CHAPTER 2

Chevalley groups

1. The main construction

Now we’ll assume Vi, = k ®y Vz is the reduction modulo p of some faithful
finite dimensional g-module via some choice of admissible lattice. We wish to
study automorphisms of V}. of the form

(0.9] :L’n
ZTo(t) :=exptay, = Zt”n—’?
n=0
for t € k and a € ®. Of course the right hand side doesn’t make sense until we
explain how to interpret it. One way is to replace %7‘% with the element x((xn) =1® Z—Z,

of Uy, which does make sense as an endomorphism of Ug. Then z, (t) makes perfect
sense, because all but finitely many x&n) act as zero (since Vi is the direct sum of
its weight spaces). Another way is to consider first exp Tz, as a map from Vz to
Z|T| ®z Vz, T an indeterminate. That makes sense. Hence 1 ® exp Tz, is a map
from Vj to k ®z Z[T] ®z Vz. Finally composing this map with the evaluation of T
at t € k, we get a map exptx, from Vi to Vj.

Let X, be the root group {z4(t) |t € k}. Clearly z4(t)xa(s) = za(t + s), so
X4 is certainly a quotient of the additive group of the field (we’ll see soon that
actually X, = (k,+)). Let G be the subgroup of GL(V}) generated by all X,’s
for a € . We call it the Chevalley group (associated to g, V, k and the choice V7
of admissible lattice). We will show in a while that G actually only depends on
g, k and the subgroup A of the weight lattice P generated by II(V)... Recall A
for sure includes the root lattice Q. That is helpful to know when thinking about
examples, but remember we didn’t prove it yet.

Now I want to give some trivial but helpful examples, taking g = sl2(C). Con-
sider first V' to be the natural 2-dimensional module and Vy = Zv; & Zvy. Let «
be the positive root as usual. Then

)= (5 4 )aat= () 7).

and its an easy exercise which I'll do in class to see that these generate the group
SLo(k). This is the case when A = P.

Instead, take V' to be the adjoint representation g itself and Vz = Ze @ ZhDZf.
In this basis, we have that

1 =2t —¢2 1 00
zo(t)=1 0 1 t | ,z_o(t) = -t 1 0
0 0 1 —t2 2t 1

11
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Remembering that V; = sly(k), these are the same matrices as the linear maps
sla(k) — sla(k) defined by conjugating by the 2 x 2 matrices above. This is the
group PSLy(k), which by definition is the image of S Ly (k) under its representation
by conjugation on 2 x 2 matrices (observe the scalar matrices act as 1...). This is
the case A = Q. In fact, these are the only two Chevalley groups you can get by
starting with g = sly(C), because in this case P/Q = Zo.

In general, when A = P, we call G the simply connected or universal Chevalley
group of type g over the field k. When A = @ (which is always the case e.g. if V
is the adjoint representation) then G is the adjoint Chevalley group over k.

Here is an approximate table giving the possible Chevalley groups you can get
by varying g and A.

g P/Q A=P intermediate A A=Q

Ay Zs SLa(k) PSLy(k)
Apq Zn, SLy(k) SLy(k)/central PSL, (k)
Cn Z2 Sp2n(k) PSan(k)
By Lo Spin2n+1(k) SO2n+1(l€)
D, neven | Zy @ Zy | Spinay (k) SOqy, (k) PSO9,(k)
D, nodd |Zy Spinay, (k) SOqy, (k) PSOqy, (k)
Eg Zs Eg(k) Eg(k)

E; Zo E7(k) E7(k)

Go, Fy,Eg | 1 Ga(k), Fy(k), Es(k)

Here are some comments about this approximate table.

First, when A = P the group G is the simply connected one, when A = @
the group G is the adjoint one. Often you can distinguish these by looking at the
center Z(G) — often (but not always if the characteristic p of k is too small) this
is isomorphic to A/Q. For instance for SL, (k) when p{ n, the center of SL, (k) is
the group p, of nth roots of unity, which is cyclic of order n. For each subgroup
of that, you get a central normal subgroup, and can take the quotient to get one
of the intermediate Chevalley groups between SL,, (k) and PSL, (k). If you factor
out the whole center you get PSL, (k).

Second, when k is algebraically closed, the table is not approximate, it is correct.
The groups SO, (k) and Spa, (k) in these cases you should know (the isometries of
a non-degenerate symmetric resp. skew symmetric bilinear form). Probably you've
never seen the right definition of SO,,(k) when k has characteristic 2 (you need both
a bilinear form and a quadratic form to get it right). The groups PSO,, (k) and
PSpoy (k) are these modulo their centers (usually £1). Note when n is odd that
the matrix —1 is not of determinant 1, which is why SO2,1(k) has no center...
there is no PSO2,+1(k) in the table in this case! The Spin groups (the simply
connected Chevalley groups) are a little harder to define — of course we get them
from our construction by taking V' to be a spin representation (the last fundamental
dominant weight). Its good enough to know for our purposes that SO, (k) is
(usually) a double cover of the SO, (k).

Now for the reason the table is approximate. Unfortunately it is wrong in the
B, and D,, rows when k is not algebraically closed. In that case, you need to
replace the groups I've written with their commutator subgroups (which might in
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these cases be a little bit smaller depending on the field). For example where I've
written SOg,+1(k) I should really have written Q9,1 (k), the commutator subgroup
of the special orthogonal group of isometries of a (2n+ 1)-dimensional vector space
equipped with a non-degenerate quadratic form of Witt index n. Where I've written
SO9y,(k) 1 should really have written QF (k), the commutator subgroup of the
special orthogonal group of isometries of a (2n)-dimensional vector space equipped
with a non-degenerate quadratic form of Witt index n.

These are things that we are not going to study here and which are not im-
portant for what we're going to do, so I don’t feel too uncomfortable about being
a bit crappy in this explanation. Its actually rather a technical place. My advice:
ask James.

In class I will do a couple more examples writing down explicitly the matrices
that give some of the root groups for By and C5. The point is: the Chevalley
construction gives some completely concrete matrix groups. Its just that apart
from some trivial cases the matrices are too big for this to be terribly helpful.

2. Chevalley’s commutator formula

We’ll need now to use the following lemma that you’ve seen before more than
once:

LEMMA 2.1. Suppose that A and B are elements of an associative algebra, let
L4 be left multiplication by A, ra be right multiplication by A and ad A be the map
la—ra (all are endomorphisms of the given associative algebra). Suppose expad A,
expla, expra and exp A all make sense. Then,

(exp A)B(exp(—A)) = (expad A)(B).
ProOOF. We’ve seen this before: since [4 and r4 commute,

expad A = explaexp(—74) = lexp ATexp(—A)-

Now we come to the first important theorem about Chevalley groups.

THEOREM 2.2. Let o, 3 be roots with a + 3 # 0 Then in the ring of formal
power series Uz[[t,u]], we have the identity

(exptzq,expuzrg) = H exp ¢ jt' W Tintjp

where (A, B) = ABA™'B~!, the product on the right is over all roots ia + jf3
fori,j > 0 arranged in some fived order, and the c;;’s are integers depending on
a, 3 and the chosen ordering but not on t or u. Moreover, c11 is the same as the
structure constant [xq,xg) = £(r + 1)xqyg from our original choice of Chevalley
basis.

PRrROOF. (Sketch) In U(g)|[t,u]], set

f(t,u) = (exptzq, expuzg) Hexp(—cl-7jtiuj$m+jg).

The product on the right is taken over ¢,j > 0 such that ia + j3 € ® and in the
reverse of the fixed order. The coefficients ¢; ; are some complex numbers which
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are still to be determined. In fact I'll treat them like indeterminates to start with
then we’ll see how to define them so that f(¢,u) = 1, which is of course what we
need to do in order to prove the theorem.

Note that t% exptr, = trq exptr,. So by the product rule we get that

(6 w) = traf (6w +

(exptxqy)(exp uzg)(—tzqa)(exp(—tzy))(exp(—uxg)) H exp(—ci jt'w Tin1j5)

+ Z(exp tTo, €XpuTg) H exp(—ci jt'u Tin1jg) X
k.l ia+jB>ka+l3

(—ckvlk:tkulxka“@) X H exp(—ci7jtiujxia+j5).
ia+jB<ka-+1B

Now we bring the terms —tx,, and —ckatkulxkaHg (*) to the front using relations
like

(expuzg)(—trs) = (expaduxg)(—tzy)(expuxg)
and

(expaduxg)(—tra) = —txa — N atUuTats — -
where [23,%q] = ngaTats- The result is an expression of the form Af(t,u) with
A € g[[t,u]].

Now, think how you can get c;; as a coefficient (not inside an exp) when you
do this. You get it from the term (*) but otherwise it only comes when terms to
the right of (*) are pulled passed exp(—cy, t*ulzyq115). These produce coefficients
involving ¢ ; but of degree > (k +1) in t and u. Thus,

A= Z (=kegs + pr)t u e g1
ki>1
where py; is a polynomial in the ¢; ;’s for which i + j < k + 1.

At last we can now inductively determine the values of ¢;; € Cusing the lexico-
graphic ordering on pairs (i, ), to ensure that A = 0. Then t% f(t,u) = 0 implies
that f(¢t,u) = f(0,u) = 1 and we’re almost done.

It remains to show that the c; ;’s are integers (and to compute ¢ 7). The idea
for that is to compute the coefficient of '/ in the commutator formula obtained
so far (which for sure belongs to Uzl[[t,u]]). It looks like —¢; j2in+;3 Plus terms
coming from exponentials of multiples of x5 with £+ 1 < i+ j. Now you use

induction to see that ¢; ;j7;n;3 lies in Uz, hence ¢; ; € Z by the basis theorem for
Uy. O

COROLLARY 2.3. Replacing exptzy etc... in the theorem with x,(t), then the
resulting equation holds in the Chevalley group G.

For example, from this formula in SL3(k), taking a = £; —e9 and = €9 — €3,
you get that
(Za(t), z5(u)) = Tayp(tu),
which you can easily check directly. Of course its more complicated for Bs and
Gs...
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We call a set R of roots closed if a, 3 € R, a+ 3 € ® implies a + 3 € R. For
example: R =®1t R=®"\ {q;} and R = {a € ®* | ht(a) > r} are all closed sets
of roots.

We call a subset I of a closed set R an ideal if « € I, € R implies a + 3 € I.
The above examples are all ideals in ®*.

LEMMA 2.4. Let I be an ideal in a closed set R. Assume RN (—R) = &. Let
Xgr and X1 be the groups generated by all X, for « € R and o € I, respectively.
Then X7 < Xg.

Proor. Immediate from commutator formula. O

LEMMA 2.5. Let R be a closed set of roots such that RN (—R) = @. Then
every element of X can be written uniquely as [, cr Ta(ta) for to € k, where the
product is taken in any fixed order.

Proor. I'll prove this just under the assumption the fixed order is compatible
with height, i.e. ht(a) < ht(f) implies a < (3. The general case can be reduced to
this case with a little more work...

Let o be the first element of R. Let I = R\ {a}. Its an ideal in R. So,
Xr = XoX;. By induction on |R|, every element of X is the product of the
xg(tg) for B € I with uniqueness of expression.

Now suppose y € Xp written as y = z4(t) [[25(tg). Since V was faithful,
we can find a weight vector v € Vj of weight A such that x,v # 0. Then, yv =
v+ txqv + z where v is of weight A\, x,v is of weight A 4+ « and z is a sum of terms
from other weight spaces. Hence ¢ is uniquely determined by y. The remaining tg’s
are uniquely determined by induction applied to z(—t)y = [[z5(tg) € X7. O

This lemma has lots of consequences:

(1) The map t — x4(t) is an isomorphism from (k, +) onto X,. (Proof: Apply
lemma with R = {a}.)

(2) Let U = Xg+. Then, U = [[,cp+ Xo with uniqueness of expression,
where the product is taken in any fixed order.

(3) The subgroup U of G consists of upper uni-triangular matrices relative to
an appropriately chosen basis of Vj. In particlar, every entry of U is a
unipotent matrix. (Proof: Pick a basis of weight vectors ordered in some
way refining the dominance ordering.)

(4) For ¢ > 1, let U; be the group generated by all X, for ht(a) > i. Then,
U; is normal in U and (U, U;) C U;41, hence U is a nilpotent group.

(5) If ®* = RUS with R and S closed, then U = XpXg and XpNXg = {1}.

You should think what these things are saying when G = SL,,(k)...

3. The basic relations

So far we’ve defined elements z,,(t) and proved Chevalley’s commutator formula
explaining how to commute x,(t) with zg(u) when a4+ 8 # 0. These were all
unipotent matrices, i.e. all eigenvalues were 1. Now we introduce some semisimple
elements of G (i.e. diagonalizable matrices) too. For o € ® and t € k™ define

we(t) = xa(t)x_a(—tfl)a:a(t),
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and

ha(t) = wa (H)we (1)L
Sometimes I'll write simply wq for wq(1). For example, if G = SLa(k) and « is
the positive root, then

walt) = < IR ) halt) = ( ol )

I’ll refer to these as the “monomial elements” and “diagonal elements” respectively.

LEMMA 3.1. For any roots a, f € ® and t € k*:

(a) wa(t)zswa(t)™! = ct_<ﬁ’°‘>:1zsa(3) where ¢ = c(a, ) = *1 independent
of t,k and V, and c(a, B) = c(a,—B). Here s is the reflection in the
hyperplane H,.

(b) For v € Vi of weight p, there exists v' € Vi of weight s (1) independent
of t such that we(t)v =t/

(¢) ha(t) acts on the p-weight space of Vi, by multiplication by t{#°).

ProoOF. I'll prove this assuming the ground field is C. In fact everything then
follows at the level of power series in Uz][[t]] or as endomorphisms of Vz[[¢]], so you
get it automatically over an arbitrary field too.

We first show that wq(t)hwe(t) ™t = s4(h) for each h € h. (Note I'm viewing
the left hand side just as some matrices, i.e. endomorphisms of V', and the right
hand side is the natural action of s, € W on §.) By linearity, it suffices to check
this just when h = hy (because h = Ch, @ ker v and w,(t) commutes with all
elements of ker o). But then z,(t) hence wy(t) only involves elements of the three
dimensional algebra (zs,Ya,ha), S0 we can check the thing we’re after just by
calculations in this algebra. Take the usual representation of sly... then we know
exactly what 2 x 2 matrices everything is and its easy.

Now we prove (b). From the definitions of z(¢) and w,(t), it follows that if

V" = wa(t)v
then
v = Z A
1€EZ

for v; of weight u + ia. But acting with h € h and using the previous paragraph,
hv" = (sa(1))(h)v"”, so v" lies in the s, (u)-weight space. Hence the only non-zero
v; is when ¢ = —(u, a).

Now apply (b) to the adjoint representation (using Lemma 2.1) to get that
wo (t)zawa(t) ! = ct*w’a%sa(ﬁ) where ¢ € C is independent of ¢ and V. But
taking ¢ = 1, the left hand side lies in Uz so actually ¢ € Z, actually ¢ = +1
since we(1) is invertible. Finally, h, (5 = wahgwy' = [wazgwy ', waz_gwyt] =
c(a, B)c(a, —B)hg, () so c(a, B) = c(a, —F). This proves (a).

To get (c), note that we(t) ™! = wa(—t), 80 ha(t) = wa(—t) twy(—1). By (b),
we (—t)v = (=)~ and we(—1)v = (=1)~ "', Hence wq(—t) 'we(—1)v =
iy, g

COROLLARY 3.2. For o, € ® andt € k*:
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(a) wahg(t)wy " = h, () (t)-
(b) wazg(t)w ;1 = xsa(ﬁ)(ct) with ¢ as in Lemma 3.1(a).

(c) ha(t)zp(w)ha(t) ™" = 25t u.

PRrOOF. For (a), apply both sides to a vector v € V}, of weight p and use the
lemma.

For (b), we know that w,xgw,! = cxg, now exponentiate.

For (c), we know by (c) of the lemma applied to the adjoint representation that
ha(t)zsha(t) ™t = t52 25 Now exponentiate. O

We have now established all of the following relations.
(R1) zq(t)xa(u) = xo(t + ).

(R2) (za(t),25(n)) = [ @iatjs(citiu’) (if o+ B # 0), where the ¢; ;’s are as
in Chevalley’s commutator formula.

(R3) wa(t) = za(t)r—a(—t"1)zalt).

(R4) ha(t) = wa(t)we (1)1

(R5) wq = wq(1).

(RG) wahﬁ(t)wgl = hsa(ﬁ)(t)-

(R7) wazp(t)wyt = s, (p)(ct) with c as in Lemma 3.1.

(R8) ha(t)zs(wha(t) ™ = 25t u).

Observe all the relations are independent of V. So all results proved using (R1)-
(R8) will also be independent of V...

Let H be the subgroup of G generated by all h,(t)’s. This is an abelian group
since all h,(t)’s act diagonally on Vj. Indeed, it is a subgroup of the group of
diagonal matrices with respect to any weight basis of Vi. Let N be the subgroup
of G generated by all wq(t)’s. Recall also that U is the subgroup generated by all
2o(t)’s for a € ®T. Let B be the group generated by H and U. Keep in mind
that if G = SL,(k) then H is the diagonal matrices of determinant 1, U is upper
unitriangular matrices, B is all upper triangular matrices of determinant 1, and
N is the monomial matrices (matrices of determinant 1 with exactly one non-zero
entry in every row and column).

LEMMA 3.3. U is normal in B, B = UH and U N H = {1}. Hence B is the
semidirect product of U by H.

PROOF. The fact that U is normal in B follows by (R8). Relative to a suitable
basis for Vi, any element of U N H is both diagonal and unipotent, hence its 1. O

LEMMA 3.4. For a # 3, Xo # X3.

PRrOOF. If both «, 8 are positive roots, this follows from Lemma 2.5. If one is
positive and one is negative, it follows because we know V has a basis with respect
to which X, is upper unitriangular and Xz is lower unitriangular. ]

For the next lemma, we need to use a little information about Weyl groups w
is generated by the elements s, (o € ®) subject only to the relations s2 = 1 and
SaSgSa = Ss,(p) (for all a, 3 € ®). I'm not going to prove that here (it has nothing
to do with Chevalley groups).
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LEMMA 3.5. H is normal in N, and there exists an isomorphism ¢ : W — N/H
such that ¢(sa) = Hwe(t) for all roots .

ProoF. By (R6), conjugation by w, preserves H and by (R4) and (R5),
Wa(t) = ha(t)w,. Hence H is normal in N.

Since Hw,,(t) = Hw,, the coset Hw,,(t) is independent of t. Since wq (1)wq(—1),
this implies that (Hwq(t))? = 1. Also wawsw,' = wezg(l)z_g(—1)zg()wy’
which equals by (R7) z,3)(c)T_s,(8)(—¢)Ts,(3)(c) = ws, (8)(c). So

(Hwa)(Hwg)(Hwa) = Hw,, (3)-

This verifies the relations of W hold, so there exists a surjective homomorphism
¢ : W — N/H. Finally, suppose w € W lies in ker ¢. Write w = sq, - Sq,,, &
product of reflections. Then applying ¢ we get that we, (1) - wq, (1) € H. Hence
it normalizes each X,, but also it conjugates Xo to X (o). Hence Xo = X (o) for
all roots av. By Lemma 3.4 this implies that w(«) = « for all . This implies w = 1
(because it acts faithfully on its reflection representation). O

4. The Bruhat decomposition

Recall the groups X,,G,B,U, H,N and W. Also we have an isomorphism
W = N/H. I'll identify W with N/H via this isomorphism. From now on for each
w € W, I'll fix a choice of representative w € N for the coset w € N/H. We may
do this so that $, = w, for each a € ®. The goal now is to prove:

THEOREM 4.1 (Bruhat, Chevalley). G is the disjoint union of the double cosets

BwB forwe W:
¢=,., BiB.

Before I prove that, let us discuss the example G = SL,, (k) (a special case of the
above theorem). Take any g € SL,(k). Left multiplication by a matrix in U lets
you add multiples of later rows to earlier rows. Right multiplication by a matrix
in U lets you add multiples of earlier columns to later columns. By repeatedly
applying such operations you can transform g to an element n € N, i.e. to h-w
for some h € H and w € W. This proves that G = |J,,cyy BwB. We've at least
started to prove the Bruhat decomposition in this case: it amounts to Gaussian
elimination. It is an amusing exercise to finish of this elementary proof.

So you see — like everything else in this subject — we are generalizing some
classical fact about n x n matrices to an arbitrary representation of an arbitrary
semisimple Lie algebra...

Now let us start to prove the theorem. It will take a while.

LEMMA 4.2. If « is a simple root then B U Bwy,B is a group.

PROOF. Let S = BUBw,B. Since B is a group and w; ! lies in the same coset
of H as w, (since its image in W is an involution), S is closed under inversion.
Since S? C BB N BBw,B U BwaBB U BwaBBw,B C S N BwaBw,B we just
need to show that w,Bw, C S.

We first show X_, C S. If 1 # y € X_, there exists t € k* such that
Y=2_o(t) = 2ot Hwa(—t Nz (t™!) € Bw,B.
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Now, woBw, = woéUHw;1 = waXaX¢+\{a}w;1H = X_aXo+\{a)H since s,
leaves the set @1 \ {a} invariant. This is contained in SB = S. We're done. [

LEMMA 4.3. If w e W and « is a simple root, then
(a) if w(a) € ®F (i.e. if L(wsy) = £(w) + 1) then BivBBwoB = Biw,B;
(b) in any case BuwBBw,B C Buw,B U BuwB.

PROOF. (a) Note that wX,w~! C B and w, normalizes Xo+\{a}- SO
BiBBwoB = BirXoXg+\ {ayWaB = B Xath™ bwawy ' Xg+\ (o WaB = Biwa B.

(b) If w(a) € ®* then we're done by (a). If w(a) € &~ set w' = wsy, s0
w'(a) € ®*. By (a) and the previous lemma,

BiwBBwaB = Bi'waBBwaB = Biif BBwaBBw.B
C Bi/ B(BU Bw,B) = Bi/ B U Bi/w,B.
0

COROLLARY 4.4. If w € W is written as w = s;, ---s;, (reduced expression)
then
BwB = Bw;, BBw;,B --- Bw;, B

where w; = w,,; for short.
LEMMA 4.5. G is generated by {Xq, wq | @ € A}.

Proor. This follows since the simple reflections generate W, every root is W-
conjugate to a simple root and wanwgl = X (8)- O

Now we can prove the theorem. First we show G = |J, ey BwB. By the
previous lemma, the right hand side contains a set of generators for G. By the
lemma before that, the product of two double cosets is another, hence the right
hand side is closed under multiplication. Clearly its closed under inverses. So its a
group, it must be all of G.

Now suppose BwB = Bw'B for w,w’ € W. We show by induction on ¢(w)
that w = w’. For the base case, if £(w) = 0 then w = 1, so it says that v’ € B.
Hence @' B(w')~! = B. This implies that w/(®) = ®T, hence w'(A) = A. Hence
w’' =1, since W acts simply transitively on bases for ®.

Now say ¢(w) > 0. Pick @ € A so ws, is shorter than w. Then ww, €
Bw'BBw,B C Bvw'B U Biw'w,B = BwB U Buw'w,B. Induction hypothesis now
gives either that ww, = w, which is a contradiction, or that ww, = w'w, hence
w=w.

The following theorem gives a more precise version of the Bruhat decomposi-
tion, giving a canonical form for elements of G.

THEOREM 4.6. For w € W, let Uy = Up+ny-1(0-). S0 Uy is the product of all
root groups corresponding to positive roots sent to megative roots by w. Then, any
element g of G can be written as

g = uhwu’

for unique u € U,h € Hyw € W and v’ € U,,.
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PROOF. Take g € G. By Bruhat decomposition, g = bwb’ for unique w € W
and some b, b’ € B. But B = UH = HU and w normalizes H. Hence h = uhwu' for
ueUh € Hand v € U. Now U = U, U, where Uy, = Up+ny,y-1(0+), the product
of root groups corresponding to positive roots left positive by w. So v’ = ujus for
uy € U}, and ug € Uy, and you can commute u; past w to get something still lying
in U. This shows that ¢ = uhwu' for u € U,h € U and v’ € U,,.

Now for uniqueness, supposed that ujhjwu) = ughowul. Then h;luglulhl =
wuh(uy)"tb~t. The left hand side is an upper triangular matrix (for a suitable
weight basis) and the right hand side is strictly lower triangular. Hence both sides
are 1. This implies uy = ug, hy = ho, u} = uj. O

5. Homomorphisms between Chevalley groups

Now we complete our analysis of Chevalley groups, by getting the desired in-
dependence of G on V, V7. Recall A is the subgroup of P generated by the weights
of V,and Q C AC P.

LEMMA 5.1. Let G’ be a group generated by elements x,,(t) (o € ®,t € k) such
that the relations (R1)-(R8) all hold. Define subgroups U’ and H' as we did for G.

(i) Every element of U’ can be written in the form [, co+ ¥4 (ta) for to € k
(product taken in some fized order).

(ii) For eachw € W fiz an expression w = 453 -+ as a product of reflections,
and set W' = wowy -+ (where wy, = w,(1)). Then, every element of G'
can be written as u'h'w'v" for v € U € Hyw € W and v' € U},.

PROOF. Same as the proof for G — this part only depended on the relations. [

LEMMA 5.2. Let G,G’ be as above and suppose that ¢ : G' — G is a group
homomorphism such that ¢(x),(t)) = xo(t) for all a,t. Then uniqueness of expres-
sion holds in (i) and (i) of the previous lemma. Moreover, ker ¢ C Z(G') C H'.
In particular, Z(G) C H.

PROOF. The uniqueness of expression in G’ follows easily from the uniqueness
already established for G. (This was something proved for G that depended on
more than just the relations (R1)-(R8) — we used the explicit representation of
elements of G as matrices which is missing for G’.) For the last sentence, let
' = u'h'w'v' lie in ker ¢. Then 1 = ¢(u')p(h')wep(v'). From this we get that w = 1
sow =1, ¢(u) =1and ¢p(v') =1so v =v =1. So 2/ =h =[] hl,(ts) for some
ta € K%,

Now, x’xb(u)(m’)*l = 25(] 1, tf ’a>u) by (R8). Applying ¢ we get that [ ], tie) =
1. Hence 2’ commutes with x’ﬁ(u), so its central. Moreover, we have shown that
ker¢p C H'.

It just remains to show that Z(G) C H. If x = uhwv € Z(G) and w # 1, then
there exists a € ®* such that w(a) € ®~. Then xz,(1) = z4(1)z contradicts the
uniqueness in the Bruhat decomposition. Hence w = 1 so z = uh. Let wy be the
element sending ®* to ®~. Then x = Wz 1is both upper and lower triangular,
hence diagonal. Hence x = h lies in H. O
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COROLLARY 5.3. The relations (R1)-(R8) together with all the relations in H
between the ho(t)’s forms a set of defining relations for G.

PROOF. If the relations in H are imposed on H' then the map ¢ in the lemma
becomes an isomorphism. O

COROLLARY 5.4. If G’ is constructed as G from g and k, but using a different
V' in place of V, then there exists a homomorphism from G’ onto G such that
o(xl,(t)) = zo(t) if and only if there exists a homomorphism 6 : H — H such that

«

O(RL,(t)) = ha(t) for all o and t.

PRrROOF. Clearly if ¢ exists then 0 exists. Conversely, assume 6 exists. Then
the relations in H' form a subset of the relations in H. So we get that ¢ exists by
the previous corollary. O

So we just need to understand the group H better. Recall that h,(t) acts on
the p-weight space of Vi as the scalar AL

LEMMA 5.5. (a) For each o, hq(t) is multiplicative as a function of t.
(b) H is an abelian group generated by the h;(t)’s, where h;(t) = hq, ().
(c) Hle hi(t;) = 1 if and only if Hle tzw’ai> =1 for all p € A.

(d) The center of G is

Y4 V4
{H hit:) | T 67 = 1for ati € Q} .
=1

1=1
In particular, Z(G) is finite.

PrOOF. Parts (a) and (c) are pretty clear (note (c) is true for all u € A if
and only if it is true for all p € II(V)). For (b), take any o« € ® and write
he = Ele nih;. Then I claim ho(t) =[] hi(t"). To see this it is enough to check
both sides act on the u-weight space of V' by the same scalar. The left hand side
acts by tme) = ulha) — 2nin(hi) — TT¢mm(hs) - Yep. Finally for (d), ] hi(t;)
commutes with xzg(u) if and only if Hle t§6’ai> = 1 by (R8). Tll leave you to
puzzle over why this is a finite group. What system of equations have you got to
solve? g

COROLLARY 5.6. If A = P, then every h € H can be written uniquely as
h=TI'C, hi(t) forti € kX, If A=Q then Z(G) = 1.

Finally we can complete the main discussion about Chevalley groups.

THEOREM 5.7. Let G and G’ be Chevalley groups constructed from g, k, and
choices V and V' of faithful finite dimensional representations, with weight groups
A and A’ respectively. If A D A then there exists a homomorphism ¢ : G' — G
such that !, (t) — x4(t) and ker ¢ C Z(G'). In particular, if A’ = P then G’ covers
all other Chevalley groups defined from g and k (its the universal Chevalley group)
and if A = Q then G is covered by all other Chevalley groups defined from g and k
(its the adjoint Chevalley group).
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PROOF. Just note that if A" O A then Hle tg“’a” =1 for all 4 € A’ implies
Hle t§“ @) — 1 for all i € A. In other words, by the previous lemma, all the
relations in H are satisfied in H’' too, so there is a homomorphism 6 : H — H
such that h}(t) — h,(t) for each 7. This also maps h/,(t) to hq(t) for each a. So

there’s a ¢ by Corollary 5.4. O

COROLLARY 5.8. For each o € ®, there is a group homomorphism
G : SLa(k) — G

(44)nion (1 8)mat

PrOOF. Apply the theorem to the three dimensional subalgebra of g spanned
by Zqa, ha, Yo but keeping the representation V' as before. You get that the subgroup
of S, of G is a quotient of the universal Chevalley group of type Ay, i.e. SLa(k). O

under which

for each t € k.

That concludes the first look at Chevalley groups. In the next chapter I'm
going to talk about some fun things that should at least make sense after this
introduction. Here are a couple of exercises you could try.

(1) If G is of universal type, then the homomorphism ¢, in the last corollary
is injective.

(2) Z(G) = Hom(A/Q, k™). For example if k = C then Z(G) = A/Q...

(3) The normalizer of U in G is B. Assuming |k| > 3, the normalizer of H in
G is N.



