Exer cises on chapter 5

1. LetE! F! K bebeldextensiors. Prove that trdege (K) = trdeg- (K) + tr dege (F).

Let ai,...,an be atranscendencebasefor F over E. Let by,..., by be a transcendencebasefor K
over F. | claim that a;,...,an,b1,..., by isatranscendencebasefor K over E.

First they are algebraically independent. Supposethat f (X1,...,Xn,¥Y1,...,Ym) iSapolynomial with
coe! cientsin E suchthat f (a1,...,an,b1,...,bn) = 0. Theng(y,...,ym) = f(az,...,an,¥1,...,Ym)
isa polynomial with coe! cientsin F which iszerowhen evaluated at by, ..., by . Sinceb, ..., b, are
algebraically independert over F thisimpliesthat g = 0. Now consider the y{* d8&yn™ -coe! cient of
g (which we@e shown is zero). It is the y]* &&éyq™ -coe! cient of f evaluated at x; = a;. Since the
a; are algebraically independent over E this impliesthat all the coe! cients of f are already zero.

Hencef = 0.
Now we just need to show that any ! | K is algebraic over E(ai,...,an,bi,...,bn). Well, K
is algebraic over F(by,...,bn). Hence there exists a non-zero polynomial f (x) ! Fl[by,...,bn][X]
with ! as a root. The coe! cients of f (x) involve only Pnitely many elements si,...,sp of F.
Hence! isalgebraic over E(S1,...,Sp,b1,...,m). Inturn, E(Sz,...,Sp,bn,...,bm) isalgebraic over
E(ai,..., an,b,..., bn), because each s; is algebraic over E(aq, ..., an). Hence (by transitivity of
algebraic extensions) ! is algebraic over E(ai,...,an,by,...,bn).

2. Let F bethe beldQ(xX4,...,X,) (rational functions in n indeterminates over Q). Debre the

elementary symmetric functions
|
& = Xj 1 Xj, a8aXj; .
1! ji<&&j ! n

For instancee; = X3 + X, + &8a+ X, and e, = X1X, &88x,. Let E bethe beldQ(ey,...,&n),
soQ" E" F isatower of beld extensions.

(i) Provethat F is an algebraic extension of E.
(i) Provethat ey,..., e, is a transcendence basefor F over Q. (Sois Xy, ..., Xy, of course).

(i) Wejust needto show ead x; is algebraic over E. Consider the polynomial (x" x1)(x" x2) &a(x"
Xn). When you expand, the coe! cients of x' @ are precisely the elementary symmetric functions
e1,...,en (plus or minus). Sothis polynomial liesin E[x]. Each x; isaroot. Soead Xx; is algebraic
over E.

(ii) Note xi1,...,Xn is a transcendencebase by debnitions, so the transcendencedegree of F over
Q is n. Since there are n elements in the set e1,...,e,, we therefore just need to show that F is
algebraic over Q(e1,...,ey) (i.e. they span...). We did that in (i).

3. Continue with the notation from quedion 2. To do this quedion, youDlineed the review some
facts from the fundamertal theorem of Galois theory from o4.2 of Rotman.
(i) Provethat thepbeldF isthe splittin g beld of the polynomial f (x) = (x# X1)(X# X2) 884(x#
Xn) $ E[Xx].
(i) Let G = Gal(F/E ) be the Galois group of the extensionE " F, i.e. the group of all
peld automorphisms of F that Px the subbeld E pointwise By considering the action of G
on the roots x4, ...,X,, prove that |G| %n!.
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(iii) Provethat G is equal to the symmetric group S, acting on F by permutin g the variables
X1,.++3Xn-

(iv) Prove that Oymmetric functions are rational functions in the elementary symmetric
functionsO. This sertence means: the invariant subbeldF® = {! $ F|g! = ! for all g$ G}
of G acting on F is equal to E.

(v) Provethat [F : E]= nl.
(vi) In thecasn

2 prove that {1,x;} forms a badgs for F as an E-vector space

(vii) In thecasen = 3 provethat {1,x1,X2, X2, X1X2,X2X,} forms a bass for F asan E -vector

space
(viii) Can you bnd a basisfor F asan E-vector spacein general?

(i) Well the polynomial doessplit over F. Sowe just needto show that F = E(X1,...,Xn). Thisis
clear.

(i) The Galois group acts faithful ly on the set of roots of the polynomial f (x). HenceG isa subgroup
of Sp. Hence, |G| # nl.

(iii) We just needto show that each g! S, does debnea unique beld automorphism of F sending X;
t0 Xgciy. Then Sy # G hencethey®e equal by (ii). To do this, start from a map Q[x1,...,xn]$ F
mapping X; t0 Xq(i) (thisis Pnebecausepolynomial algebrais free). Then use the universal property
of the peld of fractionsto seethat it extends to a beld automorphism of F.

(iv) Well, E % F is a Galois extension, so E is the bxed subbell of the Galois group by the
fundamental theorem of Galois theory.

(v) And [F : F€] = |G| hence[F : E] = n! by the fundamental theorem of Galois theory.

(vi) By dimension, we just needto show that they span. We needto write any monomial x‘lsz as
an E-linear combination of 1 and x;. Any symmetric polynomial in x; and x is certainly in E by
(iv). Then

xI = (x] + xT' Txo + &8+ xax)' T+ x5 )Xa(XT X2 + 88" X1X5)

which is (symmetric poly) timesxi minus (symmetric poly). So x7** is a linear combination for all

n & 0. From this you get all xilsz for i & j. But xix}, + x}x5 is symmetric so you now get all for
i # j too...

(vii) See (viii). | didn® try to prove it yet, but it should be something silly like (vi).

(viii) You can take the following set of n! vectors: {x5* &8ax3" |0O# a # n" i}.

. This is a continuation of questions2 and 3... Let S = Q[Xy,...,Xn] be the polynomial ring.
Note the monomials x' = x}* &éx," for all tuples! = (!'1,...,! ) with eadh ! | $ N =

{0,1,2,...} forms a bass for the Q-vector spaceS. So any f(x) $ S can be written as
f(x)= ,.wox $Sforc $Q.

(i) The symmeric group G = S, acts on S by algebra automorphisms permutin g the vari-
ables: gxj = Xgi). Let S® = {x $ S|gx = x forall g $ G} be the ring of symmetric
polynomials. Let eg,...,e, bethe elementary symmetric functions as debred above. Prove
that the subring R = Q[ey, ..., e,] of S is contained in S® and that R &S as Q-algebras.

(i) Debne atotal orderingonthesa N" by declaringthat ! < " if ! 1= "1,...,Vig1 = "jx1
and!; « " for somei = 1,...,n. (This is the lexicographical ordering.) Debre the degree of
f(x)= ,.wax $Sto bethe biggest! $ N" such that ¢, = 0. Provethat the degree
" of any symmdric polynomial satispes", ( ", ( d@a( "n.

(iii) If e,...,e, are the elementary symmetric functions, prove that the degree of g is
(1,484, 1,0,454,0) (i 1Oshen (n# i) 00s).

(iv) Let (#1,...,#2) = ("0# "2,"2# "3,...,"ne1 # "n,"n). Provethat if g(xs,...,Xn) =
x,' &dax," then g(ey,...,ey) is symmetric of degree " .

(v) Prove by induction on degreethat every symmetric polynomial f (x) $ S€ is a polynomial
ine,..., e, i.e. S® = R. This is the fundamental theorem of symmetric polynomials.



(i) Since each e is G-invariant, it is clear that R ' S®. Also we showed last week that ey, ..., e,
was a transcendencebase for the beld extendon Q % Q(X1,...,Xn), in particular e1,...,e, were
algebraically independert. Hence Qles,..., en] £ Q[X1,...,Xn].

@ii) If x* appfearswitb non-zero coe! cient in f (x), chooseg! S, sothat ! 41 & ! g2 & &84& ! gn.
Then x* = x;9" 444x,°" also appears with non-zero coe! cient, and " & ! in the lexicographical
ordering.

(iii) The leading term of g is x1x, daax; of degree(1,1,...,1,0,...,0).

(iv) Think about the biggest monomial when g(ei, ..., en) is expanded. By (iii) it arisesfrom the
term xi1(x1X2)*2 468(x1 &&éxny 1)"n! 1 (x1 888Xn )" = X, 1X,? 888X," . Soits symmetric of degree " .

(v) Proceal by induction on degree. For the induction step, let f (x) ! S®. Pick " maximal so that

x" occursin f (x) with non-zero coe! cient. Note by (ii) that "1 & 484& " .. DePneg(xi,...,Xn) as
in (iv). Thenf(x)" c g(e1,...,en) isalsoin S® and it is of strictly smaller degree so by induction
liesin R. Sinceg(e1,...,en) liesin R too, we deducethat f (x) ! R.

. Let R! S beanintegral extension and assime that S is an integral domain. Prove that R
is a beld if and only if S is a Pbeld.

SeeLemma 6.1.4 from the notes.

. Let Sbeanintegral domainand R " S beaunital subring. Let E " F bethe corresponding
belds of fractions. Assumethat S is a free R-module of rank r. Provethat [F : E] = r too.
Let x1,...,X; be a basis for S as a free R-module. There are natural embeddings of R into E and
S into F. Sowe canview Xi,...,X aselements of F too. | claim that they form a basis for F as
an E-vector space,hence[F :E]=r.

To see this, suppose brst that a;x; + 88a+ arx, = Ofor a1,...,a ! E. Each a is a fraction of the
form pi/q; for pi,q ! R. Multiplying by O ¥ o: &g = g, we deducethat gaix; + &a+ ga, x, = 0.
Each ga; liesin R and the x; were linearly independert over R, hencega; = O for each i. SinceR is
an integral domain that impliesthat a; = 0 for all i. Hence linear independence.

Now to seethat they span, it is obvious that any element ! of F can be written as

aJ_X]_ + é%."’ arXr
bixi + &&a+ b x,

for ai,bb ! R (and the denominator non-zero of course). But we@ in an integral extension, so
X = byxy + &4+ b x, isintegral over R. Therefore x" + c;x"' ! + &8+ c, = 0 for somec ! R with
Xn F 0. Hencex' ! = " ¢, }(x" T + ¢;x™ 2 + 484+ ¢, 1). Each positive power of x liesin S sois
an R-linear combination of X1, ..., Xn. We deducethat x' * is an E-linear combination of X1, ..., Xn
too. Hence! is an E-linear combinati on of x1,...,Xn, and they span.

. Let R and S be asin quegion 4.
(i) Provethat S is integral over R.

(ii) 1t is known that S is a free R-module (I decidedit would take too long to get you to
prove this fact in this exercise soyou should believe it without proof). What is the rank of
S asa free R-module? (Hint: look at the earlier problems!).

(iii) Let 1 betheideal of S generatedby the elementary symmeric functionsey,...,e,, and
let C = S/I bethe quotient algebra,i.e. C = Q[X1,...,Xpl/)€1,...,e* If b,...,b isa
basisfor S as a free R-module, prove that their images8,,...,% in S/l form a Q-basis for
C. Deducethat C is a bnite dimensional commutativ e algebra of dimensionn!.

(iv) Compute the Jacobson radical of C and hence classify all irr educible C-modules up to
isomorphism.

(Remark. Generalizing quedion 7, it canbeshown that theringCz = Z[xy,...,Xn)/)€1,...,&n*
is a free Z-module on bass {x§* &8&xa" |0%a; %n # i}. Thisremarkable ring Cz is isomor-
phic to the cohomologyring H*(F,) of the Rag manifold of an n-dimensional complex vedor
space with multipl ication being cup product...)



(i) Clearly S = R[X1,...,Xn]. It su! cesto show eadch Xx; isintegral over R. But X; is a root of the
monic polynomial (x " x1)8&(x " Xn) ! R[X].

(i) By question 6, giventhat S is a free R-module, its rank is the same asthe degree [F : E] of the
corresponding bPelds of fracti ons which you showed using Galois theory last week was n!.

(iii) Let by, ...,b beabasisfor S as a free R-module (where we know that r = n!). Takex ! S. It
can be written asa;by + 48+ a by for & ! R. Hencew, the imageof x in S/l , ise®, + d8a+ & § .
Now everything in R looks like a constant plus stu" involving & ®, so thingsin R map to scalars in
S/l . Hence w is a Q-linear combination of &,...,8. Thusthey span S/l asa vector space. This
shows that dimg C # nl.

Now things get a littl e harder. The trick is to proceed by induction on degree. Of course, S =
@4 o Su Where Sy is the span of all monomials of degreed (e.g. So isjust the scalars, S; is spanned
by the xi, Sz is spanned by the xix;, ...) In fact this makesS into what is called a graded algebia,
since if you multiply Sy by Se you land up in Sq+e. (Other examples of graded algebras: T(V),
S(V), A(V) for avector spaceV.) | call apolynomial f (x) ! S homogeneous of degree d if d(x) ! Sq.
The quotient C is a quotient of S by an ideal genaated by homogeneous elements, so C inherits a
grading from S with C4 being the image of Sy under the quotient map S! C.

Okay, with that notation, let bi,..., be homogeneouselements of S such that their images in
S/l = C form a basis for C asa vector space.Let T bethe R-spanofby,...,b. Notethat T, being
generated by homogeneous elemerts, is also graded: T = . , Ta Where Tg = T * Sy. I3 show by
induction on d that Tq = Syq. This completesthe proof, for then T = S henceb,...,b span$S as
an R-module, hence (as R is commutative so has IBN) dimg C & nl.

Observe brst aslo = 0 that we certainly have that Top = Sp. Thi s starts the induction. Now suppose
we®@e shown To = So,...,Tar 1 = Sqi 1 and consider f (X)! Sq. We can write

fx)=> ab+> gq
i i

where all of a,h,c,d, are homogeneouspolynomialsin S, a ! R and all the d; belong to R
and are of degree> 0 (so that all ¢ d; belongto |). By induction on degree, all ¢; @ are R-linear
combinations of the b @. Hencef (x) istoo, i.e. f (x) ! T4. We@e done.

(iv) Note that S = @,. , Sa Where Sy is the span of all monomials of degree d. Each e liesin Sj,
so | is a homogeneousideal, i.e. | = @,. ,la Where I4 = | * Sq. Therefore S/l = @y. ; Sd/l 4.
It is Pnite dimensonal so Sy = |4 for d + 0. All thisis compatible with multiplication (the fancy
word is: its a graded algelra): if x ! Sy/l g andy ! Se/l e then xy ! Sg+ell 4+e. Hence @, ; Sa/l «
is a nilpotent ideal. The quotient by thisideal is Q, a semisimple algebra. Henceit is the Jacobson
radical.

Since the Jacobsonradical acts as zero on any semisimple module, the irreducible C-modules are
the same as the irreducible C/J (C) = Q-modules So there® just one irreducible module up to
isomorphism, namely, Q with each » acting as zero.

. In all the remaining questions,F is an algebaically closed bPeld and all algebas are commu-
tative F -algebas.

(a) Prove that any prime ideal in the algebraF|[x,...,X,] is a radical ideal.
(b) For any ideal | of F[xy,...,Xn], prove that
+_ #
| = J
1 %J max
+_
where the intersedion is over all maximal ideals J cortaining |. (Hint: 1 = [(V(l1)).)
(c) For any alne algebra A prove that its Jacobsonradical J(A) is (0).
(@) If I isaprimeideal, the quotient F[X1,...,Xn]/l isanintegral domain. Henceit has no non-zero
zero divisors. Henceit certainly has no non-zero nilpotent elements. If a" ! |, the image of a in the

quotiert ring is nilpotent, hence zero, hencealready a! |. This shows that | is a radical ideal.
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(b) Notethat ! ! V(I) if and only if kerew , | (tautology!). By debnition,

F(V() = {f ! k[X1,...,xa]|f(!)=0forall ! ! V(I)}
{f |f ! kerev forall! ! V()}

= ﬂ ker ev .
L#V (1)

By the Prst remark, the right hand side is (; J where the intersection is over all maximal ideals
(a.k.a. ker ev; @ by the weak Nullstellensatz) containing | .

(c) Say A = K[X1,...,xn )/l for | aradical ideal. By (b), the intersection of all maximal ideals of
k[X1,...,Xn] containing | is egual to |I. Hence by the correspondencetheorem, the intersection of
all maximal ideals of A is equalto 0. Hence J(A) = (0).

. (@) Let X be a topological space and let S be a subset with the subspacetopology. Prove

that S is an irr educible topological space if and only if its closure S in X is.

(b) Let f : X , Y bea continuous map between topological spaces. Let S be an irreducible
subsetof X (i.e. S isirreducible in the subspace toplogy). Prove that f (S) is an irreducible
subsetof Y.

(c) Let A and B bealne algebrasandf : A, B bean algebra homomorphism. Let | bea
prime ideal in B. Provethat f #1(1) is a prime ideal in A. What hasthis got to do with (b)?

(d) Let | be a radical ideal in an aln e algebra A. Prove that | can be expres®d as an
intersedion of bnitely many prime ideals.

(@) Remember closed sets of S are intersections of closad setsin X with S. So saying that S is
irreducible means that if S' P - Q for closed setsP and Q in X, then either S' P orS' Q. If
that @ so for S, its also sofor S by depnition of closure. So S irreducible implies S irreducible.
Conversely if Sisirreducibleand S' P- Q,thenS' P - Q henceeitherS' P or Q, henceS' P
or Q.

(b) Suppose f (S) is reducible, i.e. f(S) ' P - Q for closed subsets P and Q of Y neither of
which contains f (S). Then S' f'Y(P - Q) = f'Y(P)- f' }(Q). These are both closed. Hence
as S isirreducible in X, we have without loss of generalty that S' f'(P). Hencef(S)' P.
Contradiction.

(c) Let P be a primeideal of B. Say ab! f'Y(P). Thenf(a)f(b ! P. Hencewithout loss of
generaity f (a) ! P. Hencea! f'%(P).

This is actually a special case of (b), if you let Y and X be the a! ne varieties corresponding to
A and B and consider the induced map X $ Y induced by the algebra homomorphism A $ B,
remembering that prime ideals correspond to closed irreducible subsets.

(d) Let X bethe a! ne variety corresponding to A. SoV(l) isaclosed setin X. HenceV(l) can
be written asa union C; - 84 C, of irreducible closed subsets of X . Hence, as| is a radical ideal,
I = 1(Cy)* &8&* 1 (Cyn). Each I1(Cj) is a prime ideal since each C; is irreducible.

Let A and B be pnitely generatedalgebras. (Commutati ve and over F, algebraically closed,
of course.) | call aring reduced if it has no non-zero nilpotent elemerts.

(a) If A and B are both reduced, prove that A - ¢ B is reduced too.

(b) If A and B are both integral domains, prove that A - ¢ B is an integral domain. (This
is nealed in classto shaw that the product of two irreducible aln e varieties is irreducible.)

(c) Is C- g C an integral domain?

(@) If you look carefully, this is proved in Example 6.4.1(3) in the notes. Here® a direct proof
without thinking about a! ne varieties Let >\, a . b beanilpotent element of A. B. We may
asume the b are linearly independent. For any homomorphismh : A'$ F, we havethat h. idis
a homomorphism A. B $ B. So) h(a)h isa nilpotent element of B, so it must be zero since B
is reduced. Since the b are linearly independert, this meansthat all h(a;) = 0. This was for all h,
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13.

14.

henceall the & liein the intersection of all maximal ideals of A, which is zero by the Nullstellensatz.
Hence our element was zero, and A . B isreduced.

(b) Letf,g! A. B havefg=0 Writef =37 a. bhandg= 3¢ . d,thesets{h} and {d}
being linearly independert. An argumernt like for (a) using that B is an integral domain then shows
that aj = Ofor alli,j. If a = Ofor all i then f = 0 and we@ done. Else some a; ¥ 0, whenceall
¢ = OasA isan integral domain. Henceg = 0.

(c) NO!'I think 1. 1+i. itimesl. 1" i. i iszero.

Desaibe all irreducible Hausdor" topological spaces.

(a) Points.

Let A and B be aln e algebras. Prove that the maximal ideals of A - ¢ B are all of the form
A- 1+ J- B for | amaximal ideal of B and J a maximal ideal of A. (This is needed in class
to show that the product X . Y of two alne varieties is an alne variety with coordinate
algebra F[X]- ¢ F[Y].) (Hint: it maybe easie& to think in terms of irr educible modules)

Since A. B isabnitely generatedF -algebra (which follows becaus atensor product of F [X1,...,Xn]
and F[y1,...,Ym] isisomorphic to F[X1,...,Xn,Y1,...,Ym]...) We know by the Nullstellensatz that
all its irreducible modules are one dimensonal. Soif M is an irreducible module, its restriction to
the subalgebraA = A. lisan irreducible A-module, say L1, and its restrictionto B = 1. B isan
irreducible B-module, say L. HenceM & L. L, (where the right hand side is the ®bvious®A . B-
module with action (a. b)(I. m) = al. bm). Conversely, all such tensor products are irreducible
A . B-modules This classbesall irreducible A. B-modules To deducethe result about ideals, we
just have to compute the annihilator of L1 . L. Clearly, if | isthe annihilator of L1 in A and J is
the annihilator of L, in B, thenl. B+ A. J annihilatesL1. L,. And A. B/(l. B+ A. J) £
((A. B)((I. B)(I.B+A.J)/(.B)EMI). BI(AI). JE(AI). (B/J) soits one
dimengonal soit is a maximal ideal.

(@) Let X = {(x,y) $ F2|xy = 0}. Show that X is a closed,connected subset of F2 in the
Zariski topology. What are its irreducible componerns?

(b) Show that the Zariski topology on F 2 is not the same asthe product topologyonF . F
arising from the Zariski topology on ead copy of F.

(a) Its closedby debnition. Its irreducible components are V(x) and V (y), since (xy) = (x) * (y)
and (x) and (y) are prime ideals.

(b) In the Zariski topology on F, the proper closel ses are all Pnite. The same is therefore true
for the product topology on F2. But in the Zariski topology on F 2 there are inPnite proper closed
sds...

Let (X,A) be an irreducible alne variety. It can be shown that if f $ A is any non-zero
function, then its zero set V(f) has at leag one irreducible componert Y with dimY =
dimX # 1 (a hypersurface!).

(a) Use this fact to prove that dim X as debned in classis equal to the maximum number
n such that there exists a strictly desendng chain X / X,/ &al/ X, = ! of closd
irreducible subsds. (This is the usual debnition of dimension of an irreducible noetherian
topological space).

(b) Prove that dim X asdebned in classis equal to the maximal number n such that there
exists a strictly increasing chain (0) = P, " a&" P, " A of primeidealsin A. (Thisis the
usual debnition of the Krull dimension of an integral domain).

(a) In class we proved that if Y is a proper closal irreducible subset of X and X is an irreducible
al! nevariety, then dimY < dim X . Henceif there is such a chain you get that dim X # n.

Conversely, by the given fact, you can bnd a chain where eac is codimension 1 in the previous
subspace. SodimX & n.



(b) This is exactly the same statement rephrased using algebra instead of geometry, using the
Nullstellensatz and the fact that irreducible closeds correspond to prime ideals.



