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1.5. Pro du cts . Now let us work in the category of a!ne variet ies. There
is a generalnotion of product in any category: for examplea product X ! Y
of a! ne varieti es should be an a!ne variety together wit h morphisms p1 :
X ! Y " X , p2 : X ! Y " Y such that: for any other a!n e variety Z and
maps q1 : Z " X , q2 : Z " Y , there is a unique morphism r : Z " X ! Y
such that qi = pi # r .

Lemma 1.14. Products exist in the category of a! ne varieties.

Proof. We have seen that there is a contravariant equivalencebetween the
category of a!ne variet ies and the category of a! ne algebras. Therefore it
su!c esto show that coproducts exist in the category of a! ne algebras. We
already know coproducts exist in the category of all algebras: the coproduct
of A and B is A $ k B , wit h the maps A " A $ k B , a %"a $ 1 and B "
A $ k B , b %"1 $ b. Therefore we will be done if we can check:

Let A and B be a! ne algebras. Then A $ k B is an a! ne algebra.
To prove th is, let

! n
i =1 ai $ bi be a nilp otent element of A $ k B . We may

assumethe bi are linearly independent. Let f : A " k bea morphism. Then,! n
i =1 f (ai )bi is nilpotent, hence f (ai ) = 0 for all i by the independence of

bÕs.Thi s shows that ai lies in every maximal ideal of A. So V(ai ) contains
every point of the corresponding algebraic set . So V(ai ) contains all of the
corresponding algebraic set. So I (V (ai )) =

"
(ai ) = (0) henceai is 0 as A

is reduced. !
Therefore it makessense to write X ! Y for a! ne varieties X and Y . It

is again an a! ne variety, with k[X ! Y ] = k[X ] $ k k[Y ]. Note as a set,
X ! Y is just the Cartesian product, and the project ion maps p1, p2 in the
deÞnition of product are just the obvious projections. How would you prove
th is?

Exer cise 1.15. (1) Argui ng like in the above lemma, show that if A
and B are integral domains, so is A $ k B . Deducethat the product
of two ir reducible a!ne varieti es is again ir reducible.

(2) Show that C$ R C is not an integral domain. Therefore the fact that
k is algebraically closed is fundamental in the previous exercise.

1.6. Var ieties. We are nearly ready to give the general deÞniti on of an
algebraic variety. To start with , deÞne a prevariety to be a quasi-compact
ringedspace(X , OX ) such that every point of X hasan open neighbourhood
U with the propery that (U, OX |U ) is an a!n e variety. (Such a U is called
an a!ne open subsetof X ). Note prevarieties are Noetherian topological
spaces. A morphism of prevarieties means the same asa morphism of ringed
spaces.

Lemma 1.16. Products exist in the category of prevarieties.

Proof. Here is the constru ct ion of the product X ! Y of two prevariet ies X
and Y . As a set, X ! Y is the Cartesian product of X and Y . We need to
deÞne a topology and a sheaf of functi ons...
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Cover X =
# m

i =1 Ui , Y =
# n

j =1 Vj for a!n e opens Ui , Vj . Then X ! Y
is covered by the Ui ! Vj . These are a!ne varieties. Now declare that
U & X ! Y is open if U ' (Ui ! Vj ) is open in Ui ! Vj for all i , j . Call a
function f deÞned in an open neighbourhood U of x ( Ui ! Vj regular if its
rest riction to U ' (Ui ! Vj ) is regular at x in the old sensefor a! ne variet ies.
This gives the sheafof functions.... !

Now Þnally call a prevariety X a variety if the diagonal " X = { (x, x) |x (
X } is a closed subsetof X ! X . For example, any a!ne variety is a variety: if
X is a!ne with coordinate ring k[X ], the diagonal " X is the set of common
zeros of the ideal I = (f $ 1 ) 1 $ f | f ( k[X ]) * k[X ] $ k[X ], henceit is
closed.

This last condition Ð that " X is closed Ð is called the separation axiom.
It is some sort of substit ute for the Hausdor# propert when working with
the Zariski topology: indeed a topological space X is Hausdor# if and only
if " X is closed in X ! X for the product topology.

Here are some of the consequencesof the separation axiom:

Lemma 1.17. Let X , Y be a varieties.

(i) If ! : X " Y is a morphism then its graph { (x, ! (x)) | x ( X } is
closed in X ! Y .

(ii ) If !, " : X " Y are two morphismswhich coincide on a dense subset
of X , then ! = " .

Proof. For (i i), note that { x ( X | ! (x) = " (x)} is the inverse image of
" Y under the contin ous map x %"(! (x), " (x)). Therefore it is closed, and
dense,therefore is all of X . Part (i) is similar, considering the cont inuous
map X ! Y " Y ! Y, (x, y) %"(x, ! (y)). !
Ex ample 1.18. (i) Suppose f (x) and g(x) are polynomials which are

equal for inÞnit ely many values of x ( k. View them as morphisms
A1 " A1: then they agreeon a dense subset of k so they are equal
everywhere.

(ii ) Here is an example of a prevariety that is not a variety: the a! ne
line with a point doubled. It cannot possibly be a variety because
the two maps A1 " X sending A1 to one of the a!ne lines or the
other are two morphisms that agreeon A1 ) { 0} , a dense subset, but
that are not equal.

(ii i) In a simil ar way we can make P1 = A1 + {,} into a prevariety. In
th is case it is even a variety; the cheapest way to prove this is to
appeal to the lemma 1.21 below.

We have one more job to do in th is generalit y: we need to understand
how to make certain subsets of algebraic varieti es into algebraic varieties in
their own right.

We can do th is right away for open subsets: if X is a variety and U is
open, wehaveconstr ucted theringedspace(U, OU ) whereOU = OX |U . Now
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cover X =
# n

i =1 Ui by a! ne opensUi . Each U ' Ui is open in Ui , therefore
can be written as a union Ui =

# ni
j =1 Vi,j for principal open subsets Vi,j of

Ui . Principal open subsets of a! ne variet ies are a!ne, so the Vi,j are a!ne.
Hence, U has a Þnit e a!ne open cover, so it is a prevariety. Final ly, " U
is closed as it s " X ' (U ! U) and the topology on U ! U is the subspace
topology.

Ex er cise 1.19. (3) Consider the open subset X = A2 ) { (0, 0)} . Give
X the induced variety structure. Prove that X is not a! ne.

What we would really like is to make closed subsets of a variety into
varieties too.

To start with, let (X , OX ) be a ringed space and Y * X an arbitrar y
closed subset . Give Y the subspacetopology, and for U open in Y , deÞne
OX |Y (U) to be all functions on U with the following property: there exists
an open covering U &

#
U! of U by opensin X and elements f ! ( OX (U! )

for each # such that f ! |U! U! = f |U! U! . Th is makes(Y, OX |Y ) into a ringed
spacein its own right (and generalizesthe notion of the restr icti on of a sheaf
of functions to an open subset we had before).

This is at least the sensible notion for closed subsets of a!n e varieties
(which we already understand as varieties):

Lemma 1.20. Let X be an a!ne variety with coordinate ri ng k[X ] and
Y = V(I ) be a closed subset.Then (Y, OX |Y ) is again an a!ne variety with
coordinate ring k[Y ] = k[X ]/V (I ) (which is of course what we expected).

Proof. The main thing is to show that the restr ict ion map

k[X ] = OX (X ) " OX |Y (Y )

is surj ective Ð this shows that OX |Y (Y ) = k[Y ] and given th is everything
else is routin e.

Let f ( OX |Y (Y ). Arguing as in the proof of 1.10, we can Þnd ai , f i (
k[X ] such that Y & D(f 1)+ááá+D(f n ), f = ai

f i
on D(f i ) ' Y , and ai f j = aj f i

on Y . Now, X ) Y is open so we can represent it as D(h1) + ááá+ D(hm ).
By the Nullstellensatz, k[X ] is generated by the f i and hj Õs,sowe can write

1 = c1f 1 + ááá+ cnf n + d1h1 + ááá+ dm hm .

Each hj vanisheson Y , so

f |D (f j )! Y =
$

i

ci f i
aj

f j
=

$

i

ci ai .

This shows that f is restr ict ion to Y of
!

i ci ai ( k[X ], giving the required
surjectivi ty. !

Now let (X , OX ) be an arbitrar y variety and let Y be a closed subset.
We want to show that (Y, OY ) is a variety, where OY = OX |Y . Cover
X =

# n
i =1 Ui by a! ne opens. Then Y =

# n
i =1 (Y ' Ui ), and Y ' Ui is a!ne
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since its a closed subset of Ui (use 1.20!). Hence, (Y, OY ) is a prevariety,
and its obvious that " Y is closed...

To Þnish with, here is the useful lemma promised in Example above.

Lemma 1.21. Suppose that X is a prevariety with an a! ne open cover
X =

# n
i =1 Ui . Then, X is a variety if and only if for every pair i, j the

intersection Ui ' Uj is a!ne open and the imagesunder restriction of OX (Ui )
and OX (Uj ) in OX (Ui ' Uj ) generate OX (Ui ' Uj ).

Proof. Suppose that X is a variety and take a!ne opens U, V . We have
that " X ' (U ! V ) is closed in U ! V . The map i : X " " X induces
an isomorphism U ' V -= " X ' (U ! V ) of ringed spaces. HenceU ' V is
a!ne, as the latter is. Moreover, the regular functions on " X ' (U ! V ) are
rest rictions of regular funct ions on U ! V , i.e. of elements of k[U] $ k[V ], so
we are done since the latt er algebra is generated by k[U] $ 1 and 1 $ k[V ].

Conversely, consider for each pair i, j the intersection Y = " X ' (Ui ! Uj ).
The map i : X " " X again inducesan isomorphism

Ui ' Uj
-= Y

of ringed spaces. Henceby assumption Y is an a!ne variety and its coordi-
nate ring is the image under rest riction of OX " X (Ui ! Uj ) = k[Ui ] $ k[Uj ].
HenceY is closed in Ui ! Uj (see 1.27(i) below for the proof). Since thi s is
tru e for all i, j th is impli es that " X is closed in X ! X , as required. !
1.7. Pro jecti ve variet ies. Now we can int roduce the most important of
the non-a! ne varieties. In fact in this course, all varieti es we shall ever
encounter can be constructed as open subvarieties of projective varieties.

Let us start by deÞning Pn . As a set, th is is the set of all lines in kn+1 ,
i.e. its kn+1 ) { 0} / - where x - y if x = cy for a non-zero scalar c. We will
denote the point of Pn represented by the vector 0 .= x ( kn+1 by

[x0, x1, . . . , xn ].

So:
[x0, . . . , xn ] = [y0, . . . , yn ]

if and only if xi = cyi for all i , where c is a non-zero scalar. The xi are
called homogeneous coordinates for x.

For 0 / i / n, set

Ui = { [x0, . . . , xn ] ( Pn | xi .= 0} .

DeÞne a bijection

! i : Ui " An , ! i ([x0, . . . , xn ]) = (x0/x i , . . . , xi # 1/x i , xi +1 /x i , . . . , xn /x i ).

Note for i .= j , ! i (Ui ' Uj ) is a principal open subset of An , deÞned by the
non-vanishing of the j th coordinate function.

Now make Pn into a topological spaceby declaring a subset U is open if
and only if U ' Ui is open for all i . Check: the subspace topology on each
Ui is exactly the Zariski topology on An lif ted thr ough ! i .
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Next make Pn into a ringed space by deÞning a function f on an open
set U to be regular if f |U! Ui ( OUi (U ' Ui ) for each i , where OUi is the
sheaf of functions on Ui obtained by li ftin g the sheaf of regular functions
on An through ! i . Check: th is deÞnesa sheaf of funct ions OPn on Pn , and
moreover OPn |Ui = OUi for each i .

Hence, Pn is a prevariety astheUi Õs(with the induced structuresasringed
spaces) are a!ne, isomorphic to An . To check Þnally that it is a variety, it
just remains to apply 1.21: we need to show that OPn (Ui ' Uj ) is generated
by the restr ict ions of functi ons in OPn (Ui ) and OPn (Uj ). Writin g Ti /T j for
the polynomial function x %"xi /x j on Uj ,

k[Ui ] = k[T0/T i , . . . , Tj /T i , . . . , Tn /T j ],

k[Uj ] = k[T0/T j , . . . , Ti /T j , . . . , Tn /T j ].

Clearly the restri ctions of these generatethe localization of k[Ui ] at Tj /T i
(= the localization of k[Uj ] at Ti /T j ), which is k[Ui ' Uj ]. Done.

DeÞnition. A projective variety is a variety that is isomorphic to a closed
subvariety of somePn . A quasi-projective variety is a variety that is isomor-
phic to an open subvariety of someprojective variety.

We end with a descripti on of the closed sets in Pn . Let S = k[T0, . . . , Tn ]
be the polynomial algebra. An ideal I of S is called homogeneousif it is
generatedby homogeneouspolynomials. For such ideals, we can consider
V (I ) = { x = [x0, . . . , xn ] ( Pn | f (x) = 0 for all homogeneousf ( I } (which
makes senseindependent of the choice of representati ve for x).

Lemma 1.22. The closed setsof Pn are exactly the V (I ) for homogeneous
ideals I in S.

Proof. If I is a homogeneous ideal, all V (I ) ' Ui are closedin Ui , hence V(I )
is closed in Pn .

Conversely, let U be an open subset of Pn , i.e. each U ' Ui is open in
Ui . If (I ! )! $ A is a family of homogeneous ideals and I =

!
! $ A I ! , then

V(I ) =
%

! $ A V (I ! ). Using th is and the fact that principal open sets are a
basefor the Zariski topology on the Ui Õs,you reduceto the special casethat
U = ! # 1

i (D (f )) for somei and f ( k[Ui ]. So f is a polynomial in

T0/T i , . . . , Tn /T i .

Scaling by a large power of Ti , we obtain a polynomial f %( S such that f %

is zero outside Ui and

f %(x) .= 0 if and only if f (x) .= 0

for x ( Ui . Hence, U is the complement of V (f %). !
Ex er cise 1.23. (4) Show that all a!ne varieties are quasi-projecti ve

varieties.
(5) DeÞne a map of sets ! : Pn ! Pm " Pn+ m by

! ([x0, . . . , xn ], [y0, . . . , ym ]) = [xi yj ]0& i & n,0& j & m .



14 ALG EBR AIC GROUPS

Show that the image of ! is a closed subset of Pmn + m+ n , and that
! is an isomorphism of variet ies between Pn ! Pm and its image.
Hence: products of projective varieties are projective.

1.8. Dim ension. Let X be an ir reducible variety. If X is a!ne, its coor-
dinate ring k[X ] is then an integral domain. So we can form its Þeld of
fracti ons, denoted k(X ). Now let 0 .= f ( k[X ], and consider the a!ne
open subvariety D(f ) of X . Its coordinate ring is k[D (f )] = k[X ]f , and its
Þeld of fract ions k(D(f )) is canonically isomorphic to k(X ). Finally, let U
be any non-empty a! ne open subset of X . Pick f such that D(f ) & U.
Then, by the preceeding argument applied to U, k(U) (the Þeld of fractions
of the coordinate ring of U) is canonically isomorphic to k(D(f )) -= k(X ).
We have shown: all a! ne open subsets of an ir reducible a!ne variety have
canonically isomorphic Þeldsof fractions.

Now let X be an arbit rary irreducible variety. DeÞne k(X ) to be the
Þeld of fractions of any non-empty a! ne open subset U of X . By the
previous paragraph, if V is some other non-empty a!ne open subset of X ,
then k(U) -= k(U ' V ) -= k(V ) (canonically). So k(X ) is well -deÞned up
to canonical isomorphism. It is an important invariant of X , called the
function Þeld of X .

Now deÞne the dimension of X to be the tr anscendence degree of the
Þeld extension k(X ) : k. For example, k(Pn) -= k(An) -= k(T1, . . . , Tn). So
dim Pn = dim An = n. A good rule: if your variety X is not ir reducible,
you should not be talk ing about its dimension(but you can talk about the
dimensions of its irreducible components).

We only need for now a couple of lemmas about dimension:

Lemma 1.24. If X is ir reducible and Y is a proper ir reducible closed subset,
then dim Y < dim X .

Proof. Let U bean a! neopensubset of X which hasnon-empty intersection
with Y . Then, dim X = dim U and dim Y = dim(U ' Y ). In other words,
replacing X by U and Y by U ' Y , we may assumeX and Y are both a! ne.

Let A = k[X ] and P = I (Y ), a non-zero prime ideal of X . Supposethat
dim Y = e,dim X = d. Let y1, . . . , ye are algebraically independent elements
of k[Y ] = A/P . Then their pre-images x1, . . . , xe in A are also algebraically
independent, hencee / d.

Now assumee = d. Let f be a non-zero element of P. There is a relati on
p(f , x1, . . . , xe) = 0 where p is a polynomial in e+ 1 variables T0, T1, . . . , Te
(because f , x1, . . . , xe are dependent). WMA by dividi ng thr ough by T0
if necessary that p is not divisible by T0. But then the polynomial q :=
p(0, T1, . . . , Te) ( k[T1, . . . , Te] is non-zero. But q(y1, . . . , ye) = 0 so q is a
dependency between the yÕs,which is a contradiction. Hence e < d. !

Lemma 1.25. If X and Y are irreducible varieties, then X ! Y is again
an ir reducible variety and dim X ! Y = dim X + dim Y.
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Proof. X = U1 + ááá+ Un, Y = V1 + ááá+ Vm be a! ne open covers. Each
Ui ! Vj is ir reducible a!n e, since each k[Ui ] $ k[Vj ] is an integral domain.
Now (U1! V1) ' (Ui ! Vj ) is a non-empty open subset of Ui ! Vj , henceis dense
in Ui ! Vj . Thi s shows that U1 ! V1 0 Ui ! Vj . Hence, U1 ! V1 = X ! Y .
Now supposeX ! Y = Z1+ Z2 for closedsZ1, Z2. By irr educibilit y of U1! V1,
we must have Zi 0 U1 ! V1 for some i . But then Zi = U1 ! V1 = X ! Y , so
X ! Y is irreducible.

Now to compute dim(X ! Y ), it equals dim(U1 ! V1). Let x1, . . . , xd
and y1, . . . , ye be maximal sets of algebraically independent elements of
k[U1], k[V1] respect ively. Then, x1 $ 1, . . . , xd $ 1, 1 $ y1, . . . , 1 $ ye is a
maximal set of algebraically independent elements of k[U1] $ k[V1]. Hence,

dim(X ! Y ) = tr .deg.(k[U1! V1]) = d+ e = dim U1+ dim V1 = dim X + dim Y.

!

Exer cise 1.26. (6) Give an example of an a! ne variety having two
ir reducible components, one of dimension1, the other of dimension
2.

1.9. A theorem about mor phi sms. WeÕll slowly need to know more
about algebraic geometr y, but IÕll try to intro duce it as we go along from
now on. But I need one theorem right now about morphisms of varieti es,
which can be very subtle beasts in general.

Let me call a morphism ! : X " Y dominant if its image !X is a dense
subset of Y .

Lemma 1.27. Let ! : X " Y be a morphism of a!ne varieties, and let
! %: k[Y ] " k[X ] be its comorphism.

(i) If ! % is surjective, then !X is a closed subsetof Y .
(ii ) ! % is injective if and only if ! is dominant.
(ii i) If X is irr educible, so is !X and dim !X / dim X .

Proof. (i) The statement that ! (x) = y is equivalent to saying evy = evx #! %.
Hence, M y = ker evy = ker(evx # ! %) 0 (! %)# 1(M x). In general, equalit y
neednot hold here: the inverse imageof a maximal ideal under an algebra
homomorphism need not be a maximal ideal!!! However if ! % is surjecti ve,
that is t rue and we see that ! (x) = y if and only if M y = (! %)# 1(M x).
Identif ying X now wit h the maximal idealsof k[X ] and Y with the maximal
ideals of k[Y ] (see1.8), wesee that !X is the set of all maximal idealsof k[Y ]
that are inverse imagesof maximal ideals of k[X ], i.e. by the correspondence
theorem they are the maximal ideals of k[Y ] that contain I = ker ! %. In
other words, !X = V(I ) which is closed.

(ii ) Note

I (!X ) = { f ( k[Y ] | f (! (x)) = 0 for all x ( X }

= { f ( k[Y ] | ! %f = 0} = ker ! %.
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Hence, ! % is inj ective if and only if I (!X ) = { 0} , which is if and only if
V (I (!X ) = !X = Y.

(ii i) We already know the statement about ir reducibilit y, see1.4. Now
consider the rest riction " : X " !X of ! . It is dominant, so by (ii ) " % :
k[!X ] " k[X ] is injecti ve. This obviously implies dim !X / dim X (by the
deÞnition of dimension as the maximal number of algebraically independent
elements). !
Theorem 1.28. Let ! : X " Y be a morphism of varieties. Then !X
contains a non-empty open subsetof its closure !X .

Proof. Let us make some reductions:
(1) We can Þnd an a!ne open V of Y such that ! # 1V is non-empty.

Let U be an a!ne open subset of ! # 1V . It then su! ces to show
that !U contains a non-empty open subset of its closure. In other
words, replacing X by U, Y by V and ! by its restriction , we may
assume X and Y are a! ne.

(2) Let X 1, . . . , X s be the irr educible components of X . Then !X =
!X 1 + ááá+ !X s. Hence, we can replace X by one of the X i to
assume X is irreducible.

(3) Final ly replaceY by !X to assumethat ! is dominant.
Now wehave reducedto the following situation: ! : X " Y is a morphism of
a!ne varieties, ! %: k[Y ] " k[X ] is injective, and k[X ] is an integral domain.
Now apply the following technical lemma from commutative algebra to B =
k[X ], A = k[Y ] (see Springer 1.9.4 for a proof):

Let A * B be Þnitely generated algebras, with B an integral domain. Then
there exists 0 .= a ( A such that any homorphism f : A " k with f (a) .= 0
can be extended to a homomorphism øf : B " k.

We get some element 0 .= a ( k[Y ] with the property that for each of
the evaluation homomorphisms evy for y ( Y satisfying evy(a) = a(y) .= 0,
there exists x ( X with evy = evx #! %. But that is exactly saying that each
y ( D(a) is ! (x) for some x ( X , i.e. D (a) & !X . We are done. !
Exer cise 1.29. (7) Give an example of a morphism ! : X " Y of

ir reducible a! ne varieties such that ! % : k[Y ] " k[X ] is inj ective
but ! is not surject ive.


