
CHAPTER 1

Z-forms

1. Chev all ey bases

Let us recall some of our long-standing notation. We have Þxed a semisimple
Lie algebra g over C with Cartan subalgebrah. We have the Cartan decomposition

g = h⊕
!

! ! !

g!

where ! ⊂ h" is the set of roots of g with respect to h, and for each ! ∈ ! we have
the corresponding one dimensional root spaceg! . We Þx a base " = {! 1, . . . , ! "}
for !, so every ! ∈ ! is either a positiv e or a negative linear combinati on of the
simple roots ! 1, . . . , ! " . Let ! + and ! # = −! + be the corresponding sets of
posit ive and negative roots, so ! = ! + % ! # . Let n± =

"
! ! ! ± g! . Then g has

the triangular decomposition

g = n# ⊕ h⊕ n+ .

The subalgebra b = h ⊕ n+ is a Borel subalgebra, that is, a maximal solvable
subalgebra of g.

We let E be the R-span of ! inside h" , a real vector space with basis ! 1, . . . , ! " .
The Kil ling form (., .) on g is non-degenerate on restr icti on to h, hence we can
identi fy h with h" so that ! ∈ h" corresponds to the unique element t! ∈ h such
that (t ! , h) = ! (h) for all h ∈ h. Lif t the Kill ing form on h to h" so(! , " ) = (t ! , t# ).
The restr ict ion of thi s to E gives a real-valued form making E into a Euclidean
space, and then ! ⊂ E is an abstract root system. Always we write 〈! , " 〉 as
shorthand for 2(!, #)

(#,#) . For ! , " ∈ !, 〈! , " 〉 is always an integer, known as a Cartan
integer. In particul ar, (〈! i , ! j 〉)1$ i,j $ " is the Cartan matrix which is encoded nicely
by theDynkin diagram, and is thebasic invariant determining g up to isomorphism.
The elements

h! =
2t!

(! , ! )

for each ! ∈ ! are called the coroots. In parti cular we let hi = h! i for short. Then

h1, . . . , h" is a basis for h. The elements
#

2!
(!, ! )

$
$
$
$! ∈ !

%
in E also form a root

system, called the dual root system, and the elements
#

2! i
(! i ,! i )

$
$
$
$i = 1, . . . , #

%
form

a basefor th is. This is how we proved:

Lemma 1.1. Eachh! is an integer linear combination of the elementsh1, . . . , h" .
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2 1. Z-FORMS

Another basic object is the Weyl groupW . This is the Þnite subgroup of GL(E)
generated by the reßect ions{s! |! ∈ ! }, wheres! (" ) = " −〈" , ! 〉! . Thus, s! is the
reßecti on in the hyperplane H! orthogonal to ! . Actuall y W is already generated
by the simple reßections s1, . . . , s" , where si = s! i for short. The length of w ∈ W
is the minimal number r such that w = si 1 · · · si r for some 1 ≤ i 1, . . . , i r ≤ #; such
an expression is called a reduced expression for w. The Weyl group W is a Coxeter
group. We understood it rather well by th inking of its action on the set of chambers
in the Euclidean spaceE, that is, the connected components of E \

&
! ! ! H ! .

The last th ing to be recalled from last term is the notion of a Chevalley basis
for g. Thi s means a basis {h1, . . . , h"} ∪ {x! | ! ∈ ! }, where h1, . . . , h" are the
elements deÞned above, each x! spansg! , and the following relations hold:

(1) [hi , hj ] = 0;
(2) [hi , x! ] = 〈! , ! i 〉x! ;
(3) [x! , x# ! ] = h! as deÞnedabove, in parti cular it is a Z-linear combination

of h1, . . . , h" ;
(4) [x! , x# ] = ±(r + 1)x! + # if ! + " ∈ !, where " − r ! , · · · , " , · · · , " + q! is

the ! -str ing through " ;
(5) [x! , x# ] = 0 if ! + " /∈ ! ∪ {0}.

Last term we explicitly constructed such a basis for all simple Lie algebras. If g was
simply-laced, all the st ructur e constants in (4) were actually ±1; for Bn, Cn or F4
one also gets ±2Õs;for G2 one also gets ±3Õs.Our explicit constructi on explained
exactl y how to choose the signs, but we usually donÕt really care. For classical
groups we even wrote down exactl y a choiceof Chevalley basis in terms of matr ices
in the natural representations. Let me just state the theorem we therefore have
already proved:

Theorem 1.2. Chevalley basesexist.

Henceforth, we always assumea Þxed choiceof Chevalley basis hasbeen made.
For ! ∈ ! + we often write y! in placeof x# ! . Moreover we write simply xi for x! i

and yi for y! i for each i = 1, . . . , #.

2. K ost antÕsZ-for m

The aim now is to try to try to pass from algebrasover C to algebras(more
importantly to groups) deÞnedover an arbit rary Þeld k, probably of positive char-
acteristi c. To do that we are going to go via the integers. Let gZ be the Z-span
of the Chevalley basis for g. Becauseall the structure constants between elements
of th is basis lie in Z, it follows that gZ is a Lie algebra over Z. Then for a Þeld
k of characteristic p set gk = k ⊗Z gZ. Thus, gk is a k-vector spacewith a basis
{1⊗ h1, . . . , 1⊗ h"} ∪ {1⊗ x! | ! ∈ ! }, and the structure constants for the Lie
bracket on this vector space are the same as before but reduced modulo p.

That was just a warm-up. We actually need a Z-form not for g (th at waseasy)
but for its universal enveloping algebra U(g). Recall by the PBW theorem that
U(g) has a basisgiven by the ordered monomials

ya1
#1

· · · yaN
#N

hb1
1 · · ·hb!

" xc1
#1

· · · xcN
#N
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for all ai , bi , ci ≥ 0, where we have enumerated ! + as {" 1, . . . , " N } in someorder.
Actually you can take any old ordering (mixin g yÕs,hÕsand xÕs),not just the one
I found convenient just now.

Now deÞne UZ to be the Z-subalgebra (= subring) of U(g) generatedby the
elements xr

! /r ! and yr
! /r ! for all ! ∈ ! + and r ≥ 1. This is called the Kostant

Z-form for U(g). The fundamental result about th is is the following.

Theorem 2.1. Assume the basis elements{hi , x! } of g are arranged in some
order. For each choice of r i , s! ≥ 0, form the product in the given order of the
elements '

hi

r i

(
=

hi (hi − 1) · · · (hi − r i + 1)
r i !

and the elementsxs"
! /s ! ! for i = 1, . . . , # and ! ∈ ! . The resulting collection is a

basis for UZ as a free Z-module.

A proof of thi s is written down in §26.4 of [H ], and weÕrenot going to tr y
to give it here. It is quite technical, but elementary. The Þrst step is to prove
that all xs"

! /s ! ! and
) hi

r i

*
actually belong to UZ. Then by the PBW theorem the

given ordered monomials certainly form a C-basis for U(g), so they are linearly
independent over Z. Final ly (and th is is the main step) one has to show that the
Z-span of such monomials is closed under mult ipli cation. Thi s involves proving
many commutation formulas allowing a generalunordered product to be rewritten
asa Z-linear combination of the given ordered monomials. Let me just write down
one typical (and especially useful) example of the sort of thin g you have to prove.
The proof is an inducti on exercise. (In fact thi s lemma is basically enough to
complete the proof of the theorem for sl2.)

Lemma 2.2.
xr

!

r !
ys

!

s!
=

min( r ,s)+

k=0

ys# k
!

(s− k)!

'
h! − r − s + 2k

k

(
xr # k

!

(r − k)!

Now given our Þeld k of characteristi c p again, we can form the algebra Uk =
k ⊗Z UZ. It still has a basisof the sameform as above, and multi plication of basis
elements in Uk is just like in UZ, just by reducing the structure constants modulo
k. If p = 0 then Uk is just the universal enveloping algebra of gk. But th is is
absolutely not the case if p > 0. For exampleUk contains the elements

x(r )
! := 1⊗ xr

!

r !
.

If r < p then x(r )
! = xr

! /r ! (it still makes sense) but as soon as r ≥ p, x(r )
! is a

meaningful non-zero element of Uk, whereas xr
! is simply zero in Uk.

3. A dmi ssibl e lat tice s

WeÕrealsogoing to need Z-forms for Þnite dimensional representations of g. Let
me take the chanceto recap what we know about Þnite dimensional g-modules Þrst.
Every Þnite dimensional g-module is a direct sum of irreducible Þnite dimensional
g-modules (WeylÕstheorem).
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Now let $1, . . . , $" be the fundamental dominant weights. These are deÞned
uniquely by the equations 〈$i , ! j 〉 = %i,j . The weight lattice

P = {! ∈ E | 〈! , ! i 〉 ∈ Z for all i = 1, . . . , #}
is the free Z-module on basis $1, . . . , $" . The set of weights #( V ) of any Þnite
dimensionalg-module V , that is, the set {µ ∈ h" | Vµ ,= 0}, is always contained in
P. Moreover, the Weyl group W acts on P, and

dim Vµ = dim Vw(µ)

for all w ∈ W . The dominant weights are the elements of

P+ = {! ∈ E | 〈! , ! i 〉 ∈ N for all i = 1, . . . , #}.

This is the set of all non-negative integer linear combinati ons of $1, . . . , $" . For
each & ∈ P+ there is a unique (up to isomorphism) Þnite dimensional irreducible
g-module denoted L(&) generated by a highest weight vector of highest weight &.
Moreover, th is vector is unique up to a scalar, becausedim L(&)$ = 1, and all the
other weights of L (&) are≤ & in the dominanceordering. Every Þnite dimensional
ir reducible g-module is isomorphic to L(&) for some such &. In th is way, the
isomorphism classes of Þnite dimensional irreducible g-modules are parametrized
by the set P+ .

Now let us begin the main business of the section. Let V be a Þnite dimensional
C-vector space. By a lattice in V we mean the Z-span of a basisof V . Equivalentl y,
a latti ce in V is a Þnitely generated Z-submodule of V that spans V over C and
whoserank as a free Z-module is no bigger than the dimension of V as a C-vector
space. To seeth is equivalence, note that if VZ is a Þnitely generated Z-submodule
of V , it is automatically a free Z-module with basis v1, . . . , vr . If VZ spansV over
C and r ≤ dimC V , then already v1, . . . , vr spansV over C and by dimension is a
basis for V . Hence VZ is indeed the Z-span of a basis for V .

Definition 3.1. Let V be a Þnite dimensional g-module. By an admissible
lattice VZ in V we mean a lat tice in V that is invariant under the acti on of the
Kostant Z-form UZ.

Lemma 3.2. For any Þnite dimensional g-module V , admissible latt ices exist.
Moreover, if VZ is any Z-submodule of V that is invariant under the action of UZ,
then VZ is the direct sum of its intersections with the weight spaces of V .

Proof. Let VZ be any UZ-submodule of V . Let S denote the Þnite set

{(µ(h1), . . . , µ(h")) ∈ Z" | µ ∈ #( V )}.

Pick an arbitrar y weight & of V and let d = (&(h1), . . . , &(h")). We Þrst claim that
there exists a polynomial f (x1, . . . , x" ) which takes integer values on Z" such that
f (d) = 1 and f (d%) = 0 for all d%∈ S \ {d}. Say d = (d1, . . . , d" ). Consider the
polynomial

",

i =1

'
xi − di + k

k

('
−xi + di + k

k

(
.

It takesinteger valueson Z", f (d) = 1 and it is zero on all the lattice points in the
ÒboxÓcentered at d with edge2k. So if we take k large enough weÕre done. Next
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we claim that in fact the polynomial f (x1, . . . , x" ) just constructed is a Z-linear
combination of the ÒfancyÓmonomials

'
x1

b1

(
· · ·

'
x"

b"

(

for b1, . . . , b" ≥ 0. This is done by some inducti ve argument, seeLemma 26.1 in
[H ]. Finally we can complete the proof. Let u = f (h1, . . . , h" ), where f is the
polynomial constructed in the Þrst claim. The second claim implies that u belongs
to UZ (even to U0

Z). On a vector of weight &, u acts as f (d) = 1, and on a vector of
weight di$erent from &, u acts as zero. Hence, u acts as the projection of V onto
V$. This completes the proof.

Now we can prove the Þrst part. We may assume that V is an irreducible
highest weight module. Let v+ be a highest weight vector. Set VZ = UZv+ .
Since UZ = U#

Z U0
ZU+

Z (th e Z-spans of the divid ed power monomials in the yÕs,
the binomial monomials in the hÕsand the divi ded power monomials in the xÕs,
respectiv ely) we have that VZ = U#

Z v+ . To see this you need to note that a
binomial coe%cient like

) hi
r

*
acts on v+ as an integer, because the highest weight

of v+ belongs to P+ . Now all but Þnitely many monomials in the yÕskill v+ so VZ
is a Þnitely generatedZ-module. Clearly it generatesV over C. It just remains to
prove that the Z-rank of VZ is ≤ dimC V .

Supposenot. Let r be the smallest number of vectors in VZ which are linearly
independent over Z but dependent over C. Say

- r
i =1 ai vi = 0 for ai ∈ C and non-

zero vectors vi ∈ VZ. Pick a weight basis for V containi ng v+ . Working with respect
to thi s basis, it makes senseto talk about the v+ -coe%cient of an arbit rary vector
in V . For some u ∈ UZ, the v+ -coe%cient of uv1 must be non-zero (elsethe C-span
of UZv1 would be a g-submodule of V not intersect ing the highest weight space
V$ which contrad icts irr educibil it y). By the Þrst parapgraph, the v+ -coe%cient of
each uvi lies in VZ, so it is an integral multipl e mi v+ of v+ . So

-
ai vi = 0 implies-

ai (uvi ) = 0 hence
-

ai mi = 0. Therefore

0 = m1

r+

i =1

ai vi − (
r+

i =1

ai mi )v1 =
r+

i =2

ai (m1vi −mi v1).

This contradicts the minimalit y of r . !

Sonow given a Þnite dimensionalg-module V , we can pick an admissible lattice
VZ. This is then a UZ-module. Then we can tensor with k to get a Uk = k ⊗Z UZ-
module Vk = k ⊗Z VZ. The resultin g Uk-module deÞnitely depends not just on V
but also on the particular choice of the admissible lattice VZ. I want to say a li ttle
about this, though actually it is not going to be at all important for where we are
going.

Let us just assume that V is an ir reducible module, and Þx a highest weight
vector v+ in V . We want to consider the possible admissible lattices VZ in V . Up to
rescaling our lattice by a non-zero integer, we may as well assumeVZ ∩ V$ = Zv+ .
Clearly UZv+ = U#

Z v+ ⊆ VZ. Thi s shows that UZv+ is the smallest possible
admissible lattic e wit h VZ ∩V$ = Zv+ . Let us call it V min

Z . On the other hand, the
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largest possible admissible lattice with th is intersect ion is

V max
Z = {v ∈ V | (v, w) ∈ Z for all w ∈ V min

Z }.

The only th ing I need to explain is what the bili near form (., .) on V is: it is
the symmetric bil inear form deÞned uniquely by the properties (v+ , v+ ) = 1 and
(x! v, w) = (v, y! w) for all v, w ∈ V and ! ∈ ! + (why is th is well-deÞned?). Often
th is form is called the Shapovalov form.

The conclusion is that in V = L(&) for &∈ P+ , there are (up to rescaling) two
distin guished Òreductions modulo pÓ,one is V min

k and the other is V max
k , obtained

by tensoring V min
Z and V max

Z with k, respect ively. These reductions modulo p are
known as the Weyl module of highest weight & and the global sections module of
highest weight &. Both of them have the same formal character, given by WeylÕs
character formula just like over C The reason for the latter name is that V max

k is
isomorphic to a certain module H 0(G/B , &) obtained by taking global sections of
a line bundle deÞned by & on the ßag variety G/B associated to g over the Þeld
k. To prove the latt er stat ement requires some algebraic geometry , speciÞcally, a
theorem called KempfÕs vanishing theorem which is a generalization to arbitr ary
characterist ic of the Borel-Bott-W eil theorem. That takes us into the algebro-
geometric theory of algebraic groups which is not the plan.

Let me end this discussion wit h the absolutely smallest example where there is
any content. Take g = sl2(C) and let V be the natural 2-dimensional module on
basis v1, v2. Note v1 is a highest weight vector. The resulting latti ces V min

Z and
V max

Z are both simply equal to Zv1⊕ Zv2, no di$erence: Vk = k ⊗Z VZ is the usual
module of column vectors again.

But if we consider the symmetric square S2(V ) instead, with basis v2
1, v1v2, v2

2
and highest weight vector v+ = v2

1, thi ngs are di$erent:

S2(V )min
Z = U#

Z v+ = Zv2
1 ⊕ Z2v1v2 ⊕ Zv2

2.

The bilin ear form (., .) has (v2
1, v2

1) = (v2
2, v2

2) = 1 and (v1v2, v1v2) = 1
2(f v2

1, v1v2) =
1
2(f v2

1, ev1v2) = 1
2. So the dual lattice

S2(V )max
Z = Zv2

1 ⊕ Zv1v2 ⊕ Zv2
2.

Therefore there is a short exact sequence

0→ S2(V )min
Z → S2(V )max

Z → Z/ 2Z → 0.

Now when we tensor with our Þeldof characteristi c 2 we get a short exact sequence
of Uk-modules

S2(V )min
k → S2(V )max

k → k → 0.

Both S2(V )min
k and S2(V )max

k are 3-dimensional. But they are reducible Uk-
modules: S2(V )min

k is uniserial with a tri vial module at the bott om and a 2 di-
mensional irreducible module at the top, S2(V )max

k is also uniserial with the same
two composit ion factors, but they appear in the reverse order. In fact, S2(V )min

k is
the divided power of Vk and S2(V )max

k is the usual symmetr ic square S2(Vk)...
In fact what you can show here in general is that all reducti ons modulo p of a

Þnite dimensional module V have the same composition factors, but compositi on
factors can appear in di$erent orders depending on the admissible lattice chosen.
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To do that needs more knowledgeof the representat ion theory of Uk, actually it is
something best done at the end not right now at the beginning!

4. The st abi li zer of an admi ssibl e lat tice

As well as the weight lattice P, we will also need the root lattice Q, that is,
the Z-span of ! 1, . . . , ! " inside P. Thus, P and Q are both free abelian groups
of rank #, and Q is a subgroup of P. It follows by general structure theory of
abelian groups that P/Q is a Þnite group. It is called the fundamental group.
More precisely, there exists a basisx1, . . . , x" for P and positive integersd1| · · · |d"
such that d1x1, . . . , d"x" is a basis for Q, and then P/Q ∼= Zd1 ⊕ · · · ⊕ Zd! . To
calculate these,we need to know the tr ansition matri x (mi,j )

! i =
+

j

mi,j $j .

Applyi ng 〈?, ! j 〉, weget that mi,j = 〈! i , ! j 〉, i.e. the transit ion matr ix is exactly the
Cartan matr ix. Now the elementary divisors of th is matri x are exactly the integers
d1| · · · |d" . In part icular, the order of the Þnite group P/Q is the determinant of
the Cartan matrix :

A" : #+ 1;B" , C" , E7 : 2;D" : 4, E6 : 3;E8, F4, G2 : 1.

This is relevant because of the following lemma.

Lemma 4.1. Let V be a faithf ul Þnite dimensional g-module. Let A be the
subgroup of P generated by #( V ). Then, Q ⊆ A ⊆ P, so A/Q is a subgroup of the
fundamental group.

Proof. Let ! be a root. Since V is fait hful, there exists a weight ' of V such
that x! V% ,= 0. Hence ' + ! is also a weight of V . Hence ! belongs to A. Thi s
shows that Q ⊆ A. !

This subgroup A/Q of the fundamental group wil l be an important invariant
later on. Remark: every subgroup of P/Q can be realized by taking some Þnite
dimensionalV .

Now let A be any subgroup of P contain ing Q. Let

hA
Z = {h ∈ h | &(h) ∈ Z for all &∈ A}.

This is simply the dual lattice in h to the latti ce A in h" . So it really is a latti ce in
h. Let

gA
Z = hA

Z ⊕
!

! ! !

Zx! .

Observe that gP
Z is precisely the thin g we called gZ before, because hP

Z = Zh1 ⊕
· · · ⊕ Zh". Also for a Þeld k IÕllwri te

gA
k = k ⊗Z gA

Z

as usual.
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Theorem 4.2. Let VZ be an admissible lattice in a faithful Þnite dimensional
g-module V . Let A be the subgroup of P generated by #( V ). Then,

gA
Z = {x ∈ g | xVZ ⊆ VZ},

the stablizer of VZ in g. In particul ar, gA
Z is an admissible latt ice in the adjoint

module g.

Proof. For any u ∈ U(g) and x ∈ g, we know that

(ad x)n

n!
(u) =

n+

i =0

(−1)i xn# i

(n − i )!
u

xi

i !
.

(This is an inducti on exercise).
Now let L = {x ∈ g | xVZ ⊆ VZ}. The adjoint acti on of g on g makes g into

a U(g)-module, henceby restr icti on it is a UZ-module. The computat ion in the
previous paragraph (applied to any u ∈ L and x = x! ) shows that thi s adjoint
action of UZ on g leaves L invariant. Henceby Lemma 3.3, L is the direct sum of
its intersections with the root spacesof g. Clearly L ∩ h = hA

Z (by deÞniti ons).
It just remains to consider L ∩ g! . Clearly th is contains Zx! ; we need to show

it is no larger. Consider the linear map g! → Ch! , x 1→ [x# ! , x]. Thi s is injecti ve.
Its restriction to L ∩ g! has imagelyin g in hA

Z ∩Ch! (since L is closed under [., .]).
The latt er group is a copy of Z, henceL ∩g! is cyclic too. Since it contains x! , we
can Þnd a generator of the form 1

n x! for some n ≥ 1. We now just need to show
that n = 1. We have that

(ad x# ! )2

2
(
x!

n
) =

x# !

n
.

This lies in L . Hence so does

[
x!

n
, [

x!

n
,
x# !

n
]] = − 2

n3 x! .

This is a multip le of 1
n x! , hencen = 1. !

Remember the possibiliti es for A: the smallest it can be is Q, the largest
is P, in general it can be anywhere in between. Hence, the largest hA

Z can be
is hQ

Z (th e lattice in h dual to the root lattice) and the smallest hA
Z can be is

hP
Z = Zh1 ⊕ · · · ⊕ Zh". Thus, the thin g we called gZ before is actually gP

Z = gmin
Z ,

and this lattice is contained in all other gA
Z Õs,in particular in gQ

Z = gmax
Z .

Take the most trivi al exampleagain: g = sl2. Let V = C2, the natural module.
Then gP

Z is the Z-span of e,h, f , as small as it can be (gZ itself, the span of the
Chevalley basis). On the other hand let V = g, theadjoint module. Then A = Q, as
small as it can be, and gQ

Z is e, 1
2h, f , asbig as it can be. In th is case, P/Q ∼= Z/ 2Z

so theseare the only possibilities...
Now let k be any Þeld. Consider gP

k . Thi s has basis e,h, f with the usual mul-
tip lication table for the Lie algebra sl2(k) (in parti cular h is central in characterisic
2!). On the other hand gQ

k has basis e,t, f where t = 1⊗ (h/ 2). The multip lication
table is

[e,f ] = 2t, [t, e] = e,[t, f ] = −f .
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This is the Lie algebrapsl2(k). It is isomorphic to sl2(k) unlessk is of characteristi c
2. Even in characteristic 2, the Uk-modules sl2(k) and psl2(k) have the same
composition factors, but they appear in di$erent order. These are two di$erent
reducti ons of the adjoint module using two di$erent admissible latti ces.


