of 0’s in the residue content of .

Theorem 9.4. The modules {M(\) | \ € ZZP,(n)} form a complete set of pairwise non-
isomorphic irreducible Hi"-modules. Moreover, for \, u € #Py(n),
() M(\) = MO
(i1) M () is of type M if b(N) is even, type Q if b(\) is odd;
(iii) M(u) and M(X) belong to the same block if and only if cont(p) = cont(\);
(iv) M(N) is a projective module if and only if X is an h-bar core.

Proof. ~ 'We have already discussed the first statement of the theorem, being a consequence
of our main results combined with Kang’s Theorem 9.2. For the rest, (i) follows from
Corollary 5.13, (ii) is a special case of Lemma 5.14 combined with (9.10), and (iii) is a
special case of Corollary 8.13. For (iv), note that if M ()) is projective then it is the only
irreducible in its block, hence by (9.8), Pary(w()\)) = 1. So either w(\) = 0, or £ = 1
and w(\) = 1. Now if w(A) = 0 then A is an h-bar core so the Shapovalov form on the
(1-dimensional) wt(\)-weight space of K(Ag)z is 1 (since wt(A) is conjugate to Ay under
the action of the affine Weyl group). Hence, M () is projective by Theorem 7.16(ii). To
rule out the remaining possibilty £ = 1 and w(A) = 1, one checks in that case that the
Shapovalov form on the wt(\)-weight space of K(Ag)z is 3. O

The next two theorems summarize earlier results concerning restriction and induction.

Theorem 9.5. Let A\ € ZP(n). There exist HiY | -modules e;M(\) for each i € I, unique
up to isomorphism, such that
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(1) vesl Az = § 20M(N) ©2eM () @ ® 2eM(N) if b(A) s odd,
Y Tyt T eoM(A) @26, M(N) & -+ & 2e,M(X)  if () is even;

(i) for each i € I, e;M(X\) # 0 if and only if X has an i-good node A, in which case
e;M () is a self-dual indecomposable module with irreducible socle and cosocle iso-
morphic to M(\a).

Moreover, if i € I and X has an i-good node A, then

(iii) the multiplicity of M(X\a) ine; M(N) ise;(N), e5(Aa) = e;(N)—1, and g;(pn) < g;(A)—1
for all other composition factors M(u) of e;M(N);

(iv) EndHrﬁlril(eiM()\)) ~ Endyn (M(X2))25 N as a vector superspace;

(v) Homy e (e;M(X), eiM(p)) =0 for all p € ZP(n) with u# A;

(vi) ezM()\) is irreducible if and only if €;,(\) = 1.

Hence, res ¢ M(X) is completely reducible if and only if €;(\) < 1 for everyi € I.

Hﬁn
Proof.  The existence of such modules e; M () follows from (6.6), Lemma 6.3 and The-
orem 6.6(i), combined as usual with Kang’s Theorem 9.2. Uniqueness follows from Krull-
Schmidt and the block classification from Theorem 9.4(iii). For the remaining properties,
(iii),(iv) and (v) follow from Theorem 6.11 and Corollary 6.12. Finally, (vi) follows from
(iii) as ;M () is a module with simple socle and cosocle both isomorphic to M (A4). O

Theorem 9.6. Let A\ € Z %1, (n). There exist HI, -modules f;M()\) for each i € I, unique
up to z'somorphism such that

) id™ () = { 2foM(\) @ 2fiM(N) @+~ ® 2 M) if b(A) is odd,

Hin foMA) @ 2fiM(X) @ ---®2fM(X) if b(X) is even;

(ii) for each i € I, fiM(X) # 0 if and only if A has an i-cogood node B, in which
case fiM(X) is a self-dual indecomposable module with irreducible socle and cosocle
isomorphic to M(\B).

Moreover, if i € I and X has an i-cogood node B, then

(iii) the multiplicity of M(N\B) in f;iM(X) is p;(N), pi(AB) = p;(\) — 1, and @;(p) <
©i(A) — 1 for all other composition factors M (u) of fiM(\);

(iv) Endﬁﬁil(fiM()\)) o~ Edez11 (M(AB))®9iN) as a vector superspace;

(v) HomHﬁil(fiM()\), fiM () =0 for all w € ZPy(n) with p # X;

(vi) fiM ( ) is irreducible if and only if p;(\) = 1.
Hence, 1ndH§:1M()\) is completely reducible if and only if p;(A\) < 1 for every i € I.
Proof. The argument is the same as Theorem 9.5, but using (6.6), Lemma 6.4, Theo-
rem 6.6(ii), Corollary 6.19 and Theorem 6.26. O

There is one Hgn-module that deserves special mention, the so-called basic spin module.
Recall from §2-d that the subalgebra HS! of Hgn generated by 17,...,T,_1 is the classical
Hecke algebra associated to the symmetric group. It has a one dimensional module denoted
1, on which each T; acts as multiplication by ¢q. For n > 1, we define

I(n) = ind¢ (9.11)

Hcl

giving an Hf"-module of dimension 2". Also introduce the restricted h-strict partition

[ (heb) i£b£0,
wn 1= { (h* L h—1,1) ifb=0, (9.12)
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where n = ah + b with 0 < b < h.

Lemma 9.7. If p { n then I(n) & M(wy); if p|n then I(n) is an indecomposable module
with two composition factors both isomorphic to M (wy,). In particular,

dim M (wy,) = { 2, Uptn,

2" fp|n
Proof.  This is obvious if n = 1,2 and easy to check directly if n = 3. Now for n > 3 we
proceed by induction using Theorem 9.5 together with the observation that 1resZﬁn I(n) ~

I(n —1) @ IlI(n —1). We consider the four cases n = 0,1 or 2 (mod h) and n $é 0,1,2
(mod h) separately.

Suppose first that n # 0,1,2 (mod h). Considering the crystal graph shows that fiwn_1 #
0 only for ¢ = 0 and for one other ¢ € I, for which fiwn_l = wy. By the induction

hypothesis, res’ . T (n) =2 2M (wp—1). Hence by Theorem 9.5, I(n) can only contain M (wy,)

Hﬁn
and M ( fown_l) as composition factors. But the latter case cannot hold since by Theorem 9.5

fi ~
again, res.'r. M (fown—1) is not isotypic. Hence all composition factors of I(n) are = M (w,),

My
and one easily gets that in fact I(n) = M(w,) by a dimension argument.
Next suppose that n = 0 (mod h). This time, fown 1 = wy and all other f,wn 1 are

zero. Hence, by the induction hypothesis and the branching rules, I(n) only involves M (wy,)

as a constituent. But we have that l"esZﬁn M(wy) = eoM (wy) = M(wp—1) so in fact that

I(n) must have M (w,) as a constituent Wlth multiplicty two. Further consideration of the
endomorphism ring of I(n) shows moreover that it is an indecomposable module.

The argument in the remaining two cases n =1 (mod h) and n = 2 (mod h) is entirely
similar. 0O

§9-c. Projective representations of S,,. We specialize for the final applications to the
degenerate case. So now F' is an algebraically closed field of characteristic p # 2, h = p
(if p# 0) or h =00 (if p=10), and £ = (h — 1)/2. We are interested in the projective
representations of the symmetric group 5, over the field F. Equivalently, see for example
[BK2, §3], we consider the representations of the twisted group algebra S(n), defined by
generators t1,...,t,—1 subject to the relations

=1, titiv1t; = tigatitiz, titj = —t;t;

foralll1<i<m—1landalll<j<n-—1with|i—j| > 1. We view S(n) as a superalgebra,
defining the grading by declaring the generators t1,...,%,_1 to be of degree 1. All modules
in this subsection will be Zs-graded as usual, see §2-b.

Let W(n) denote the finite Sergeev superalgebra, replacing the notation Hf;“ used pre-
viously. Recall from §2-k that W (n) is a twisted tensor product of the group algebra F'S,
of the symmetric group and the Clifford superalgebra C(n). So W(n) has even generators
S1,-..,8n—1 Subject to the usual relations of the basic transpositions in S, odd generators
c1,...,cn subject to the Clifford relations as in (2.7), (2.8), and the additional relations
(2.35). The connection between the superalgebras S(n) and W (n) is explained by the fol-
lowing observation, due originally to Sergeev [S2], see also [BK2, 3.3]:

Lemma 9.8. There is an isomorphism of superalgebras
@ :8(n)®C(n) — W(n)
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such that (1 ® ¢;) = ¢; and ¢(t; @ 1) = \/—28](0] ciy1),i=1,...,n,j=1,...,n—1.

We will from now on identify W(n) with S(n) ® C(n) according to the lemma, and
view S(n) (resp. C(n)) as the subalgebra S(n) ® 1 (resp. 1 ® C(n)) of W(n). Recall the
antiautomorphism 7 of W (n) defined as in (2.39) to be the unique antiautomorphism which
is the identity on the generators si,...,S,—1,€1, ..., Cy. This leaves invariant the subalgebra
S(n) of W(n), so induces an antiautomorphism

7:8(n) — S(n). (9.13)
More explicitly, 7 on S(n) is the unique antiautomorphism which maps the generator ¢; to
—t; for each i =1,...,n — 1. Given a finite dimensional S(n)- (resp. W(n)-) module M we
write M7 for the dual vector superspace viewed as a module by twisting the natural right
action into a left action via the antiautomorphism 7, see §2-b.

We also need the Clifford module U(n), which is the unique irreducible C'(n)-module up
to isomorphism, see for instance [BKj, 2.10]. We recall that U(n) is of type M if n is even,
type Q if n is odd, and dim U(n) = 2L(+1)/2],

Now consider the exact functors

Fn : Rep S(n) — Rep W(n), Fn :=1XRU(n),
Gn : RepW(n) — Rep S(n), Gn := Homg ) (U(n), 7).
Also let

resggz)_l) :RepW(n) — RepW(n — 1), indggz)_l) :RepW(n —1) — Rep W(n),

resggz)_l) :RepS(n) — Rep S(n — 1), indggz)_l) :RepS(n—1) — Rep S(n)

denote the (exact) induction and restriction functors, where S(n—1) C S(n) and W(n—1) C
W (n) are the natural subalgebras generated by all but the last generators. Recalling that
IT denotes the parity change functor (2.1), the following lemma lists some basic properties:

Lemma 9.9. The functors F,, and G, are left and right adjoint to one another, and both
commute with T-duality. Moreover:
(i) Suppose that n is even. Then F, and G, are inverse equivalences of categories,
so induce a type-preserving bijection between the isomorphism classes of irreducible
S(n)-modules and of irreducible W (n)-modules. Also,

S(n)

Foororesgn)  ~resiit) o F,, (9.14)
Gp_1 0 res%é n) = resgg 0G, ®Ilo ress( o G, (9.15)
Fosq 0 ind § : Do indwgzjl) o Fu, (9.16)
Gni1 0 indyy (" ~ ind3 0 G, @ Mo indg ™ 0 G, (9.17)

(ii) Suppose that n is odd. Then F, o G, ~ Id @Il and G, o F,, ~ Id®II. Furthermore,
the functor F,, induces a bijection between isomorphism classes of irreducible S(n)-
modules of type M and irreducible W (n)-modules of type Q, while the functor G,
induces a bijection between isomorphism classes of irreducible W (n)-modules of type
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M and irreducible S(n)-modules of type Q. Finally,
W(n—

resgg ") oG, ~G,_10 resy;,

res

)Ofn_fn 101“6555) )@Hofn 1oresggn) 1)

(9.18)
Y (9.19)

(9-20)

(

W(n
(n
ind En;rl) Fn >~ Fpy1oind En;rl) @lloFpyi0 indggz)ﬂ),

S(n Wi(n
1ndSE +) 0Gn ~Gpi10 deEn)H)'

Proof.  Most of these facts are proved in [BKa, 3.4,3.5], but we recall some of the details
since we need to go slightly further. Let us consider the proof that F, o G, ~ Id @Il and
Gn o Fp =~ Id @ll, assuming that n is odd. Let I,J be a basis for Endg,)(U(n)) with I
being the identity and J being an odd involution. Then, there are natural isomorphisms
n: FpoGy — Id Il €:1dall = G, 0 Fy.

The first is defined for each W (n)-module M by nys : Home ) (U(n), M)RU (n) — MM,
0@ u s (0(u),(—1)%0(Ju)). The second is defined for each S(n)-module N by &x @ N @
IIN — Homg ) (U(n), NRU(n)), (n,n') + Op n, where 0, 5 (u) = n@u+(—1)"n'® Ju for
each u € U(n). The proof that  and ¢ really are isomorphisms is similar to the argument
in [BK3, 3.4]. Now consider the composite natural transformations

Id— eI 5 Gy o Fn,  FnoGn -5 Idall — Id, (9.22)
—1 —1
Id— el X F,0G,,  GnoFy o Ildall — 1d, (9.23)

where the unmarked arrows are the obvious even ones. Then, (9.22) (resp. 9.23) gives the
unit and counit of the adjunction needed to prove that F, is left (resp. right) adoint to G,.
We leave the details to be checked to the reader, see e.g. [ML, IV.1, Theorem 2(v)].

In case n is even, a similar but easier argument shows that F, o G, ~ Id,G, o F,, ~ Id
so that F,, and G, are inverse equivalences, hence left and right adjoint to each other. Now
the statements in (i) and (ii) about isomorphism classes of irreducible modules follow easily
as in [BKag, 3.5].

Let us next prove that F,, commutes with duality. The antiautomorphism 7 of W(n)
induces the antiautomorphism 7 of the subalgebra C(n) with 7(¢;) = ¢; foreach i =1,...,n.
Let ¢ : U(n) — U(n)",u — ¢, be a homogeneous isomorphism; note that it is not always
possible to choose ¢ to be even, since U(n) % U(n)” in case n = 2 (mod 4). We get a
natural isomorphism

Oy MTRU(N) — (MRU(N))", [fQurs b,

for each finite dimensional S(n)-module M, where 0, (m®v) = (—1)™? f(m)p,(v) for each
m € M,v € U(n). This shows that F,, commutes with duality, i.e. 70 F, o7 = F,,. Hence,
using (2.2) and the fact that G, is left adjoint to F,,, the composite functor 7 o G, o 7 is
right adjoint to F,. But we already know that G, is right adjoint to F,,, so uniqueness of
adjoints gives that 7 0 G,, o 7 =2 G,,. This shows that G,, commutes with duality too.

It just remains to check the isomorphisms (9.14)—(9.21). Well, (9.14) follows from the

definition on noting that rengle)U(n) ~ U(n — 1) if n is even. Then (9.15) follows from

(9.14) on composing on the left with G, _; and on the right with G,. Next, (9.19) follows
from the definition and an application of Frobenius reciprocity, using the observation that

U(n) ~ indggz)_l)U(n — 1) if n is odd. As before (9.18) then follows, composing with F,,_
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and F,,. Finally, (9.16), (9.17), (9.20) and (9.21) follow from (9.19), (9.18), (9.15) and (9.14)
respectively by uniqueness of adjoints. O

We are ready to derive the consequences for S(n) of the results of §9-b, or rather, of the
analogous results for W (n) in the degenerate case. By Theorem 9.4, we have a parametriza-
tion {M(X\) | A € ZP,(n)} of the irreducible W (n)-modules. Lemma 9.9 shows that the
functors F,, and G, set up a natural correspondence between classes of irreducible S(n) and
W (n)-modules, type-preserving if n is even and type-reversing if n is odd. Hence we have a
parametrization {D(X) | A € ZZp(n)} of the irreducible S(n)-modules, letting D(\) be an
irreducible S(n)-module corresponding to M (A) under the correspondence. Also, recalling
the definition (9.9), define

a(A) :=n—>b(\) (9.24)
for A € Z%,(n). We observe by (9.10) that
aN) =7 +-+9 (mod 2), (9.25)

where v + - - - 4+ 7y, counts the number of nodes in the Young diagram A of residue different
from 0. Then:

Theorem 9.10. The modules {D(\) | A € ZZPp(n)} form a complete set of pairwise non-
isomorphic irreducible S(n)-modules. Moreover, for \,u € ZP,(n),

(i) D(A) = D(A);

(ii) D(A) is of type M if a(\) is even, type Q if a(X) is odd;
(iii) D(p) and D(X) belong to the same block if and only if cont(u) = cont(A);
(iv) D(\) is a projective module if and only if \ is a p-bar core.

Proof. It just remains to observe that (i)—(iv) follow follow directly from Theorem 9.4(i)—
(iv) using Lemma 9.9. 0O

Remark 9.11. The p-blocks of the ordinary irreducible projective representations of Sy,
were described by Humphreys [H], in terms of the notion of p-bar core. However, unlike
the case of S, Humphreys’ result does not imply Theorem 9.10(iii) because of the lack of
information on decomposition numbers.

Define w, € ZZ,(n) as in (9.12). Then the irreducible S(n)-module D(wy,) is the basic
spin module:

Lemma 9.12. D(w,) is of dimension 2\"/21 unless p|n when its dimension is 2L("=1/2],
Moreover, D(wy,) is equal to the reduction modulo p of the basic spin module D((n))c of
S(n)c over C, except if p|n and n is even when the reduction modulo p of D((n))c has two
composition factors both isomorphic to D(wy,).

Proof.  The statement about dimension is immediate from Lemmas 9.7 and 9.9. The final
statement is easily proved by working in terms of W (n) and using the explicit construction
given in (9.11). O

To motivate the next two theorems, note that the map [D(X\)] — [M(\)] for each X €
AP ,(n) extends linearly to an isomorphism
K(Rep S(n)) — K(Rep W (n))

at the level of Grothendieck groups. Using this identification, we can lift the operators
e; and f; on K(Ag) = €D,,50 K(RepW (n)) defined earlier to define similar operators on
®D,.>0 K(Rep S(n)). Then all our earlier results about K(Ag), for instance Theorems 7.15
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and 7.16, could be restated purely in terms of the representations of S(n) instead of W (n).
In fact, we can do slightly better and define the operators e; and f; on irreducible S(n)-
modules, not just on the Grothendieck group. Theorems 9.13 and 9.14 below should be
compared with the parallel results [BK;, Theorems E and E'] for the symmetric group.

Theorem 9.13. Let A € ZZ,(n). There exist S(n — 1)-modules e;D(\) for each i € I,
unique up to isomorphism, such that
) 5(n) ~ J eDA) ®2e1D(N) @ --- D 2e,D(N) if a(N) is odd,
() 1635,y P =) 0 D(A) @ exDON) @ -~ @ exD(N)  if a(\) is even
(ii) foreachi € I, e;D(X) # 0 if and only if X has an i-good node A, in which case e; D(\)
s a self-dual indecomposable module with irreducible socle and cosocle isomorphic to
D(\a).
Moreover, if i € I and X\ has an i-good node A, then
(iii) the multiplicity of D(Aa) in e;D(N) ise;(N), €i(Aa) = €i(A\)—1, and g;(p) < g;(N\)—1
for all other composition factors D(u) of e;D(N);
(iv) Endg(,—1)(eiD(A)) ~ Endg(,—1)(D (A)®= N s a vector superspace;
(v) Homg(,_1)(e;D(\), e;D(n)) = 0 for all p € ZPp(n) with p # A;
(vi) e;iD() is irreducible if and only if ;(\) = 1.

Hence, resggz)_l)D()\) is completely reducible if and only if €;(\) < 1 for every i € I.

Proof.  If n is odd, we simply define e;D(\) := G,,—1(e;M (X)) for each i € I, A € ZZp(n).
If n is even, take

DOV = Gn-1(e;M (X)) if a(X) is even and i # 0, or a(A) is odd and i = 0,
c Tl Guo1(eiM (X)) if a()) is even and i = 0, or a(\) is odd and i # 0.

We need to explain the notation G,_1 used in the last two cases: here, e;M()\) admits an
odd involution by Remark 6.7 and Theorem 9.4(ii), and also U(n — 1) has an odd involution
since n is even. So in exactly the same way as in the definition of (6.7), we can introduce
the space

an—l(ezM(/\)) = HomC’(n—l)(U(n - 1)a ezM()‘))
It is then the case that G, 1(e;M(\)) ~ G,_1(e;M(N\)) ® IG,,_1(e; M ()\)). Equivalently, by
Lemma 9.9(ii) ¢;D(\) can be characterized by
6ZM<)\) = fn_l(eiD(/\))
if a(\) is even and i = 0, or a(\) is odd and ¢ # 0.
With these definitions, it is now a straightforward matter to prove (i)—(vi) using Theo-

rem 9.5 and Lemma 9.9. Finally, the uniqueness statement is immediate from Krull-Schmidt
and the description of blocks from Theorem 9.10(iii). O

Theorem 9.14. Let A € ZP,(n). There exist S(n + 1)-modules f;D(\) for each i € I,
unique up to isomorphism, such that

(i) ind® S(n+1) D) = { foDA) @ 2fiDAN) @ --- @ 2f,D(X) if a(N) is odd,

S(n) foDN) @ fiDAN) @ --- @ fiD(X) if a(\) is even;

(ii) for each i € I, f;D(\) # 0 if and only if X has an i-cogood node B, in which
case f;D(X) is a self-dual indecomposable module with irreducible socle and cosocle
isomorphic to D(\P).

Moreover, if i € I and A\ has an i-cogood node B, then
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(iii) the multiplicity of D(AB) in f;D()\) is pi(N), @i(AB) = @i(\) — 1, and p;(n) <
©0i(X) — 1 for all other composition factors D(u) of fiD(\);

(iv) Endggn41)(fiD(N)) ~ Ends(nﬂ)(D()\B))@W(A) as a vector superspace;

(v) Homg(upn) (iD(N), D () = O for all p € BPy(n) with £ \;

(vi) fiD(\) is irreducible if and only if @;(\) = 1.

Hence, ind?E:jl)M()\) is completely reducible if and only if p;(N) < 1 for every i € I.

Proof. This is deduced from Theorem 9.6 by similar argument to the proof of Theo-
rem 9.13. O

Remark 9.15. (i) In [BKg, 10.3], we gave an entirely different construction of the irreducible
S(n)-modules, which we also denoted by D(X) for A € Z%7,(n). We warn the reader that
we have not yet proved that the modules denoted D(\) here are isomorphic to those in
[BK3], though we expect this to be the case.

(ii) Over C, the branching rules in the preceeding two theorems are the same as Morris’
branching rules, see [Mo]. In particular using this observation, one easily shows that our
labelling of irreducibles over C agrees with the standard labelling. Hence over C the labelling
here agrees with the labelling in [BKj], compare [S;].

(iii) There is one other case where it is easy to see right away that the labelling here
agrees with [BKy]: if A is a p-bar core then consideration of central characters shows that
D()) is equal to a reduction modulo p of the irreducible representation of S(n)c over C with
the same label. So it coincides with the module D()\) of [BK3] thanks to [BK3, 10.8].

89-d. The Jantzen-Seitz problem. The results of the previous subsection give a solution
to the Jantzen-Seitz problem for projective representations of the symmetric and alternating
groups. This problem originated in [JS], and is of interest in the study of maximal subgroups
of the finite classical groups. To consider the Jantzen-Seitz problem, we first need to switch
to studying ungraded representations of the twisted group algebra S(n). The goal is to
describe all ungraded irreducible S(n)-modules which remain irreducible on restriction to
the subalgebra S(n — 1).

As in [BKjy, §10], it is straightforward to obtain a parametrization of the ungraded ir-
reducible S(n)-modules from Theorem 9.10: if a(\) is odd then D(A) decomposes as an
ungraded module as D(A) = D(A,+) @ D(A, —) for two non-isomorphic irreducible S(n)-
modules D(A,+) and D(\, —). If a(A) is even, then D(\) is irreducible viewed as an ungraded
S(n)-module, but we denote it instead by D(A,0) to make it clear that we are no longer
considering a Zo-grading. Then

{DX,0) | A€ ZZP,(n),a(N) even} U{D(\,+), D\, =) | A € ZZ,(n),a(N) odd}
gives a complete set of pairwise non-isomorphic ungraded irreducible S(n)-modules.
Remark 9.16. Using Theorem 9.10 and a counting argument involving Humphreys’ block
classification [H], it is not hard to obtain the following description of the ungraded blocks
of the algebra S(n). Let D(A,¢) and D(p,0) be ungraded irreducible S(n)-modules. Then,
with one exception, D(A,¢) and D(u,d) lie in the same block if and only if A and p have the

same p-bar core. The exception is if A = p is a p-bar core, a()) is odd and € = —d, when
D()\,e) and D(u,d) are in different blocks.

Now we state the solution to the Jantzen-Seitz problem for projective representations of
the symmetric group. The proof is a straightforward consequence of Theorem 9.13.

Theorem 9.17. Let A € Z,(n). Then:
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(i) If a(X) is even, resggz)_l)D()\, 0) is drreducible if and only if eo(X) = > ;crei(A) = 1.

(ii) If a(\) is odd, resggz)_l)D()\, +) is irreducible if and only if Y, ;ei(A) = 1.

Finally let us discuss the analogous problem for the projective representations of the
alternating group. As explained in [BKq, §10], it suffices for this to consider the representa-
tion theory of the algebra A(n) := S(n)g, i.e. the twisted group algebra of the alternating
group. The irreducible A(n)-modules (there being no ambiguity between graded and un-
graded modules since A(n) is purely even) are constructed out of those for S(n) as in [BKj,

Theorem 10.4]. More precisely, if A € ZZ,(n) has a()) even, then resi((z))D(/\) decomposes

as a direct sum F(\,+) ® E(\, —) of two non-isomorphic irreducible A(n)-modules. If a())

is odd, then resf‘(z)D()\) decomposes as a direct sum of two copies of a single irreducible

A(n)-module denoted E(A,0). Then,
{EX0) | A€ ZP,(n),a(N) odd} U{E\,+), E(\,—) | A € ZP,(n),a(N) even}

gives a complete set of pairwise non-isomorphic irreducible A(n)-modules. Now the solution
to the Jantzen-Seitz problem in this case, again an easy consequence of Theorem 9.13, is as
follows:

Theorem 9.18. Let A\ € #,(n). Then:
(i) If a(N) is even, resﬁEle)E(A, +) is drreducible if and only if . ;ei(A) = 1;

(ii) If a(\) is odd, resﬁ(z)_l)E()\,O) is irreducible if and only if eo(N) = > ;crei(A) = 1.

APPENDIX A. RESULTS FROM COMPUTER CALCULATIONS

In this appendix we list the characters of the irreducible integral H,-modules for n < 4,
or n < 6 in case £ = 1. This data, which is not needed in proving the main results of the
article, was generated in part by lengthy computer calculations checked independently in
both the degenerate and quantum cases. The approach is usually along the lines of the
calculations in §5-f. We should explain notation in the tables: for ¢ € I, we abbreviate
(i + 1) by . Moreover where different letters are used, it is assumed implicitly that they
are not neighbours in the Dynkin diagram. For instance an entry like

ch L(iji') = iji’ + jii' +ii'j
means that ch L(iji') = [L(i) ® L(j) ® L(¢')] + [L(j) ® L(i) ® L(¢")] + [L(:) ® L(i") ® L(j)]
whenever 4,4, j € I satisfy |i — j| > 1,|i’ — j| > 1. Note iji’ is not the only valid label for
L(iji'): it could also be denoted L(jii") or L(i7'j).
Case n = 2: all blocks.

L ch L Conditions
L(id) | 2.1 1€l

L(3i") | i’ 0<i<i-—1
L(i'i)

L(

i'i »

ij) |ij+gjili,jel
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Case n = 3: all blocks.

L ch L Conditions
L(4i7) 6.111 1el

L(ii') | 2.0’ i=0orl—1
L(id'd) | ii'i ,

L(i'it) | 2.44i »

L(iid') | 2.ii' +ii'i 0<i<l—1
L(i'id) | 2440 +id'i )

L) | 24ii + it 0<i</l—1
L' 2.1 + 1’31’ »
L") | 4i'd" 0<i<l—2
L(i"i) | i’ + i’ .
L") | d'at" +4'i"i ”
L(i"i'3) | i35 ,

L(iij) | 2.iij + 24ji +2.ji |45 €1
L(iji") | iji + jii + i’ 0<i<l—1,j¢€l
L(i'ji) | i'ji + ji'i + '3 ,

L(ijk) | ijk + all permutations | 4,5,k € T

Case n = 4: blocks of rank < 2.

L ch L Conditions
L(4i44) 249311 iel

L(siid) | 6.aiid’ (=1,i=0
L(iii'd) | 24" ,

L(ii'ii) | 2.d"ii .

L(i'i#d) | 6.7'4i% »

L(igid") | 6.4i40" + 2.4444 {>1i=0o0ri=¢—-1
L(id'id) | 2.4i"i + 2.40"44 »

L(i'ii3) | 6.¢'4i1 + 2.9¢"44 »

L(iid") | 6.4401" + 4.ii4’i + 2.4i" 13 (>1,0<i< -1
L(i'i#d) | 6.7"4i5 + 4.i4"40 + 2.441"0 »

L(iw'i") | 4448 + 240" 44 i=0ori=/¢—-1
L(ii'i'1) | 4i'id’ + 2.4¢"¢'3 4 ¢'4d »

L(i'did") | 2.4’ .

L(i'i'i) | 4.4 + 2.4"id"% »

L(id'd") | 4.4id" + 240"’ O<i<t—1
L(i'i't) | 2.4%60" + 2.4d"d"i + d'id"i + id'ad’ »

L(#'i'i1) | 4.4'"40 + 2.44d" »

L") | 6.4d"4"d" + 4.4"i’d" + 247 i7’ 0<i<l—-1
L(i''d'7) | 6.4""¢"i + 4.4d"id" 4 2.4740"4 ”»

L(iiig) | 6(iiij + all permutations) i,jel

L(iijj) | 4(i1jj + all permutations) i,j€l




HECKE-CLIFFORD SUPERALGEBRAS

Case n = 4: blocks of rank 3.

2.0"4"3" + i1 + i 1"

24" 4 24780+ 24760 7+ A
241" + 2.4 + 24" "8 + 4" + i

L ch L Conditions
L(iid'd") | 2.04’d” i=0
L") | ad'id” + i »
L") | 2.4 »
L(d'i5d") | 2.d"i5" + 2.4"i" i3 + 2.3"4d"4 »
L(ig"'%) | ad"d'i +4"id"i »
L(igd"d") | 2.4 + 248" 80" + 2.4" 404’ »
L(iad'd") | 2.4i’d" +d’id" + d'i"i 0<i<li-—2
L") | 2.4"¢'i0 +d"4d'i + i34 »
L(¢'i"#) | 2.4""40 + 2.4"4"8 + 2.4"i93" + ii’d"i + id' i7" »
L(iid"i") | 2.44"¢ + 240" 40" + 2.4"40d" + id"i'0 + 0" id’i »
L") | e’ + 2.4 + '’ 0<i<l—2
L(i"d'4") | i"d'id + 24"+ "4 »
L(3i"d'd") | 2.4¢"d' + 24708 + idd"i + " »
L(d'i"d") | 2.4"¢"d"i + 2.4'd"0" + '8 0 + il »
L") | i’ +d'd" 8 »
L") | w'i"d =402
L(ii"d'3) | ¢'d"i' »
L(i'i'd") | 2.44'd'd" + 'ii'd" »
L") | 24" +4"i'id’ »
L(d'id"i") | ¢'id"d + ' »
L(ii”i’i’) 244" + 24" + "0 »
L(d'i'") | 2.4'"48" + 24431 + i'id'd" »

L(”/ 777 DR A T A 0<i</l—2
L(i

L(i

L(i

L(i

1'57) 2.t 55 + 24575 + 2518 § + 2.455i + 2.5i59" + 0<i<{i—-1,j€l

2.jjii’

L(i'ij§) | 2457 + 2.4'§ij + 2.58"5j + 2.4'57i + 254 ji+ ,
2.4ji'i

L) | 24id'] +i.dijé + 2.5 + 2.jiid i=0orl_1,j¢el

L(id'ij) | d'ij + id'ji + iji' + jii'i ,

L(i'iij) | 24415 + 24340 + 2.4 jii + 2.5i'ii ,

L(idd') | 244’5 + 24058 + 2.35id + 2.jidd +id'ij +ii'jit |0<i<l—1,5€]
iji'i + jii'i

L(#3i) | 24405 + 2.4%04i + 2.4 jii + 25440 + id'ij + id jit+ ,
iji'i + jii'd

L(@@75) | 24075 + 24037 + 2.4j04 + 257 + 0 j+ 0<i<l_1jcl
iijil + i i + jilii’

L(#3d'§) | 24415 + 2.4 i + 2.4'i'i + 2.§i'd'i + i'id j+ .
iijil + i + ji'ii’

L(iijk) 2(iijk + all permutations) i,5, kel

85
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Case n = 4: blocks of rank 4.

L ch L Conditions
L(add"d") | ai'd"" 0<i<e-3
L(i///i//i/i) i/”i/,i,i 9
L(Z‘Z'/Z'I/IZ'I/) ii/i”/i// _’_ii///i/i// +i/l/,ii/2‘// ’
L(Z'Z’///Z’//Z'/) Z’,L'///i//l’/ _"_illlz'l‘//z'/ +/L'/I/Z'/IZ’/L'/ ’
L(i/i//i///i) Z’/Z‘//Z'///l' + i/i//ii”/ + Z'/Z'/]://i/// ’
L(i”i/ii//l) i”i”li,i _|_ i//i/i///i _|_ i//i/ii/// ’
L(ii//i/i///) Z‘,Z://l'/i/// JF,Z:Z'//,I:///?:/ +,L'//Z'Z'/Z'/// +i//ii”,i, JF,Z://Z'///Z'?:/ ’
L(i//Ii/i//i Z’///i/i//i + Z‘/i//lz'llz' _"_Z'/I/,L‘/,L‘,i// + Z‘IZ‘I//Z'Z'/I _’_i/iz'llll‘l/ ’
(i) | ij) +ijiy +ijj'd + jii'§ + jij i + jj'ii’ 0<i<l—1,j€l
L(i'ij5") | i'ijj +d'jij’ +i'§j'i + ji'ij’ + ji'5'i + j'i'i ,
L(id'§'5) | i35 +ij'd'j + ig' i’ + 5'6d'§ + 5agi’ + 5 jid’ ,
L(i35'5) | 435'5 + 4’555 + 4’5" i + 5555 + 5'4' i + 5'gi'd ,
L(ii'jk) | i jk +ii'kj + iji'k + iki'j + jii'k + kii'j + ijki+ |0<i<l—1,j, kel
ikji + jiki' + kiji' + jkii’ + kjii'
L(i'ijk) tigk +i'tkj + i’ jik + i kij + ji'ik + ki'ig + ¢ jki+ »
i'kji + ji'ki + ki’ ji + jki'i + kji'i
L(id"5) | @) +idgi" + ijid" + jid'd" 0<i<l-2,j €l
L(i"i'§) | dd"i'§ + i"id'§ + id"ji’ + i"igi + igi"i’ + i i+ .
Gii"i' + i
L(i'3"§) | ji'id" + ji'i"i + ji'id" + §i'i" + ji'ai” + il i+ .
Gi'ii" + §i'i"i
L(i"i'i5) | i"i'ij + 6" i + i" i’ + §i"i' .
L(ijkl) 17kl + all permutations i,5,k,lel
Casen =5, =1: all blocks.
L ch L
L(00000) | 120.00000
L(00001) | 24.00001
L(00010) | 6.00010
L(00100) | 4.00100
L(01000) | 6.01000
L(10000) | 24.10000
L(10001) | 6.10001
L(01001) | 2.01001
L(00101) | 2.00101 + 4.00110 + 2.01010
L(00011) | 12.00011 + 6.00101
L(11000) | 12.11000 + 6.10100
L(01010) | 2.01010 4 4.01100 + 2.10100
L(10010) | 2.10010
L(10011) | 4.10011 + 2.10101 + 4.11001
L(00111) | 12.00111 4 8.01011 + 4.10011 + 4.01101 + 2.10101
L(01110) | 6.01110 4+ 4.10110 + 4.01101 + 2.01011 + 2.11010 4 2.10101
L(11100) | 12.11100 + 8.11010 + 4.11001 + 4.10110 4 2.10101
L(01111) | 24.01111 4+ 18.10111 + 12.11011 + 6.11101
L(11110) | 24.11110 4+ 18.11101 + 12.11011 + 6.10111
L(11111) | 120.11111
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Casen =6, =1: all blocks.

[AF]
[A4]

[Az]
[AK]
[AM]

[Be]

L ch L

L(000000) | 720.000000

L(000001) | 24.000010 -+ 120.000001

L(000100) | 12.000100 + 24.000010

L(001000) | 12.001000 + 12.000100

L(010000) | 12.001000 + 24.010000

L(100000) | 24.010000 + 120.100000

L(000011) | 48.000011 + 24.000101 + 4.001001

L(110000) | 48.110000 -+ 24.101000 + 4.100100

L(000110) | 12.000110 + 6.000101 + 6.001010

L(011000) | 12.011000 + 6.101000 + 6.010100

L(001010) | 4.001010 + 8.001100 + 4.010100

L(001001) | 4.001001

L(010001) | 6.010001

L(100001) | 24.100001

L(100100) | 4.100100

L(100010) | 6.100010

L(010010) | 2.010010

L(100101) | 4.100110 + 4.110010 + 2.100101 + 2.101010

L(010011) | 4.011001 + 4.010011 + 2.101001 + 2.010101

L(100011) | 6.100101 + 12.100011

L(110001) | 6.101001 + 12.110001

L(000111) | 36.000111 + 24.001011 + 12.010011 + 12.001101 + 6.010101

L(011001) | 12.011100 + 8.101100 + 8.011010 + 2.101001 + 2.010101 + 4.010110+
4.011001 + 4.110100 + 4.101010

L(111000) | 36.111000 + 24.110100 4 12.110010 + 12.101100 4 6.101010

L(001011) | 12.001110 + 8.001101 + 8.010110 + 2.100101 + 2.101010 + 4.011010+
4.100110 + 4.001011 + 4.010101

L(001111) | 48.001111 + 36.010111 + 24.011011 + 12.011101 + 24.100111 + 8.101101+
8.110011 + 16.101011 + 4.110101

L(100111) | 12.111001 + 12.100111 + 16.110011 + 8.101011 + 8.110101 + 4.101101

L(011101) | 24.011110 + 18.101110 + 12.110110 + 6.111010 + 18.011101 + 12.101101+
12.011011 4 6.101011 + 6.110101 + 6.010111

L(111001) | 48.111100 + 36.111010 + 24.110110 + 12.101110 + 24.111001 + 16.110101+
8.101101 + 8.110011 + 4.101011

L(011111) | 120.011111 + 96.101111 + 72.110111 + 48.111011 + 24.111101

L(111101) | 120.111110 + 96.111101 4 72.111011 + 48.110111 + 24.101111

L(111111) | 720.111111
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