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3. Lie al gebras

Now we introduce the Lie algebra of an algebraic group. First, we need
to do some more algebraic geonetry to understand the tangent spaceto an
algebraic variety at a point.

3.1. Deriv ations. Let A be a commutative k-algebra. Let M be a left
A-module. A derivation of Ain M isalinearmapD : A! M such that

D(ab) = aD(b) + bD(a)

for all a,b" A. This implies: D(c.1) = 0 for all scalarsc " k. We write
Der(A, M) for the set of all derivations of A in M. It is obvioudly a left
A-module with (a.D)(b) = a(D (b)).

Now take the spedal casethat M = A. The elements of Der(A, A) are
called simply derivations of A. Moreover, there is a littl e more structure
here: if D, D' are two derivations of A, then you can look at

[D,D']= DD'# D'D
which is another linear map from A to A. It is a derivation! Indeda:
(DD'# D'D)(ab) = D(aD'(b) + bD'(a)) # D'(aD(b) + bD(a))
D(a)D'(b) + aD(D'(b) + D(HD'(a) + bD(D'(a))
# D'(a)D(b) # aD'(D (b)) # D'(bD(a) # bD'(D(a))
a(DD'# D'D)(b)+ DD'# D'D)(a).

This gives the sd& Der(A, A) the structure of a Lie algeba.
((Aside: debntion of a Lie algebra. It is a vector spaceg with a bilinear
operation [.,.] : g% g! g satisfying anticommutativ ity

[X,X]=O0forall X" g,
and the Jacobi identit y
XLIY,ZN1+ Y, [Z, XT)+ [Z,[X,Y]]= Oforall X,Y,Z" g.

Note the multipl ication on a Lie algebra is usually not asciative, and there
is never a unit!!! For example for any vector spaceV, we havethe Liealgebra
gl(V) consisting of all linear endomorphisms X :V ! V, with Lie bracket
[X,Y]= X %Y # Y %X being the commutator. The Lie algebra Der(A, A)
constructed above is a subalgebra of gl(A).))

Exer cise 3.1. (4) Verify directly that for a vector spaceV, the set
gl(V) of endomorphisms of V under the commutator satisbes the
axioms of a Lie algebra (i.e. ched the Jacobi identity if you never
did this before!).
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3.2. Tangent space. Let X be a closed subvariety of A". Let k[X] =
K[T1,..., Tn)l wherel = 1(X). Suppos | is generatedby polynomials
f1,...,fs. Letx" X andlet L bealinein A" passingthrough x. Its points
can be written asx + tv for v = (vi,...,vy) a direction vedor andt " k.
The points on this linethat intersect X are parametrized by thet that solve
the equations
fix+tv)=0 L1&i&s).
Of course, t = 0 is one sud solution. Let us call L a tangentline and v a
tangent vector to X at x if t = 0 is a Omulti ple rootOto these equations.
To formulate this predsely, let D; be partial dilerentiation with regpect

to T; (this is a derivation of the algebrak[T] = K[T1,...,Ta]!). Then, we
have the Taylor expansionof fj(x + tv) at t = O:

! n

fix+tv)=t v(Djfi)(x)+ t3(...).

j=1
By G = 0 is a multi ple rootO we of course mean that the leading term of
this Taylor expansionis zero, i.e.

! n
vi (Djfi)(x) =0
i=1

foralli = 1,...,s. The set of tangernt vectors v to X at x Di.e. the tangent
space to X at x Dis precisdy the sda of solutionsv to this equation.

Example 3.2. (1) If X = A" itself, thereareno f;Osoall v" k" solve
the equations, so the tangent space to A" at x is the vedor space
k".
(2) If X = V(TZ+ T## 1) in A2, thetangent spaceat x is all vy, v, sudh
that
2viX1+ 2voX2 = 0
Usually, this is just a copy of k, except in characteristic 2 when
its all of k?.... Characteristic 2 goes wrong because in that case
TZ2+ T2# 1= (T + T2+ 1)? and we haven®written down the ideal
of X corredly!

Now we want to reformulate the notion of tangent space more alge
braically. Going badk to the above s'etup, let
Dy = . Vj Dj ,
i
another derivation of K[T]. Then v is atangent vedor to X at x if and only
if (Dyfi)(x)=0foralli=1,...,s. Sothetangent space TxX to X at x is
the vector space
Tu(X) == {v" k" |(D\f{)(x)= Oforalli=1,...,s}
={v" k" |(Dyf)(x) = Oforall f " I(X)}.
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Let My denote the maximal ideal in k[T] of all functions vanishing at
Xx. Then, if v is a tangent vector, Dyl (X) ' My. So the linear map f (!
(Dyf)(x) factors to induce a well-debned linear map

B, :k[X]! K[T]/My.

Let uslet ky = K[T)/Mx = K[X])/ (Mx + 1(X)). It is a k[X ]-module isomor-
phic to k, with actionfc= f(x)cforf " k[X]andc" k. So we get from v
a derivation B, of k[X] in the k[X ]-module ky, i.e. B, satispes

D(fg) = f(x)D(g) + 9(x)D(f)

forall f,g" k[X]. I will call such elemerts of Der(k[X ], kx) point derivations
(for the point x).

Conversely, any such point derivation B " Der(k[X], kx), can be lifted
(via the map k[T] ! Kk[X]) to a point derivation D of k[T] that is zero
on | (X). Now it is not hard to check that every sud point derivation of
the polynomial algebra is of the form f (! (D,f)(x) for somev " k" with
Dyl (X)" My. We deducethat the map D, (! B, is an isomorphism

To(X) ! Der(k[X], k).

Let us hencdorth identify T, (X) with the vector spaceDer(k[X ], kx) of all
point deriviations. The advantage of this abstract debnition is that it is
independent of the choice of the embedding of X in A",

Now let ! : X ! Y be a morphism of a" ne varieties. We have the
comorphism ! * 1 K[Y]! K[X], and composing with this induces a map

dl : Tx(X) = Der(k[XLkx) ! Ty (x)(Y) = Der(K[Y] ki x)).f (! f % .

This is called the dile rential of ! at x,
If " :Y ! Z isanother map, the chain rule gives

d(" % )x = d" (x) %! «

Soin particular, the dile rential of an isomorphism is an isomorphism of the
tangent spaces.

Lemma 3.3. Let! be anisomorphism of an a! ne variety X onto an open
subvaiiety of an alne variety Y. Then, d! « is an isomorphism of Ty(X)
onto Ty () (Y).

Proof. It su" cesto consider the special cas that X is equal to the principal
open subseg D(f) of Y for somef " K[Y] with f(X) ¥ 0. Sok[X] =
k[Y];. Then this amourts to showing that Der(K[Y], ky) = Der(K[Y]s , kx).
Restriction of functions givesa map Der(k[Y]i,kx) ! Der(k[Y], k). We
construct an inversemap as follows: given D " Der(k[Y], kx), Debne

D(g/f ) = (f (x)D(g) # g()D(f )/ (x)?,
which makes sense asf (x) ¥ 0. O
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The lemma allows us to debne the tangent spaceat a point x in an
arbitrary variety asfollows. Let x " X, and pick a"ne open neighbourhoods
U,V of x with x" U"' V. By thelemma, Ty (U) z Tx(V) (canonically). So
let us debre T« (X) to be Tx(U), giving us a well-debned vedor space up to
canonical isomorphism. For a morphism ! : X ! Y of arbitrary varieties,
it is eay to make sense of the di! erertial

diy (X)) P Ty (Y)
too (exercise!).

Exer cise 3.4. (5) Let X,Y be algéebraic varieties, x * X,y " Y. Prove
that Ty (X $ Y) = Te(X) + Ty(Y) asvedor spaces

3.3. Separability. Now we are going to prove some dightly technical al-
gebraic results about derivations. Recall that for a k-algebra A and an
A-module M, we wrote Der(A, M) for the k-linear derivations of A on M.
Let us now denote this by Dery(A, M) since we are going to look at what
happens when the beld changes.

Let m: A, kAl A bethe multiplication. Let | = kerm, the ideal
generatedby all a, 1# 1, a(a" A). Debne the module of di"er entials
#pak be

#ax = 1112,

This is an A, A-module annihilated by I, hence it is an A-module since
AZ A, A/l . Let da denotetheimageofa, 1# 1, ain #4y . Note the
map d:a (! dais aderivation of A in the A-module # p :

ad(b)+d(a)b= a(b, 1#1, b+ (a, 1#1, a)b+12= ab 1#1, ab+12 = d(ab).

The dafor a™ A generate# 5y, asan A-module. You should think of # ay
asthe universal module for derivations of A:

Theorem 3.5. SupmwseM is an A-moduleandD : A! M is a derivation.
Then there exists a unique A-module homomorphism ! #,, ! M suchthat
=1 %d, i.e. the map

Homa (# ax ,M) #1 Derg(A,M), ! (I ! %d
is an isomorphism.

Proof. DebPrealinearmap"” : A, A! M by " (a, b = bD(a). You check
that for arbitrary elements x,y " A, A,

" (xy) = m(x)" (y) + m(y)" (x),

hence" vanisheson | 2. Thereforeit inducesamap! : #,, ! M which
is actually an A-module map, such that ! (da) = "(a, 1# 1, a) = D(a)
(here | have usal that D (1) = 0 which follows from the derivation rule). For
uniqueness you usethe fact that the da generate# 5 asan A-module. O
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The theorem gives a universal property for the pair (# 5y ,d) which (as
usual) characterizesit up to a unique A-module isomorphism. To give some
examples of the structure of the A-module # 5y , We need:

Exer cise 3.6. (6) Let A= K[Tq,...,Tal/ (f1,...,fs). Let t; betheim-
ageof T; in A. Shaw that the dt; generate# 5, as an A-module,
and moreover, the kernel of the A-module homomorphism

"n
AN = Ag; ! #A/k,ei(' dti
i=1 "
is the submodule K of A" generatedby ~ [L, (Difj(t))e for j =
1,...,s. (Hint: show that the A-module A"/K satisbestheuniversal
property in the theorem.)

Using the exercise you can work out lots of examples:

Example 3.7. (1) Thebrst exampleisthecae A = K[T4, ..., Ty]itself.
In this case, # 5y is the free A-module on basisdTy,...,dT.

(2) Let A = K[Ty, ToJ/ (T2# T3), let t; betheimageof T;. Then #,y =
Ae; + Aey/ (2t1e1 # 3t3ep). This is not a free A-module!

(3) Let A be an integral domain with quotient Peld E. Then, #g, =
E, A #ax . Proof: We have the derivationd: A! # ) which in-
ducesaderivation #: E ! E, a#ax . Let uschedk that E, A #ax
together with #hasthe correct universal property to be #g, . Take
an E-module M and a derivation & : E ! M. Its regriction to A
givesusD : A ! M, hence there is a unigue A-module homomor-
phism! :#,, ! M with D = ! %l. HencesinceM is an E-module,
there isa unique E-module homomorphism Y: E, (#.x ! M with
B = Yud® We are done

(4) Suppose that E = k(X1,...,Xn) is a bnitely generatedbeld exten-
sion of k. By (3) and (1), #g, is the E-vector space spamed by

dxi,...,dxs. In particular, it is a Pnite dimensional vedor space
over E.

((Aside: Before proceeding, | want to recalling some debniti ons and th eo-
remsfrom Peld theory. Let E' F bea beldextension. It isa sem@rable peld
extension if either charE = 0 or else charE = p > 0 and the pth powers
of elements xi,...,Xn " F linearly independert over E are again linearly
independent over E. In the caseof bnite dimensionalbeld extensions, i.e. if
dimg F < - , thisisequivalent to the more familiar notion from Galois the-
ory: the minimal polynomials my of all x " F over E do not have multipl e
roots, i.e. satisfy m} (x) ¥ 0.

For a pnitely generatedextension E ' F, there is a theorem that shows
that E ' F is separade and only if E is a bnite dimensional separale
extension of E(t4,...,t,) for algebraically independent t; " F. ))
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Now for the remainder of the sedion, we will be concernedwith the
following situati on: we are given bnitely generated beld extendonsk ' E,F
of Kk with E ' F. There is an exact sequence

0#! Derg(F,F)#! Der(F,F)#! Derc(E,F).

The brst map is the obvious inclusion (clearly E-linear maps are k-linear).
The secondmap is induced by restriction of functions from F to E. Note
that any D " Derg (F,F) maps elements of E . F to zero, and conversely,
any f " Dery(F,F) that maps elements of E to zero is E-linear because
D(ef) = eD(f). So the kernel of the second map, which obviously consists
of all k-derivationsfrom F to F that map E to zero, is exadly the imageof
the brst map, checking exadness.
Henceapplying the isomorphism in 3.5, we have an exact sequence

O#! Homg (#pe,F)# Homeg#ex,F)# Homeg#en.F).
Note moreover by adjointness of tensor and hom that
Home (F , g #ex ,F)! Home(#ex ,F)
as F -vector spaces. Pultti ng all this together, we obtain an exact sequence
O#! Homg(#gpe . F)#' Homg#gn,F)#! Homg(F, g #ex,F)
of Pnite dimensional F -vector spaces. Dualizing we g&t

F,e#en # #ep #1 #ep #10.

This is going to be fundamental, so let us make sure we understand the
maps explicitly. The brst map # sends 1, dgyato dgja (viewinga" E
asan element instead of F. The second map $ is induced by the derivation
dee (F ! #g acoording to the universal property of # g .

Lemma 3.8. If F is a Pnite dimensional se@rable extension of E then #
is injective.
Proof. By the above discussion,this is equivalent to the map Dery(F,F) !
Derk(E,F) induced by redricting functions from F to E being surjective.
Equivalently : any k-derivation from E to F can be extended to a derivation
from F to F. It su" ces to prove this in the case that F = E[T]/ (f (T))
where

f(T)= TN+ angaT"S 1+ &+ ag
and (thi s is what separabilit y means)f '(x) ¥ 0, wherex is the image under
the quotient map of T in F.

Let D :E! F beaderivation. To extend D to a derivation I from F to
F, we just need to decide what Bx should be: then the derivation formula
means there is no choice for debning & applied to any other element of
F = E[x]. Todecideon ¥x, we need Bfor well-dePnednessbthat Bf (x) = 0,
l.e. |

Bf (x) = f'(X)Fx+  (Da)x' = 0.
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Since f'(x) ¥ 0, we can solve this equation for Bx in the beld F soit is
possible to extend... O

Lemma 3.9. Let F = E(x). Then, dimg #g & 1. Moreover, #gg = 0
if and only if F is a Pnite dimensional sefarable extension of E.

Proof. There aretwo cases: when x is algebraic and when x is tran scenderial
over E. In thetransendental cae, #re = F, g #epe » and #ge is
the free E[x] module of rank one. Sodimg #gg = 1.

In the algebraic case let f be the minimal polynomial of x over E. Then
#re = F, ex #expe - But by the exercise, #g e is the E[x]-module
E[X]/(f'(x)). If E' F is not separable, then f'(x) = 0 and we again get
that #r, is one dimensioral. Finally, if it is separable, f'(x) ¥ 0 and

#re = F L e EXI(F'(X) = 0
sinceit is generatedby 1, 1= f'(x)®'(x), 1= f'(x)®!, f'(x)= 0. O
Here (at last) is the main point:

Theorem 3.10. Let F = E(X1,...,Xm) be a bnitely geneated beld exten
sion.

() dimg #g / tr.deg.eF.

(i) Equality holdsif and only if F is a searable extersion of E.

Proof. Proceed by induction ond = dimg #¢ .

Consider brst the cased = 0, so#g,; = 0. To ga (i) and (i), we just
needto show that neeal to shaw that F is a bnite dimensioral separable
extension of E. For this, we useinducti on on the number of generators m of
F over E, the casem = 1 being 3.9. Now suppose m > 1. SetE' = E(Xm),
SoF = E'(X1,...,Xms1). Using the exact sequence

F,e#tpe # #ep #1 #eg #10

we seethat #,z 1 = 0 hence by induction F is a bnite dimensional separable
extension of E'. So by 3.8, # is injective, whence#g g = Oand E' is a
Pnite dimensional segparable extensionof E. Thus, F is a bnite dimensioral
separable extension of E.

Now supposed > 0. Pick x " F with dg/g X ¥ 0. We have the exact
sejuence

F,e#tpe # #ee #1 #eg #10
where E' = E(x). Since #(1, dgyg X) = dee X ¥ O, #g1g ¥ 0. So by
3.9, dimg: #gye = 1 which meansthat # is injective. So dimg #pg =
dimg #ge ' + 1. By induction,
dimg #F/E / tr.deg.E!F + 1.
Since
tr.deg.e F = tr.deg.g:F + tr.deg.cE' & tr.deg.g'F + 1,
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we get
dimg #¢ / tr.deg.gF,

which is (i). With a little further argumert along the same lines you get
(i) ... O

As a corollary, we obtain the di"er ential criterion for segrability :

Corollary 3.11. Assumethat E ' F are bnitely geneated extersions of k
(which is algebaically closed). Then, F is a separable extersion of E if and
only if the natural map Derc(F,F)! Derg(E,F) is surjective.

Proof. As above, Derg(F,F) ! Derc(E,F) is surjective if and only if the
map

#iF, efex! #ri
from 3.8 is injective. Consider the exact sequence

F,eten #1 #ep #1 #eg #1 0,

Since k is algebraically closead, every extension of k is separable, so by the
theoremdimg F, g#gyx = dimg #g) = tr.deg.«E,dimg #gy = tr.deg.xF.
Hence, # is injective if and only if

dimg #g = tr.deg.xF # tr.deg.xE = tr.deg.eF.
By the theorem, thisisif and only if E ' F is separable. (|

3.4. Simple points. Wearenearly readyto prove a fundamental geomeric
theorem. We still need a little more linear algebra...

Supposethat A is an integral domain. Let F be its beld of fractions, and
let A beitslocalization at a non-zerof " A. View A; as a subalgebra of
F. | want to think about Pnitely generatedA-modules given by generators
and relations. Let R = (r;; ) bean s$ n matrix with ertriesin A. Consider
the A-module

"n | n
Ma(R) = Agj/0 rijg|i=1,...,s1
j=1 j=1
Sothis is the quotient of the free A-module of rank n by the relations given
by the rows of the matrix R. Fogexamplg/, if R is the matrix
0

Iy

0 O

then Ma(R) is the free A-module of rank (n # r). If we have an invertibl e
s$ s-matrix Y with entries in A, then the change of bass argument gives
that MaA(YR) = Ma(R). Similarly, if Z is an invertible n $ n-matrix,
Ma(RZ) = Ma(R). Now, by linear algebra, we can bnd invertible matrices
Y and Z with entriesin F sud thgt %

- lr 0
R=Y 4 o Z
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wherer is the rank of R. Puttin g all entriesof Y and Z over a common
denominator, we may assaimethat Y,Z with entriesin As for someO¥ f "
A. Obviously, the localization Mao(R)s := Af , A Ma(R) of the A-module
Ma(R) at f is the A; -module given by the same generators and relations,
ie.

MA(R)f = MAf(R)

Now we see that M (R); is a free As -module of rank (n # r).

Now let us put everythingtogether. Assumethat X isanirreduciblea" ne
variety. Reall for x " X that we writ e ky for the k[X ]-module k[X ]/ M.
This is equal to k as a vedor spacewith action a.c = a(x)c. The tangent
spaceto X at x is the vedor space

To(X) = Der(KIX ], kx) = HOMypx 1 (# kix ik » Kx)
= Homi(ke » kpxg (Kx s k] #kpx g - K)-

We write # x instead of #x 1, and for ak[X ]-module M we write M (x) for
the vedor spaceky, yx;M = M/MxM . Soaccording to the above isomor-
phism, #x (x) z Tx(X)", For this rean, #x can be called the cotangent
space to X at x.

Assume that k[X] = Kk[Ty,...,Ta)/OF1,...,fsl Let R bethethe s$ n
matrix (Djfi(t)). So,#x = Myx(R). Then you seethat

Tu(X)" = #x (X) = My (R)(X) = Mi(R(x)),

where R(x) is the matrix obtained by evaluating ertries at x.

(i) dimTx(X)/ dimX with equality for all x lying in a non-empty open
subst of X .

@iii) If x " X is a point suchthat dimy Tx(X) = dim X, then there is
f " k[X] with f (x) ¥ 0 suchthat Myx;(R)s is a free k[X]s -module
of rank dim X with basis given by dim X out of the imagesof the €.

Proof. (i) Sincek is algebraically closal, k(X ) is a separable extension of k.
So 3*10 tells us that dim X = dimk(x)#k(x)/k . But #k(X)/k L k(X), K[X ]
#x = M) (R).

(i) We have shown that dim X = dimyx)Myx)(R) = n# rank(R) and
dimTy(X) = dimMg(R(x)) = n# rank(R(x)). So we need to show that
rank(R) / rank(R(x)) with equality for x lying in a non-empty open subset
of X. Let r = rank(R(x)). Then there isanr $ r-minor of the matrix R(x)
with non-zero determinant. This is the determinant of the corresponding
r $ r minor of R evaluated at x, so R hasan r $ r minor with non-zeo
determinant too. Hence rankR / r.

Now supposethat rankR = s. Then thereis an s$ s minor of R with
non-zero determinant. Let a;,...,a be all such non-zero determinants. If
a(x) ¥ 0, then R(x) also has an s$ s minor with non-zero determinant,
hencerankR(x) = s. We deduce that the set of all points x suc that
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rank R(x) = s is the union of the principal open sds D (&), a non-enpty
open subset of X .

(i) In view of (i), the rank of the matrix R isr = n# dimX. Some
r $ r-minor of R(x) has non-zero determinant; reordering if necesary, we
can assume that det((rj; (X)) 1% %) ¥ 0. Setf = det((rij)i%j%r), SO
f (xX) ¥ 0. On localizing at f , the matrix 0R becomesequivalent to

0
Iy O
0 O

by linear algebra. O

Now let X bean arbitrar y irreducible variety. Call apoint x " X asimple
point if dim Ty (X) = dim X . Here is the main theorem:

Theorem 3.13. (i) If x is a simple point, thereis an alne open neigh-
bourhood U of x suchthat # is a free k[U]-module on basis
dgy, - - -, dGdim x

for suitable g " K[U].
(i) The simple points of X form a non-empty open subsetof X .
(iii) Forany x" X, dimTxX / dimX.

Proof. Obviously it is enough to treat the cas that X is a" ne, when it
follows from the lemma. O

Call an irreducible variety X smaoth if all its points are simple points.

Exercise 3.14. (7) Supposethat X isana'ne variety and#x isafree
k[X ]-module. Show that X is smooth.



