CHAPTER 1

Z-forms

1. Chevalley bases

Let us recall some of our long-standing notation. We have bxed a semisimple

Lie algebra g over C with Cartan subalgebrah. We have the Cartan decomposition
I

g=he g

[

where! c h' is the se of roots of g with respect to h, and for each ! ! we have
the corresponding one dimensional root spaceg . We bxabase" = {!4,...,!}
for I, soewery ! €! is either a podtive or a negative linear combination of the
simple roots ! 1,...,!«. Let ! * and!# = —1* be the correponding ses of
postive and negative roots, so! = ! * U! #. Let n* = 111+ 9. Then g has
the triangular decomposition

g=n* ahon*.

The subalgeébra b = h @ n* is a Borel sulalgeba, that is, a maximal solvable
subalgebra of g.

Welet E bethe R-spanof! insideh’, areal vector space with bass! 1,...,! .
The Killing form (.,.) on g is non-degenerate on redriction to h, hence we can
identify h with h" sothat ! € h" corregonds to the unique element t, € h sudh
that (t; ,h) = ! (h) for all h € h. Lift the Kill ing formonhto h" so(! ,") = (t ,ts).
The redriction of this to E givesa real-valued form making E into a Euclidean
space and then | C E is an abstract root system. Always we write (! ,") as

shorthand for 2(;&'#*‘*)). For!," !, (I,") is always an integer, known as a Cartan
integer. In particular, ((!i,!j))1sij s iS the Cartan matrix which is encaded nicely

by the Dynkin diagram, and is the basc invariant determining g up to isomorphism.
The elements

2t
"=
foreadh ! €! are called the coroots. In paﬁli culagwe Ieto}/ai = hy, for short. Then
2

@ €! in E alsoform a root

hi,...,h is a badgs for h. The elements

# %
sysem, called the dual root system, and the elements (,Zl'i,'l) gi =1,....# form

a basefor this. This is how we proved:

LEMMA 1.1 Eachh, is anintegerlinear combination of the elementshy, ..., h-.
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Another basc object is the Weyl groupW . This s the Pnite subgroup of GL (E)

generated by thereRBedions{s, |! €! }, wheres, (") =" —(",!)!. Thus, s isthe
reRedion in the hyperplane H, orthogonalto ! . Actually W is already generated
by the simple reRections sy, ...,s, wheres; = s, for short. The lengthof w ¢ W

is the minimal number r sudch that w= s, ---sj, for some 1 <iy,...,i; <# sud
an expression is called a reduced expresson for w. The Weyl group W is a Coxeter
group. We understood it rather well by thinking of its action on the sg of chamters
in the Euclidean spaceE, that is, the conneded componerts of E\ ,,, Hi.
The last thing to be recalled from last term is the notion of a Chevaley basis

for g. This means a basis {hy,...,h-} U{x; |! € !}, whereh,...,h- are the
elements debred above, ead x; spansg; , and the following relations hold:

(1) [hi,hj]=0;

@) [hi,xi 1= L xs

(3) [x1,x4#1]= h asdebnedabove, in particular it is a Z-linear conbination

of hy,..., hs;
(4) [Xi,xg]l= £(r+ Dxy 4 if ! +" !, where" —rl,... )" ... "+ ¢ is
the! -string through " ;

(5) xi,xxz]l=0if I +" £1 U{0}.
Last term we explicitly constructed such a basds for all simple Lie algebras. If g was
simply-laced, all the structur e constants in (4) were actually +1; for B, Cp or F4
one also gets +20sfor G, one also gets +30sOur explicit construction explained
exadly how to choosethe signs, but we usually don® really care. For classcal
groups we even wrote down exactly a choice of Chevalley bassin terms of matrices
in the natural representations. Let me just state the theorem we therefore have
already proved:

THEOREM 1.2. Chevaley basesexist.

Hencdorth, we always assumea bxed choice of Chevalley basis hasbeen made.
For! €! ™ we often write y, in placeof x4 . Moreover we write simply x; for x;
andy; fory,, foreathi=1,...,#

2. KostantOsZ-form

The aim now is to try to try to pass from algebrasover C to algebras(more
importantly to groups) debnedover an arbitrary beld k, probably of positive char-
acteristic. To do that we are going to go via the integes. Let gz be the Z-span
of the Chevalley basisfor g. Becauseall the structure constants between elements
of this basislie in Z, it follows that gz is a Lie algebra over Z. Then for a beld
k of characteristic p s& gk = k ®z gz. Thus, gk is a k-vector spacewith a basis
{1®hy,....,.1h}u{l®x |! €!}, and the structure congants for the Lie
bradket on this vector space are the same as before but reduced modulo p.

That wasjust a warm-up. We actually need a Z-form not for g (th at was easy)
but for its universal enveloping algeba U(g). Reall by the PBW theorem that
U(g) has a basisgiven by the ordered monomials

ai an b by ¢ CN
y#l...y;‘;"\ll']1 .. hs. X#l...X#N
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for all a;,hb,c > 0, where we have enumerated ! * as{"1,...,"n} in someorder.
Actually you can take any old ordering (mixin g yOshOsand xOs)not just the one
| found convenient just now.

Now debre Uz to be the Z-subalgebra (= suhring) of U(g) generatedby the
elements x{/r ' and y[/r! for all ! € ! * andr > 1. This is called the Kostant
Z-form for U(g). The fundamental result about this is the following.

THEOREM 2.1. Assumethe hasis elements {h;,x; } of g are arrangel in some
order. For each choice of ri,si > 0, form the product in the given order of the
elements C(

hi~ _ hithi —1)---(hj —ri + 1)

I B ri!
and the elementsx;y" /s, ! for i = 1,...,#and! €! . Therealting collection is a
basis for Uz as a free Z-module.

A proof of this is written down in §26.4 of [H], and weQOrenot going to try
to give it here. It isyquite technical, but elementary. The brst step is to prove
that all xi" /s, ! and ?i‘ actually belong to Uz. Then by the PBW theorem the
given ordered monomials certainly form a C-basis for U(g), so they are linearly
independent over Z. Finally (and this is the main step) one hasto show that the
Z-span of such monomials is closed under multiplication. This involves proving
many commutation formulas allowing a generalunordered product to be rewritten
asa Z-linear combination of the given ordered monomials. Let me just write down
one typical (and egecially useful) example of the sort of thing you have to prove.
The proof is an induction exercise. (In fact this lemma is basially enowh to
complete the proof of the theoran for sl,.)

LEMMA 2.2 XUy mm(r'S)ﬂ hh —r —s+ 2k( x| # K
Torrsl o (5K K T — K

Now given our beld k of characteristic p again, we can form the algebra Uy =
k ®z Uz. It still hasa basisof the sameform as above, and multi plication of basis
elements in Uy is just like in Uz, just by reducing the structure constants modulo
k. If p= 0then Uy is just the universal enveloping algebra of gx. But this is
absoluely not the cas if p> 0. For example Uy contains the elements
XI’
x(N= 102
If r < pthen x{" = xi/r! (it still makessense)but assoon asr > p, x{
meaningful non-zero element of Uy, whereas x| is simply zero in Uy.

Dis a

3. Admi ssibl e lat tice s

Wele alsogoing to nead Z-forms for bnite dimensional representations of g. Let
me take the chanceto recap what we know about bPnite dimensioral g-modules brst.
Every bnite dimensional g-module is a direct sum of irreducible Pnite dimensional
g-modules (WeylOgheoram).



4 1. Z-FORMS

Now let $1,...,%$- be the fundamental dominant weights. These are debred
uniquely by the equations ($;,! ) = % . The weightlattice

P={leE|(,li)yeZforalli=1,...,#

is the free Z-module on bass $1,...,$-. The sa of weights #( V) of any bnite
dimensionalg-module V, that is, the set {u € h' |V, # 0}, is always contained in
P. Moreover, the Weyl group W actson P, and

dim V“ = dim VW(U)
for all w € W. The dominant weights are the elements of
P*"={l eE|(!,!i)eNforalli=1,...,4#.

This is the se of all non-negative integer linear combinations of $1,...,%$-. For
eah & € P* there is a unique (up to isomorphism) Pnite dimensional irreducible
g-module denoted L (&) generated by a highed weight vector of highest weight &.
Moreover, this vedor is unique up to a salar, becausedim L (&) = 1, and all the
other weights of L (&) are < & in the dominanceordering. Every bnite dimensional
irreducible g-module is isomorphic to L(&) for some such & In this way, the
isomorphism classes of bnite dimensional irreducible g-modules are parametrized
by theset P*.

Now let us begin the main busines of the section. Let V be a bnite dimensional
C-vector space By alatticein V we mean the Z-span of a basisof V. Equivalently,
a lattice in V is a pnitely generated Z-submodule of V that spansV over C and
whoserank asa free Z-module is no bigge than the dimension of V asa C-vector
space To seethis equivalence note that if V7 is a bnitely generated Z-submodule
of V, it is automatically a free Z-module with badsva,...,v;. If Vz spansV over
Candr <dim¢V, then already vy, ...,v, spansV over C and by dimensionis a
basisfor V. Hence V7 is indeed the Z-span of a basisfor V.

DEerINITION 3.1 Let V be a bnite dimensional g-module. By an admisgble
lattice Vz in V we mean a lattice in V that is invariant under the action of the
Kostant Z-form Uy.

LEmMA 3.2. For any pPnite dimensional g-module V, admissibk lattices exist.
Moreover, if Vz is any Z-submadule of V that is invariant under the action of Uz,
then Vz is the direct sum of its intersections with the weight spaces of V.

PRrOOF. Let V7 be any Uz-submodule of V. Let S denote the Pnite set

{(u(he), ..., u(h)) € Z" [n e #(V)}.
Pick an arbitrary weight & of V and let d = (&(h1),...,&h-)). We brst claim that

there exists a polynomial f (X1, ..., x) which takes integer values on Z" suc that
f(d) = 1and f(d% = 0 for all d< S\ {d}. Say d = (dy,...,d-). Considerthe
polynomial . ¢ (
’ Xi —di +k —Xj+ di + k
k k

i=1
It takesinteger valueson Z', f (d) = 1 and it is zeroon all the lattice points in the
OmxOcentered at d with edge2k. So if we take k large enough weQe done. Next
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we claim that in fact the polynomial f (xy,...,X+) just constructed is a Z-linear
combination of the OancyOmonomials

o0«

X1 X

by b
for by,...,b > 0. This is done by some inductive argument, seeLemma 26.1 in
[H]. Finally we can complete the proof. Let u = f (hy,...,h), where f is the

polynomial constructed in the brst claim. The second claim implies that u belongs
to Uz (even to U2). On a vector of weight &, u actsasf (d) = 1, and on a vector of
weight di$erert from &, u acts as zero. Hence u acts as the projection of V onto
Vs. This completes the proof.

Now we can prove the brst part. We may assime that V is an irreducible
higheg weight module. Let v, be a highed weight vedor. Set Vz = Uzv,:.
Since Uz = Uj U%U; (the Z-spans of the divided power monomials in the yOs,
the binomial monomials in the hOsand the divided power monomials in the xOs,
respedively) we have that,V; = U§ V.. To see this you need to note that a
binomial coe%cient like " acts on v. as an integer, because the higheg weight
of v+ belongsto P*. Now all but bnitely many monomials in the yOsill v. soVs
is a bpnitely generatedZ-module. Clearly it generatesV over C. It just remainsto
prove that the Z-rank of Vz is < dimc V.

Supposenot. Let r be the smalles number of vedorsin Vz which are linearly
independent over Z but dependent over C. Say i':l ajv; = 0 for a; € C and non-
zeo vectors v; € Vz. Pick aweight bassfor V cortaining vy . Working with respect
to this basis, it makes senseto talk about the v, -coe%dent of an arbitrary veador
in V. For some u € Uz, the v, -coe%dent of uv,; must be non-zeo (elsethe C-span
of Uzv; would be a g-submodule of V not interseaing the highes weight space
Vs which contradicts irreducibility). By the brst parapgraph, the v, -coe%dent of
ead uv; liesin Vz, so it is an integral multiple mjvy of v.. So  av; = 0 implies

ai(uvi) = Ohence aym; = 0. Therefore

+I’ +I’ +l‘
0=m; avi—( amjvy= a(myvi — mjvy).
i=1 i=1 i=2

This contradicts the minimality of r. O

Sonow given a bnite dimensionalg-module V, we can pick an admissible lattice
Vz. Thisis then a Uz-module. Then we can tensor with k to ge a Uy = k ®z Uz-
module Vi = k ®z Vz. The reaultin g Ux-module debritely dependsnot just on V
but also on the particular choice of the admissible lattice Vz. | want to say a little
about this, though actually it is not going to be at all important for where we are
going.

Let us just assumethat V is an irreducible module, and Px a highed weight
vedor v. in V. Wewant to consider the possible admissiblelatticesVz in V. Up to
rescaling our lattice by a non-zero integer, we may aswell assumeV; NVg = Zv,..
Clearly Uzv, = U§ V. C Vz. This shows that Uzv. is the smalleg possible
admissble lattice with V2 NV = Zv, . Let uscall it Vzm‘”. On the other hand, the



6 1. Z-FORMS

largest possble admissible lattice with this intersedion is
VI = fv eV | (v,w) € Z for all w e VM"Y,

The only thing | need to explain is what the bilinear form (.,.) on V is: it is
the symmetric bilinear form debned uniquely by the properties (vi+,v+) = 1 and
(xiv,w) = (v,yyw) forall vywe V and! ! * (why is this well-debPned?). Often
this form is called the Shamvalov form.

The conclusion isthat in V = L(&) for & € P*, there are (up to resaling) two
distin guished Oeductions modulo pO,one is V™" and the other is V"3, obtain ed
by tensoring VZmin and V" with k, respeaively. These reductions modulo p are
known as the Weyl module of highest weight & and the glokal sections module of
higheg weight & Both of them have the same formal character, given by Weyl®
character formula just like over C The rean for the latter name is that V" is
isomorphic to a certain module H%(G/B , &) obtained by taking global sections of
a line bundle debred by & on the RRag variety G/B as%ciated to g over the beld
k. To prove the latt er statement requires some algebraic geomery, spedpbcally, a
theorem called Kempf® vanishing theorem which is a generalization to arbitr ary
characteristic of the Borel-Bott-W eil theorem. That takes us into the algebro-
georretric theory of algebraic groups which is not the plan.

Let me end this discussion with the absolutely smallest example where there is
any content. Take g = slo(C) and let V be the natural 2-dimensional module on
basis vy, v2. Note vi is a highest weight vedor. The resulting latti cesVZmin and
V'@ are both simply equal to Zv; @ Zv», no di$erence: Vi = k ®z V7 is the usual
module of column vedors again.

But if we condder the symmetric square S2(V) instead, with basis vZ, vivy, v3
and highest weight vector v, = vZ, things are di$erert:

SA(V)PN = U v, = 2vZ @ Z2vivp @ ZV3.

The bilinear form (., .) has (vZ,v2) = (v3,v3) = 1and (viva, ViVp) = 3(f vZ,vivp) =
1(fvZ,evvp) = 3. Sothe dual lattice

S2(V)I* = ZvZ @ Zvyvo & ZV3.
Therefore there is a short exact sequence
0— S2(V)J'N — S2(V)I& ., 7/2Z — 0.

Now when we tensor with our Peld of characteristic 2 we get a short exad sequence
of Ux-modules
SH V)" — SAV)R* — k — 0.

Both S2(V)" and S2(V)™@ are 3-dimensioral. But they are reducible Uy-
modules: SZ(V)Lnin is uniserial with a tri vial module at the bottom and a 2 di-
mensional irreducible module at the top, S2(V)[" is also uniserial with the same
two compostion factors, but they appearin the reverse order. In fad, SZ(V)[(nin is
the divided power of Vi and S2(V)"@ is the usual symmetric square S?(V)...

In fact what you can show herein general is that all reductions modulo p of a
Pnite dimensional module V have the same composition factors, but composti on
factors can appear in di$erert orders depending on the admissible lattice chosen.
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To do that needs more knowledge of the representation theory of Uy, actually it is
something bed done at the end not right now at the beginning!

4. The stabilizer of an admi ssibl e lat tice

As well as the weight lattice P, we will also need the root lattice Q, that is,
the Z-span of ! 4,...,!« inside P. Thus, P and Q are both free abelian groups
of rank # and Q is a subgroup of P. It follows by general structure theory of
abelian groups that P/Q is a bnite group. It is called the fundamental group.
More precisdy, there exists a basisxi,...,x- for P and positive integersd;| - - - |d-
sudh that dixy,...,d:x- is a basisfor Q, and then P/IQ £ Z4, @ --- ® Zg,. TO
calculate these, we need to know the transition matrix (mj; )

+
Iy = m; $j .
j
Applying (?,! ), wegetthatm;; = (!;,!), i.e. thetransition matrix is exactly the
Cartan matrix. Now the elementary divisors of this matrix are exactly the integers
di|---|d-. In particular, the order of the bnite group P/Q is the determinant of
the Cartan matrix :

A- i #+ 1B+, CoE7:2;D 1 4,Eg: 3;Eg, F4,G2 : 1.
This is relevant because of the following lemma.

LEMMA 4.1. Let V be a faithful Pnite dimensional g-module. Let A be the
sulgroup of P geneiated by #(V). Then, Q C A C P, so A/Q is a subgroup of the
fundamental group.

Proor. Let! bearoot. SinceV is faithful, there exists a weight ' of V sud
that x; Vo, 7 0. Hence' + | is also a weight of V. Hence! beongsto A. This
shavsthat Q C A. O

This subgroup A/Q of the fundamertal group will be an important invariant
later on. Remark: ewvery subgroup of P/Q can be realized by taking some bnite
dimensional V.

Now let A be any subgroup of P containing Q. Let

h? = {h ch|&nh) € Z for all & A}.

This is simply the dual lattice in h to thelattice A in h'. Soit really is a latti ce in
h. Let

= Zx.
Observe that g7 is precisely the thing we called g; before, because hy = Zh; &
... @ Zh«. Also for a beld k 10llwrite
o = koz &

as usual.
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THEOREM 4.2. Let Vz be an admissble lattice in a faithful Pnite dimensional
g-module V. Let A be the subgroup of P geneated by #( V). Then,
9% = {x €glxVz C Vz},
the stabizer of Vz in g. In particular, g@ is an admissible lattice in the adjoint
module g.
Proor. For any u € U(g) and x € g, we know that

(adx)” ~ N i Xn#i Xi
ar (W= :O(_l) n—i" i

(This is an inducti on exercise).

Now let L = {x € g|xVz C Vz}. The adjoint action of g on g makes g into
a U(g)-module, henceby redriction it is a Uz-module. The computation in the
previous paragraph (applied to any u € L and x = x; ) shows that this adjoint
action of Uz on g leaves L invariant. Henceby Lemma 3.3, L is the direct sum of
its intersections with the root spacesof g. Clearly L nh = h’z* (by debniti ons).

It just remainsto consider L N g, . Clearly this contains Zx, ; we nea to show
it is no larger. Consider the linear map g — Chy ,x — [X#1,X]. Thisis injective.
Its restriction to L Ng; hasimagelyingin h2 NCh, (sincel is closel under [.,.]).
The latt er group is a copy of Z, hencelL Nng, is cyclic too. Sinceit contains x; , we
can bnd a generator of the form %x! for somen > 1. We now just need to shav
that n = 1. We have that

(ad x4 )2(X7!) _ X#1
2 n’ n
This liesin L. Hence so does
X1 X1 X# _ 2
[7![?1 n ]]_ nSX! .
This is a multip le of 1x, , hencen = 1. 0

Remenber the possibiliti es for A: the smallest it can be is Q, the largest
is P, in general it can be anywhere in between. Hence, the largest h/z* can be
is h? (the lattice in h dual to the root lattice) and the smallest h% can be is
h? = Zhy @ --- @ Zh-. Thus, the thing we called g; before is adually gf = gJ'",
and this lattice is contained in all other gé()sin particular in gg = gy,

Take the most trivi al exampleagain: g = sl,. Let V = C2, the natural module.
Then ¢f is the Z-span of e,h,f, as small asit can be (gz itself, the span of the
Chevalley bass). On the other handlet V = g, theadjoint module. Then A = Q, as
small asit can be, and gg ise,1h,f, asbigasit canbe. In this case P/Q = Z/2Z
sotheseare the only possibilities...

Now let k be any beld. Consider g¢ . This hasbass e,h,f with the usual mul-
tip lication table for the Lie algebra sly(k) (in particular h is certral in characterisic
21. On the other hand ng hasbagse,t, f wheret = 1® (h/2). The multip lication
table is

[e,f]1= 2t [t,e] = e,[t,f]= —f.
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This is the Lie algebrapsl,(k). It isisomorphic to sly(k) unlessk is of characteristic
2. Even in characteristic 2, the Ugx-modules slz(k) and psl,(k) have the same
compostion factors, but they appear in di$erent order. These are two di$erent
reducti ons of the adjoint module using two di$erent admissible latti ces



