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6.3. Borel subgroups. Let me state some theorems about maximal tori
in connected solvable groups. These are proved by induction, though it is
often quite difficult...

Theorem 6.14. Let G be a connected solvable group. Then, the set G, of
all unipotent elements of G is a closed connected normal subgroup of G. All
the maximal tori of G are conjugate, and if T is any one of them, then G
is the semi-direct product of T acting on G,,.

As a consequence, you show that in an arbitrary connected group G, all its
maximal tori are conjugate. Indeed, any maximal torus T of G is contained
in a Borel subgroup B. If T" is another maximal torus, contained in a Borel
B', we can conjugate B' to B to assume that T" is also contained in B. But
then 7 and T"' are conjugate in B by the theorem. Let G be a connected
algebraic group.

Definition 6.15. A Borel subgroup B of G is a maximal closed connected
solvable subgroup of G.

Example 6.16. (i) If G is a Chevalley group, the subgroup B = TU is
a Borel subgroup of G. Any conjugate of B in G will give another such
subgroup.

(ii)) If G = GL,, the subgroup B of all upper triangular matrices is a
maximal closed connected solvable subgroup by the Lie-Kolchin theorem.
Hence, it is a Borel subgroup. Any conjugate of this will give another. Note
in this case that the quotient variety G/B is the flag variety, so it is a
projective variety in particular.

Theorem 6.17. For any connected algebraic group G, let B be a Borel
subgroup. Then, G/B is a projective variety, and all other Borel subgroups
of G are conjugate to B.

Proof. Let S be a maximal closed connected solvable subgroup of G of max-
imal dimension. Clearly S is a Borel subgroup.

Apply Chevalley’s theorem to construct a representation p: G4 GL(V)
and a l-space L" V such that S = stabg(L). By the Lie-Kolchin theorem,
S fixes a flagin V/L. Hence S fixesaflag f = (L= f1" fo" &a" f,=V)
in the flag variety F (V). Recall this is a projective variety, hence it is
complete.

By the choice of L, S = stabg(f). Hence the orbit map induces a bijective
morphism G/S ! G.f" F (V). Take any other flag f' # F (V). Then
stabg(f') is upper triangular in some basis, hence it is solvable, hence its
dimension is $ dim S. This shows that dim G.f' = dim G %dim stabg (f') &
dim G.f. Therefore, G.f is a G-orbit in F (V') of minimal dimension, hence
it is closed. This shows that G.f is also complete, so G/S is complete too.
Now G/S is complete and its quasi-projective, hence it is projective.

Finally, let B be another Borel subgroup of G. Then B acts on G/S, so
by Borel’s fixed point theorem, B has a fixed point ¢S on G/S. Therefore
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BgS = ¢S, ie. ¢ '1Bg' S. By maximality, we get that ¢ 1Bg = S and
this completes the proof. !

Definition 6.18. A parabolic subgroup P of G is any closed subgroup of G
such that G/P is a projective (equivalently, complete) variety.

Theorem 6.19. Let P be a closed subgroup of G. Then, P is parabolic if
and only if it contains a Borel subgroup. In particular, P is a Borel subgroup
if and only if P is connected solvable and G /P is a projective variety.

Proof. Suppose G/ P is projective. Let B be a Borel subgroup of G. It acts
on G/P with a fixed point, say BgP = gP. This implies that ¢' 1Bg"' P,
i.e. P contains a Borel subgroup.

Conversely, suppose P contains a Borel subgroup B. The map G/B !
G/P is surjective and G/B is complete. Hence, G/P is complete too. But
it is quasi-projective too, so in fact G/P is projective. !

Example 6.20. (i) Let G = GL,,. The subgroups of G containing B (upper
triangular matrices) are exactly the “step” subgroups, one for each way of
writing n = nj + &a+ n, as a sum of positive integers n1,...,ns. There are
27" 1 such subgroups.

(ii) Let G be an arbitrary Chevalley group. Let S be a subset of the
simple roots II, so there are 2¢ possibilities for S. Let P be the subgroup of
G generated by B and all s, for a # S. (Equivalently, P is the subgroup
generated by T' and the X,’s for a # ®* ( (%S).) Then, P contains B so
it is a parabolic subgroup by the theorem, and G/P is a projective variety.
In fact, these P’s give all the parabolic subgroups of G containing the fixed
choice of Borel subgroup B. By the theorem, all other parabolic subgroups
of G are conjugate to one of these. There are exactly 2¢ different conjugacy
classes of parabolic subgroup in the Chevalley group G.

6.4. The Bruhat order. Let me talk about a very important example,
which gives you a clue of the important role algebraic geometry plays in
Lie theory. Let G be a Chevalley group once more, with all the subgroups
UT,Xq, B,N,W = N/T,.... Recall also that W is generated by the simple
reflections {s, | a # II}. For any w # W, we can write w as a product
of simple reflections. The length of w was the length of a shortest such
expression, called a reduced expression for W.

Let me define a partial order on W as follows. Take w,w' # W. Let
w = 81...8 be a reduced expression for w. Declare that w'$ w if and
only if w' = Siy -..s; for some 1 $ 43 < ada< i; $ r, ie. if w' is a
“subexpression” of w. Problem: How do you prove this really is a partial
order??? How do you even show that it is well-defined, i.e. independent of
the choice of the reduced expression of w? Answer: use algebraic geometry!

Let me explain. By the Bruhat decomposition, the B-orbits on G/B are
parametrized by the Weyl group W, i.e. the orbits are the BwB/B’s. Now,
the closure of an orbit is a union of orbits, the ones in the boundary being
of strictly smaller dimension. So there is obviously a partial ordering $ on
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the orbits of B on G/B defined by O $ O' if and only if O' O'. What I'm
going to prove is that this is exactly the partial ordering not defined in the
previous paragraph! In other words, the ordering in the previous paragraph
IS well-defined because there is a geometrically defined partial ordering that
amounts to the combinatorics there.

Let’s proceed with some lemmas.

Lemma 6.21. Let G be an algebraic group, X a G-variety, H $ G a
closed subgroup and Y ' X a closed H-stable subvariety of X. If G/H is a
complete variety (i.e. if H is a parabolic subgroup of G) then G.Y is closed
in X.

Proof. Let A={(g,z)# G) X|g Yz # Y}, which is closed in G) X. Let
m:G) X! G/H) X

be the quotient map. Recall this is an open map. If (g, z) # A then (gh,z) #
Afor all h # H, since H stabilizes Y. Hence, 7(A) = G/H) X %n(G) X%
A), so m(A) is closed in G/H) X. Since G/H is complete, the projection
prx(m(A))" X is also closed. This is exactly G.Y. !

Lemma 6.22. Any product of parabolic subgroups of G containing B is
closed in G.

Proof. Let Pi,..., P, be parabolic subgroups of G containing B. By induc-
tion, P1... P~ 1isclosedin G. Consider P; ... P~ 1.P,.. Note Py ... P~ 1.B =
Py...P»q is closed and B-stable. Since P,/B is complete, we get by the
lemma that P ... P~ 1.P, is closed too. !

Theorem 6.23. (Chevalley) Let G be a Chevalley group. Fiz w # W and
a reduced expression w = S1...S, for w as a product of simple reflections.
Then, |

BwB= Bu'B
0

| .
where w' runs over all subexpressions s, ...s; of s1...sy.

Proof. Let w = s1...s, be the fixed reduced expression for w, Let
P, =*B,s;+= B ( Bs;B,

where the last equality comes from the work on Chevalley groups in the
previous chapter. We show by inductioln on r that
P,...P.= BuB

W'
where the union is taken over all subexpressions w' of the reduced expression
$1...8-. The case r =1 is already done!

Now suppose r > 1. Then by ilnduction,
P,...P,= DBuw"B.(B( B,B)

w!
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where w" runs over all subexpres?ions of s1...s, 1. But that equals

B, B
w'
as required, since Buw"s, B Bw”BBSr B' Buw"B( Bw"s,B by the previ-
ous chapter.
By the preceeding lemma, P; Sy P, is closed, hence
Buw'B,
w'
union over all subexpressions w' of s1 ... s, is closed. So it certainly contains
the closure BwB. Finally, we know dim BwB is equal to dim B+ the number
of positive roots sent to negaltive roots by w. So in fact we must have that

Bw'B = BwB

by dimension. !

Now since BwB is defined intrinsically independent of any choice of re-
duced expression of w, the relation w' $ w iff w' is a subexpression of some
fixed reduced expression for w is well-defined independent of the choice.
Moreover, it is a partial ordering on W called the Bruhat ordering.

For w # W, the Schubert variety

X, := BuB/B

is a closed subvariety of the flag variety G/B. Note X,, is no longer an
orbit of an algebraic group, so it needn’t be smooth. Schubert varieties are
extremely interesting projective varieties with many wonderful properties.
The Schubert variety X, is the flag variety itself, the Schubert variety X1
is a point. We have shown above that in general, the lattice of containments
of Schubert varieties is isomorphic to the Bruhat order on W.



