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equivalent to a limiting version of Khovanov’s diagram algebra. We deduce
that blocks of the general linear supergroup are Koszul.
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1. INTRODUCTION

This is the culmination of a series of four articles studying various generalisa-
tions of Khovanov’s diagram algebra from [K]. The goal is to relate the limiting
version H° of this algebra constructed in [BS1] to blocks of the general linear
supergroup GL(m|n). More precisely, working always over a fixed algebraically
closed field F of characteristic zero, we show that any block of GL(m|n) of
atypicality k is Morita equivalent to the algebra H.°.

To give more details, fix m,n > 0 and let G denote the algebraic supergroup
GL(m|n) over F. Using scheme-theoretic language, G can be regarded as a
functor from the category of commutative superalgebras over F to the category
of groups, mapping a commutative superalgebra A = Az @& A to the group
G(A) of all invertible (m + n) x (m 4 n) matrices of the form

g=<§ ’;) (1)

where a (resp. d) is an m x m (resp. n X n) matrix with entries in A, and b
(resp. ¢) is an m x n (resp. n X m) matrix with entries in Aj.

We are interested here in finite dimensional representations of GG, which can
be viewed equivalently as integrable supermodules over its Lie superalgebra
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g = gl(m|n,F). For example, we have the natural G-module V' of column
vectors, with standard basis vy, ..., Um, Um+1,-- -, Umtn and Zo-grading defined
by putting v, in degree ¥ == 0if 1 <r <m,7:=1ifm+1<r <m-+n.
We allow only even morphisms between G-modules, so that the category of all
finite dimensional G-modules is an abelian category.

Let B and T be the standard choices of Borel subgroup and maximal torus:
for each commutative superalgebra A, the groups B(A) and T'(A) consist of all
matrices g € G(A) that are upper triangular and diagonal, respectively. Let
€1,y ..., Em+n be the usual basis for the character group X (T') of T, i.e. &, picks
out the rth diagonal entry of a diagonal matrix. Equip X (7') with a symmetric
bilinear form (.,.) such that (¢,,e5) = (=1)"6, 5, and set

m n
p = Z(l —T)€T+Z(m—s)5m+5. (1.2)
r=1 s=1
Let
+ - ()‘+p7€1)>”'>()‘+p>5m)7
X(T):= {)\ e X(T) ‘ Ot prEms1) < - < A+ s man) } (1.3)
denote the set of dominant weights. For each A\ € X+ (T'), there is an irreducible
G-module £(\) characterised by the following two properties:
» L£()) is generated by a one-dimensional B-submodule on which 7" acts
via the character A;
» the Zs-grading on this one-dimensional submodule is concentrated in
degree (AN, emt1 + 4 Emtn) (mod 2).
Every irreducible G-module is isomorphic either to £(\), or to the module
IIL(A) obtained from L£(A) by applying the parity switching functor II, for
some A € XT(T).

As explained in [B1, §4-e], the category of finite dimensional G-modules
decomposes as FOILZ, where .F = #(m|n) is the full subcategory consisting of
the modules all of whose composition factors are isomorphic to £(\)’s for various
A € X1 (T), and I1.Z is the image of .Z under II. Note also that .% is closed under
tensor product, and it contains both the natural module V' and its dual V*. By
[B1, Theorem 4.47], the category .% is a highest weight category with weight
poset (XT(T),<), where < is the Bruhat ordering defined combinatorially in
the next paragraph. We denote the standard and projective indecomposable
modules in the highest weight category Z by {V(A\)|\ € X (T)} and {P(\)| ) €
X*(T)}, respectively. So P(A) — V(A) — L()\). In this setting, the standard
module V() is often referred to as a Kac module after [Ka].

Now we turn our attention to the diagram algebra side. Let A = A(m|n)
denote the set of all weights in the diagrammatic sense of [BS1, §2] drawn on
a number line with vertices indexed by Z, such that a total of m vertices are
labelled x or V, a total of n vertices are labelled o or V, and all of the (infinitely
many) remaining vertices are labelled A. From now on, we identify the set
XT(T) introduced above with the set A via the following weight dictionary.
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Given XA € XT(T), we define
L) = {O+ pre)s o (A prem)} (1.4)
IO(A) = {()‘+p’5m+1)7"'7(>‘+pa5m+n)}' (1'5)
Then we identify A with the element of A whose ith vertex is labelled

A if i does not belong to either Iy (A) or I5(\),
if ¢ belongs to I« (\) but not to I5(\),

if ¢ belongs to Io(A) but not to I (\),

if ¢ belongs to both I (\) and I5(A).

For example, the zero weight (which parametrises the trivial G-module) is iden-
tified with the diagram

(1.6)

< O X

n
A

if m > n,

Fal Fal 1fm§n

m n—m
where the leftmost V is on vertex (1 —m). In these diagrammatic terms, the
Bruhat ordering on X *(7') mentioned earlier is the same as the Bruhat ordering
on A from [BS1, §2], that is, the partial order < on diagrams generated by the
basic operation of swapping a V and an A so that V’s move to the right.

Let ~ denote the equivalence relation on A generated by permuting V’s and
N’s. Following the language of [BS1] again, the ~-equivalence classes of weights
from A are called blocks. The defect def(T") of each block I' € A/ ~ is simply
equal to the number of vertices labelled V in any weight A € T'; this is the same
thing as the usual notion of atypicality in the representation theory of GL(m|n)
as in e.g. [S1, (1.1)].

Let K = K(m|n) denote the direct sum of the diagram algebras Kp associ-
ated to all the blocks I' € A/ ~ as defined in [BS1, §4]. As a vector space, K
has a basis

{(aAb) | for all oriented circle diagrams a\b with A € A}, (1.7)

and its multiplication is defined by an explicit combinatorial procedure in terms
of such diagrams; see [BS1, §6]. As discussed in [BSI1, §5], to each A € A
there is associated an idempotent ey € K. The left ideal P()\) := Ke, is a
projective indecomposable module with irreducible head denoted L(A). The
modules {L(A) | A\ € A} are all one-dimensional and give a complete set of
irreducible K-modules. Finally let V' (\) be the standard module corresponding
to A\, which was referred to as a cell module in [BS1, §5].

Theorem 1.1. There is an equivalence of categories B from F(m|n) to the
category of finite dimensional left K(m|n)-modules, such that EL(A) = L(\),
EV(A) =2 V(N) and EP(X) = P(X) for each A € A(m|n).

We briefly collect here some applications:

Blocks of the same atypicality are equivalent. The algebras Kr for all
I' € A(m|n)/ ~ are the blocks of the algebra K(m|n). Hence by Theorem 1.1,
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they are the basic algebras representing the individual blocks of the category
F(m|n). In the diagrammatic setting, it is obvious for I' € A(m|n)/ ~ and
I € A(m/|n’)/ ~ (for possibly different m’ and n’) that the algebras Kt and
Ky are isomorphic if and only if I" and I have the same defect. Thus we
recover a result of Serganova from [S2]: the blocks of GL(m|n) for all m,n
depend up to equivalence only on the degree of atypicality of the block.

Gradings on blocks and Koszulity. Each of the algebras Kt carries a canon-
ical positive grading with respect to which it is a (locally unital) Koszul algebra;
see [BS2, Corollary 5.13]. So Theorem 1.1 implies that blocks of GL(m|n) are
Koszul. The appearence of such hidden Koszul gradings in representation the-
ory goes back to the classic paper of Beilinson, Ginzburg and Soergel [BGS] on
blocks of category O for a semisimple Lie algebra. In that work, the grading
is of geometric origin, whereas in our situation we establish the Koszulity in a
purely algebraic way.

Rigidity of Kac modules. Another consequence of Theorem 1.1, combined
with [BS2, Corollary 6.7] on the diagram algebra side, is that all the Kac mod-
ules V(A) are rigid, i.e. their radical and socle filtrations coincide. See [BS1,
Theorem 5.2] for the explicit combinatorial description of the layers.

Kostant modules and BGG resolution. Combining [BS2, Lemma 7.2] with
Theorem 1.1, we obtain the classification of all Kostant modules for GL(m|n)
in the sense of [BH]: they are the irreducible modules parametrised by the
weights in which no two vertices labelled V have a vertex labelled A between
them. By [BS2, Theorem 7.3], Kostant modules possess a BGG resolution by
multiplicity-free direct sums of standard modules. In particular, all irreducible
polynomial representations of GL(m|n) satisfy the combinatorial criterion to
be Kostant modules, so this gives another proof of the main result of [CKL].

Endomorphism algebras of PIMs. For any A € A, Theorem 1.1 implies
that the endomorphism algebra Endg(P(A))°P of the projective indecomposable
module P(A) is isomorphic to the algebra eyKey. By the definition of multi-
plication in K, this algebra is isomorphic to Fz1,...,xx]/(2%, ..., z}) where k
is the defect of the block containing A\, answering a question raised recently by
several authors; see [BKN, (4.2)] and [Dr, Conjecture 4.3.3]. (It should also be
able to give a proof of the commutativity of these endomorphism algebra using
some deformation theory like in [S, §2.8].)

Super duality. When combined with the results from [BS3], our results can be
used to prove the “Super Duality Conjecture” as formulated in [CWZ]. A direct
algebraic proof of this conjecture, and its substantial generalisation from [CW],
has recently been found by Cheng and Lam [CL]. All of these results suggest
some more direct geometric connection between the representation theory of
GL(m|n) and the category of perverse sheaves on Grassmannians may exist.

To conclude this introduction, we sketch the idea behind our proof of The-
orem 1.1. Basically, we show that K is isomorphic to the locally finite part
of the endomorphism algebra of @,., P(A). To do this we first consider the
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weight

Apg = Zpgr - Z(q +m)em+s (1.8)
r=1 s=1

for integers p < ¢. This is represented diagrammatically by

p—m p q q+n
. . (19
—_—— —_——

m n

where the rightmost x is on vertex p and the rightmost o is on vertex (¢ + n).
The G-module V(), ) is projective, hence so is the “tensor space” V(A ,) ®
V® for any d > 0. Moreover, any P()\) appears as a summand of V() ) ®
V@4 for suitable p,q and d. The key step in our approach is to compute the
endomorphism algebra of V() ) @ V&4 for d > 0. For d < min(m,n), we show
that it is a certain degenerate cyclotomic Hecke algebra of level two, giving
a new “super” version of the level two Schur-Weyl duality from [BK1]|. Then
we invoke results from [BS3] which show that these cyclotomic Hecke algebras
are Morita equivalent to some generalised Khovanov algebras; this equivalence
relies in particular on the connection between cyclotomic Hecke algebras and
Khovanov-Lauda-Rouquier algebras in type A from [BK2]. Finally we let p,q
and d vary, taking a suitable direct limit to derive our main result.

Acknowledgements. This article was written up during stays by both authors
at the Isaac Newton Institute in Spring 2009. We thank the INT staff and the
Algebraic Lie Theory programme organisers for the opportunity.

2. COMBINATORICS OF GROTHENDIECK GROUPS

In this preliminary section, we compare the combinatorics underlying the
representation theory of GL(m|n) with that of the diagram algebra K (m|n).
Our exposition is largely independent of [B1], indeed, we will reprove the rel-
evant results from there as we go. On the other hand, we do assume that
the reader is familiar with the general theory of diagram algebras developed in
[BS1, BS2|. Later in the article we will also need to appeal to various results
from [BS3].

Representation theory of K(m|n). Fix once and for all integers m,n > 0.
Let K = K(m|n) and A = A(m|n) be as in the introduction. The elements
{ex| A € A} form a system of (in general infinitely many) mutually orthogonal
idempotents in K such that

K = @ exKe,. (2.1)
A HEA

So the algebra K is locally unital, but it is not unital (except in the trivial case
m =n =0). By a K-module we always mean a locally unital module; for a left
K-module M this means that M decomposes as

M = @eAM.

AEA
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The irreducible K-modules {L(\) | A € A} defined in the introduction are all
one-dimensional, so K is a basic algebra.

Let rep(K) denote the category of finite dimensional left K-modules. The
Grothendieck group [rep(K)| of this category is the free Z-module on basis
{[L(N)] | A € A}. The standard modules {V(A) | A\ € A} and the projective
indecomposable modules {P(\) | A € A} from [BS1, §5] are finite dimensional,
so it makes sense to consider their classes [V (A)] and [P(\)] in [rep(K)]. Finally,
we use the notation g D A (resp. p C A) from [BS1, §2] to indicate that the
composite diagram p\ (resp. u)) is oriented in the obvious sense.

Theorem 2.1. We have in [rep(K)] that

[PV = VW], V) =) [L(w)]

BOA HCA
for each A € A.

Proof. This follows from [BS1, Theorem 5.1] and [BS1, Theorem 5.2]. O

As g D A (resp. p C A) implies that 4 > A (resp. p < \) in the Bruhat
ordering, we deduce from Theorem 2.1 that the classes {[P(A\)]} and {[V(A)]}
are linearly independent in [rep(K)]. However they do not span [rep(K)] as the
chains in the Bruhat order are infinite.

Remark 2.2. The algebra K possesses a natural Z-grading defined by declaring
that each basis vector (aAb) from (1.7) is of degree equal to the number of
clockwise cups and caps in the diagram aAb. This means that one can consider
the graded representation theory of K. The various modules L(A), V()A) and
P(\) also possess canonical gradings, as is discussed in detail in [BS1, §5].

Special projective functors: the diagram side. As in [BS3, (2.5)], let us
represent a block I' € A/ ~ by means of its block diagram, that is, the diagram
obtained by taking any A € I' and replacing all the A’s and V’s labelling its
vertices by the symbol e. Because m and n are fixed, the block I' can be
recovered uniquely from its block diagram. Recall also the notion of the defect
of a weight A\ € A from [BS1, §2]. In this setting, this simply means the number
of vertices labelled V in A, and the defect of A is the same thing as the defect
def(T") of the unique block I' € A/ ~ containing .

Given a block T', we say that i € Z is I'-admissible if the ith and (i + 1)th
vertices of the block diagram of I' match the top number line of a unique one
of the following pictures, and def(I") is as indicated:

def(I') > 1 def( I‘) >0 def(IT') >0

def(T"
SN
F; ti(T (2.2)
Q — Q4

“cup” p”  ‘“right-shift” “left-shift”

Assuming i is '-admissible, we let (I'— «;) denote the block obtained from I" by
relabelling the ith and (i + 1)th vertices of its block diagram according to the
bottom number line of the appropriate picture. Also define a (I'—«;)-matching
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t;(T) in the sense of [BS2, §2] so that the strip between the ith and (i + 1)th
vertices of ¢;(I") is as in the picture, and there are only vertical “identity” line
segments elsewhere.

For blocks I'; A € A/ ~ and a 'A-matching ¢, recall the geometric bimodule
K, from [BS2, §3]. By definition this is a (KT, Ka)-bimodule. We can view
it as a (K, K)-bimodule by extending the actions of K1 and Ka to all of K
so that the other blocks act as zero. The functor Kli A®k? is an endofunctor
of rep(K) called a projective functor. Writing t* for the mirror image of ¢ in a
horizontal axis, the functor KZF(X) k! gives another projective functor which is
biadjoint to Kk ®x? by [BS2, Corollary 4.9].

For any ¢ € Z, introduce the (K, K)-bimodules

_ oo ()"
F;: @KP N @KF(F_%_), (2.3)
I

where the direct sums are over all I' € A/ ~ such that i is I'-admissible. The
special projective functors are the endofunctors F; := F,@K? and F; := ~i@}(?
of rep(K) defined by tensoring with these bimodules. The discussion in the
previous paragraph implies that the functors F; and F; are biadjoint, hence
they are both exact and map projectives to projectives.

For A € A, let I () (resp. Io(\)) denote the set of integers indexing the
vertices labelled X or V (resp. o or V) in A; cf. (1.6). Introduce the notion of

the height of A:
dooi- > i (2.4)

1€ (N) i€lo(N)
Note all weights belonging to the same block have the same height.

Lemma 2.3. For A € A and i € Z, all composition factors of F;L(\) (resp.
E;L(\)) are of the form L(p) with ht(p) = ht(X\) + 1 (resp. ht(A) —1).

Proof. This follows by inspecting (2.2). O

Lemma 2.4. Let A\ € A and i € Z. For symbols x,y € {o,A\,V, x} we write
Azy for the diagram obtained from X by relabelling the ith and (i+ 1)th vertices
by x and y, respectively.

(i) If A= Ayo then F;P(X) = P(Aoy), FiV(A) 2V (Aoy), FiL(A\) = L(Aoy).
(il) If A = Ao then F;P(X) = P(Xon), FiV(A) 2V (Aonr), FiL(N) = L(Aon)-
(iii) If A = Aoy then F;P(N) = P(Ayy), iV (A) 2 V(Aux), FiL(A) =2 L(Ayx).
(iv) If A = Ay, then F;P(N) =2 P(Ax), F;V(A) 2 V(Auax), FiL(A\) = L(A ).
(v) If A = Ao then:

(a) F;P(A\) = P(A\,);
(b) there is a short exact sequence
0— V(i) = EVA) = V(X)) — 0;
(c) F;L(\) has irreducible socle and head both isomorphic to L(A,),
and all other composition factors are of the form L(u) for u € A

such that (1 = fiyy, = fan OT |1 = fpy-
(vi) If X = Ayn then F;P(X\) = P(Xoy) @ P(Aoy), FiV(N) 2 V(oy) and
FiL(\) 2 L(Xoy).
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(vil) If A = Ay then E;V(N) 2 V(Xoy) and F;L(\) = {0}.
(viii) If A = A,y then F;V (X)) = F;L(\) = {0}.
(ix) If A = Ax then F;V(X) = F;L(\) = {0}.
(x) For all other \ we have that F;P(\) = F;V(\) = F;L(\) = {0}.
For the dual statement about E;, interchange all occurrences of o and X.

Proof. Apply [BS2, Theorems 4.2], [BS2, Theorem 4.5] and [BS2, Theorem
4.11], exactly as was done in [BS3, Lemma 3.4]. O

Remark 2.5. Using Lemma 2.4, one can check that the endomorphisms of
[rep(K)] induced by the functors F; and FE; for all i € Z satisfy the Serre re-
lations defining the Lie algebra sl.. Indeed, letting V., denote the natural
sloo-module of column vectors, the category rep(K) can be interpreted in a
precise sense as a categorification of a certain completion of the sl,-module
A" Voo @ N" VZE; see also [B1] where this point of view is taken on the super-
group side. Using the graded representation theory mentioned in Remark 2.2,
i.e. replacing rep(K) with the category of finite dimensional graded K-modules,
one gets a categorification of the g-analogue of this module over the quantised
enveloping algebra U,(sly); the action of ¢ comes from shifting the grading
on a module up by one. We are not going to pursue this connection further
here, but refer the reader to [BS3, Theorem 3.5] where an analogous “graded
categorification theorem” is discussed in detail.

The crystal graph. Define the crystal graph to be the directed coloured graph
with vertex set equal to A and a directed edge u — A of colour i € Z if L(\)
is a quotient of F;L(u). It is clear from Lemma 2.4 that g — X if and only if
the ith and (i + 1)th vertices of A\ and p are labelled according to one of the
six cases in the following table, and all other vertices of A and p are labelled in
the same way:
,LL‘\/O‘/\O‘X\/‘X/\‘XO‘\//\
)\‘O\/‘O/\‘VX‘/\X‘\//\‘OX

(2.5)

Comparing this explicit description with [B1, §3-d], it follows that our crystal

graph is isomorphic to Kashiwara’s crystal graph associated to the sl,-module

mentioned in Remark 2.5, which hopefully explains our choice of terminology.
Suppose we are given integers p < g. Define the following intervals

Lg={p—-m+1,p—m+2,...,q+n—1}, (2.6)
I;q::{p—m+1,p—m+2,...,q+n—1,q+n}. (2.7)

(The reader may find it helpful at this point to note which vertices of the weight
Apq from (1.9) are indexed by the set I,,.) Then introduce the following subsets
of A: ’

Apg :={X € A|the ith vertex of X is labelled A for all i ¢ I.f }, (2.8)

amongst vertices j,...,q+ n of A, the number

Apg = {)\ € Apg of A’s is > the number of V’s, for all j € I,f, } (2.9)

Note that the weight A, ; from (1.9) belongs to A} .. It is the unique weight in
A, 4 of minimal height.
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Lemma 2.6. Given A € A, choose p < q such that A € A}, (which is always
possible as there are infinitely many N’s and finitely many \/ s ) Then there are

integers i1, . ..,iq € Ipq, where d = ht(\) — ht(\, ), such that A, =5 -+ 4\
is a path in the crystal graph. Moreover we have that

Fiy-- Fz‘lv()‘p,q) = P(}\)@2T7
where r is the number of edges in the given path of the form va — ox.

Proof. For the first statement, we proceed by induction on ht(\). If ht(\) =
ht(Xpq), then A = ), ; and the conclusion is trivial. Now assume that ht(\) >
ht(Apq). As A € Aj and A # A, 4, it is possible to find i € I, such that the ith
and (i + 1)th vertices of A are labelled oV, oA, 0x,Vx,AX or VA. Inspecting

(2.5), there is a unique weight p € A, with p < X in the crystal graph.
Noting ht(u) = ht(A) — 1, we are now done by induction. To deduce the second
statement, we apply Lemma 2.4 to get easily that Fj, - -- F;, P(\, ) = P(\)®%.
Finally P(\pq) = V(Apq) as Apq is of defect zero, by [BS1, Theorem 5.1]. O

Representation theory of GL(m|n). Now we turn to discussing the rep-
resentation theory of G = GL(m|n). In the introduction, we discussed already
the irreducible G-modules {£()\) | A € Xt (T')} parametrised by the set X+ (T)
of dominant weights; we are using an unusual font here (and a few other places
later on) to avoid confusion with the irreducible K-modules {L(A)}. Recall in
particular that the Zs-grading on £()) is defined so that its A-weight space is
concentrated in degree A := (X,€m+1 + 4 Em+n) (mod 2). Bearing in mind
that we consider only even morphisms, the modules

{LA) [ A e XT(T)} U{IIL(N) | A € XT(T)}

give a complete set of pairwise non-isomorphic irreducible G-modules, where II
denotes change of parity.

We also mentioned two other families of G-modules, the standard modules
{V(A\)} and the projective indecomposable modules {P(A)}. The standard mod-
ules are usually called Kac modules in this setting after [Ka] and can be con-
structed explicitly as follows. Let P be the parabolic subgroup of G such that
P(A) consists of all invertible matrices of the form (1.1) with ¢ = 0, for each
commutative superalgebra A. Given A € X1 (T), we let E(\) denote the usual
finite dimensional irreducible module of highest weight A for the underlying
even subgroup Gy = GL(m) x GL(n), viewing F(\) as a supermodule with
Zso-grading concentrated in degree A. We can regard E()) also as a P-module
by inflating through the obvious homomorphism P — G§. Then we have that

V(A) =U(g) QU (p) E(\), (2.10)

where g and p denote the Lie superalgebras of G and P, respectively. This
construction makes sense because the induced module on the right hand side
of (2.10) is an integrable g-supermodule, i.e. it lifts in a unique way to a G-
module; see e.g. [BK, Corollary 3.5]. By the usual arguments of highest weight
theory, it follows easily from (2.10) that V(\) has a unique irreducible quotient,
namely, the module £(\).
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By [Z] or the discussion in [B2, Example 7.5], the category of all finite di-
mensional G-modules has enough projectives. Let us recall the proof as it is
short and instructive. By the PBW theorem for Lie superalgebras, the exact
functor U(g)®y (gy)? maps finite dimensional Gg-modules to finite dimensional
G-modules. Moreover it is left adjoint to restriction, so maps projectives to
projectives. Hence the G-module

Q(A) :=U(9) Qu(gy) E(N) = U(9) Qu(p) (U(P) Qu(gy) EQN))

is projective. By elementary weight and parity considerations, the induced
module U(p) ®p(g;) E£(A) has a filtration of finite length all of whose sections
are inflations of modules of the form E(u) for u € X*(T), with E(\) appearing
at the top. Hence Q(A) has a standard flag, that is, a filtration of finite length all
of whose sections are isomorphic to standard modules of the form V(u) for u €
X*(T), with V()\) appearing at the top. The projective module Q(\) therefore
contains a projective cover P(\) of L(\) as a summand, and we have established
that there are enough projectives. Combined with standard arguments as in
e.g. [B2, §4], this construction shows further that P(\) itself has a standard
flag, and the multiplicity (P(X) : V(u)) of V(p) as a section of any such standard
flag is given by the BGG reciprocity formula

(P(A) : V(W) = [V(k) : LIV)]- (2.11)
For any p € X (T), the u-weight space of Q()) is concentrated in degree fi, so
Q@ () can only involve composition factors of the form L£(u); there are none of
the form IIL(p). Hence the same thing is true for P(A) and V(\), establishing
that all the objects £(\),V(A) and P()\) belong to the category % = Z(m|n)
defined in the introduction. This is enough to show that the category of all
finite dimensional G-modules decomposes as & @ I1.%, as noted earlier.

Special projective functors: the supergroup side. Recall the weight
dictionary from (1.6) by means of which we identify the set X *(7') with the set
A. Under this identification, the usual notion of the degree of atypicality of a
weight A € X1(T') corresponds to the notion of defect of A € A. Given A\, u € A,
the irreducible G-modules £(\) and £(p) have the same central character (with
respect to the action of the even center of U(g)) if and only if A ~ p in the
diagrammatic sense; this can be deduced from [S1, Corollary 1.9]. Hence the
category .# decomposes as

T = @ Zr, (2.12)

where .Zr is the full subcategory consisting of the modules all of whose compo-
sition factors are of the form £(\) for A € I'. We let prp : .# — % be the exact
functor defined by projection onto . along (2.12).

Recall that V' denotes the natural G-module and V* is its dual. Following
[B1, (4.21)-(4.22)], we define the special projective functors F; and &; for each
1 € Z to be the following endofunctors of .%:

Fi:= @prr_ai o(?®@V)oprp, & := 69prF o(?®V*)oprr_,,, (2.13)
r r
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where the direct sums are over all I' € A/ ~ such that ¢ is I'-admissible (as in
(2.3)). The functors 7 ®@ V and ? ® V* are biadjoint, hence so are F; and &;. In
particular, all these functors are exact and send projectives to projectives. For
later use, let us fix some choice of adjunctions making F; left adjoint to &; for
all € Z.

Lemma 2.7. The following hold for any A € X (T):
(i) V(N)®V has a filtration with sections V(A+¢€;) for allr =1,...,m+n
such that A+ &, € X (T'), arranged in order from bottom to top.
(il) V(N\) @ V™ has a filtration with sections V(A—e,) forallr =1,...,m+n
such that A — e, € X (T), arranged in order from top to bottom.

Proof. This follows from the definition (2.10) and the tensor identity. O

Corollary 2.8. The following hold for any A € XT(T) and i € Z:

(1) FiV(A) has a filtration with sections V(A + ;) for allr =1,...,m+n
such that \+¢e, € XT(T) and (A + p,e,) =i+ (1 —(=1)")/2, arranged
in order from bottom to top.

(ii) &V(A) has a filtration with sections V(A —¢ep) for allr =1,...,m+n
such that A —e, € XT(T) and (A + p,e,) =i+ (1 + (=1)")/2, arranged
in order from top to bottom.

Proof. For (i), apply prp_,, to the statement of Lemma 2.7(i), where I is the
block containing A (and do a little work to translate the combinatorics). The
proof of (ii) is similar. O

Corollary 2.9. We have that 7@V = @, Fi and ? @ V* = P, .

The next lemma gives an alternative definition of the functors F; and &;
which will be needed in the next section; cf. [CW, Proposition 5.2]. Let
m+n
0= Z (—1)’ers®es, €9 g, (2.14)
r,s=1
where e, s denotes the rs-matrix unit. This corresponds to the supertrace form
on g, so left multiplication by € (interpreted with the usual superalgebra sign

conventions) defines a G-module endomorphism of M ® N for any G-modules
M and N.

Lemma 2.10. For any G-module M, we have that F;M (resp. &M ) is the
generalised i-eigenspace (resp. the generalised —(m — n + i)-eigenspace) of the
operator 2 acting on M @V (resp. M @ V*).

Proof. We just explain for F;. Let ¢ := Y. (~1)%, e, € U(g) be the

r,s=1
Casimir element. It acts on V(\) by multiplication by the scalar

exi=A+20+(m—n—1)0,A)
where 6 = 14+ -+ € — €Ema+1 — ** — Eman. Also, we have that Q =

(A(c) —c®1—1® c)/2 where A is the comultiplication on U(g). Now to
prove the lemma, it suffices to verify it for the special case M = V(A). Using
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the observations just made, we see that multiplication by €2 preserves the filtra-
tion from Lemma 2.7(i), and the induced action of Q2 on the section V(A + ¢,)
is by multiplication by the scalar

(exte, —ex —m+n)/2=(A+p,er) + (1= (-1))/2.
The result follows on comparing with Corollary 2.8(i). O

The next two lemmas are the key to understanding the representation theory
of GL(m|n) from a combinatorial point of view.

Lemma 2.11. Leti € Z and X € A be a weight such that the ith and (i + 1)th
vertices of A are labelled A\ and V, respectively. Let p be the weight obtained from
A by interchanging the labels on these two vertices. Then L(p) is a composition

factor of V(X).

Proof. This is a reformulation of [S1, Theorem 5.5]. It can be proved directly
by an explicit calculation with certain lowering operators in U(g) as in [BS3,
Lemma 4.8]. O

Lemma 2.12. Ezactly the same statement as Lemma 2.4 holds in the cate-
gory Z, replacing L(N),V(X), P(A\), F; and E; by L(X),V(X), P(A), Fi and &;,
respectively.

Proof. The statements involving V() follow from Corollary 2.8. The remaining
parts then follow by mimicking the arguments used to prove [BS3, Lemma 4.9],
using Lemma 2.11 in place of [BS3, Lemma 4.8]. O

Corollary 2.13. Given A € A, pick p,q, d, i1,...,iq and r as in Lemma 2.6.
Then we have that Fi, - -- F, V(Apg) = P(N)D?".

Proof. We note as \p 4 is of defect zero that it is the only weight in its block.
Using also (2.11), this implies that P()\, 4) = V(Ap,4). Given this, the corollary
follows from Lemma 2.12 in exactly the same way that Lemma 2.6 was deduced
from Lemma 2.4. g

Identification of Grothendieck groups. Consider the Grothendieck group
[#] of Z. Tt is the free Z-module on basis {[L(A)] | A € A}. The exact functors
Fi and &; (resp. F; and E;) induce endomorphisms of the Grothendieck group
[Z] (resp. [rep(K)]), which we denote by the same notation. The last part of
the following theorem recovers the main result of [B1].

Theorem 2.14. Define a Z-module isomorphism ¢ : [#] = [rep(K)] by declar-
ing that (([L(N)]) = [L(A)] for each A € A.

(i) We have that «([V(N)]) = [V(N)] and «([P(N)]) = [P(N\)] for each A € A.
(ii) For each i € Z, we have that F;ov=10F; and E;o1=10¢&; as linear

maps from [F] to [rep(K)].
(iii) We have in [F] that

PN =) VWl V= L)

HOA pCA
for each A € A.
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Proof. Given A € A, let p,q, d, v and i1,...,i7q be as in Lemma 2.6. By
Lemma 2.6 and Theorem 2.1, we know already that

PO = o - Fiu - Fa [Vl = SV, (2.15)
HOA
all equalities written in [rep(K)]. In view of Lemma 2.12; the action of F; on
the classes of standard modules in [rep(K)] is described by exactly the same
matrix as the action of F; on the classes of standard modules in [.#]. So we
deduce from the second equality in (2.15) that

1
or Fig o Fiu[V(Apg)] = Z[V(N)]a
HOA
equality in [#]. By Corollary 2.13 this also equals [P()\)], proving the first
formula in (iii). The second formula in (iii) follows from the first and (2.11).
Then (i) is immediate from the definition of ¢+ and the coincidence of the
formulae in (iii) and Theorem 2.1.
Finally to deduce (ii), we have already noted that «(F;[V(\)]) = Fi[V(N)] for
every \. It follows easily from this that «(F;[P(\)]) = F;[P(N\)] for every .
Using also the adjointness of F; and E; (resp. F; and &;) we deduce that

[EiL(p) : L(N)] = dim Homg (P(A), E;L(w))
= dim Homg (F; P(\), L(p)) = dim Homg (F;P(N), L())
= dim Homg(P(A), &L(1)) = [EL(w) = L(N)]

for every A,y € A. This is enough to show that ¢(E;[L(p)]) = &[L(p)] for every
w, which implies (ii) for E; and &;. The argument for F; and F; is similar. [

Highest weight structure and duality. At this point, we can also deduce
the following result, which recovers [B1, Theorem 4.47].

Theorem 2.15. The category F is a highest weight category in the sense of
[CPS] with weight poset (A, <). The modules {L(\)},{V(N\)} and {P(X\)} give
its irreducible, standard and projective indecomposable modules, respectively.

Proof. We already noted just before (2.11) that P(\) has a standard flag with
V(A) at the top. Moreover by Theorem 2.14(iii) all the other sections of this
flag are all of the form V(u) with g > A in the Bruhat order. The theorem
follows from this, (2.11) and the definition of highest weight category. O

The costandard modules in the highest weight category .# can be constructed
explicitly as the duals V(A\)® of the standard modules with respect to a natural
duality ®. This duality maps a G-module M to the linear dual M* with the
action of G defined using the supertranspose anti-automorphism g — ¢*¢, where

o [ d|-c
N 2

for g of the form (1.1). Note ® fixes irreducible modules, i.e. £(A)® 2 L()) for

each A € A.
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3. CYCLOTOMIC HECKE ALGEBRAS AND LEVEL TWO SCHUR-WEYL DUALITY

Fix integers p < q and let A, , be the weight of defect zero from (1.8). The
standard module V(\, ) is projective. As the functor ? ® V' sends projectives
to projectives, the G-module V(), ;) ® V®d is again projective for any d > 0.
We want to describe its endomorphism algebra.

Action of the degenerate affine Hecke algebra. We begin by constructing
an explicit basis for V(), ) ® V&, Recalling (2.10), we have that

V()‘th) =Ul(g) QU (p) EO\p,q)- (3.1)
Let det,, (resp. det,) denote the one-dimensional Gz-module defined by tak-
ing the determinant of GL(m) (resp. GL(n)), with Zs-grading concentrated in
degree 0. Then the module E()\, ) in (3.1) is the inflation to P of the mod-
ule T4+ (det?, @ det, (q+m)), so it is also one-dimensional. Hence, fixing a
non-zero highest weight vector v, 4 € V() 4), the induced module V(\, ) is of

dimension 2™" with basis
m+n m
{ H He::és “Upg | 0 < T < 1} ) (3.2)
r=m+1 s=1
where the products here are taken in any fixed order (changing the order only
changes the vectors by +1). Recall also that vy, ..., Up4y is the standard basis
for the natural module V', from which we get the obvious monomial basis
{vi1®-~®vidllgil,...,idgm—i—n} (33)

for V¥4, Tensoring (3.2) and (3.3), we get the desired basis for V(),,) ® V2.

Now let Hy be the degenerate affine Hecke algebra from [D]. This is the
associative algebra equal as a vector space to Flxy,...,z4] ® FSy, the tensor
product of a polynomial algebra and the group algebra of the symmetric group
Sg. Multiplication is defined so that Flz1, ..., 24| = Flz1,...,24|®1 and FSy =
1 ® FS,; are subalgebras of Hy, and also

Sps = xSy if s £ v+ 1, SpTpy1 = TpSp + 1,
where s, denotes the rth basic transposition (r r + 1).

By [CW, Proposition 5.1], there is a right action of Hy on V(),,4) ® V& by
G-module endomorphisms. The transposition s, acts as the “super” flip
(vRV;, ®- - -QU;, QU;,,, ®- - “®U;,)Sr = (—1)27"27'*121@1)1'1 Q- QU ,, QV;, Q- - Q.
This is the same as the endomorphism defined by left multiplication by the
element ) from (2.14) so that the first and second tensors in € hit the (r+1)th
and (r + 2)th tensor positions in V(),,) ® V&, respectively. The polynomial
generator xs acts by left multiplication by € so that the first tensor in € is
spread across tensor positions 1, ..., s using the comultiplication and the second

tensor in  hits the (s + 1)th tensor position in V(\,,) ® V®4. The following
lemma gives an explicit formula for the action of x4 in a special case.
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Lemma 3.1. For1l <iq,...,iqg <m+n and 1 < s <d, we have that

(Vpg ® Vi @+ @V, )Ts = PUp g DUy @+ @ vy,
s—1
+ Z(_1)iris+Zr<t<s(ir+is)itvp’q vy @RV, @ QU @ @y,
r=1

if 1 <is <m, and

(Upg @ Uiy ® -+ @i, )Ts = (¢ +M)Vpg @V, @+ R j,
s—1
4 Z(_1)iris+zr<t<s(ir‘f‘is)itv%q QUi @ QU @+ R, @+ Dy,
r=1

m
+ Z(_l)n(‘]'i‘m)‘f'il"r“"'l‘isfl(eis,j Upg) BV @RV @ Dy,
j=1

ifm+1<is <m+mn. (In the first two summations we have interchanged v;,
and v;,, while in the last one we have replaced v;, by v;.)

Proof. Note for any 1 <i,j < m +n that

DUp g ifl1<i=j<m,

o w —(g+m)vpy ifm+1<i=j<m+n,

b TPA €ij Upg ifm+1<i<m+nand1<j<m,
0 otherwise.

Using this, the lemma is a routine calculation (taking care with superalgebra
signs). O

Corollary 3.2. The element (v1—p)(z1—q) € Hy acts as zero on V(A )@V &4,

Proof. 1t suffices to check this in the special case that d = 1. In that case,
Lemma 3.1 shows that
PUpg @ V; if1<i<m,
(Up,g ® V)1 = & qUpg @ V;
+ Z?zl(—l)”(ﬁm)ei,j(vp,q ®uvj) fm+1<i<m+n.

It follows easily that (z1 — p)(z1 — ¢) acts as zero on the vector v, , ® v; for
every 1 <i < m+ n. These vectors generate V()\,,) ® V as a G-module so we
deduce that (z1 — p)(z1 — q) acts as zero the whole module. O

Corollary 3.3. If d < min(m,n) then the endomorphisms of V(\p4) ® V&4
defined by right multiplication by {x{* --- 20w |0 < 01,...,0q < 1,w € Sq} are
linearly independent.

Proof. Any vector v € V(Ap4) ® V®? can be written as v =", ; b; ® ¢; where
{b; | i € I} is the basis from (3.2) and the ¢;’s are unique vectors in V4. We
refer to ¢; as the b;-component of v. Exploiting the assumption on d, we can
pick distinct integers m +1 <i1,...,ig < m-+nand 1 < ji,...,5¢ < m. Take
0<o0q,...,00 <1 and consider the vector

o o4
(Vpg ® Vi ® -+ @vi,)x]" - - xyt
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ForO0<rm,...,7y <1, Lemma 3.1 implies that the el . ---e? . v, ,~component
11 J1 td,ja P4
of (vp7q®v¢1 ® - @uy,)x]t ---x? s zero either if 7+ 474 > 014 - -+ 0g, Or
ifm+--+79=014" 4+ 0q but 7. # o, for some r. Moreover, if 7. = o, for
all r, then the ej ; ---ej . - vpg-component of (vpq @ vy @+ @vj, )" - 2y
is equal to vy, ® --- ® vy, where k, = i, if 0, = 0 and &k, = j, if 0, = 1.
This is enough to show that the vectors (v,q ® vy, ® -+ ®@ vy, )x]* - - - x5 w for
all 0 < o1,...,04 <1 and w € Sy are linearly independent, and the corollary

follows. O

In view of Corollary 3.2, the right action of Hy on V(A 4) ® V&4 induces an
action of the quotient algebra

HY = Hy/{(z1 — p)(z1 — q)). (3.4)
This algebra is a particular example of a degenerate cyclotomic Hecke algebra
of level two. It is well known (e.g. see [BK1, Lemma 3.5]) that dim H:? = 244!

Corollary 3.4. Ifd < min(m,n) the action of Hy'? on V(A q)@V®? is faithful.

Proof. This follows on comparing the dimension of H}? with the number of
linearly independent endomorphisms constructed in Corollary 3.3. g

Since the action of HY? on V(),4) ® V¥ is by G-module endomorphisms,
it induces an algebra homomorphism

®: HD? — Endg(V(\p,) @ VE4)P, (3.5)

The main goal in the remainder of the section is to show that this homorphism
is surjective.

Weight idempotents and the space T5*?. For a tuple ¢ = (i1, ...,i4) € 74,
there is an idempotent e(z) € H}? determlned uniquely by the property that
multiplication by e(z) projects any H P9_module onto its i-weight space, that is,
the simultaneous generalised eigenspace for the commuting operators x1, ..., xq
and eigenvalues i1, ...,1q4, respectively. All but finitely many of the e(¢)’s are
zero, and the non-zero ones give a system of mutually orthogonal idempotents
in H7? summing to 1; see e.g. [BK2, §3.1].

The action of the idempotent e(i) on the module V(\,,) ® V®? can be
interpreted as follows. In view of Corollary 2.9, we have that

V(Apg) ® VEL = B FiV(Apg) (3.6)
i€Z4
where F; denotes the composite F;, o --- o F;, of the functors from (2.13).
By Lemma 2.10 and the definition of the actions of x1,..., x4, the summand
FiV(\p,4) in this decomposition is precisely the i-weight space of V() 4) @ V4.
Hence the weight idempotent e(3) acts on V(),,) ® V& as the projection onto
the summand F;V(), 4) along the decomposition (3.6).
Recalling the interval I, , from (2.6), we are usually from now on going to
restrict our attention to the summand

0= P FiVi) (3.7)

i€(Ip,q)?
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of V(Apq) ® V@ By the discussion in the previous paragraph, we have equiv-
alently that 797 = (V(\,4) ® V)17 where

9= > e(i) e HY (3.8)
1€(Ip,q)?
As a consequence of the fact that any symmetric polynomial in x1,...,xz4 is

central in Hy, the idempotent 15,(1 is central in H 5"1. The space T5 1 is naturally
a right module over 157H, which is a sum of blocks of H}'?. Hence the map
® from (3.5) induces an algebra homomorphism

159HP — Endg (TH9)°P. (3.9)

As a refinement of the surjectivity of ® proved below, we will also see later in
the section that the induced map (3.9) is an isomorphism. Note from (3.16)
onwards we will denote the algebra 159H,? instead by REY.

Stretched diagrams. In this subsection, we develop some combinatorial tools
which will be used initially to compute the dimension of the various endomor-
phism algebras that we are interested in. We say that a tuple i € Z< is (p, q)-
admissible if i, is I',_j-admissible for each r = 1,...,d, where I'g,...,['y are
defined recursively from I'g := {\,,} and I'; := I',_; — «;,, notation as in
(2.2). We refer to the sequence I' := I'y---T'1T'y of blocks here as the associ-
ated block sequence. The composite matching t = t4---t; defined by setting
t, :=t;, (Ty—1) for each r is the associated composite matching. Both of these
things make sense only if ¢ € Z¢ is (p, ¢)-admissible.

Lemma 3.5. If i € Z% is not (p, q)-admissible then F;V (N, ) is zero.
Proof. This follows from the definitions and (2.13). O

By a stretched cap diagram t = tg---t1 of height d, we mean the associ-
ated composite matching for some (p, ¢)-admissible sequence i € Z¢. We can
uniquely recover the sequence %, hence also the associated block sequence I,
from the stretched cap diagram t. Here is an example of a stretched cap di-
agram of height 5, taking m = 2,n = 1 and ¢ — p = 1. We draw only the
strip containing the vertices indexed by I;f ¢» as the picture outside of this strip
consists only of vertical lines. We also label the number lines by the associated

block sequence.
o
t1 E
Iy »

t2
s H@—o
t3

I's x—o——x—9e
tq
Iy
t5
T's «

By a generalised cap in a stretched cap diagram we mean a component that
meets the bottom number line at two different vertices. An oriented stretched
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cap diagram is a consistently oriented diagram of the form

t[y] = vatava—1- - nt1vo
where v = v4-- -0 is a sequence of weights chosen from the associated block
sequence I' =T'y---T'g, i.e. 7, € I',. for each r = 0,...,d. In other words, we
decorate the number lines of t by weights from the appropriate blocks, in such
a way that the resulting diagram is consistently oriented.

Theorem 3.6. There are G-module isomorphisms

V) ® V! = D PN e,
AEA, ht(A)=ht(Ap,q)+d
Té%q o~ @ rp()\)@dimp,q()\),

AEAp,q, ht(A)=ht(Ap,q)+d

where dimy, 4(\) is the number of oriented stretched cap diagrams t[7y] of height
d such that vo = A\p g, Y4 = A, and all generalised caps are anti-clockwise.

Proof. For the first isomorphism, in view of Theorem 2.14 and Corollary 2.9, it
suffices to prove the analogous statement on the diagram algebra side, namely,
that

P FV ) = ) P(X)® dimea) (3.10)

i€z AEA, ht(A)=ht(Ap,q)+d

as K-modules. Remembering that V (), 4) = P(),4), this follows as an appli-
cation of [BS2, Theorem 4.2], first using [BS2, Theorem 3.5] and [BS2, Theo-
rem 3.6] to write the composite projective functor F; = F;, o --- o F;, in terms
of indecomposable projective functors.

The proof of the second isomorphism is similar, taking only i € (I,,)¢ in
(3.10). It is helpful to note that if A\ € A,, and t[v] is one of the oriented
stretched cap diagrams counted by dimy4(\) then t[v] is trivial outside the
strip containing the vertices indexed by I;f ¢ 1-e. it consists only of straight
lines oriented A outside that region. This follows by considering (2.2). O

Corollary 3.7. The modules {P(\) | A € A}, ht(X) = ht(),4) + d} give a
complete set of representatives for the isomorphism classes of indecomposable
direct summands of TT9.

Proof. Suppose we are given A € Ay with ht(\) = ht(\,4) + d. Applying
Corollary 2.13, there is a sequence i = (i1, .. .,iq) € (Ip4)% such that P()) is a
summand of F;V(\,4). Hence P(A) is a summand of T"?. Conversely, applying
Theorem 3.6, we take A € A, , with ht(\) = ht()\,,) + d and dim,, 4(\) # 0,
and must show that A € Aj ;. There exists an oriented stretched cap diagram
t[y] of height d with 79 = A, 4 and 74 = A, all of whose generalised caps are
anti-clockwise. Every vertex labelled V in A must be at the left end of one
of these anti-clockwise generalised caps, the right end of which gives a vertex
labelled A indexed by an integer < ¢ + n. Recalling the definition (2.9), these
observations prove that A € A} . O

Corollary 3.8. 777 = {0} for d > (m +n)(q —p) + 2mn.
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Proof. The set A, , has a unique element p,, of maximal height, namely, the
weight

p—m q+n

N——— N———

n m
Using this and Theorem 3.6, we deduce that T7? = {0} for d > ht(ppq) —
ht(Apq) = (m +n)(q — p) + 2mn. O

The mirror image of the oriented stretched cap diagram w[d] in a horizontal
axis is denoted w*[0*]. We call it an oriented stretched cup diagram. Then an
oriented stretched circle diagram of height d means a composite diagram of the
form

u*[6"] 2 tly] = douTdy -+ - da—1ugVatava—1 - - Y1t1yo
where ¢t[v] and u[d] are oriented stretched cap diagrams of height d with v4 = d4;
see [BS3, (6.17)] for an example.

Theorem 3.9. The dimension of the algebra Endg (TS )P is equal to the
number of oriented stretched circle diagrams w*[0*] 1 t[vy] of height d such that
Yo = (50 = /\p7q and Yd = 5d S Ap7q.

Proof. Applying Theorem 3.6, we see that the dimension of the endomorphism
algebra is equal to

Z dim,, 4(A) - dimy, 4(p) - dim Homg (P (A), P(p)).
MHEA g, ht(N)=ht (1) =ht (Ap.q)+d
Also in view of Theorem 2.14, dim Homg(P(X), P(n)) = [P(u) : L(N)] is equal
to the analogous dimension dim Hompg (P(\), P(u)) = [P(p) : L(M\)] on the
diagram algebra side, which is described explicitly by [BS1, (5.9)]. We deduce
that dim Homg(P(N), P()) is equal to the number of weights v such that
A ~ v ~ p and the circle diagram Avyi is consistently oriented. The theorem
follows easily on combining this with the combinatorial definitions of dimy,, 4(\)
and dimy, 4(¢) from Theorem 3.6. O

The algebra RZ’q and the isomorphism theorem. Now we need to re-
call some of the main results of [BS3] which give an alternative diagrammatic
description of the algebra 1‘2’qu"]. This will allow us to see to start with
that this algebra has the same dimension as the endomorphism algebra from
Theorem 3.9.

Let Rs’q be the associative, unital algebra with basis

{ru* 672t}

The multiplication is defined by an explicit algorithm described in detail [BS3].
Briefly, to multiply two basis vectors |s*[7*] 1 r[o]| and |u*[6*] 1 t[7]|, the prod-
uct is zero unless 7 = w and all mirror image pairs of internal circles in r[o]
and u*[0*] are oriented so that one is clockwise, the other anti-clockwise. As-
suming these conditions hold, the product is computed by putting s*[7*] 1 r[o]
underneath w*[d*] ! t[y], erasing all internal circles and number lines in r[o]

for all oriented stretched circle diagrams w*[6*] ¢ t[7]
of height d with vo = dp = A\p g and vg =g € Ap g '
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and u*[§7], then iterating the generalised surgery procedure to smooth out the
symmetric middle section of the diagram.

Lemma 3.10. The algebras RY? and Endg(T59)°P have the same dimension.
In particular, RY? is the zero algebra for d > (m + n)(q — p) + 2mn.

Proof. The number of elements in the diagram basis for RD? is the same as
the dimension of the algebra Endg (75 9)°P thanks to Theorem 3.9. The last
statement follows from Corollary 3.8. 0

As a consequence of [BS3, Corollary 8.6], we can identify RZ’q with a certain
cyclotomic Khovanov-Lauda-Rouquier algebra in the sense of [KL, R]. To make
this identification explicit, we need to define some special elements

{e(i) |3 € (Ipg) Y U{yr,. . yat U{dn, ... a1} (3.11)
in RPY. For i € (Ip4)?, we let e(i) € RY? be the idempotent defined as follows.
If 4 is not (p, ¢)-admissible then e(z) := 0. If it is admissible, let t =t4-- -1 be
the associated composite matching and I' = I'y---T'g be the associated block
sequence. Then

(i) = 3 [£16"] ¢l (3.12)

8,y

where the sum is over all sequences v = v4---v9 and & = 64 -y of weights
with each v, §, € T'; chosen so that every circle of t*[§*|it[y] crossing the middle
number line is anti-clockwise, and all remaining mirror image pairs of circles
are oriented so that one is clockwise, the other anti-clockwise. The elements
{e(@)]i € (I4)?} give a system of mutually orthogonal idempotents whose sum
is the identity in RD7.

Next we define the elements y1, ..., yq. Let 41,...,7q be the unique elements
of RY? such that the product |w*[6*[0¢[y]|-§r (resp. §r-|u*[6*]1t[y]]) is computed
by making a positive circle move in the section of w*t containing ¢, (resp. u)),
as described in detail in [BS3, (5.5), (5.11)]. Also introduce the signs

0p4(1) = (—1)min(p’iT')+min(q’i7')+m_p—5i1ﬂ'r_"'_5%71,”. (3.13)
Then we define y, := Zie(lp e yre() where
yre(t) := ag’q(i)gjre(i), (3.14)

to get the elements y, € RY? for r =1,...,d.

Finally we define v,...,%4—1. Let 11,...,1%4_1 be the unique elements
of R such that the product |u*[6*] 2 t[v]] - ¢ (vesp. ¥, - [w*[6"] 2 t[v]]) is
computed by making a negative circle move, a crossing move or a height move
in the section of w*t containing ¢, 1t, (resp. uju; ), as described in detail in
[BS3, (5.7),(5.12)]. Then we define ¢, := 3 ;¢ yathre(d) where

. —o? (i)re(i) ifdppq =iy O dpyy = dp + 1,
— ) "%y
Pre(d) { re(s) otherwise, (3.15)

to get the elements ¢, € Ry forr=1,...,d — 1.



KHOVANOV’S DIAGRAM ALGEBRA IV 21

Theorem 3.11. The elements (3.11) generate Rs’q subject only to the defin-
ing relations of the Khovanov-Lauda-Rouquier algebra associated to the linear
quiver

with vertices indexed by the set I, , in order from left to right (see e.g. [BS3,

(6.8)-(6.16)] ), plus the additional cyclotomic relations y, diptoinag e(i) = 0 for
i=(i1,...,iq) € (Ipg)2.

Proof. This is a consequence of [BS3, Corollary 8.6]. More precisely, we apply
[BS3, Corollary 8.6], taking the index set I there to be the set I, ,, the pair
(0 + m,0 + n) there to be (p,q), and summing over all « € Q4 of height d.
This implies that the given quotient of the Khovanov-Lauda-Rouquier algebra
is isomorphic to the diagram algebra with basis consisting of oriented stretched
circle diagrams |u*[6*] L t[7]| just like the ones considered here, except they are
drawn only in the strip containing the vertices indexed by I. +q The isomorphism
in [BS3] is not quite the same as the map here, because the sign in (3.13) differs
from the corresponding sign chosen in [BS3] by a factor of (—1)™7P; this causes
no problems as it amounts to twisting by an automorphism of the Khovanov-
Lauda-Rouquier algebra. It remains to observe that all the oriented stretched
circle diagrams in the statement of the present theorem are trivial outside the
strip I;r o consisting only of straight lines oriented A in that region; these have
no effect on the multiplication. O

Now we can formulate the following key isomorphism theorem, which identi-
fies the algebras 157HY? and REY.

Theorem 3.12. There is a unique algebra isomorphism
1p7qu7q :> R§7q
such that e(t) — e(2), zre(2) — (yr +ir)e(z) and sye(t) — (Vrqr(2) — pr(2))e(2)

for each r and i € (I, 4)?, where p,(3), ¢-(1) € RY'? are chosen as in [BK2, §3.3],
e.g. one could take

po(i) =4 ! iy =i,
" *(iT+1 — i+ Yr4+1 — yr)_l Zf Uy 75 ir+1,’
L+ yrt1— yr if tp = tra1,
() := C+yt1 —y) A+ yrp1 —yr) W by =i + 1,
LA I if i1 = i — 1,

1+(ir+1 — T+ Yrg1 _yr)il 7:f|2.7"_i7"+1| > 1.
(The inverses on the right hand sides of these formulae make sense because each

Yr+1 — Yr 18 nilpotent with nilpotency degree at most two, as is clear from the
diagrammatic definition of the y,’s.)

Proof. This is a consequence of Theorem 3.11 combined with the main theorem
of [BK2J; see also [BS3, Theorem 8.5]. O

Henceforth, we will use the isomorphism from the above theorem to identify
the algebra 157HY? with RY?, so

159HP = R, (3.16)
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We will denote it always by the more compact notation Rs’q. Thus there are
three different ways of viewing RY?: it is a diagram algebra with basis given by
oriented stretched circle diagrams, it is a cyclotomic Khovanov-Lauda-Rouquier
algebra, and it is a sum of blocks of the cyclotomic Hecke algebra H g’q.

Super version of level two Schur-Weyl duality. Now we can prove the
main results of the section, namely, that the map ® from (3.5) is surjective and
the induced map (3.9) is an isomorphism. In the case d < min(m,n) we have
already done most of the work:

Theorem 3.13. If d < min(m,n) then we have that TY? = V(\,,) ® V&,
Rg’q = Hg’q, and the map

®: HD — Endg(V(\p,e) @ VE4)oP
s an algebra isomorphism.

Proof. Let us first show that 797 = V(A ,) ® V&9, Observe for d < min(m, n)
that any (p,q)-admissible sequence i € Z¢ necessarily lies in (I,,)%. This is
clear from (2.2) and the form of the diagram ), ,. Hence applying Lemma 3.5
we get that F;V(\, ) = {0} for i € Z\ (I, 4)¢. So we are done by (3.7).

Now consider the map ®. It is injective by Corollary 3.4. To show that it
is an isomorphism, we apply Lemma 3.10, recalling the identification (3.16), to
see that

dim Endg(V(\p,g) @ VPP = dim Endg (T5%)°P = dim R} < dim H,

Hence our injective map is an isomorphism. At the same time, we deduce that
dim Rs’q = dim Hg’q, hence RZ’q = Hg’q. O

It remains to consider the cases with d > min(m,n). For that, following a
standard argument, we need to allow m and n to vary. So we take some other
integers m’,n’ > 0 and consider the supergroup G’ = GL(m/|n’). To avoid
any confusion, we decorate all notation related to G’ with a prime, e.g. V' is
its natural module, its irreducible modules are the modules denoted £'(\) for
Ae N = A(m/|n'), and F' .= F(m/|n"). We are going to exploit the following
standard lemma.

Lemma 3.14. Let F : %' — % be an exact functor and X C A be a subset
with the following properties:

(i) F commutes with duality, i.e. Fo® = ®o F;
(ii) the modules FV'(\) for A € X have standard flags;
(iii) the map Homg (V'(N), V' (1)®) — Homg(FV'(N), FV'(1)®) defined by
the functor F is surjective for all A\, p € X.
Suppose M, N are G'-modules with standard flags all of whose sections are of
the form V'(\) for A € X. Then the map Homg: (M, N®) — Homg(FM, FN®)
defined by the functor F' is surjective.

Proof. We proceed by induction on the sum of the lengths of the standard flags
of M and N, the base case being covered by (iii). For the induction step, either
M or N has a standard flag of length greater than one. It suffices to consider
the case when the standard flag of M has length greater than 1, since the other
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case reduces to that using duality. Pick a submodule K of M such that both
K and @ := M/K are non-zero and possess standard flags. By a general fact
about highest weight categories (see also [B2, Lemma 3.6] for a short direct
proof in this context), the functor Homg (?, N®) is exact on sequences of G’-
modules possessing a standard flag. So applying it to the short exact sequence
0— K— M — @ — 0 we get a short exact sequence as on the top line of the
following diagram:

0 — Homg(Q,N®) — Homg(M,N®) — Homg (K,N®) — 0

l ! |

0 — Homg(FQ, FN®) — Homg(FM, FN®) — Homg(FK, FN®) — 0.
Similar considerations applying the functor Homg(?, FN®) to 0 — FK —
FM — F@Q — 0 gives the short exact sequence in the bottom row. The vertical
maps making the diagram commute are the maps defined by the functor F'. The
left and right vertical arrows are surjective by the induction hypothesis. Hence
the middle vertical arrow is surjective too by the five lemma. O

Now we consider the situation that
G' = GL(m|n +1). (3.17)
Embed G = GL(m|n) into G’ in the top left hand corner in the obvious way.
Also let S be the one-dimensional torus embedded into G’ in the bottom right
hand corner, so that S centralises the subgroup G. The character group X(.5)

is generated by €,,1pn11. Let Fy : #' — 7 be the functor mapping M € .%’ to
the —(q + m)&mini1-weight space of II9T" M with respect to the torus S.

Lemma 3.15. Let G' = GL(m|n+ 1) and G = GL(m|n) as in (5.17).
(i) For A\ € XT(T") with (\,em+4n+1) = ¢+ m, we have that FyV'(\) =
V(w), where u is the restriction of X to T < T".
(i) FLV' (N, ) = V(Apg)-
(iii) For A € XT(T) with (X, emint1) < ¢+m, we have that FLV'(\) = {0}.

Proof. The proof of (i) reduces easily using the definition (2.10) to checking that
the —(g+m)emint1-weight space of TI97™ E’(\) with respect to S is isomorphic
to E(u) as a Gg-module, which is well known. Then (ii) is a consequence of (i),
noting that A}, , = > | pe, — S (g 4+ m)emys. The proof of (iii) is similar
to (i). O
Lemma 3.16. Let G' = GL(m|n+ 1) and G = GL(m|n) as in (3.17). There
is a unique G-module isomorphism

Fr(V(X,) @ (V)5 5 V() @ VY
such that vy, ,®@v] @ - -®vgd = Up g QUi @@y, for alll <iy,...,iqg < m+n.
Moreover, this map intertwines the natural actions of Hg’q.

Proof. The first statement follows using the isomorphism F, V(A ) = V(A )
from the first part of the previous lemma, together with the following observa-
tions:
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» the weights i arising with non-zero multiplicity in V'(\}, /) all satisfy
(,u, 5m+n+1) < q-+m;
» the weights y arising with non-zero multiplicity in (V/)®? all satisfy
(1s Emtn+1) < 0;
» the zero weight space of (V/)®? with respect to S is V4,
The second statement is straightforward. ([l

Lemma 3.17. Let G' = GL(m|n+1) and G = GL(m|n) as in (3.17). Assume
the map ® : Hy? — Ende (V'(N,,) ® (V2P s surjective. Then the map
@ : HP? — Enda(V(Apq) ® VED)P is surjective too.

Proof. We apply Lemma 3.14 to F' := Fy, taking m’ := m,n’ := n + 1 and the
set of weights X to be {A € XT(T") | (\,émin+1) < ¢+ m}. The hypothesis
in Lemma 3.14(ii) follows from Lemma 3.15, and the other two hypotheses are
clear. Since V'(X, ) @ (V/)®? is self-dual and has a standard flag, we deduce
that the functor Fy defines a surjection

Ender(V'(X,,0) @ (V)¥)® = Endg(Fy (V(X,,0) © (V/)*))°*.
Composing with the isomorphism from Lemma 3.16 and using also the last part
of that lemma, we deduce that there is a commutative triangle

H
@’/ \<I>
Ender (V'(X, ) ® (V)P ——  Enda(V(Apg) ® VEI)P

in which the bottom map is surjective. The map ®’ is surjective by assumption.
So we deduce that ® is surjective too. 0

Instead consider the situation that
G' = GL(m + 1|n) (3.18)

and embed G = GL(m|n) into G’ into the bottom right hand corner in the
obvious way. Also let S be the one-dimensional torus embedded into G’ in the
top left hand corner, so again S centralises the subgroup G. The character
group X (S) is generated by 1. Let F_ : .F' — .Z be the functor mapping
M € F' to the (p — n)ej-weight space of M with respect to the torus S. The
analogues of Lemmas 3.15-3.17 in the new situation are as follows.

Lemma 3.18. Let G' = GL(m + 1|n) and G = GL(m|n) as in (5.18).
(i) For A € XT(T") with (\,e1) = p, we have that F_V'(\) = V(u), where
o is the restriction of X —nei + emqa + -+ + Emqny1 to T
(ii) F_V/(A;7q) =YV (Npgq)-
(iii) For A € XT(T"), with (\,e1) > p, we have that F_V'(\) = {0}.

Proof. This follows by similar arguments to the proof of Lemma 3.15, but there
is an additional subtlety. The main new point is that if vy is a non-zero highest
weight vector of weight A in V'(\) as in (i), then the vector €1 42« * €1 mitnt10+
gives a highest weight vector for G in F_V'(\) of weight A — ney + epaa +
-+« + €man+t1- This statement is checked by explicit calculation in U(g’). It
then follows from the PBW theorem that this vector generates F_V'(\) and
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F_V'(N) = V(i) to give (i). For (ii) we note that A}, , = St pe, =" (g +
m + 1)€m+1+3. ]
Lemma 3.19. Let G' = GL(m + 1|n) and G = GL(m|n) as in (3.18). There
is a unique G-module isomorphism

F_(V/(\) ® (V)®) 5 V() © V!

such that e1,m12- - €lmint1 - Vpg @V, @+ @V} = Upg @ Vjj—1 @+ @ Viy—1
forall 2 <iy,...,ig < m+n-+1. Moreover, this map intertwines the natural
actions of HY.

Proof. Similar to the proof of Lemma 3.16, using Lemma 3.18. O

Lemma 3.20. Let G' = GL(m+1|n) and G = GL(m|n) as in (3.18). Assume
the map ® : Hy? — Endg(V'(N,,) ® (V)24P s surjective. Then the map
@ : H — Endg(V(Ap,q) @ VNP is surjective too.

Proof. Apply Lemma 3.14 taking m’ := m+1,n’ := n and the set X of weights
to be {\ € XT(T")| (\,e1) > p}, arguing in the same way as in the proof of
Lemma 3.17. U

Finally we can assemble the pieces to prove a key result, which is a super
analogue of the Schur-Weyl duality for level two from [BK1].

Theorem 3.21 (Super Schur-Weyl duality). For any d > 0, the map
®: HYY — Endg(V(\p,) @ VEL)OP
1S surjective.

Proof. In the case that d < min(m,n), this is immediate from Theorem 3.13.
To prove it in general, pick m < m’ and n < n so that d < min(m/,n’). We
already know the surjectivity of the map @' for G’ = GL(m/|n’). Now apply
Lemma 3.17 a total of (n’ —n) times and Lemma 3.20 a total of (m’ —m) times
to deduce the surjectivity for G = GL(m|n). O

Corollary 3.22. Recalling the identification (3.16), the map ® induces an
algebra isomorphism RY? = Endg (T47)°P.

Proof. Theorem 3.21 shows the induced map RZ’q — End(;(Tfl’ 1)°P g surjective.
It is an isomorphism by Lemma 3.10. O

Irreducible representations of RZ’q. As an application of Corollary 3.22,

we can recover the known classification of the irreducible RZ’q—modules. For
A€ A;q with ht(A) = ht(A,4) + d, let

DPA(\) = Home (T, L)), (3.19)
viewed as a left RY?-module in the natural way.

Theorem 3.23. The modules {DP9(\) | A € A, ht(X) = ht(X\,4) + d} give

P.q°
a complete set of pairwise inequivalent irreducible Rg’q—modules. Moreover,

we have that dim DP9(\) = dimy 4(N), where dimy, 4(\) is as defined in The-
orem 3.6.
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Proof. As TP is a projective module, Corollary 3.22 and the usual theory of
functors of the form Hom(P,?) imply that the non-zero modules of the form
Homg (T, L(N)) for A € A give a complete set of pairwise inequivalent ir-
reducible RZ’q—moduleS. The non-zero ones are parametrised by the weights
A € Ay, with ht(A) = ht(),4) + d, thanks to Corollary 3.7. Finally the stated
dimension formula is a consequence of Theorem 3.6. ]

Remark 3.24. For a graded version of the dimension formula for the irreducible
RP%-modules derived in Theorem 3.23, we refer the reader to [BS3, Theorem
9.9]. (The identification of the labellings of irreducible representations in the
above theorem with the one in [BS3] can be deduced using the methods of the
next subsection.)

t-Restriction and i-induction. To identify the labelling of irreducible Rg’q—
modules from Theorem 3.23 with other known parametrisations, it is useful
to have available a more intrinsic characterisation of DP?(\). We explain one
inductive approach to this here in terms of the well-known i-restriction functors.

Suppose that ¢ € I,,. The natural inclusion H; — Hgyq induces an
embedding H}? — HYY . Composing before and after with the inclusion

d+1°
Ry = 109H)Y — HIY and the projection HyY, — 151 HPY = R we
get a unital algebra homomorphism
0q: RH? — Sfl. (3.20)

Note this map need not be injective, e.g. if d = (m +n)(p — q) + 2mn then the
algebra R‘Z’q is non-zero but Rsfl is zero by Lemma 3.10. The image of 2441 in
Ry, centralises 04(RY?). So it makes sense to define the i-restriction functor

&i s rep(RI,) — rep(RY?) (3.21)

to be the exact functor mapping an Rsfl—module M to the generalised i-

eigenspace of z441 on M, viewed as an RY?-module via 6.
For us, a slightly different formulation of this definition will be more conve-

nient. Let
157 = > e(i) € RYY,. (3.22)
i€(Ip,q) T igp1=i
Multiplication by this idempotent projects any R}Y;-module M onto the gen-
eralised i-eigenspace of 441, which is a module over the subring 157 R, 104

of Rsfl. As 1507 centralises the image of the homomorphism 64, we can define

another unital algebra homomorphism
Oai : RY? — 15;3]%2’;{112;3, x - 9d($)1§;g- (3.23)
Because 177, = Zie[m 1’;;?, we have that ; = Zie[m 04.. The functor &

from the previous paragraph can be defined equivalently as the functor map-
ping an R}/,-module M to the space 17 M viewed as an R}?-module via the
homomorphism 64.;. So:

E:M = 150M = Homppa (RE? 152, M), (3.24)
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where we view R 107 as an (R, Ri?)-bimodule using the homomorphism
64.; to get the right module structure. It is clear from (3.24) that the i-restriction

functor &; has a left adjoint
Fi = Z’fllz;g(@RZ,q? :rep(RE?) — rep(RY). (3.25)
We refer to this as the i-induction functor.
Lemma 3.25. There is an isomorphism
r: & o Homg(T}),7) = Homg (T, 7) o &
of functors from F to rep(R7).

Proof. Take M € .Z. Note recalling (3.6) that T}, 107 = FT;**. So we can
identify

&(Homg(Tgfl,M)) = lsngomg(Tgfl, M)

= HomG(TgfI 12:3, M) = Homg (ﬂTg’q, M)

Then the adjunction between F; and &; fixed earlier defines a natural isomor-
phism Homg(FTT?, M) = Home (T, €M). Naturality gives automatically
that this is an RS’q—module homorphism. So we have defined the desired iso-
morphism of functors 7. O

Corollary 3.26. Take \ € A} , with ht(\) = ht(\p4) +d+ 1 for some d > 0.

ick p € Ay, such that p %\ s an edge in the crystal graph for some i € I 4.
Then DP1()\) is the unique irreducible representation of Rsfl with the property
that & DPA(X) has a quotient isomorphic to DP9(y).

Proof. By Lemma 2.12, we know for A as in the statement of the corollary and

i € Ipq that &L()) is zero unless there exists p € Ap , with p % X in the
crystal graph, in which case £(u) is the unique irreducible quotient of &L(\).
The corollary follows from this on applying the exact functor Homg(T75%,7?)
and using Lemma 3.25 and the definition (3.19). O

Remark 3.27. It is sometimes necessary to understand the homomorphism
64, from (3.23) from a diagrammatic point of view. Using Theorem 3.12, we
can easily write down 64,; on the Khovanov-Lauda-Rouquier generators: it is
the map

‘9d;i : 6(1) = e(i + i)a yre(i) = yre(i + i)v %e(i) = %6(1' + 2) (3'26)

for i € (I,4)% 1 <r <dand 1< s < d, where i + i denotes the (d + 1)-tuple
(1,...,1q4,1). It is harder to see f4,; in terms of the bases of oriented stretched
circle diagrams, but this is worked out in detail in [BS3, Corollary 6.12]. The
basic idea to compute 84.;(|u*[v*]1¢[d]|) is to insert two extra levels chosen from

b 1d

|

a D
Z
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into the middle of the matching uw*t, where we display only the strip between
the ith and (i + 1)th vertices, the diagrams being trivial outside that strip.
In the first configuration here, this process involves making one application of
the generalised surgery procedure. The construction is made precise in the
paragraph after [BS3, (6.34)].

4. MORITA EQUIVALENCE WITH GENERALISED KHOVANOV ALGEBRAS

Next we construct an explicit Morita equivalence between RP? := P~ RZ’q
and a certain generalised Khovanov algebra KP4. Using this, we replace the
tensor space TP? := @ -, 17" from the level two Schur-Weyl duality with
a new space PP whose endomorphism algebra is KP9. Exploiting the fact
that KPY is a basic algebra, we show that the space PP has exactly the same
indecomposable summands as TP¢ (up to isomorphism), but that they each
appear with multiplicity one.

Generalised Khovanov algebras. Given p < ¢, let KP? denote the subring
eP1KeP? of K, where el is the (non-central) idempotent

ePd = Z ey € K. (4.1)
AEAS

Lemma 4.1. The algebra K is the union of the subalgebras KP4 for all p < q.

Proof. This follows from (2.1) and the observation that, for any A\, u € A, we
can find integers p < ¢ such that both A and u belong to A} . O

Remark 4.2. In terms of the diagram basis from (1.7), KP? has basis

{ (ald)

All the diagrams in the diagram basis of KP¢ consist simply of straight lines
oriented A outside of the interval I;f 4 these play no role when computing the
multiplication. So we can just ignore all of the diagram outside this strip
without changing the algebra structure. This shows that the algebra K?? is a
direct sum of the generalised Khovanov algebras from [BS1, §6] associated to

the weights obtained from A, , by erasing vertices outside the interval I;f e

for all oriented circle diagrams aAb with A € A, , such that
cups and caps pass only through vertices in the interval I;f q

Representations of KP4, To understand the representation theory of the
algebra KP? we exploit the exact functor

eP? :rep(K) — rep(KP1) (4.2)
arising by left multiplication by the idempotent eP?; cf. [BS1, (6.13)]. It

is easy to see that e”?L(\) # {0} if and only if A € Aj . Hence, letting

LPA(N) == eP1L(A) for A € A}, the modules

{LP9(N) [ € Ay} (4.3)
give a complete set of pairwise inequivalent irreducible K7*?-modules.
Recalling also the (K, K')-bimodules F; and E; from (2.3), we get (KP4, KP?)-
bimodules _ _ _ B
FP9 .= ePiF;eP EP1 .= ePaE, el (4.4)
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foranyi € I 4. Let F; := ﬁip’q®1{p,q? and F; := E’f’q®m»,q? be the endofunctors
of rep(KP?) defined by tensoring with these bimodules.

Lemma 4.3. For any i € I, 4, there are isomorphisms F; o eP1 = e o F; and
E;oeP1 = el o E; of functors from rep(K) to rep(KP17).

Proof. We just explain the proof for F;, since the argument for F; is the same.
Suppose first that P is any projective right K-module that is isomorphic to a
direct sum of summands of e”4K. Then the natural multiplication map

PeP? @epagera 1K — P

is an isomorphism of right K-modules. This follows because it is obviously true
if P = eP?K. In the next paragraph, we show that P = eP?F; satisfies the
hypothesis that it is isomorphic to a direct sum of summands of eP?K as a
right K-module. Hence, we deduce that the multiplication map

E’f’q @ ePIK 5 PIE; (4.5)

~

is a (KP4, K)-bimodule isomorphism. The desired isomorphism FE; o e =
eP? o E; follows at once, since F; o eP? is the functor defined by tensoring
with the bimodule on the left hand side and eP? o F; is the functor defined by
tensoring with the bimodule on the right hand side of (4.5).

It remains to show that ep,qu is isomorphic to a direct sum of summands
of ePK. Equivalently, twisting with the obvious anti-automorphism * that
reflects diagrams in a horizontal axis, we show that F;eP? is isomorphic to a
direct sum of summands of KeP4. The indecomposable summands of KeP? are

all of the form P(u) for 4 € A, so using the definition (4.1) this follows if

we can show for any \ € Ag,q that all indecomposable summands of ﬁie y are of
the form P(u) for p € Ap . As Fiey = F;P()), this follows easily from [BS2,
Theorem 4.2], using also the assumption that i € I, ,. O

Corollary 4.4. Let A\, and i be as in the statement of Corollary 3.26. Then
LPA()\) is the unique irreducible representation of KP9 with the property that
E;LP9(\) has a quotient isomorphic to LP9(u).

Proof. This follows from Lemmas 2.4 and 4.3 by the same argument used to
prove Corollary 3.26. O

Morita bimodules. Recall the G-module 777 from (3.7). In view of Theorem
3.21, we can identify its endomorphism algebra with the algebra Rs’q. Actually
it is convenient now to work with all d simultaneously, setting

T = P TH, (4.6)

d>0
RP1 = (P RY? = Endg(T79)P. (4.7)

d>0
Note by Corollary 3.8 and Lemma 3.10 that TP¢ and RP*? are both finite di-

mensional.

We next want to explain how the algebra RP'? is Morita equivalent to the
basic algebra KP4 by writing down an explicit pair of bimodules AP¢ and
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BP? that induce the Morita equivalence. To do this, recall the notions of
oriented upper- and lower-stretched circle diagrams from [BS3, (6.17)]. They
are the consistently oriented diagrams obtained by gluing a cup diagram below
an oriented stretched cap diagram, or gluing a cap diagram above an oriented
stretched cup diagram, respectively. Let APY and BPY be the vector spaces
with bases
{ (a tf]| ‘ for all oriented upper-stretched circle diagrams a t[y] of }
height d > 0 such that vo = Ay 4 and 74 € Ay 4 ’

w*[6"] b) for all oriented lower-stretched circle diagrams w*[§*] b of
height d > 0 such that 6y = \p 4 and dg € Ay 4 ’

respectively. We make AP? into a (KP4, RP*?)-bimodule as follows.

» The left action of a basis vector (a\b) € KP4 on (c t[vy]| € APY is by
zero unless A\ ~ 7, (where v = 74---v) and b = ¢*. Assuming these
conditions hold, the product is computed by drawing aA\b underneath
c t[v], then iterating the generalised surgery procedure to smooth out
the symmetric middle section of the diagram.

» The right action of a basis vector |s*[T*]1r[o]| € RP'? on (at]y]| € APY
is by zero unless t = s and all mirror image pairs of internal circles
in s*[7*] and t[y] are oriented so that one is clockwise, the other anti-
clockwise. Assuming these conditions hold, the product is computed by
drawing a t[y] underneath s*[7*] ! r[o], erasing all internal circles and
number lines in ¢[vy] and s*[7*], then iterating the generalised surgery
procedure in the middle section once again.

Similarly we make BP? into an (RP4, KP)-bimodule. We refer the reader
to [BS3, §6] for detailed proofs (in an entirely analogous setting) that these
bimodules are well defined.

Theorem 4.5. There are isomorphisms

H : Apvq ®Rp’q Bp)q :> szq, v prq ®Kp’q Apvq Z) vaq
of (KP1, KP9)-bimodules and of (RP4, RP'?)-bimodules, respectively.
Proof. This is a consequence of [BS3, Theorem 6.2] and [BS3, Remark 6.7].
These references give a somewhat indirect construction of the desired isomor-
phisms g and v. The same maps can also be constructed much more directly

by mimicking the definitions of multiplication in the algebras RP*? and KP4,
respectively. O

Corollary 4.6 (Morita equivalence). The bimodule BP? is a projective genera-
tor for rep(RP). Also there is an algebra isomorphism KP4 = End gp.qa (BP:)°P
induced by the right action of KP4 on BPY. Hence the functors

Hommpea (B9, ?) : rep(R?) — rep(K™7),
BPUQgpq? : rep(KP7) — rep(RPY)
are quasi-inverse equivalences of categories.

Proof. This follows immediately from the theorem by the usual arguments of
the Morita theory; see e.g. [B, (3.5) Theorem]. O
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More about i-restriction and i-induction. We will view the i-restriction
and i-induction functors & and F; from (3.24)—(3.25) now as endofunctors of
rep(RP4). Summing the maps 64,; from (3.23) over all d > 0, we get a unital
algebra homomorphism

0;: R — 1PIRPIPY where  1P7:=") 104 (4.8)
d>0
(which makes sense as the sum has only finitely many non-zero terms). Then &;
is the functor defined by multiplying by the idempotent 127, viewing the result
as an RPY%-module via ;. The i-induction functor F; = RPI17IQppq? is left
adjoint to &; here, we are viewing RP9177 as a right RP*%-module via 6;.

Lemma 4.7. There is an isomorphism
S/ : Bp’q®Kp,q? e} E,L :> EZ ©) Bp’q®Kp,q?
of functors from rep(KP?) to rep(RPY).

Proof. By the definitions of the various functors, it suffices to construct an
(RP4, KP7)-bimodule isomorphism

, P4 "~ 1P RD,
BPY @gpa B — 179BP,

where 179 BP4 is viewed as a left RP9-module via the homomorphism 6;. There
is an obvious multiplication map defined on a tensor product of basis vectors of
the form |u*[6%]b) ® (cAtud) so that it is zero unless ¢ = b* and A ~ 04 (where
d =04---dp), in which case it is the sum of basis vectors obtained by applying
the generalised surgery procedure to the bc-part of the diagram obtained by
putting u*[6*] b underneath cAtud. The fact that this multiplication map is
an isomorphism of right KP%-modules is a consequence of [BS2, Theorem 3.5].
It remains to show that it is a left RP*%-module homomorphism. Using the
diagrammatic description of the map 6; from Remark 3.27, this reduces to
checking a statement which, on applying the anti-automorphism *, is equivalent
to the identity (6.38) established in the proof of [BS3, Theorem 6.11]. O

Corollary 4.8. There is an isomorphism
s : E; o Hompgp.a(BP?,?7) = Hompe.qa(BP,7) 0 &;
of functors from rep(RP'?) to rep(KP9).
Proof. In view of Corollary 4.6, the natural transformations arising from the
canonical adjunction between tensor and hom give isomorphisms
1 Idyep(reriay — Hompp.a (BP9, ?7) 0 BPQgp.a?,
g B ®kpa? o Hompp.a(BP,?) — Idsep(gra) -

Now take the isomorphism from Lemma 4.7, compose on the left and the right
with the functor Hompge.« (BP?,7), then use the isomorphisms 1 and ¢ to cancel
the resulting pairs of quasi-inverse functors. O

Identification of irreducible representations. Now we can identify the
labelling of the irreducible RP'4-modules from Lemma 3.23 with the labelling of
the irreducible KP%-modules from (4.3).
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Lemma 4.9. For A € A} ,
KP9-modules.

Proof. We first show that L := Hompgp.a (BP9, DP9(N\y,)) = LP9(Ap,). It is
obvious that &DP4(\,,) = {0} for all i € I,,. So by Corollary 4.8 we get
that E;L = {0} for all ¢ € I,, ;. Combined with Corollary 4.4, this implies that
L = [P9(p) for some p € A, with ht(u) = ht()p4), hence L = LP9(N, ) as
Ap,q is the only such weight p.

Now take A € A, different from A, 4, so that ht(A) > ht(\, ). We again
need to show that L := Hompgp.q (BP9, DP9(X\)) = LP9(X). Let p and i be
as in Corollary 3.26, so DP4(u) is a quotient of £ DP?(\). We may assume by
induction that Hompgp.« (BP4, DP4(u)) = LP9 (). Applying Corollary 4.8 again,
we deduce that LP9(u) is a quotient of E;L. So we get that L = LP9(\) by
Corollary 4.4. O

we have that Hompgp.q (BP9, DP9(X)) =2 LP9()\) as

Multiplicity-free version of level two Schur-Weyl duality. Continue
with p < q. Let

PP = TP1RQppq BP. (4.9)
This is a (G, KP?)-bimodule, i.e. it is both a G-module and right KP%-module
so that the right action of K¢ is by GG-module endomorphisms.

Theorem 4.10. The homomorphism KP4 = Endg(PP7)°P induced by the right
action of KP1 on PP? is an isomorphism. Moreover:
(i) There is an isomorphism
¢ : Homg (PP?,?7) = Hompgp.qa (B, ?) o Homg (1?7, 7)
of functors from F to rep(KP1).
(ii) There is an isomorphism
t: E; o Homg(PP4,7) = Homg(PP9,7) 0 &;
of functors from F to rep(KP1).
(iii) We have that Homg(PP?, L())) = LP9(X) for each A € A, .
(iv) As a G-module, PP? decomposes as @ycpo PP9ey with PP9ey = P(N)
p,q
for each XA € A} .
Proof. We have natural isomorphisms
Endg(PP?)°? = Homg (TP @pe.a BP4, TP @ pp.g BPY)
= Hompp.« (B, Homg (TP, TP @ gp.a BP'7))
= Hompp.« (B, Homg (TP, TP?) @ gp.a BP*9)
o~ HOIan,q (prq’ Rp’q ®R1”q Bp7Q) o~ EndRP,q (BP,Q)OP [ Kp’q’
using Corollary 4.6. This proves the first statement in the theorem.
Then for (i), we use the natural isomorphisms
Homg (PP?, M) = Homg(T?!® gp.a B, M) = Hompe.« (BPY, Homg (1?9, M)).

For (ii), we combine (i), Corollary 4.8 and Lemma 3.25; the isomorphism ¢ is
given explicitly by the natural transformation (7110 1r 0510 1¢. For (iii), use
Lemma 4.9 and the definition (3.19).
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Finally, consider (iv). The fact that PP? = @,,. PP, follows as the
P,q

idempotents {ex|A € A ,} sum to the identity in KP9. Note as BP? is projective
as a left RP"9-module, it is a summand of a direct sum of copies of RP? as a left
module. Hence as a G-module PP is a summand of a direct sum of copies of
TP4. Applying Corollary 3.7, we deduce that the indecomposable summands
of PP? as a G-module are all of the form P(A) for various A € A} . Moreover,
for any A\, u € AJ , we have that

P,q°
dim Homg (PPYey, L(11)) = dim exHomg(PP?, L(p)) = dimex LP Y (p) = 0y 1,
using (iii) and the definition of LP9(x). This completes the proof. d

5. DIRECT LIMITS
In this section we complete the proof of Theorem 1.1 by taking a limit as
p — —oo and q¢ — oo.

Various embeddings. In this subsection we fix p’ < p < ¢ < ¢ such that
eitherp’ =p—1and ¢ = q orp’ = p and ¢’ = ¢+ 1. By definition, the algebra
KP4 is equal to the subring eP? KP4 el of KP'9'. So PP4 el is a (G, KP9)-
bimodule. The goal is to construct an isomorphism b7 : PP4 = prld’ e,
Throughout the subsection, we set
. P, p—1,....p  —m+1) ifp =p—1, (5.1)
Tl dd+1, . +n—1) if¢d =g+ 1. '
We have that ¢ € (Iy )¢ where c:=m if p =p—1and c:=nif ¢ = ¢+ 1.
Introduce the idempotent
&= &a€R'  where  gq= Y eli+j)eRLY,  (52)
d=0 J€Up,g)?
writing ¢ + j for the sequence (i1, ...,%¢,j1,...,j4). The following lemma ex-
plains how to identify RP? with the subring &RP 9 &; of RP7 .

Lemma 5.1. Let t = t.---t1 be the composite matching and I' =T'.---T'g be
the block sequence associated to the (p',q')-admissible sequence & from (5.1).
Let v = .- -y be the unique sequence of weights with ~, € I, for each r; in
particular, yo = Ay o and y. = Xy 4. Then there is a unital algebra isomorphism
pg:&q’ c BP9 DGRV,
defined on the basis of oriented stretched circle diagrams by setting
ppd (IS [T erlol]) = [ [y esT [ er[o] e[yl
i.e. we glue yotiy1 - Ye—1ts onto the bottom and t.y.—1---vit1o onto the
top of the given diagram s*[T*] 1 r[o]. Moreover, writing phj = > a0 Pd for
isomorphisms pq : Rz’q = fi;ng&/
(i) On the Khovanov-Lauda-Rouquier generators of RS, we have that
pa(e(d)) = e(i +3), pa(¥r) = Ciatberr,  Pa(ys) = EiaYets,
forj e (Ipvq)d,1§r<d and 1 < s <d.

&i.d, the following two properties hold.
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(ii) On the Hecke generators of RS, we have that

pd(sr> = fi;dSchra pd(xs) = éz’;dmc+37
for1<r<dandl<s<d.

Proof. The existence of the isomorphism pﬁj&q, is a consequence of the dia-
grammatic description of the algebras RP? and &RP 7 ¢;. One first checks by
inspecting bases that the given linear map is a vector space isomorphism, then
that it preserves multiplication. The latter is obvious because we have just
added some extra line segments all oriented A at the top and bottom of the
diagram.

To check (i), it follows from (3.12) and the definitions just before (3.15) and
(3'14) that pd(e(j)) = e(i +j)’ pd(¢r) = gi;dwc-i-r and pd(gs) = fi;dgc-i-s' It

remains to show that the signs (3.13) involved in passing from % to ¢ and from
y to y match up correctly, which amounts to the observation that o), ,(j) =

U;tqrf (i+3) for j € (I,4)? and 1 < r < d. This follows from the identity

min(p, jr) + min(q, j) — p = min(p’, jr) + min(q’, jr) = p' = dir j, =+ = dicji.
which we leave as an exercise for the reader. Then (ii) follows from (i) and
Theorem 3.12. O

We can make a very similar construction at the level of the bimodule BP/9.
In the following lemma, we view &; B4 eP? as an (RP4, K9)-bimodule, where
the left RP9-module structure is defined via the isomorphism from Lemma 5.1.

Lemma 5.2. Let t and v be as in Lemma 5.1. There is an isomorphism of
(RP4, KP7)-bimodules

pd . g = ;BP9 epd
defined on the basis of oriented upper-stretched circle diagrams by setting

0 (jut[87]8)) = £y 1wt [87] ).
Moreover, the map

) Vv Vv Ve
ﬂg7’qq : Rp q g'l, ®vaq szq_>Bp q epyq’ T ® b — "Bﬁg’(’]q (b)

is an isomorphism of (Rp/’q/,Kp’q)—bimodules.

Proof. The fact that ﬂg:&q/ is an isomorphism of vector spaces follows by consid-
ering the explicit diagram bases, and it is obviously a bimodule homomorphism.
To deduce the final part of the lemma, it remains to show that the natural mul-
tiplication map

Ve VA Ve
D g ¢, . BP9 P4 P9 P9
RVTE @ ot g, EBY 7 €V — BYT e

is an isomorphism. For this, we argue like in the proof of Lemma 4.3, starting
from the trivial observation that the multiplication map

RP 4 & ®fiRp/’q/§i fiRP q & — RP 4 &
is an isomorphism. Thus, we are reduced to showing that all the indecom-

posable summands of BP7eP? are also summands of RP/’q/g,- as left RPH9-
modules. By Corollary 4.6 and Lemma 4.9, we know that the indecomposable
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summands of BP4 ¢4 are the projective covers of the irreducible R -modules
{DP(N) | A e A, ,}. Since RP-T¢E; is projective, it just remains to check that

Homg,: (R &, DY (X)) = &D7 7 (\) # {0}
for A € Aj ;. By Lemma 2.6, we can find d > 0 and a tuple j € (1) such

that A\p 4 2L ... 24 Xis a path in the crystal graph. As Ay o LN Apg is a
path in the crystal graph too, we get by repeated application of Corollary 3.26
that &, - &.&jy - £,D"9(\) # {0}. By the definition of the i-restriction
functors, this means that e(i 4+ §)DP>7 (X) # {0}. Since &e(i + j) = e(i + 7),
this implies that &D?4'(\) # {0} too. O

Next we explain how to identify 777 with T77'¢;.

Lemma 5.3. There exists a (unique up to scalars) G-module isomorphism

Vv ~ v
p’ . b ) .
T pra 5 g

i ~ VA .
such that 754" = Zdzo T4 for isomorphisms T4 : Tg’q — Tf#g §i:a with T =

Zkelp,q Fi(1q) for each d > 0. Moreover, Tli/éq/ is a homomorphism of right
RP%-modules, i.e. it is a (G, RP?)-bimodule isomorphism, where we are viewing
Tp/’qlfi as a right RP2-module via the isomorphism from Lemma 5.1.

Proof. We first construct the map 7. Recall that T3"? = V() 4) and Tcp/’q/fi;o =
V(A q) @VE)e(2) = FiV(Ay o). By Lemma 2.12 we have that F;V(A\y o) =
V(Ap,q); only the analogues of the statements from (i) and (iii) of Lemma 2.4
are needed to see this. So we can pick a G-module isomorphism

70 - T(]qu =V(Apgq) = FV( A q) = Tcp/’q/fi;(y

This map is unique up to a scalar.
Now we inductively define the higher 74's. Note as Tj! = ¢ (s, 12 F5V(Apq)

Pq DA Qi P4 _ p'.q’
that 7%y = @rer,,, F#Ty"- Similarly T30, 8sart = Brer,, F(Tera Sia):
~ ’o
So given a GG-module isomorphism 7y : Tg R Tf #g &i;q for some d > 0, we get

~ ;o i
a G-module isomorphism 741 : T, = T2, €gap1 on applying the functor

Dic Ing Fi. Starting from the map 79 from the previous paragraph, we obtain
isomorphisms 74 for every d > 0 in this way. Then we set Th¢¢ = 3" 450 Td> tO

get the desired G-module isomorphism 777 = TP/’q/gi.

It remains to check that each 74 is a homomorphism of right RZ’q—mOduleS,
viewing T fjr’g/&;d as aright RS’q—Inodule via the isomorphism pg from Lemma 5.1.
Because 7q is a G-module homomorphism, the map
V) @V V(A ) @ VEEHD @ v m(u) @ v (u € V(Apy),v € VE)
intertwines the action of zs € Hy with z.ys € H.y4. It obviously intertwines
the action of each s, € Hy with sy, € H.14. From this and the definition of
74, we deduce that 74 intertwines the actions of s,,z, € Hy on TH? with the
actions of s¢iy, Ters € Hepq on TP /’qlfi;d. So we are done by the description of

c+d
pq from Lemma 5.1(ii). O
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Recall finally the spaces PP4 = TP Qpgp.q BP? from (4.9).

Theorem 5.4. There is a unique (up to scalars) (G, KP?)-bimodule isomor-
phism

/A ~ /A
Fgéq . ppa = ppld g

such that 707 (v © b) = qu ( ) ® BT (b) for v € TP9,b € BP9 and some
choice of the isomorphism Tpéq from Lemma 5.3.

Proof. Recalling the isomorphism /ip ¢ from Lemma 5. 2, we define 775 []q to be

the composition of the following (G, KP»%)-bimodule isomorphisms:

D,q qugﬂ/‘iql@id p'q D,q p',q p',q’ D,q
TPY Q@pp.a BY — TP YE Qppa BPT =T ®Rp/,q/R ’ fi@RP,qB’

’ o
id ®lig7,’1q ;o ;o
N l P »q ®R}Dl,q/ Bp »q €p7q.

It remains to observe that 72l (0@ b) = 787 (v) @ BEL7 (b), which follows from
the definition of I{pyq . O

Compatibility of embeddings. Now we explain how to glue the isomor-

. 1 —1 . . . .
phisms 75" and 7,"¢ from the previous subsectlon together in a consistent

way to obtain a compatlble system of isomorphisms 7rp . ppa = prld e for
every p' < p < q < ¢. The following lemma is the key ingredient making this
possible.

Lemma 5.5. Let p < q be fized. Given a choice of three out of the four maps

p,g+l _p—1l,q _p—1lg+1 _p—1l,q+1
{mhd Ty Tpg+l »Tp-1g }

from Theorem 5.4, there is a unique way to choose the fourth one so that
p—1,g+1 pg+l _ _p—1lg+1 p—1,q
pg+1 pa = Tp—1yq Pa -

Proof. We show equivalently given a choice of all four maps that there is a
(necessarily unique) scalar z € F such that

p—1,q+1 pg+l _  _p—1lg+1 p—1,q
g+l °Tpgq = *Tp_14 ©°Tpg

To see this,let h:=(p—1,p—2,...,p—m)and i:= (¢+1,¢+2,...,qg+n).
Let

V= (YmWVms1 - Vmgn—1) - (Y203 - - Yy (V12 - - - ),
W (wn ¢2¢1)(¢n+1 o 'w3¢2) T (lem—&—n—l e wm—ﬁ-lf‘/}m)-

It is easy to see from the defining relations between the Khovanov-Lauda-
Rouquier generators from [BS3, (6.8)—(6.16)] that ©&1n = Entith, Cirntd =
V'€hri, and Y& p = Eiyp in RPTHITL
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Now we claim that there exists a scalar z € F such that the following two
diagrams commute:

Bpa
-1, ,q+1
b i
& BP~1dera £;BPatlera
(5.3)
p—1,q+1 P—1,q+1
ﬁpflyq l lﬂp,qul
—1,q+1 ~ —1,q+1
EppBPbatlepa = ¢ pr-latlepa
Ly
TPq
1 ,q+1
Toa NP4
1 1
TP—lag, TPatle
(5.4)
p—1,q+1 p—1,q+1
Tp—1,q J{ lTp q+1
TP bty ——— TPLItLE,
2!

where Ly (b) = b and R,y (v) = zvy/. Given the claim and recalling
Lemma 5.4, we get for any v ® b € TP Qpp,q BP? that

1,q+1 1,q+1 1 1,q+1 1
bt (I (v @ b)) = 70 T (rhd T () © B T (B (b))

ThZ DI (e L (o)) @ LI (8D (b))
p—1.q+1 @))@Wﬁp i;g“wp La(p))
() @ BT (3 (b))

) ®
L9y @ b)).

=z
= #Tp-14 (pq
p—1,g+1, _p—14q
= ATp-14 ( q v
aP~ 1,q+1(
Tp—1,q

So the lemma follows from the claim.

To prove the claim, consider first the diagram (5.3). The point for this
is that all the ,’s in the element v are acting successively on the left on
i BP9 LeP @ a5 a sequence of height moves in the sense of [BS3, §5]. Com-
bined with the diagrammatic definition from Lemma 5.3 this is enough to see
that (5.3) commutes. Next consider the diagram (5.4). Here one first reduces
using the definition of the higher 74’s in Lemma 5.3 to checking just that the

diagram commutes on restriction to T3"? = V()\,4). In that case, both of
TP~ +1nq+ &irnand T, +nq+ &h+s are isomorphic to V(A 4), and the map defined

by right multiplication by %)’ is a non-zero isomorphism. So the diagram must
commute up to a scalar as Endg(V(\p4)) is one-dimensional. O

Theorem 5.6. We can choose (G, KP?)-bimodule isomorphisms

Vv, ~ Vv
ﬂ-g (a]q : Ppaq N Pp »q ep’q

’ ’ . p// q// p// q// p q
orallp <p<g< in such a way that 7o = 7,5 oy whenever
; Dyq D,q

p,q
pllgplgpgnglgq//'
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Proof. First of all we make arbitrary choices for the maps mp’ g+ from Theo-

rem 5.4 for all p < q. Also we make arbitrary choices for the maps 75, P from
Theorem 5.4 for all p. Then we repeatedly apply Lemma 5.5 , proceeding by

induction on (¢ — p), to get maps ﬂpql’q so that the following local relation
holds
p—1,q+1 pa+l _ _p—1q+1 p—1,q
Tpa+l  ©Tpyg p-la ©Tpq
for all p < ¢. Finally we define the maps 7r£’ in general by setting mp g P
ﬂp,fl , 00 ﬂp_,l’q Fg’g,_l o omhd™ The equality 7h,9 = 71'5 ;Zq o Th g,q
follows from this definition and the local relation. O

Proof of Theorem 1.1. Consider the directed set {(p,q) | p < ¢} where
(p,q) — (v, q) if p < p < q < ¢. By Theorem 5.6, it is possible to choose
a direct system {7Tp a4 pra PP era} of (G, KP9)-bimodule isomorphisms

for every (p,q) — (p',¢'). Let
P :=lim PP (5.5)

P

be the corresponding direct limit taken in the category of all G-modules, and
denote the canonical inclusion of each PP into P by ¢P4. We make P into a
locally unital right K-module as follows. Take x € K and v € P. Recalling

Lemma 4.1, we can choose p < ¢ so that x = eP%zeP? and v = pP4(vP?) for
some vP? € PP4. Then set vx := pP?(vPix).

Remark 5.7. Note that P is independent of the particular choice of the maps
{7rp } in the sense that if P = lim PP is another such direct limit taken with

respect to maps {ﬂp,q }, then there is a unique bimodule isomorphism P = P
such that ¢P4(v) — @P4(v) for all v € PP4 and p < q.

Roughly speaking, the following lemma shows that P is a minimal projective
generator for the category .# (except that as P is not finite dimensional it is
not actually an object in the category).

Lemma 5.8. As a G-module, we have that P = @, Pex with Pey = P())
for each A € A.

Proof. The first part of the lemma is immediate because P is a locally unital
right K-module. To show that Pey = P()), we have by the above definitions
that Pey = lii)n(Pp’qe)\) where the direct limit is taken over all p < ¢ with
A € Ay, (so that ey € KP). Each PPey is isomorphic to P(A) by Theo-
rem 4.10(iv). Hence the direct limit is isomorphic to P()) too. O

Now we want to identify the algebra K with the endomorphism algebra of P.
A little care is needed here as P is an infinite direct sum. So for any G-module
M, we let

Hom{:" (P, M) := (P Homg (Pey, M) C Homg(P, M), (5.6)

AEA
which is the locally finite part of Homg(P, M). Note if M is finite dimensional
that Homgn(P, M) = Homg (P, M). In particular, we denote Homgn(P, P) by
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Endg"(P) and write Endg"(P)Op for the opposite algebra, which acts naturally
on the right on P by G-module endomorphisms.

Lemma 5.9. The right action of K on P defined above induces an algebra
isomorphism K = Endém(P)Op.

Proof. We need to show that right multiplication induces a vector space iso-
morphism ey K — Homg(Pey, P) for each A € A. By definition, the right hand
space is
Homg(Pey, UPep’q) = UHomg(PeA, PeP1)

where we can take the union just over p < ¢ with A € A} .. As Pe, =
©P4(PPley) and PeP? = pP9(PP?) for all such p < ¢, the first statement
from Theorem 4.10 implies that right multiplication induces an isomorphism
exKeP? = Homg(Pey, PeP?). Taking the union and recalling Lemma 4.1, we
deduce that we do get an isomorphism ey K = | JHomg(Pey, PeP9). O

Finally we record the following variation on a basic fact.

Lemma 5.10. Let B be a G-module that is also a locally unital right K-module,
such that the action of K on B is by G-module endomorphisms. Let M be any
finite dimensional left K-module and assume that BQg M is finite dimensional.
Then there is a natural G-module isomorphism

Hom/"™(P, B) @ M — Homg(P, B ®x M)
sending f @ m to the homomorphism v — f(v) @ m.

Proof. Tt suffices to show that Homg(Pey, B) @ x M = Homg(Pey, B @x M)
for each A € A, which is well known. O

Now we can prove the main result of the article. This is a rather standard
consequence of the last three lemmas, but we include some details of the proof
since we are in a slightly unusual locally finite setting.

Theorem 5.11. The functors
Homg(P,?) : F — rep(K), P®k? :rep(K) — .F

are quasi-inverse equivalences of categories. Moreover P @k P(\) = P(\) for

each \ € A.

Proof. Note using Lemma 5.8 that both the functors map finite dimensional
modules to finite dimensional modules, so the first statement makes sense.
Lemmas 5.10 and 5.9 yield a natural isomorphism

Homg(P, P © M) = Hom" (P, P) @ M = K @5 M = M
for any M € rep(K). Thus Homg(P,?)o PRk ? = Id,ep(x). Conversely, to show
that P®x? o Homg(P,?) = Id#, we have a natural homomorphism

P@g Homg(P,N) = N, v® [ f(v)
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for every N € %. Because of Lemma 5.8 this map is surjective. To show that it
is injective too, denote its kernel by U. Applying the exact functor Homg (P, 7),
we get a short exact sequence

0 — Homg(P,U) — Homg (P, P ® xk Homg(P, N)) — Homg(P, N) — 0.

By the fact established just before, the middle space here is isomorphic to

Homg(P, N), so the right hand map is an isomorphism. Hence Homg (P, U) =

{0}, which implies that U = {0}. So our natural transformation is an isomor-

phism, and we have established the equivalence of categories. Moreover,
P®K P()\) = P®Kg Key = Pe) %P()\)

by Lemma 5.8. O

Theorem 1.1 from the introduction is a consequence of Theorem 5.11, taking
E := Homg(P,?). We have already proved that EP(\) & P()), which immedi-
ately implies that EL(A\) = L(\). The fact that EV(A\) = V() follows because
both the categories .# and rep(K) are highest weight categories in which the
modules {V(A)} and {V(\)} give the standard modules; see Theorem 2.15 for
the former and [BS1, Theorem 5.3] for the latter fact.

Identification of special projective functors. Finally we discuss briefly
how to relate the special projective functors on the two sides of our equivalence
of categories.

Theorem 5.12. For each i € I, we have that
E; 2 Homg(P,?7) 0 & o PRK?, F; 2 Homg(P,?) o Fj o Pg?
as endofunctors of rep(K).
Proof. Since F; is left adjoint to E; and F; is left adjoint to &;, the second

isomorphism is a consequence of the first, by unicity of adjoints. To prove the
first, we note using Lemma 5.10 that there are natural isomorphisms

Home (P, &(P ®x M)) = Homg(P, (§:P) ©x M) = Hom/:" (P, &P) @x M

for any M € rep(K). Hence it suffices to show that Homgn(P, EP) = E; as
(K, K)-bimodules. For this, we just sketch how to construct the appropriate
map, leaving details to the reader. Take any A € A and any p < ¢ so that we
actually have A € A) .. When applied to the module P9, the natural isomor-
phism from Theorem 4.10(ii) produces a (K%, KP9)-bimodule isomorphism

P4 . BP9 2 Homg (PP, £ PPY).
Restricting this to e,\Ef’q = e,\Eiep’q and using 7 to identify PP? with PeP9,
we get from this a vector space isomorphism
P4 e\ EieP? = exHomg (PeP?, E; PeP?) = Homg(Pey, E; PeP?).
Now one checks for p' < p < ¢ < ¢ that eP?(v) = ¢ (v) for all v € exEeP;

it suffices to do this in the cases (p',¢') = (p—1,¢q) or (p,q+1). Hence it makes
sense to take the union over all p < ¢ to get an isomorphism

€: eAE’i = Homg(Pey, & P).
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Taking the direct sum of these maps over all A € A gives finally the desired
map F; = Homém(P, EiP). O

[CWZ]

[CPS]
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