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5. Root systems and semisimple Lie algebras

5.1. Ch aracte r isti c 0 theory . Assume in this subsection that chark = 0.
Let me recall a couple of deÞnition s made earlier: G is called reductive if it
is connected and has no non-triv ial closed connected unipotent normal sub-
group, G is called semisimple if it is connected and hasno non-t rivi al closed
connected solvable normal subgroup. Semisimple groups are reducti ve, but
reducti ve groups are a li ttle more general (including e.g. the groups GL n
and Dn). The reductiv e algebraic groups are the ones for which there is
a beautiful structure theory. In this section I will discuss the situation for
semisimple groups over Þelds of characterist ic 0...

Observe right away that a connected G is semisimple if and only if it has
no non-tri vial closed connected abelian normal subgroup. Analogously, a
Þnite dimensional Lie algebra g is called semisimple if it has no non-zero
commutati ve ideal. The main theorem I want to prove is:

Theorem 5.1. Assumechark = 0. Then a connected group G is semisimple
if and only if g is semisimple. In that case, Ad G = G/ Z (G) = (Aut g)! ,

Note for semisimple G that Z (G) is Þnite. Sothe theorem almost classiÞes
the semisimple algebraic groups in characteristic 0: the isomorphism type of
G/ Z (G) at least is classiÞedby the isomorphism type of g. Since the latter
are classiÞedby Dynkin diagrams, so are the centr eless semisimple groups.

Recall that if g is simple then G is simple over an arbitr ary Þeld. But
SL n in characteristi c divid ing n gave us an example already where G was
simple but g was not. So the Theorem is completely wrong in positive
characterist ic...

For the proof, we begin with:

Lemma 5.2. Assumechar k = 0 and G is a connected algebraic group.
(1) If ! : G ! H is a morphism of algebraic groups, then kerd! =

L(ker ! ).
(2) If A, B are closed subgroups of G than a " b = L(A " B ).

Proof. (1) WLO G ! is surjectiv e. It is automatically separable, so we can
ident ify H = G/ ker ! by the Þrst isomorphism theorem. But L (G/ ker ! ) =
g/L (ker ! ). Therefore ker d! = L(ker ! ).

(2) Let " : G ! G/B be the canonical map, so ker d" = b. Let " " : A !
G/B be the restr ict ion. The Þbres of " " are the cosets x(A " B ) for x # A,
and " " is separable automatically. Therefore we can identi fy " " with the
canonical map A ! A/ A " B , hence kerd" " = L(A " B ) by (1). But clearly
kerd" " = a " kerd" = a " b. !
Lemma 5.3. Assume chark = 0. Let ! : G ! GL(V ) be a Þnite dimen-
sional representation. Then, G and g leave invari ant the same subspaces
(resp. vectors) of V .

Proof. We may assume G < GL(V ). Consider a subspace W of V . Let

stabGL (V ) (W ) = { g # GL(V )|gW $ W } , stabgl(V ) (W ) = { X # gl(V )|X W $ W } .
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Using dimensions, you check easily that L (stabGL (V ) (W )) = stabgl(V ) (W )
(in arbitr ary characterist ic!). But

stabG(W ) = G " stabGL (V ) (W ), stabg(W ) = g " stabgl(V ) (W ).

Now using the lemma, you get that L (stabG(W )) = stabg(W ). Finally, G
stabili zes W if and only if the left hand side is G, while g stabilizes W if
and only if the right hand side is g. The statement about subspaces follows.
The argument for vectors is similar. !

Let G bea connected algebraic group. Thesubalgebrasof g that areof the
form L(H ) for a closed connected subgroup H of G are called the algebraic
subalgebrasof g. Note (even in characteristic 0) g may have subalgebrasthat
are not algebraic.

Theorem 5.4. (ÒLattice correspondenceÓ)Assume chark = 0 and G is con-
nected. Then the map H %!h is a 1Ð1,inclusion preservingcorrespondence
between the closed connected subgroups of G and the algebraic subalgebras
of g. Moreover, normal subgroups correspond to ideals under the correspon-
dence.

Proof. Supposethat L (H ) = L(K ). We need to show that H = K (which
is false in positive characteristic!). But L (H " K ) = L(H ) " L (K ) by the
lemma. HenceL(H " K ) = L(H ), hencedim H " K = dim H soH " K = H .
Similarly H " K = K .

Now consider the Þnal statement about normal subgroups. We need to
show H is normal in G if and only if h is an ideal of g. We already proved the
forward impl ication in chapter 3, using d Int = Ad, dAd = ad. Conversely,
supposeh is an ideal of g. Then, g stabilizes h acting via ad = dAd. So
by the Lemma, G stabili zes h acting via Ad. So for x # G, Ad x(h) = h.
But Ad x : h ! g is the di! erential of Int x : H ! G. So the image
h = (Ad x)(h) = L(In t x(H )) = L(xH x# 1) by separabilit y. Now by the
previous paragraph, we get that H = xH x# 1 becausethey have the same
Lie algebra, henceH is normal in G. !

Note th is already shows G is simple if and only if g is simple. To prove
the main theorem above, we need one more lemma.

Lemma 5.5. Let char k = 0 and G be a connected algebraic group. For
x # G, L(CG(x)0) = cg(x).

Proof. Recall CG(x) = { g # G | xgx# 1 = g} and cg(x) = { X # g | Ad xX =
X } . In general, it is obvious that

L (CG(x)0) $ cg(x).

For Int x : CG(x)0 ! CG(x)0 is the identi ty map, so its di! erential Ad x is
the identi ty map on L(CG(x)0).

Now suppose for a moment that G = GL n. Then CG(x) is all invertib le
matrices that commute with x and cg(x) is all matrices that commute with
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x. Clearly the latter is a principle open subset of the former, so we get
equality in this caseby dimension.

In general,we may assume G is a closed subgroup of GL n. Then,

cg(x) = cgln (x) " g = L(CGL n (x)) " L (G) = L(CGL n (x) " G) = L(CG(x)) .

Note we have used chark = 0 in this last step! !
Lemma 5.6. Let char k = 0 and G be a connected algebraic group. Then,
kerAd = Z (G).

Proof. We already know Z (G) $ kerAd. Since

L(CG(x)) = cg(x)

we seethat if Ad x = 1 then L(CG(x)) = g so CG(x) = G by the lat tice
correspondence, i.e. x # Z (G). Thus Z (G) = ker Ad. !

Now we can prove the theorem stated above:

Theorem 5.7. Assumechark = 0. Then a connected group G is semisimple
if and only if g is semisimple. In that case, Ad G = G/ Z (G) = (Aut g)! ,

Proof. Supposeg is semisimple. If N is a closed connected abelian normal
subgroup of G, then L(N ) is an abelian ideal of g, hence L(N ) = 0 hence
N = 1. Thi s shows G is semisimple.

Conversely, suppose G is semisimple. Let n be an abelian ideal of g. Let
H = CG(n)0, so h = cg(n) by the previous lemma. Moreover, h is an ideal
in g (j ust check [[X , Y ], Z ] = 0 for all X # g, Y # h, Z # n using the Jacobi
ident it y) containing n in its center.

By the latt ice correspondence, H is a normal subgroup of G, so Z :=
Z (H )0 is also normal in G, hence zero as G is semisimple. By 5.5, Z (H ) =
kerAd so its Lie algebra is kerad = z(h), which contains n. Hence n = 0.

It remains to prove that Ad G = (Aut g)0. IÕmnot going to do this. !
5.2. Ro ot system s. Hopefully the theorem just proved motivates spending
a little time looking at the Þnite dimensional semisimple Lie algebras over
C. I want to explain their classiÞcation. The Þrst step is to intro duce the
abstract notion of a root system. Here is the deÞnit ion: a root system is a
pair (E , ") where E is a Euclidean space and " is a Þnite set of vectors,
called roots, in E such that

(R1) 0 /# " spans E.
(R2) #, c# # " implies c = ± 1.
(R3) " is invariant under the reßection s! in the hyperplane orthogonalto

# (i.e. the automorphism $ %!$ & ($, #$ )# where#$ := 2#/ (#, #)).
(R4) (#, $$ ) # Z for all #, $ # Z.
Given a root system, the Weyl group W is the subgroup of GL(E) gen-

erated by the s! for # # ". It is a Þnit e group, since it acts faithf ully on
the Þnite set ". I will give examplesin class to give you a geometr ic way to
th ink about W .
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We let H! = { $ # E | (#, $) = 0} be the hyperplane orthogonal to #. The
connected components of

E &
!

! %!

H!

are called the Weyl chambers. Fix a chamber C, which we will call the
fundamental chamber. Then one can show that the map

w %!wC

is a bijecti on between W and the set of chambers.
The choice of C Þxes several other thin gs... We let " + be the set of all

# # " which are in the same half spaceas C. Then, " = " + ' (&" + ).
Elements of " + are called positive roots. Next, let

# = { # # " + | H! is one of the walls of C} .

This is called a base for the root system. One can show that # is actually
a basis for the vector spaceE, and moreover every element of " + is a non-
negative integer linear combination of #. Elements of # are called simple
roots.

The Weyl group W is actually generatedby the s! for # # #, i.e. by the
reßecti ons in the walls of the fundamental chamber. Thi s leads to the idea
of the length %(w) of w # W . Thi s is deÞned as the minimal length of an
expression w = s! 1 . . . s! r where#1, . . . , #r are simple roots. Geometrically,
%(w) is the number of hyperplanesseparating wC from C.

Now let (E , ") be a root system. Let # = { #1, #, #"} be a basecoming
from a choice of fundamental chamber. Here %= dim E is the rank of the
root system. The Cartan matr ix A = (ai,j )1& i,j & " is the matri x wit h

ai,j = (#i , #$
j ).

Sinceall theWeyl chambersareconjugateunder theaction of W , the Cartan
matrix is an invariant of the root system (up to simultaneous permutati on
of rows/colu mns). Here are some basic properties about th is matrix:

(C1) ai,i = 2.
(C2) For i (= j , ai,j # { 0, &1, &2, &3} .
(C3) ai,j (= 0 if and only if aj ,i (= 0.

Note (C2) is not obvious. It follows because E " = )#i , #j * together with
" " := " " E " is a root system of rank 2. The Cartan matrices for the rank
two root systems are exactly the following:

A1+ A1 :
"

2 0
0 2

#
, A2 :

"
2 &1

&1 2

#
, B2 :

"
2 &2

&1 2

#
, G2 :

"
2 &1

&3 2

#
.

Note if ai,j (= 0, then

(#i , #i )/ (#j , #j ) = ai,j /a j ,i # { 1, 2, 3} .

So you can work out the ratio of the lengths of the roots #i , #j to each
other from the Cartan matrix . A root system is called indecomposable if it
cannot be partition ed E = E1 , E2, " = " 1 ' " 2 where (Ei , " i ) are root
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systems. For an indecomposableroot system, you can work out the ratio of
lengths of any pair of roots to each other from the Cartan matr ix, hence you
completely recover the form (., .) on E up to a scalar from the Cartan matri x.
You also recover ", since the Cartan matrix contains enough information
to compute the reßection s! i for each i = 1, . . . , %, and " = W #. So: an
indecomposable root system is completely determined up to isomorphism
by its Cartan matrix .

A convenient shorthand for Cartan matri ces is given by the Dynkin di-
agram. This is a graph with vert ices labelled by #1, . . . , #" . There are
ai,j aj ,i edgesjoining vertices #i and #j , with an arrow point ing towards #i
if (#i , #i ) < (#j , #j ) (equivalently , ai,j = &1, aj ,i = &2, &3). Clearly you
can recover the Cartan matrix from the Dynkin diagram given properties
(C1)Ð(C3) above.

Now I can state the classiÞcation of root systems:

Theorem 5.8. The Dynkin diagrams of the indecomposableroot systems
are (... ).

Ex er cise 5.9. (5) In classI wrote down the explicit construct ion of the
root system of type A", and showed that the length of the longest
element w0 of the Weyl group was %(%+ 1)/ 2. Do the samethin g
for the other classical root systems B", C" and D". (You wil l need
to look them up!! There are many good sources, e.g. HumphreysÕ
ÒIntr oducti on to Lie algebras and representation theoryÓ,Bourbaki
ÒGroupes et Algebres de LieÓ, Kac ÒInÞnite dimensional Lie alge-
brasÓ, Carter ÒFinite groups of Lie typeÓ,Helgason ÒDi!erential
geometry and symmetr ic spacesÓ...)

5.3. Semi simple Lie algebras. Now I sketch how the semisimple Lie al-
gebrasare classiÞedby the root systems. Of course,we need to start with
a semisimple Lie algebra and build a root system out of it, and vice versa.

Let us begin with a Þnite dimensional semisimple Lie algebra g over C.
Here are some equivalent statements:

(1) g is semisimple;
(2) g has no proper abelian ideals;
(3) g possessesa non-degenerate invariant symmetric bilinear form (., .),

where invariant here means ([X , Y ], Z ) = (X , [Y, Z ]). Note if g is
simple, there is a unique such form up to a scalar...

Proving the equivalenceof (1) and (2) (not at all obvious) is the Þrst major
step in developing the theory. The experts will know that there is a Òcanoni-
calÓchoice of non-degenerateform, the Kil ling form, but we donÕtneed that
here.

Ex ample 5.10. Let us consider sln . The bili near form (X , Y ) = tr( X Y) is
non-degenerate and invariant. So sln is a semisimple Lie algebra. Let ei,j
be the i j -matr ix unit and let h be the diagonal, trace zero matrices. We can
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decompose
sln = h -

$

i '= j

Cei,j .

A basis for h is given by h1, . . . , hn# 1 where hi = ei,i & ei +1 ,i +1 . Let &i #
h( be the map sending a diagonal matrix to its i th diagonal entry . Note
&1 + ááá+ &n = 0, i.e. the &i Õsare not independent. Then:

[H , ei,j ] = (&i & &j )(H )ei,j ,

i.e. ei,j is a simultaneouseigenvector for h. We use the word weight in place
of eigenvalue, so ei,j is a vector of weight &i & &j . Now you recall that the
root system of type An# 1 can be deÞned as the real vector subspaceof h(

spanned by &1, . . . , &n , and the roots are

" := { &i & &j | i (= j } .

A basefor " is given by by #1, . . . , #n# 1 where#i = &i & &i +1 . Let us Þnally
write g! := Cei,j if # = &i & &j , i.e. the weight space of g of weight &i & &j .
Then:

g = h -
$

! %!

g! .

In other words, you ÒseeÓthe root system of type An# 1 when you decompose
g into weight spaces wit h respect to the diagonal matr ices. Final note: the
inner product giving the Euclidean spacestructure is induced by the non-
degenerate form deÞned to star t with ... Indeed if you compute the matr ix
(hi , hj ) you get back the Cartan matrix of type An# 1...

This exampleis more or less how th ingsgo in general,whenyou start with
an arbitrar y semisimple Lie algebra g, with a non-degenerate invariant form
(., .). The Þrst step is to develop in g a theory of Jordan decompositions.
This parallels the Jordan decomposition we proved for algebraic groups!
You call an element X of g semisimple if the linear map adX : g ! g
is diagonalizable, and nilpotent if adX is nilp otent. The abstract Jordan
decomposition shows that any X # g decomposesuniquely as X = X s + X n
where X s # g is semisimple and X n # g is nilpotent, and [X s, X n] = 0.

What is more, if you have a representation of g, i.e. a Lie algebra homo-
morphism ' : g ! gln , it is tru e that ' (X s) = ' (X )s and ' (X n) = ' (X )n ,
where the semisimple and nilpotent parts on the right hand side are taken
just as n + n matrices in gln . Thus, the abstract Jordan decomposition is
consistent with all other Jordan decompositions arising from all other rep-
resentati ons. In particul ar, semisimple elements of g map to diagonalizable
matrices under any matri x representat ion of g. For sln , ei,j is nilpotent for
i (= j and semisimple for i = j .

Now you intro duce the notion of a maximal toral subalgebra h of g. Th is
is a maximal abelian subalgebra all of whose elements are semisimple. It
turns out that in a semisimple Lie algebra, maximal toral subalgebras are
non-zero, and they are all conjugate under automorphisms of g. Now Þx one
Ð it doesnÕtreally matter which, since they are all conjugate. Importantly ,
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the restriction of the invariant form (., .) on g to h is still non-degenerate.
So we can deÞne a map

h( ! h

mapping # # h( to t ! # h, where t! is the unique element satisfying (t ! , h) =
#(h) for all h # h. Now we can even lift the non-degenerateform on h to h( ,
by deÞning (#, $) = (t ! , t# ). Thus, h( now has a non-degenerate symmetr ic
bilinear form on it too.

For # # h( , deÞne

g! = { X # g | [H , X ] = #(H )X for all H # g} .

Clearly, g =
%

! %h! g! . Set " = { 0 (= # # h( |g! (= 0} . Then you get Cartan
decomposition of g:

g = h -
$

! %!

g!

(it is not quit e obvious that the right hand side is everythi ng...). It turns
out with somework that each of the g! spaces are one dimensional.

Now you can build a root system out of g: weÕve already constr ucted the
set ". Let E be the real vector subspaceof h( spanned by ". The restr icti on
of the form on h( to E turns out to be real valued only, and makesE into
a Euclidean space. Now:

Theorem 5.11. The pair (E , ") just built out of g (starting from a choice
of h) is a root system. Moreover, the resulting map from semisimple Lie
algebras to Dynkin diagrams gives a bijection between isomorphism classes
of semisimple Lie algebras and Dynkin diagrams. The decomposition of a
semisimple Lie algebra as a direct sum of simplescorresponds to the decom-
position of the Dynkin diagram into connected components.

For example, sln is the simple Lie algebra corresponding to the Dynkin
diagram An# 1. One other point. When you study root systems, you Þx a
choice of fundamental chamber, giving you the notion " + of positi ve roots
and # of simple roots. This Þxes in g a triangular decomposition... Borel
subalgebras...

Ex er cise 5.12. (6) Look up or work out the dimensions of the simple
Lie algebras of types A", B" , C" and D". In parti cular, check that
dim C" is the same as the dimension of the algebraic group Sp2"
from exercise (2).


