Chapt er 4

Al gebras

4.1 DebPnition

It istime to introducethe notion of an algebra over a commutativ ering. Solet R be a commutativ e
ring. An R-algebr is aring A (unital asalways) that is an R-module (left, say) such that

r(ab) = (ra)b= a(rb)

forallr e R,a,be A. Youcan say it the other way round: an R-algebrais an R-module equipped
with an R-bilinear multip lication R x A — A making it into a ring. Thus, this multip lication
satispesthe conditions

(A1) 1za= g

(A2) (r+s)a=ra+ sa;
(A3) r(a+ bh=ra+rh;
(A4) (rs)a= r(sa);

(A5) r(ab) = (ra)b= a(rb)

forallr,s € R,a,bc A. (Note strictly speaking | should call this an Oassaiative, unital R-algebraO
Dthere are other important sorts of algebra which are not assciative B but since we won® meet
them in this courselQl just stick to algebra)

Note a Z-algebrais just the old debrition of ring: (Z-algebras= ringsQjust as (Z-modules =
Abelian groupsO. So you shoud view the passage from rings to R-algebras as analogous to the
passagefrom Abelian groups to R-modules! This is the idea of studying objects (e.g. Abelian
groups, rings) relative to a bxed commutati ve basering R.

There is an equivalent formulation of the deprition of R-algebra: an R-algebrais a ring A
together with a disti nguished ring homomorphism (the Ostucture mapO)

s:R—A

sud that the image of s liesin the center Z(A) = {a € A |ab= bafor all be A}. Inded, given
such a ring homomorphism, debre a multi plication R x A — A by (r,a) — s(r)a. Now check
this satispesth e above axioms (A1)D(A5) (the lag one being becauseims C Z(A)). Conversely,
given an R-algebra as debned originally, one obtains a ring homomorphism s : R — A by debring
s(r) = r14, and the imageliesin Z(A) by (A5).

Let A be an R-algebra. Then, given an A-module M, we can in particul ar think of M as just
an R-module, debning rm = s(r)m for r € R,m € M. So you can hope to exploit the additi onal
structure of the base ring R in studying A-modules. In particular, if R = F is a beld and A is
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98 CHAPTER 4. ALGEBRAS

an F-algebra, A and any A-module M is in particular a vector spaceover F. So we can talk
about Pnite dimensional F-algebias and bnite dimensional modules over an F-algebra, mearing
their underlying dimension as vedor spacesover F.

Note given A-modulesM , N, an A-module homomorphism between them is automatically an R-
module homomorphism (for the underlying R-module structure). However, it is not necessarily the
cas that a ring homomorphism between two dile rent R-algebrasis an R-module homomorphism.
So one debnesan R-algebra homomorphism f : A — B between two R-algebras A and B to
be a ring homomorphism in the old sense that is in addition R-linear (i.e. it is an R-module
homomorphism too). Ring homomorphisms and R-algeba homomorphisms are di! erent thingd

Now for examples Actually, we already know plenty. Let R be a commutati ve ring. Then, the
polynomial ring R[X4,...,X,] is evidently an R-algebra: indeed, R[X,...,X,,] contains a copy
of R asthe subring consisting of polynomials of degreezero.

The ring M,,(R) of n x n matrices over R is an R-algebra: again, it contains a copy of R
as the subring consisting of the scalar matrices. But note there is a big di'e rence between this
and the previous example: M ,(R) is Pnitely genemted as an R-module (indedd, it is free of rank
n?) whereasR[X1,...,X,] is not. In caseF is a beld, M,,(F) is a Pnite dimensional F -algeba,
F[X1,...,X,]is not.

For the next example, let M be any (left) R-module. Consider the Abelian group

Endz(M).

We make it into a ring by deming the product of two endomorphisms of M simply to be their
composition. Now | claim that Endgr(M) isin fact an R-algebra: indeed, we debre r! for r €
R,! € Endr(M) by sdting

(rt)(m) = r(t(m))(= ! (rm))
for all m € M. Let us check that r! really is an R-endomorphism of M. Take another s € R.
Then,

s((r!)(m)) = sr(!(m)) = ' (srm) = ! (rsm) = (r!)(sm).

Note we really did use the commutativi ty of R!

We can generalze the previous two examples. Supposenow that A is a (not necessarily conm+
mutativ e) R-algebra and M is a left A-module. Then, theringD = End (M) is also an R-algéebra,
deming (rd)(m) = r(d(m)) forallr e R,de D,m e M.

For the bnal example of an algebra, let G be any group. Debre the group algeba RG to bethe
free R-module on bads the elements of G. Thus an element of RG looks like

I
ryg
g' G

for coe'c ientsr, € R all but bnitely many of which are zero. Multi plication is dePred by the rule
n $ & '
! ! !
# g% syh = r,sn(gh).
g!' G h! G g,h! G

In other words, the multi plication in RG is induced by the multiplication in G and R-bilinearity.
Note the RG cortains a copy of R as a subring, namdy, R1, sois certainly an R-algebra. The
constructi on of the group algebra RG allows the possibility of studying the abstract group G by
studying the category of RG-modules B so module theory can be applied to group theory. Note
Pnally in caseG is a bnite group and F is a beld, the group algebra F G is a bnite dimensional
F -algeba.
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4.2 Some multilinear algebra

Let F be a beld (actually, everything here coud be done more generaly over an arbitrary com-
mutativ e ring, e.g. Z Dbut letOsstick to the caseof a beld for simplicity). Given a vector space V
over F, we have debnedV ® V (meaning V ®r V). Hence we have (V®V)®V andV @ (V ® V).
But these two are canorically isomorphic, the isomorphism mapping a generator (u ® v) ® w of the
brst to u® (v@w) in the second. From now on weOlidentify the two, and write simply V @V ®V
for either. More generaly, weOlwrite T™*(V) for V @ --- ® V (n times), where the tensor is put
together in any order you like, all dile rent ways giving canonically isomorphic vector spaces. Set

T(V)= ( T™(V)
n" 0

and call it the tensor algebra on V. Note T°(V) = F by convention, just a copy of the ground
beld, and TY(V) = V. Then, T(V) is an F -vector spacegiven, but we can debre a multip lication
on it making it into an F-algebra as follows: debne a map

T™V) x THV) - T™™V)=T™V)2T"(V)
by (x,¥) — X ® y. Then extend linearly to give a map from T(V) x T(V) — T(V). Since ® is
asgciative, the resultin g multip lication is associative, and T(V) is an F -algebra.
To be quite explicit, supposthat e; (i € 1) is a basisfor V. Then,

{eil®ei2®"'®ein

nZO,il,...,in/El}

gives a bass of OrmonomialsOfor T(V). Multiplication of the bads elements is just by joining

tensorstogeher. In other words, T(V) looks like Onorcommutative polynomialsOin the e; (i € 1)

D an arbitrar y element being a linear combination of bnitely many non-commutin g monomials.
The importance of the tensor algebrais as follows:

Univ ersal property of the tensor algebra. Given any F-linear mapf : V — A to an F-
algeba A, there is a unique F -linear ring homomorphism 2: T(V) — A such that f = %, where
i :V — T(V) is theinclusion of V into T(V) c T(V).

(Note: this universal property could be taken asthe debrition of T(V)!)

Proof. The vedor spaceT (V) isdebnedby the following universal property: given a multil inear
mapf, : V x --- x V (n copies) to a vedor spaceW, there exists a unique F-linear map 9, :
T™(V) — W sud that f, = ¥ 0i,, wherei,, is the obviousmapV x---xV — T"(V). Now debre
themap f,, sothat f,(v1,V2,...,V,) = f (Vo)f (v2)...f (v,,) (multip lication in the ring A). Chedk
that it is multilin ear in the v;, sinceA is an F -algebra. Hence it induces a unique 4, : T*(V) — A.
Now debre f4: T(V) — A by glueing all the 4, together. In other words, using the basis notati on
above, we have that
He, ©---@e,)=f(e,)f (e,)...T(e,)

Thisisan F-linear ring homomorphism, and is clearly the only option to extend f to suc athing.
]

We can restate the theorem as follows: Let X beabassof V. Then, givenany set map f from
X to an F-algebra A, there exists a unique F-linear homomorphism f2: T(V) — A extending f
(proof. extendthemap X — A to alinear mapV — A in the unique way then apply the theorem).
In other words, T(V) plays the role of the Gree F-algeba on the set XQ Then you can debre
algebras by Ogeneratorsand relationsObut we wonOtgo into that...

Next, we cometo the symmetric algebra on V. Continue with V being a vector space. WeQll
be working with V x --- x V (ntimes). Call a map

f:Vx---xV-—-W
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a symmetric multil inear map if its multil inear, i.e.

f(ve,...,ov+ AVE L v,) = f (Vo e, Vi, V) + CF (Ve VE L)

7

for each i, and moreover
f(vli"'!viyvi+l|---yvn) = f(vlal--lvi+livi1"'lvn)

for each i (so its symmetric). The symmetric power S™(V), togeher with a distinguished map
i:Vx-.-xV — S™(V), is characterized by the following universal property: givenany symmetric
multi linear mapf : V x --- x V — W to a vector spaceW, there exists a unique linear map
0. S"(V) — W sud that f = Poi. Note this is exactly the same universal property as debred
T™(V) in the proof of the universal property of the tensor algebra, but weOs added the word
symmetric too.

As usualwith universalproperties, S™(V), if it exists, is unique up to canorical isomorphism (so
we call it OtheGymmetric algebra). Still, we needto prove existence with somesort of constructi on.
So now debre

S™(V) =TV ,

where
|n: <V1®"'®Vi®vi+l R QVy, — VI Q- @ Vi1 ®Vi®"'®vn>

is the subspace spanned by all such terms for all v4,...,v,, € V. The distinguished map i :
V x---xV — S*"V) is the obviousmap V x --- x V — T"(V) followed by the quotient map
T™(V) — S™(V). Now take a symmetric multilin ear mapf :V x --- xV — W. By the universal
property debring T"?(V), thereis a unique F-linear map ¥ : T*(V) — W extending f . Now since
f is symmaeric, we have that

Vi® - @ViQVis1 @ QVp, —V1Q - ®Vis1 @V; @+ ®V,) = 0.

Hence 94 annihilates all generators of I ,,, henceall of I,,. Sofq factors through the quotient S™(V)
of T*(V) to induce a unique map #: S*(V) — W with f = Poi. Note we have really just used
the univeral property of T" followed by the universal property of quotients!

So now weQe debred the nth symmetric power of a vedor space. Note its customary to denote
theimagein S™(V) of (v1,...,V,) €V x --- x V under the mapi by vy ----- V. SOvy - .- Vv, is
theimageof v; ® - -- ® v,, under the quotient map T™(V) — S™(V).

We can glue all S™*(V) together to debre the symmetric algeba on V:

aw:( S™(V)
n" 0

where again S°(V) = F,S(V) = V. Since eah S*(V) is by construction a quotient of T*(V), we
see that S(V) is a quotient of T(V), i.e.

S(V) = T(V)/

wherel = ) » oln- | claimin fact that | is anideal of T(V), sothat S(V) isactually a quotient
algebra of T(V). Actually, | claim even more, namely:

4.21. Lemma. | is the two-sided ideal of T(V) genesated by the elementsv @ w —w ® v for all
V,weV.

Proof. Let J bethetwo-sidedideal generatedby the given elements. By debnition, | is spanned
as an F -vector spaceby terms like

VIQ: @V @Visg @ @Vp —V1 Q- @Virg @V @+ @V =
Vi@ @Vig1 @ (Vi @Virn — Virg @ Vi) @ Visg @ -+ @ V.
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Thisclearly liesin J, hencel C J. On the other hand, the generators of the ideal J liein |, so it
just remains to shaw that | is a two-dded ideal of T(V). Since T(V) is spanned by monomials of
theformu=u; ® --- ®u,,, it su"c esto check that for any generator

VEVI® - QV;®Visg Q- QQVy, — VIR - QVipg OV, Q-+ QV,

of I, we have that uv and vu both lie in I . But that® obvious! 0

The lemma shows that S(V) really is an F-algebra, as a quotient of T(V) by an ideal. Multi -

plication of two monomialsvy - ----v,,, and wy - ----w, in S(V) is just by concatenation giving
\ZREEEE Vi - Wq - ve e w,,. Moreover, since - is symmetric, we can reorder this aswe likein S(V) to
see that

Vg oo Vi *Wyp - oo =Wy = W - - - - W, Vi V.

Hence since these OpueQOelenmerts (the images of the pure tensors which generate T(V)) span
S(V) asan F-vector space, we seethat S(V) is a commutative F -algebra. Note not all elements
of S(V) can be written asvy - --- - V., Just asnot all tensorsare pure tensors.

The symmetric algebra S(V), together with the inclusionmapi : V — S(V), is characterized
by the following universal property (compare with the universal property of the tensor algebra):

Univ ersal property of the symm etric algebra. Givenan F-linear mapf :V — A, where A
is a commutative F-algebm, there exists a unique F-linear homomorphismf?: S(V) — A such
that f = foi.

Proof. Since A is commutativ e, the map ¥ : T(V) — A given by the universal property of the
tensor algebra annihilates all elements vow —w ®@ v € T?(V). These generatethe ideal | by the
preceeding lemma. Hence 4 factors through the quotient S(V) of T(V). O

Now suppose that V is bnite dimensional on basisey,...,e,. Then, we@e seen S(V) before!
Indeed, let F[xy,...,X,] be the polynomial ring over F in indeterminates X1, ...,X,,. The map
e, — X; extendsto a unique F-linear map V — F[Xy,...,X,,], hencesince the polynomial ring is
commutati ve, the universal property of symmetric algebras givesus a unique F -linear homomor-
phism S(V) — F[X1,...,Xm].

Now, S(V) is spanned by the imagesof pure tensorsof the form g;, ® - -- ® e; . Moreover, any
such can be reorderedin S(V) using the symmetric property to assumethat i; <--- <i,. Hence,
S(V) is spamed by the ordered monomials of the form e;, ...e; foralli; <-.-<i,andalln > 0.
Clearly, such a monomial mapsto x;, ...x;, inthepolynomial ring F[X1,...,X,,]. But weknow (by
debprition) that the ordered monomials give a basisfor the F -vector space F [X4,...,X,,]. Hence,
they must in fact be linearly independert in S(V) too, and weOe constructed an isomorphism:

Basis theorem for symm etric powers. Let V be an F-vector space of dimension m. Then,
S(V) is isomorphic to F[x,...,X;,], the isomorphism mapping a basis element e; of V to the
indeterminate x; in the polynomial ring. In particular, S™(V) hasbasis given by all ordered mono-
mials in the basis of the form

eil ..... ein

with 1<i; <~ <i,, <m.

In this language,the universal property of symmer ic algebrasgivesthat the polynomial algebra

F[X1,-..,Xm] is the free commutative F-algeba on the generators Xy, ..., X,,. Note in particular
that if V is bnite dimensioral, say of dimenion m, the basistheorem implies
* +
. m+n-1
dimS”(V) = N

(exercise!).
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The lag important topic in multilinear algebra | want to cover is the exterior algebra. The
constructi on goesin much the sameway asthe symmetric algebra, however unlike there we do not
have a known objed like the polynomial algebrato compare it with B sowe have to work harder
to ge the analogousbasistheorem to the bass theorem for symmetric powers.

Start with V being any vector space. Debre K to be the two-sided ideal of the tensor algebra
T(V) generated by the elements

{x@x|xeV}

Note that
(VFwWV+w)=veVt WVt VRw+ W w.

So K also contains all the elements {vew+ w® Vv |v,w €V} automatically. Debne the exterior
(or Grassmann) algebra ' (V) to be the quotient algebra

(V) = T(V)K .

wellwrite vi A --- A v, for the imagein ' (V) of the pure tensorvy @ ---®Vv,, € T(V). So, now
we have Oari-symmetricO properties like:

ViA- AV AVA...V, =0

and
VIA AV AVier AoooVp = —=Vi A= AVier AV ALV,
Since theideal K is generatedby homogeneows elements, K = ) o Kn WhereK,, = KN T™(V).
It follows that (
(V) = (V)
n" 0

where’ "(V) 2 T*(V)/K ,, is the subspace spanned by the images of all pure tensors of degree n.
weQlcall * "(V) the nth exterior power.
The exterior power * "(V), together with the disti nguished map

iV x-oxV =" V), (Vi oo o) Vi) VLA - AV,

is characterized by th efollowing universalproperty. First, call amultlin ear mapf : Vx---xV — W
to a vector space W alternating if we have that

f(Vi,.. ViV, .00, V) = 0

whenewr v; = v,y for somej. Themapi:V x---xV — " "V is multil inear and alternating.
Moreover, given any other multilin ear, alternating mapf :V x---xV — W, there exists a unique
linearmap @:" "V — W sud that f = #oi. The proof isthe sameasfor the symmetric powers,
you shoud compare the two constructions! Using this all important universal property, we can
now prove:

Basis theorem for exter ior powers. SupmsethatV is bnite dimensional, with basisey, ..., e,,.
Then, " "(V) has basis given by all monomials

e, N--Ag,

for all sgguenesl1<i; < ---< i, <m. In particular,
* 4
. m
dim’ "(V) = N

and is zem for n > m.
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Proof. Since ' "(V) is a quotient of T™(V), we certainly have that ' "(V) is spanned by all
monomialse;, A--- Aeg;, . Now using the antisymmetric properties of A, we get that it is spanned
by the given strictly ordered monomials. The problem is to prove that the given elements are
linearly independert. For this, we proceead by induction on n, the cae n = 1 being immediate
since’ (V) = V. Now considern > 1.

Letfq,...,f, bethebadsfor V*dual to thegivenbasse,...,e, for V. Foreahi = 1,...,n,
we wish to debne a map F; " "(V) — ' "*}(V). Start with the multili near, alternating map
B:V x--xV ="' "YV) debred by

In _
@(vy,...,V,) = (1Y Fi(Vi)VIA - AVjg1 AVjsr A AV,
j=1

Its clearly multi linear, and to check its alternating, we just neel to see that if v; = v;.1 then:

BVe, . V5 Vet V) = (1) (V)VEA - AVjar A AV +
(71)j+1fi(Vj+1 Wi A AV N ANV,

which is zero. Now the univeral property of ' givesthat ¥ induces a unique linear map F; :
RV )
Now we show that the given elements are linearly independert. Take a linear relation
!
Ajy,in€in A NG, = 0.

i1 <A@&lip

Apply thelinear map F1, which annihilates all e; except for e; by debniti on. We get:
!
Q1,ip,....in€0 N N€, = 0.
1<ip <aé@in

By the induction hypothesis, all sudh monomials are linearly independent, henceall a; ;, .. ;, are
zero. Now apply F» in the same way to get that all ay,, .. ;, are zero,etc... O

n

Now letOdocus on a spedal case. Supposethat dimV = n and consider’ " V. Its dimension
by the theorem, is Z' = 1, and it has bads just the element e, A--- Ae,. Letf :V —V bea
linear map. Debne

P:Vx-.-xV—=""V)

by v1,...,v,) = f (Vi) A--- AT (V). One easily cheds that this is multi linear and alternating.
Hence it inducesa unique linear map wed denote

ATE V) = (V).

But ' "(V) is one dimensional so such a linear map is just multi plication by a scalar. In other
words, there is a unique scalar which we@ call detf determined by the equation

f(er) A---Af(e,) = (detfleg A--- Ae,.

Of course, det f is exactly the determinant of the linear transformation f. Note our depriti on of
determinant is basis free, always a good thing.
You can seewhat weOrealling detf is the same as usual, as follows. Supposethe matrix of f
in our bxed badsis A, debred from
!
f (ej) = Ai,je,».

%
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Then,

f(er)n---nf(e,) = A 1A 2. A nB Ao A8

15eenin

nt

Now terms on the right hand side are zero unlessall iq,...,i, are distinct, i.e. (i1,...,i,) =
(01,02,...,gn) for somepermutation g € S,,. So:
!
f (el) Ao AT (en) = Agl,lAgZ,Z . .Agn)negl VANRERIAN €yn-
g! Sn

Finally, ;1 A --- A ey, = sgn(g)er A - - - A &, where sgn denotes the sign of a permutation. So:

!
f(e)A---Af(ey) = SgN@A1,1A22 - Agnn€ A+ A€y,
g! Sn

Thi s shows that |
detf = sgn(g)Agl,lAgz.Q .. -Agn,n
g' Sn

which is exactly the usud OLapace exparsionOdebrition of determinant.
HereOs Pnal result to illustrate how nicely the universal property debriti on of determinant
givesits properties:

Mu Iti plicat ivit y of determinant. For linear transformationsf,g:V — V, we havethat
det(f o g) = detf detg.
Proof. By debprition, A™[f o g] is the map uniquely determined by

(A"[f od(vi A== AvR) = £(g(va)) A AT(G(VR))-

But A"f o A™g also satisbesthis equation. So, A"(f o g) = A"f o A”g. The left hand side is scalar
multi plication by det(f o g), the right hand side is scalar multip lication by detf detg. O

4.3 Chain conditions

Let M be a (left or right) R-module. Then, M is called Noetherian if it satisbes the asending
chain condition (ACC) on submodules This meansthat every ascending chain

MiCM,CMzC...

of submodules of M eventually stabilizes,i.e. M,, = M,.,; = Mo = ... for su"ciently largen.
Similarly, M is called Artinian if it satisPesthe des@ending chain condition (DCC) on submod-
ules. Soevery descending chain
M1 D2M22OM3D...

of submodules of M eventually stabilizes,i.e. M,, = M,:1 = M, = ... for su"ciently largen.

A ring R is called left (resp. right) Noetherian if it is Noetherian viewed as a left (resp. right)
R-module. Similarly, R is called left (resp. right) Artinian if it is Artinian viewed as a left (resp.
right) R-module. In the case of commutati ve rings, we can omit the left or right here, but we
cannot in general as the pathological examples on the homework show.

In this chapter, we@ mainly be concenedwith the Artinian property, but it doesnOmake sense
to introduce one chain conditi on without the other. We will discussNoetherian ringsin detail in
the chapter on commutativ e algebra. By the way, you should think of the Noetherian property
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as a quite weak bniteness property on a ring, whereasthe Artini an property is rather strong (see
Hopkin® theorem below for the justibcation of this).

We already know plenty of examples of Noetherian and Arti nian rings. For instance, any PID is
Noetherian (Lemma 2.4.1), but it neednot be Artinian (e.g. Z is not Artinian: (p) D (p?) D ... is
an inpnitely desending chain). The ring Z,~ for p prime is both Noetherian and Artinian: indeed,
here there are only bnitely many idealsin total, the (p’) for 0 <i <n.

The main source of Artinian rings is as follows. Let F be a Pbeld and supposethat R is an
F-algebra. Then | claim that every R-module M which is bnite dimensional as an F -vector space
is both Artinian and Noetherian. Well, R-submodules of M are in particular F-vector subspaces.
And clearly in a bPnite dimensioral ved or space,you cannot have inbnit e chains of proper subspaces
So bnite dimensionalty of M does the job immediately!

In particular, if the F-algebraR is bnite dimensional as a vector spaceover F, then R is both
left and right Arti nian and Noetherian. Now you seewhy Pnite dimensional algebras over a beld
(e.g. M, (F), the group algebra F G for G a bnite group, etc...) are particularly nice things!

4.31. Lemma. Let0 — K — M =5 Q — 0 be a short exact sequene of R-modules. Then
M is Noetherian (res. Artinian) if and only if both K and Q are Noetherian (resp. Arti nian).

Proof. 1 just prove the result for the Noetherian property, the Artinian case being analogots.
First, supposeM satisbes ACC. Then obviously K does asit is isomorphic to a submodule of M .
Similarly Q does by the lattice isomorphism theorem for modules.

Conversdy, supposeK and Q both satisfy ACC. Let M; C M, C ... be an ascending chain of
R-submodules of M. Set

K; = i*1(i(K)nM,), Qi = "(My).

Then, K; C K, C ... is an asending chain of submodules of K, and Q; € Q, C ... is an
asending chain of submodules of Q. So by assumption, there exists n > 1 such that Ky = K,
and Qy = Q,, for all N > n. Now, we have evidert short exad sequences

OHKn*)Mng)Qn*)O

and
0—Ky—My—Qy—0

foreach N > n. Letting# : K, - Kxn,$: M, - My and %: Q,, — Qu be the inclusions, one
obtains a commutativ e diagram with # and %being isomorphisms. Then the bve lemma implies
that $ is surjective, hence My = M, for all N > n asrequired. O

4.32. Theor em. If R is left (resp. right) Noetherian, then every bnitely genewrted left (resp.
righty R-module is Noetherian. Similarly, if R is left (resp. right) Artinian, then every bnitely
geneated left (resp. right) R-module is Artinian.

Proof. LetOsdo this for the Artin ian case the Noetherian case being similar. So assime that
R is left Artinian and M is a bnitely generatedleft R-module. Then, M is a quotient of a free
R-module with a bnite basis Soit su"cesto show that R&™ is an Artini an left R-module. We
proceed by induction on n, the casen = 1 being given. For n > 1, the submodule of R&™ spanred
by the brst (n — 1) bass elements is isomorphic to R&("$1 and the quotient by this submodule
is isomorphic to R. By induction both R&("®1) and R are Artinian. Hence, R&" is Artinian by
Lemma4.3.1. 0O

The next results are spedal ones about Noetherian rings (but seeHopkinOgheorem below!)

4.33. Lemma. LetR be a left Noetherian ringand M be a bnitely geneiated left R-module. Then
every R-submalule of M is also Pnitely geneated.
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Proof. By Theorem 4.32, M is Noetherian. Let N be an arbitrary R-submodule of M and let
o/ be the sa of bnitely generated R-submodules of M contained in N. Note </ is non-empty as
the zero module is certainly there

Now | claim that &/ contains a maximal element. Well, pick M, € &7. If M1 is maximal in <7,
we are done. Else, we can bnd M, € & with M; D M,. Repeat. The proces must terminate, else
we construct an inbnite ascendng chain of submodules of N C M, corntr adicting the fact that M
is Noetherian. (Warning: aswith all such argumerts we have secetly appealed to the axiom of
choice here!

So now let N# be a maximal element of o. Say N*#is generated by m4,...,m,,. Now take
any m € N. Then, (my,...,m,, m) is a bnitely generated submodule of M contained in N and
containing N*. By maximality of N* we therefore have that

N#: (mll' --rm’n!m)!

i.e. m € N*. This showsthat N = N¥ henceN is bnitely generated. 0O

4.34. Coroll ary. Let R be aring. Then, The following are equivalent:
(i) R is left Noetherian;
(ii) everyleft ideal of R is Pnitely gererated,;

(Similar statements hold on the right, of course).

Proof. (i)=(ii). This is a special cas of Lemma 4.3.3, taking M = R.

(ii)=(). Letl, C 1, C... beanasending chain of left idealsof R. Then, | = . I, isalso
a left ideal of R, hence bnitely generated, by a,...,a,, sa. Then for somesu'ciently largen, all
ofa,...,a, lieinl,. Hencel, = | and R is Noetherian. 0O

Now you see that Bfor commutativ e rings D Noetherian is an obvious generalzation of a PID.
Instead of insisting all ideals are generated by a single element, onehasthat every ideal is generated
by Pnitely many elemerts.

4.4 \Wedderburn structure theorems

Now we have the basc languageof algebras and of Artin ian rings and modules, we can begin to
discussthe structure of rings. The Prst step is to understand the structure of semisimple rings.
Reall that an R-module M is simple or irreducible if it is non-zero and has no submodules other
than M and (0).

Schur @ lemm a. Let M be a simple R-module. Then, Endz(M) is a division ring.

Proof. Letf : M — M be a non-zero R-endomorphism of M. Then, kerf and imf are both
R-submodulesof M, with kerf # M and imf # (0) sincef is non-zero. Hence, sinceM is simple,
kerf = (0) and imf = M. This showsthat f is a bijection, hence invertible. 0O

Throughout the section, we will also develop parallel but str ongerversionsof the results dealing
with bnite dimensional algebras over algebraically closed Pelds (recall a beld F is algebraically
closed if every monic f (X) € F[X] hasaroot in F).

Relati ve Schur @ lemm a. Let F be an algebrically closal beld and A be an F-algeba. Let M
be a simple A-module which is bnite dimensional as an F-vector space. Then, Endg(M) = F.

Proof. Letf : M — M be an A-endomorphism of M. Then in particular, f : M — M is an
F -linear endomormphism of a bnite dimensiond vedor space Since F is algebraically closed, f has
an eigenvector v, € M of eigewvalue & € F (becausethe characteristic polynomial of f has a root
in F).
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Now consider f —&idy . It isalsoan A-endomorphism of M, and moreover its kernel is non-zeo
asv, is annihilated by f — &idy . Hence since M is irreducible, the kernel of f — &idy, is all of M,
i.e. f = &idy. This shows that the only R-endomorphisms of M are the salars, asrequired. O

Now, let R be a non-zeo ring. Call R left semisimple if gR is semigmple as a left R-module
(recall section 3.4). Similarly, R is right semisimple if Ry is semigmple as a right R-module.
Finally, R is simple if it has no two-sided ideals other than R and (0). HereOs lemma from the
previous chapter that shoud be quite familiar by now.

4.41. Lemma. Let A be an R-algeba, M a left A-module and D = Ends(M). Then,
Enda(M ") = M, (D)
as R-algebas.

Proof. Let us write elements of M ™ as column vectors

0 3
my

5.8

my,

with m; € M. Suppose we have f € Enda(M&"). Let f;,;:M — M bethe map sendng m € M

to the ith coordinate of the vedor "0 0 3%
0
f m
0
. 5%
0

wherethe m is in the jth row. Then, f; ; is an A-module homomorphism, so is an element of D.
Moreover,

"0 38 0 30 3

ms fi1 ... f1, mj
fg% : éz/ozi : é% : é (matri x multipl ication!),

my fn,l s fn,n my

sothat f is uniquely determined by the f; ;. Thus, we obtain an R-algebraisomorphismf — (f; ;)
between End4(M &™) and M ,,(D). O

W edder burnOs brst structure theorem. The following conditions on a non-zero ring R are
equivalent:

(i) R is simple and left Arti nian;

(i) R is simple and right Artinian;

(i) R is left semisimple and all simple left R-modules are isomorphic;

(i*) R is right senisimple and all simple right R-modules are isomorphic;

(iii) R is isomorphic to the matrix ring M ,(D) for somen > 1 and D a division ring.
Moreover, the integer n and the division ring D in (iii) are determined uniquely by R (up to
isomorphism).

Proof. First, note the condition (iii) is left-right symmetric. Solet us just prove the equivalence
of (i),(ii) and (iii).
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(i)=(ii). Let U be a minimal left ideal of R. This exists becauseR is left Arti nian so we have
DCC on left ideald Then, U = Rx for any non-zerox € U, and Rx is a simple left R-module.
Since R is a simple ring, the non-ze o two-sided ideal RxR must be all of R. Hence,

]
R=RxR = Rxa.
a! R

Note eath Rxa is a homomorphic image of the simple left R-module Rx, sois either isomorphic
to Rx or zero. Thus we have written rR asa sum of simple R-modules, soby Lemma 3.4.1, there
exists a subsé S C R sudh that (
R = Rxa
a! S
with eat Rxa for a € S being isomorphic to U. Hence, R is left semisimple.

Moreover, if M is any simple left R-module, then M = R/J for a maximal left ideal J of R. We
can pick a € S such that xa € J. Then, the quotient map R — R/J maps the simple submodule
Rxa of R to a non-zero submodule of M . Hence using simplicity, M 2’ Rxa. This shows all simple
R-modules are isomorphic to U.

(ii)=(iii). Let U be a simple left R-module. We have that

(
R = Ra
al S

for some subset S\of R, where ead left R-module Ra is isomorphic to U. | claim that S is Pnite.
Indeed, 1 liesin° , ¢ Ra hencein Ra; @ - - - © Ra, for some pbnite subse {as,...,a,} of S. But
1 generatesR asa left R-module, soin fact {a,...,a,} = S.
Thus,
R & U&n

for somen, uniquely determined as the composition length of zR. Now, by SchurOslemma,
Endr(U) 2 D, where D a Division ring uniquely determined up to isomorphism as the endomor-
phism ring of a simple left R-module. Henceapplying Lemma 4.4.1,

Endr(zR) & Endz(U%™) = M (D).
Now Pnally, we observe that
Endr(rR) = R,

theisomorphism in the forward direction being determined by evaluation at 1. To seethat this is
an isomorphism, one constructs t‘he inversemap, namdy, the map sendingr e Rtof,:g R -z R
with f,.(s) = sr for eadh s € R (I, is right multi plication by rO). Now we have shown that

R =~ M,,(D).

Hence noting that matrix transposition is an isomorphism between M ,,(D)°° and M ,,(D°P), we
get that
R = M,(D)

and D°P is also a division ring.

(iiiy=(). We know that M,,(D) is simple asit is Morita equivalent to D, which is a division
ring (or you can prove this directly!). It is left Arti nian for instance becauseM (D) is Pnite
dimensioral over the division ring D. This gives (i). O

Coroll ary. Every simple left (or right) Artinian ring R is an algeba over a pel.

Proof. Observe M (D) is an algebra over Z(D), which isa beld. O

The relati ve version for bnite dimensional algebras over algebraically closal Pelds is as follows:
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Relati ve brst structur e theorem. Let F be an algebrically closed bPeld and A be a Pbnite di-
mensional F -algeba (hence automatically left and right Artini an).

(i) A is simple;

(i) A is left semisimple and all simple left R-modules are isomorphic;

(i) A is right semisimple and all simple right R-modules are isomorphic;

(i) A is isomorphic to the matrix ring M,,(F) for somen (indeed, n? = dim A).

Proof. The proof is the same, except that one gets that the division ring D equals F since one
can usethe strongerrelative SchurOsemma. O

W edder burnOs second structure theorem. Every left (or right) semisimplering R is isomor-
phic to a Pnite product of matrix rings over division rings:

R~M,, (D) x---xM, (D,)

for uniquely determined n; > 1 and division rings D;. Conversel, any suchring is both left and
right semigmple.

Proof. Since R is left senisimple, we can decompose rR as) 4 1 Ui where each U; is simple.
Note 1 already lies in a sum of bnitely many of the U;, hence the index sd | is actually Pnite.
Now gather together isomorphic U;Ogo write

rRR=H1®---®H,

&n;

D; = Endg(U;) is a division ring. Moreover, there are no R-module homomorphisms between H;
and H; for i 7 j, becausenone of their compodtion factors are isomorphic. Hence

for irreducible R-modules U; and integers n; > 1, with U; & U; for i # j. By SchurOdemma,

R 2 Endr(grR)?® 2 Endr(H1 @ --- @& H,,,)°° 2 Endg(H1)% x --- x Endgr(H,,)°
=5 Mnl(Dl)op X X Mnm(Dm)Op = Mnl(Dgp) X X Mnm(Dop

m7*

The integersn; are uniquely determined asthe multipl icities of the irreducible left R-modulesin a
composition seriesof zkR, while the division rings D; are uniquely determined up to isomorphism
asthe endomorphism rings of the simple left R-modules.

For the converse we neal to show that a product of matrix algebras over division rings is left
and right semisimple. This follows becausea single matrix algebra M ,,(D) over a division ring is
both left and right semisimple according to the brst Wedderburn structure theorem. 0O

The theoremshows:
Corollary. A ring R is left semisimple if and only if it is right semisimple.

So we can now just call R semisimple if it is either left or right seamisimple in the old sense.
Also:

Cor ollary . Any semisimple ring is both left and right Artini an.

Proof. A product of bPnitely many matrix rings over division algebrasis left and right Artinian.
|

Finally, we nedl to give the relative version
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Relati ve second structure theorem. Let F be an algebrically closal beld and A be a bnite
dimensional F-algeba that is semisimple. Then,

A=M,, (F)x- - xM,(F)
for uniquely determined integersn; > 1.

Proof. Just usethe relative SchurOdemma in the sameproof. 0O

This theorem lays bare th e str uctur e of Pnite dimensional semismple algebrasover algebraically
closed Pelds: A is uniquely determined up to isomorphism by the integersn;, which are precisdy
the dimensiors of the simple A-modules.

45 The Jacobson radical

| want to explain in this sedion how understanding of the case of senisimple rings givesinformation
about more generalrings. The key notion is that of the Jacobsonradical, which will be debned
using the following equivalent properties:

Jacobson radical theor em. Let R be aring, a € R. The following are equivalent:
(i) a annihilates every simple left R-module;
(i)* a annihil ates every simple right R-module;
(i) aliesin every maximal left ideal of R;
(i)* a liesin every maximal right ideal of R;
(iii) 1 — xa hasa left inverse for everyx € R;
(il))* 1 — ay has a right inverse for everyy € R;
(iv) 1 —xay is a unit for evely x,y € R.

Proof. Since (iv) is left-right symmeric, | will only prove equivalenceof (i)B(iv).

(i)=(ii). If I isamaximal left ideal of R, then R/l is a simple left R-module. So, a(R/I ) = 0,
ie.acl.

(ii)=-(iii). Assume (ii) holds but 1 — xa does not have a left inverse for some x € R. Then,
R(1 — xa) # R. So,there exists a maximal left ideal | with

R1-xa) <l <R.

But then, 1—xacl,andac | by asaimption. Hence,1 €| sol = R, a contradiction.

(iiiy)=(). Let M be a simple left R-module. Takeu e M. If au ¥ O,then Rau= M asM is
simple, sou = rau for somer € R. But thisimpliesthat (1—ra)u = 0, hencesince (1 —ra) hasa
left inverseby assumption, we getthat u = 0. This contr adiction shows that in fact au = 0 for all
ueM,ie. aM = 0.

(iv)=-(iii). This is trivial (takey = 1).

(i) ,3iii )=(iv). For any y € R and any simple left R-module M, ayM C aM = 0. Soay also
satisbesthe condition in (i), hence (iii). Sofor every x € R, 1 — xay has a left inverse 1 — Db
s&. The equation (1 — b)(1 — xay) = 1 impliesb= (b— 1)xay. HencebM = 0 for all simple left
R-modules M, so b satisbes(i) hence(iii). So,1— bhasa left inverse, 1 — ¢, say. Then,

1-c=(12-0(1-Db(1l-xay)=1-—xay,

hence
c= xay.

Now we have that 1 — bis a left inverseto 1 — xay, and 1 — xay is a left inverseto 1 — b. Hence,
1—xay is aunit with inversel1—b. 0O
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Now debne the Jacobsonradical J(R) to be
J(R) = {a € R | a satisbesthe equivalert conditionsin the theorem}.

Thus for instance using (i), J(R) is the intersection of the annihilatorsin R of all the simple left

R-modules, or using (ii) 8
JIR)= |
I
where | runs over all maximal left ideals of R. This implies that J(R) is a left ideal of R, but
equally well using (ii)* 8
JIR)= |

I

where | runs over all maximal right ideals of R sothat J is a right ideal of R. Hence, J(R) isa
two-sidedideal of R.

The following reault is a basictrick in ring theory and maybe givesa brst clue asto why the
Jacobsonradical is so important.

Nak ayama® lemma. LetR bearingand M be a bnitely geneated left R-module. If J(R)M =
M thenM = 0.

Proof. Supposethat M is non-zero and s¢ J = J(R) for short. Let X = {m,,...,m,} bea
minimal se of generators of M, som; # 0. SinceJM = M, we can write

mi=jimi+---+j,m,
for somej; € J. So,
(Ir —jo)mi=joma+ -+ j,m,.

But 1z — |1 is a unit by the debnition of J(R). Sowe get that
my= (g —j1)*toma+ -+ (e —j2)* M,

This contradicts the minimality of the initial s& of generabrs chosen. 0O

We will apply NakayamaOsemma on the next chapter, but actually never in this chapter. The
remainder of the sedion is concerned with the Jacobson radical in an Artinian ring!!! All these
results are falseif the ring is not Artin ian...

Firs t characterization of the Jacobson radical for Artini an rings. Supmsethat R is left
(or right) Artinian. Then, J(R) is the unique smalles two-sided ideal of R such that R/J (R) is a
semisimple algebg.

Proof. Pick amaximal left ideal I, of R. Then (if possible) pick a maximal left ideal |, such that
I, 211 (hencely Ny is strictly smaller than I1). Then (if possble) pick a maximal left ideal | 3
suchthat I3 211 nly (hencely Nl N3 is strictly smaller than 11 N15). Keep going! The process
must terminate after Pnitely many steps, elseyou construct an inPnite dexending chain

RDI1DIiNnl2DlinlaNnlizD...

of left ideals of R, contradicting the fact that R is left Artinian. We thus obtain Pnitely many
maximal left idealslq,1,,...,1,. of R suchthat I;n---N1, is contained in every maximal left ideal
of R. In other words,

JR)=1:n---Nl,,

sothe Jacobson radical of an Artin ian ring is the intersection of pPnitely many maximal left ideals.
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Consider the map
R—-R/INi®---®&R/N,, a—(atly,...,at+1,).
It is an R-module map with kernd I; n---N1,.= J(R). Soit inducesan embedding
R '-RIN1&---®R/N .,

The right hand side is a semisimple R-module, asit is a direct sum of simples, henceR/J is also
a semismple R-module. This shows that the quotient R/J is a senisimple ring.

Now let K be another two-dded ideal of R such that R/K is a samisimple ring. By the lattice
isomorphism theorem, we can write

R/IK = B./K

9 9
Wher%B is a left ideal of R cortaining K, ~ ,, ;B; = RandB;N( ,.;B;)= K foreachi. Set
C;, = ; B; for short. Then,

This is simple, so C; is a maximal left ideal of R. Henceg each C; D J(R). So K = = C; also
contains J(R). Thus J(R) is the unique smallest such ideal. 0O

Thus you seethe brst step to understanding the structure of an Arinian ring: understand the
samisimple ring R/J (R) in the sense of Wedderburn@ str ucture th eorem.

451. Coroll ary. LetR be aleft Artini an ringand M be a left R-module. Then, M is semsimple
if and only if J(R)M = 0.

Proof. If M is semisimple, it is a direct sum of simples. Now, J(R) annihil ates all simple left
R-modules by debprition, henceJ(R) annihilates M. Conversely, if J(R) annihilates M, then we
canview M asan R/J (R)-module by debring (a+ J(R))m = am for all a€ R,m € M (one needs
J(R) to annihilate M for this to be well-debred!). Since R/J (R) is semisimple by the previous
theorem, M is a semisimple R/J (R)-module. But the R-module structure on M is just obtained
by lifting the R/J (R)-module structure, sothis meansthat M is semisimple asan R-module too.
]

Second characterizati on of the Jacobson radical for Arti nian rings. Let R be a left (or
right) Artini an ring. Then, J(R) is a nilpotent two-sided ideal of R (i.e. J(R)™ = O for some
n > 0) and is egual to the sum of all nilpotent left ideals of R.

Proof. Supposex € R is nilpotent, say x™ = 0. Then, (1 — x) is a unit, inded,
(L —x)Q+ x+x2+ ..+ x"h =1

Soif | isanilpotent left ideal of R, then every x € | satisPescondition (iii ) of the Jacobsonradical
theorem. This shows every nilpotent ideal of R is contained in J(R). It therefore just remains to
prove that J(R) is itself a nilpotent ideal.

SetJ = J(R). Considerthe chain

JD2J?’DJ%D...

of two-dded idealsof R. SinceR is left Arti nian, the chain stabilizes so J¥ = J*** = ... for some
k. Setl = J¥ s012=1. Wenedal to provethat | = 0.

Well, supposefor a cortradiction that | # 0. Choosea left ideal K of R minimal suc that
I K # 0 (usethe fact that R is left Artinian). Take any a € K with la¥ 0. Then, I?a= la# 0,
sothe left ideal | a of R coincideswith K by the minimality of K. Hence a € K liesin | a, so we
can write a = xa for somex € 1. So, (1 —x)a= 0. But x € J, sol—x is a unit, hencea = 0,
which is a cortradiction. O
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4.52. Coroll ary. In particular, a left (or right) Artinian ring R is semisimple if and only if it
has no non-zem nilpotent ideals.

We end with an important application:

HopkinOs theorem. Let R be a left Artinian ring and M be a left R-module. The following are
equivalent:

(i) M is Artini an;

(i) M is Noetherian;

(iii) M hasa composition series;

(iv) M is bnitely gererated.

Proof. (i)=-(iii) and (ii) =(iii). Let J = J(R). Then, J is nilpotent by the second characterization
of the Jacobsonradical. So,J™ = 0 for somen. Consider

MDJIJM DJ?M D---2J"™M = 0.

It is a des@nding chain of R-submodulesof M. SetF; = J:M/J 1 M. Then, F; is annihilated by
J, henceis a semisimple left R-module. Now, if M is Artinian (resp. Noetherian), so is ea F;,
soead F; is in fact a direct sum of bnitely many simple R-modules. Thus, each F; obviously has
a compostion seies, so M does too by the lattice isomorphism th eorem.

(iii)=(v). Let M = M3 D --- D M, = 0 be a composition seriesof M. Pick m; ¢ M; — M1
foreachi = 1,...,n—1. Then, theimageof m; in M;/M,+; generatesM;/M;;1; asit is a simple
R-module. It follows that the m; generateM . Hence, M is Pnitely generated.

(iv)=(i) is Theorem 4.3.2.

(iiiy=-(ii) and (iii)=-(i). Theseboth follow immediately from the Jordan-Helder theorem (ac-
tually, the Schreier rePrement lemma using that any rebnement of a composition seriesis triv ial).
O

Now we can show that OArtinian implies NoetherianO:
4.53. Coroll ary. If R is left (resp. right) Artinian, thenR is left (resp. right) Noetherian.

Proof. Apply Hopkin® theoremto the Artinian R-module zpR. O

4.6 Character theory of bnit e groups

WedderburnOgheorem has a very important application to the study of bnite groups, inded, it
is the starting point for the study of character theory of brite groups. In this sedion, 1@ follow
Rotman section 8.5 fairly closdy.

Mas chk e@® theor em. Let G be a Pnite group and F be a Pbeld either of characteristic 0 or of
characteristic 0< pt|G|. Then, the group algeba FG is a semisimple algeba.

Proof. 1t is certainly enowgh to shawv that everyleft F G-module M is semismple. We just neel
to show that every short exact sequence

0—K—M-5Q—0

of F G-modules splits. Well, pick any F-linear map! : Q — M such that " o! = idg. The problem
is that | neednot be an F G-module map.
Well, for g € G, debre a new F -linear map

N:Q-M, xr—g(g®).
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Then,
(" 0 9)(x) = " (g (g° 1) = g(" o 1)(g® ™) = gg® 'x = x
soead 9! alsosatisPes” o 9! = idg. Now debne

Av! = ! 91
‘G|g!G

(note |G| is invertible in F by assumption on characteristic). This is another F-linear map such
that " o Av! = idg. Moreover, Av! is even an F G-module map:

hAv!(x) = —  hg!(g®*x) =

G g! (¢® *hx) = Av! (hx).
g' G

Hence Av! debresthe required splittin g. O

4.6.1. Remar k. Maschke® theorem is actually if and only if... FG is a semisimple algebra if and
only if charF = 0 or charF 1 |G|. Let mejust give one example. Take F of characteristic p> 0
and G = C, = (x). The group algebra F G is commutati ve and artinian. Now recall a commutativ e
artinian ring is sanisimple if and only if it has no non-zero nilpotent elements. But The corollary
can be applied in particular to commutativ e rings. In that cas, if x € R is a nilpotent elemert,
the ideal (x) it generatesis a nilpotent ideal. So, a commutative Artinian ring is semisimple if
and only if it has no non-zem nilpotent elements Now let G = C,, the cyclic group of order p.
Maschke® theorem shows that if F is any Peld of characteristic di! erert from p, then FG is a
samisimple. Conversdy, supposeF is a beld of characterisitic p. The group algebra FG is pnite
dimensioral, henceis a commutativ e Artinian ring. Consider the element

x—1€FG
where x is a generator of G. We have that
(x —1)P=xP+ (=1 =1+ (-1’ = 0.
Hence it is a non-zeo nilpotent element. Thus, F G is not sanisimple in this case.

We are going to be intereged from now on in the following situation:
e G is a bnite group (so that FG is artinian);
e the bPeldF is of characteristic 0 (so that F G is semisimple);

e the beld F is algebraically closed (so that the souped-up version of WedderburnOgheorem
holds).

Actually IOlljust assime F = C from now on. Then, we have shown that
1) CG =M, (C) x -+ x M, (C)

wherer is the number of isomorphism classes of irreducible CG-modules and ny, ..., n, are their
dimensiors. These give some interesting invariants of the group G debred using modules... Note
brst (considering dimensionof eat side as a C-vector spacg that:

G| = (n1)?+ -~ + (n,)%
The number r has a simply group theoretic meaning too:

4.62. Lemma. The number r in (1) is equal to the number of conjugacy classesin the group G.
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Proof. Let us compute dim Z(CG) in two di! erert ways. First, sincethe center of M,,(C) is one
dimensioral spanned by the identity matrix, dim Z(CG) = r (one for each matrix algebrain the
Wedderburn decomposition). On the other hand if
|
a,9 € CG
g G

is certral then conjugating by h € G you see that

ag = ahgh_l
for all h € G. Hencethe coe'c ients a, are cogstart on conjugacy classes. Hence if Cq,...,C, are
the conjugacy clasesof G, theelements z; = =, - g form a basis{z,...,zs} for Z(CG). Hence

r=dmz(CG)=s. O

4.6.3. Example. Say G = S3. There are thr ee conjugacy classes. Hencer = 3, i.e. therearethree
isomorphism clasesof irr educible CSz-modules. Moreover nZ + n3 + n3 = 6 sothe dimensiors can
only be 1,1 and 2.

4.64. Example. Sa G is abelian. Then there arer = |G| conjugacy classes, and n3+ ---+n? = r
hence eath n; = 1. This provesthat there are n isomorphism classes of irreducible CG-module,
and all of these modules are one dimensional.

Before going any further | want to introduce a little language. A (Pnite dimensional complex)
representaion of G means a pair (V,() where V is a bnite dimensional complex vedor space
and ( : G — GL(V) is a group homomorphism. The representation is called faithful if this map
( is injective. Note having a representation (V,() of G is exactly the same as having a bnite
dimensioral CG-module V: given a representati on (V, () we ge a CG-module structure on V by
deming gv := ((g)(v); conversely given a CG-module structure on V we get a representati on
(:G — GL(V) by debring ((g) to be the linear map v — gv. This is all one big tautology. But |
will often switch betweencalling things CG-modules and calling them represertations. Sorry.

Say ( : G — GL(V) isarepresantation of G. Pick a basisfor V, vy, ...,v,. Then each elemert
of GL (V) becomes an invertible n x n matrix, and in this way you can regard ( instead asa group
homomorphism ( : G — GL,(C). This is a matrix representaton: ( maps the group G to the
group of n x n invertible matrices. You shoud comparethe notion of matrix representation with
that of permutation representation from before: that was a map from G to the symmetric group
S, for somen. It corresponded to having a G-set X of sizen... Its all very analogous to what
weQe doing now, but ses have been replaced by vedor spaces Before we called a permutation
representation faithful if the map G — S,, wasinjective (then it embedded G as a subgroup of a
symmetric group); now we are calling a (li near) representation faithful if the map G — GL ,(C) is
injective (then it embedsG as a subgoup of the matrix group)...

4.65. Example. Recall that GL(C) 2 GL(C) isjust the multip licative group C' . For any group
G, there is always the tri vial representtion, namely, the homomorphism mapping every g € G to
1 € GL1(C). This corresponds to the trivial CG-module equal to C as a vector space with every
g € G acting as 1.

4.6.6 Example. For the symmetric group S,,, thereis a group homomorphism sgn : S,, — {£1}.
The latter group sits inside C( , soyou can view this as another 1-dimensional representation, the
sign representati on. The corresponding module is not isomorphic to the triv ial module (providing
n > 1). Now weQe constructed both of the one dimensonal CSz-modules: one is trivial, one is
sign. What about the two dimensional CSz-module?

There is a simple way to constr uct (li near) represertation s of G out of permutation representa-
tions. SupposeX = {Xy,...,X,} is abnite G-set. Let CX bethe C-vector spaceon bass X . Each
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g € G debresan automorphism of the set X . Extending linearly, this meanseach g € G can be
viewed asa vector space automorphism of CX, i.e. an element of GL (CX). Thus we have debned
amap ( : g — GL(CX), i.e. we have turned the s¢ X into a linear representation CX of G. In
module language,CX is a CG-module. Identify GL(CX) with GL ,(C) via the choice xq,...,X,
of basis Then ((g) becomes an n x n matrix for each g € G. Note the ij -entry of this matrix is
1if gx; = x; and it is zero otherwise. Since X was a G-set this means that the matrix ((g) is a
permutation matrix: all its entries are zerosand ones and thereis just one non-zero entry in every
row and column. So amongst all matrix representation s of G, the ones coming from permutati on
representation s are very simple...

4.67. Example. LetOgust go back to S3 again. It IS a permutation group, soit has a natural
permutation representation on the set X = {1,2,3}. The corresponding matrix represertation
S; — GL3(C) is one you all know perfectly well. For instance the imageof the three cycle (123)
with resped to the standard basisvy, v, vz of CX labelled by the elemerts of the se X (IOdbetter
not just call them 1, 2, 3!) is the matrix

0 3

2 5.

o O
= OO
[oNeN

Now clearly the vedor v; + v, + vz is bxed by all of G soit spans a one dimensional submodule
(isomorphic to the trivial module). By MaschkeOsheorem that had better have a complemert.
For instance {vi — v2,v, — v3} is a complemert (all a;vi + apv, + agvs with a3 + a; + ag = 0).
LetOswrite down matrices with resped to the new bass vy + Vu + Vi, Vi — Vo, Vo — V3 instead: we
get the following matri ces

0 3
100
()=20 1 05,
001
0 3
10 O
((12)=20 -1 15,
00 1
0 3
100
((23)=20 1 0 5,
01 -1
0 3
10 O
((@3)=200 -15,
0 -1 0
0
100
((123)=20 0 —15,
01 -1
0 3
10 O
((132)=20 -1 15,
0 -1 0

Note all these matricesare block diagonalmatrices. Thetop 1x 1 block isthetrivial represenation
of G on Vi = C(v; + vo + v3), the bottom 2 x 2 block is a two dimensional representation of G
onV, = C(vy — Vv2) @ C(vo — v3). Of course Vs is irreducible. The decompostionV = V; @ V, of
V into irreducibles corregponds in matrix languageto choosng a bass sothat ead ((g) is block
diagonal.. and since the blocks are irr educible representations you cannot do any better.

In other words, if V and W are two bnite dimensional CG-modules, so is V & W. Pick
basis, to view V as a matrix representation ( : G — GL,(C) and W as a matrix representati on
) : G — GL,,(C). With resped to the bass for V & W obtained by concatenating the two basis,



4.6. CHARACTER THEORY OF FINITE GROUPS 117

the matrix representation ( ) : G — GL ,,,+ »(C) corresponding to the module V & W hasall g
mapping to block diagonal matrices diag(( (g),) (9))... This is how you should think of direct sums
of CG-modules in terms of matrices.

Let V be a bnite dimensioral CG-module. Equivalertly, let (V, () be a representati on of G. De-
Preits character * » : G — C to bethefunction with * /(g) equalto the tr ace of the endomorphism
((g). (Recall that tr (AB) = tr (BA), hence if A is invertibl e tr (AB A%1) = tr (A®1AB) = tr (B),
sothe trace of a matrix depends only on its similarity class soit makes sense to debne tr ace of an
endomorphism as the trace of the matrix of the endomorphism in any bass...) Note * |, extends
linearly to a map also denoted *  : CG — C, sometimesweOllapply * - to elements of the group
algebra, but usually 1 wonOtthink of *y in this way.

4.68. Example. The characer *; of the trivial CG-module is *;(g) = 1 for all g € G. The
character + of the regular CG-module CG is +(g) = |G| if g = 1 and +(g) = O for all other
17 geG.

A class function is a function f from G to C that is constant on conjugacy classes i.e.
f (hgh®1) = f (g). For example, the character * , of any Pnite dimensioral CG-module is a class
function:

() tr (((hgh® ) = tr ((M((@((h)*) = tr ((**((h)((9)) = tr (((a))

hence * ,(hgh®! = chiy(g). Let C(G) denote the vector space of all class functions on G. There
is an obvious badgs for C(G): let C4,...,C, bethe conjugacy clasesof G. Let ,; : G — C bethe
function with ,,;(g) = 1if g € C;, 0 otherwise Then C(G) hasbass,i,...,,,. Thereis a less
obvious basis for C(G): let L4,...,L, be a complete s& of pairwise non-isomorphic irreducible
CG-modules. (Recall the number of them is the number of conjugacy classesin G too...) Let
*, = * 1, bethe corresponding characters.

4.69. Theor em. *4,...,*, is a hasis for C(G).
Proof. Consider Wedderburn:
CG=M,,(C)x---xM, (C).

In the product on the right hand side, let e; = (0,---,0,1,,,0,---,0), i.e. the identity matrix of
the ith matrix algebra. The irreducible representations on the right hand side are the modules
L1,...,L, whereL; is the module of column vectors for M ,,,(C) on which e; actsas1 and all other
e; act aszero. So* ;(x) is just the trace of theith matrix in the Wedderburn decompostion of an
element of x € CG... But *,(e;) = ,;;n;. This provesthat *4,...,*, are linearly independert.
Hencethey form a basisby dimension considerations. O

4.6.10. Cor ollary . Two Pnite dimensional CG-modules V and W are isomorphic if and only if
*y = *y, i.e. they havethe same characters.

Proof. Note V is a direct sum of irreducibles, say V -) .y L&®. Similarly W -) g LEb
Now V = Wy if and only if a; = b; for all i (say by Jordan-Holder theorem). But *y = = [, a;*;
and *y = ::1 b*;. So*y = *y if and only if a; = b; for all i by thetheorem... O

In the proof of the theorem, we exploited the idempotents e; € CG coming from the identity
matrices in the Wedderburn decompositi on. Let us repeat this, becausetheseare important: there
are mutually orthogoral central idempotents ey,...,e. € CG summing to the identity with the
property that e; acts on the jth irreducible module L ; (of dimension n;) as,; ;. Somry there is a
lot of bxed notation: r is the number of conjugacy classes, Cy,...,C, are the conjugacy clases
Li,...,L, arerepresentati ves of the isomorphism classsof irr educible modules, * ; is the character
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of L;, n; isthedimensionof L; or * ;(1), e; is the central idempotent correspondingto L;... To make
things worse | will always assume from now on that C; = {1} and L, is the tri vial module. Also
let ¢; = |C;| be the size of the ith conjugacy class. Also IOlIpick onceand for all a represertativ e
g; in the conjugacy classC,;.

The character table of G is the r x r matrix with rows labelled by *4,...,*, and columns
labelled by C4, ..., C, with ij-entry equal to *;(g;). Of coursethis is independert of the particular
representativ e g; of C; chosen because* ; is a class function. (There are two choices in all of these
that are important: the indexing of the conjugacy clasesby 1,...,r determinesthe ordering of
the columns of the character table and the indexing of the isoclas®s of irr educible representation
by 1,...,r determinesthe ordering of the rows of the character table).

The character table of G is a crucial invariant of the group G...

4.6.11. Example. Hereis the character table of Ss:

|1 (12) (123)
11 1 1
11 -1 1
*312 0 -1

Here* , is the signrepresentation, * 5 is the two dimensioral one sittin g in the natural permutation
representation. Note for example that given any Pnite dimensional CG-module V you can decom-
pose it int% irr educibles given j),ISt its character * and its character table: just work out how to
write* =~ T a*;thenVv =’ T L%% . In class| will apply this to the natural permutati on
representation and the regular represertati on.

Before we forget all the notation, let me prove a dightly technical lemma.

9 i
4.612. Lemma. If g = g Ga(g)g then

) * (31
al) = ni*i(g°7)
G|
Proof. Let + be the character of the regular CG-module and g € G. WeOlcompute +(e;g* 1) in

two di'e rent ways. On the one hand,
|

eig$l - a(hi)hg$ 1
h

So since+(1) = |G| and + is zeroon all other group elemerts,
+(eig*h) = al)|G|.

9.,
On the other hand, + = =~ "_, n;* ;. So
|

g = n*led®h).
J
But e; actsaszeoonall L; forj #Z i, andit acts as1 onL;. Sowe ge that
+(e,g®) = ni* i (g®Y).
Comparing these formulas proves the lemma. O
Okay, now let® do something clever. Introduce a Hermitian form on the complex vedor space

C(G) by debring the pairing of two class functions * and + from

1!

=5 @+

Gl ,
where — denaes complex conjugation. Note that (*, *) = ﬁ e [* (9)|? which is > 0 if and
only if * # 0. So it is a positive debrite Hermiti an form. Sowe can call it an inner product...
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4.6.13. Theor em (Orthogonali ty relati ons). (i) With respect to the inner product just debred,
*1,...,*, are orthonormal. Hence for any character * ,
! T
* = (*, * i)* i
=1

(i) (row orthogonality relation) With our usual notation for the character table, we have for
anyi,j = 1,...,r that )
|r ) - .
: — o ifi#j,

* * =
i Cr z(gk) j(gk) |G| if i = J
(iii) (column orthonality relation) For any j,k = 1,...,r we havethat

| r ) r -
k(i - O if j 7K,
,‘_1 Z(g]) z(gk) - |G|/Cj Ifj = k.

9
Proof. (i) Weknow from the preceeding lemmathat * ;(e;) = ,; ;n;. Alsoe; = = p nj*j(g$ Ho.

G
Hence |

1
vi NG = Gl n;*;(g*1)*i(0).
g

YouOllshav on the exacisesthat * ;(g*!) is * ;(g) = *;(g)®*. Hencethe right hand side is
i (% . *
e (Fi* )

(i) This is just a restatement of (i) in the language of the character table.

(i) Let A bethe character table, i.e. the matrix with ij -entry *;(g;). Let B be the matrix
with ij -entry ¢;* ;(g;)/ |G|. Let us compute AB: its ij-entry is

1! —
G| G i(9)* j(9k) = i j-
k=1
Therefore AB = |. Therefore BA = |. Let® compute its ij -entry:
1!
G| C* k(9:)* k(9)) = 4y

.
| think thatOst. O

This gives some rather strong arith metic propertiesthat the character table must satisfy. Using
it you can compute character tables using only a relatively small amount of information. Here are
some examples.

4.6.14. Example. Let us brst compute the character table of the cyclic group C4 of order 4. Its
abelian, sor = 4and n; = n, = n3 = ng = 1. Let x be a cydic generator. A 1 dimensioral
representation must map x — - with -4 = 1in C. Let - be a primitive 4th root of one. Then the
four choicesarex — -, x —-2= —1,x+— -3 andx — - 4 = 1. So the character table is:

C; |1 x x%2 x8
¢ |1 1 1 1
211 1 1 1
¥, 1 - -1 -3
*311 -1 1 -1
*4 1 - 3 1 _

Note *, can be thought of asthe composte of the map C; ! C, mapping x? to 1, then the
non-triv ial character of C,...
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4.6.15. Example. Next, letOdook at V4 = {1,x,y,xy}. There are four obvious one dimensional
representation s. For example you canmap x to —1, y to 1 then xy hasto map to —1. Soyou get

C,|1l x 'y xy
¢ |1 1 1 1
*»/1 1 1 1
*»/1 -1 1 -1
*211 1 -1 -1
201 -1 -1 1

You shoud ched the orthogonality relations hold in both cases.. Thes two examplesgive groups
G,H with CG 2 CH but with dile rent character tables: character tables are a bner invariant
than just the information in the Wedderburn decomposition.

4.6.16. Example. Next lets look at D4 = {1,x, x2,x3,y,xy, x?y,x%y}. Reall that x? is certral .
So there is a surjection D4 ! V4 under which x2 maps to 1. Using this the four irreducible
characters of V, lift to give four irreducible characters of D4. There are just 5 conjugacy classes,
and you can work out the last irreducible character just using the orthogonality relations.

C:l1 x2 x 'y «xy
gl1 1 2 2 2
*111 1 1 1 1
*»11 1 -1 1 -1
*3 11 1 1 -1 -1
01 1 -1 -1 1
*s 12 -2 0 0 0

4.6.17. Example. Finally lets look at Qz = {1,%,i,%2j,P k,R}. The conjugacy classes are
{11, {8 {i. 7. {i. P} {k. R}.

ThereOsamap Q3! V4, #+— 1}. This gives four irr educible characters, the last comes for free.

cli & i j ok
gl1 1 2 2 2
11 1 1 1 1
01 01 -1 1 -1
*201 1 1 -1 -1
01 1 -1 -1 1
*<|2 -2 0 0 O

Note this is the sameas the character table in the preceading example. So weOe found groups
G ¢ H with the samecharacter tables, just in cas you were wondering if character tablesseparated
groups...

The purpose of the next theorem is to corvince you that the character table of a Pnite group
does actually say quite a bit about the structure of the group. In fact character theory is absolutely
crucial in many parts of bnite group theory, e.g. the classibcationof bnite simple groups would
never have been possible with out it.

4.6.18. Theor em. Let( : G — GL(V) be a representationof G, and * = *y, be its character. Let
ker* = {ge G|*(g) = *(1)}. Then,

) (@l <*@)=dimV;

(i) ker( = ker*, hena ker* is a normal sulgroup of G;
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9 :
(i) if*=""_, a*,; with a,> Othenker* =" _ker*, ;
(iv) if N is any normal sulgroup of G, then there are irreducible characters * ;,,...,* ;. suchthat
N="" ker*,

Proof. (i) Notethat g/®! = 1forany g € G. Hencethe minimal polynomial of ((g) dividesx!¢! —1.
In parti cular, it hasdistinct linear factors, so((g) is diagonalizable, and all its eigervaluesare |G|th
roots of unity. Hence, * (g) is a sum of * (1) roots of unity. Now the tri angle inequality implies
that [*(g)| < * (1).

(i) If g € ker(, then |* (g)| = * (1), henceg € ker*. Conversdy, if g € ker* then*(g) = * (1) so
equality holds in the triangle inequality, soall of the eigenvaluesof ((g) are equal. Say ((g) = - I,
a |Glth root of 1. So*(g) = * (1)- . But *(g) = * (1) by hypothesis soin fact - = 1 and g € ker(
as((g) = 1. 9 9
9 (i) Say * =<9 Z:l as*;, witl"gas > 0. Takegc ker*. Then*(g) = ,a,*;,(g). Hence* (1) =

A%, (1) =< La*,,(9)<=  ,a|*;.(9)|- Soequality holds in the triangle in@quaity, and all
’éis(g) are equal to some complex number z (say) times*;_ (1). But then:* (99 = .a*;,(V)z=

<as*;. (1), hencez = 1. Therefore *; (1) = *, (g) for all s, so g € _ker*, . The reverse
inclusion is clear.

(iv) Let N beanormal subgroup. Lift the regular character of G/N to G. This givesa character
+ of G with +(g) = [G:N]ifge N, +(g) = 0if g€ N. For this,ker+ = N. O

Let us now compute the character table of S,.

C |1 (12) (123) (1234) (12)(34)
ICl|1 6 8 6 3
1 1 1 1 1
01 -1 1 -1 1
3502 0 -1 0 2
*, 03 1 0 -1 ~1
*c 13 -1 0 1 ~1

HereOsow you get it. Start with the trivial and sign character. (These are lifts of the two
irreducible characters of the cyclic group C, via the surjection sgn: S4 ! C;). Next look at the
surjection S5 ! S4/V 4 2 S;. Lifting the two dimensional irreducible character of S; through this
gives* 3. Next look at the natural permutation representation *. Its values on these classesare
the numbers of bxed points: 4,2,1,0,0. Of course it contains *; as a constituent. Subtracting
* —*, gives*, (check its irreducible by showing (* 4,*4) = 1). Finally * 5 is completed by using
the orthogonalty relations, or noting *s = * ,* 4 (pointwise multi plication).

| want to end the section by discussingthe varioustricks around to compute character tables. By
a character of G | mean the character of someCG-module. Socharactersare spedal classfunctions:
the ones which are Z- ¢-linear combinations of irreducible characters. These techniques all give
ways to bnd some genuine characters. They need not be irreducible (a character is irreducible if
and only if (*, *) = 1). But they are a starting point... You can then reduce them bit by bit to
eventually pin down the irreducible characters.

e Characters of bnite abelian groups are eay.

e For any group, thereOsilways the triv ial chaéacter * 41, and the regular character + with
+(1) = |G|, +(g) = Oforg # 1. Note + = ~ '_; n;*; (by WedderburnOsheorem), so +
cortains everything else ... but its hard to decompose it without more data.

e Lifts. If N is a normal subgroup of G, then you can lift irreducible characters of G/N to G
throughG! G/N. The character table of G/N givessomebut not all rows of the character
table of G...
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e Permutati on characters. If G acts on a s& X, the corresponding CG-module CX givesrise

to a character * of G with *(g) equal to the number of bxed points of g on X. This is an
eay souce of characters... Its always the casethat (*, * 1) (where * ; is the trivial character
of G) is the number of orbits of G on X. (This is the orbit courting lemma: the number of
orbits of G on X is the averagenumber of bxed points ... that is the debnition of the inner
product on C(G)).

Tensor products. There is an obvious pointwise multip lication on the vector space C(G)
making it into a commutativ e C-algebra: (* - +)(g) = *(g)+(g). In fact the product of two
characters is always a character. Indeed, let V and W be two CG-modules with characters
*y and * . Make the vector spaceV @ W (tensor product over C) into a G-module so
that g(veow) = (gv) ® (gw) forge G,v € V,w € W. Then, | claim that *y*yw = * vy w.
To seethis, use the following fact: suppose # : V — V,$ : W — W are diagonalizable
endomomphisms. Then tr(# ® $) = tr(alpha) tr($). 10 leave the proof as an exercise pick
basesin which everythingis diagonalthen itsnot too bad. Note this statemert is actually true
even if things are not diagonalizable, but its a little harder to prove. But of course we know
for any bnite dimensional representation ( : G — GL(V) that all ((g) ARE diagonalizable
matrices, becausetheir minimal polynomials have distinct linear factors.

*Ind uction/restriction*. Let H be a subgroup of G. Then CH is a subalgebra of CG. So
any CG-module is a CH-module by redriction. At the level of characters, any character *
of G redricts to a character * |z of H... its just the restriction of the function on G to a
function on H. Conversely, any CH-module V givesrise to a CG-module CG ®cy V. This
is called the Oinduced moduleO. At the level of characters, there is a corresponding notion of
Oirduced characterO,denoted* 1€ if * wasa character of H. In class, IOllprove the following
formula for * 1€ if t1,...,t; is a system of G/H -cosé represertativ esthen

|k
9= At igt)

=1
where U(g) is *(g) if g € H, Ug) = 0 otherwise For exanple, if G acts transitively on a
sd X and you let H be the stabilizer of a point x € X, hence X is identiPed with the coset
spaceG/H via the orbit map, then this formula gives that 15 1 (g) is the number of bxed
points of g on X . Here 15 denotes the triv ial character of H. Sopermutation characters are
a spedal caseof induced characters: they are precisely the characters induced from tri vial
representation s of subgroups...

There is oneimportant fact about induced characters which is a good excuseto remind you
some more about tensor products. Let us write (.,.)g for the inner product on C(G) and
(.,.) g for the inner product on C(H) to avoid confusing the two. The following formula is
known as Frokenius reciprocity:

1% +9)a= (5 + 1)

for any * € C(G),+ € C(H).
Modern proof. First suppose that V and W are two bnite dimensional CG-modules. |
want to obseve that the inner product (* v,* w)g c)omputes the dimension of the vector
§paceHomCG(\é,W). To prove this, decompg)sev = Z.Lf““ and W = jLZ-’. So*y =

i, *w = b*;. Hence(*v,*w)e = ,ab;. This equak dim Homeg(V, W), since
dim Hom(cg(l_i, Lj) = i
Now to prove the Frobenius redprocity formula, it su"c esto considerthe casethat * = *,

for some CH -module V and + = * y, for some CG-module W. In terms of homomorphisms
the formula claims that

Homeo (CG ®cy V, W) 2 Homeg (V,W | g).
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Now notice that W | g is isomorphic asa CH -module to Hom¢o(CG, W), where CG is being
viewed as a (CG, CH)-bimodule by right multip lication for H. Now the formula is exactly
adjointness of tensor and hom!

¢ *Geometry*. Well we wonOtgo there. But there are lots of beautif ul ways to get characters
from groups acting on topological spacesand their cohomology...

LetOsend this introduction to character theory by computing the characters of the symmetric
group Ss. Remark: the symmetric groups are remarkable in that the characters of all S,, are
integers. Usually character valuesreally are complex numbers but for a character of degree n we
do at leag know that all * (g)Osare sums of n |G|th roots of unity... In particular all character
values are algebraic integers.

C |1 (12) (123) (1234) (12345) (12)(34) (123)(45)
ICl|1 10 20 30 24 15 20
1 1 1 1 1 1 1
* 01 -1 1 -1 1 1 -1
x4 2 1 0 1 0 -1
x4 —2 1 0 1 0 1
x5 1 -1 -1 0 1 1
*s |5 -1 —1 1 0 1 -1
216 0 0 0 1 2 0

Working: Work out the conjugacy classesand their orders. Then we have the trivial and sign
representation s.

Next look at the natural permutation character which hasvalues 5, 3,2, 1,0, 1, 0 on the conju-
gacy classes. It contains the triv ial character, sosubtract it... Then what is left is irr educible since
its inner product with itself is 1. This givesa degree4 irreducible character, and tensoring that
with sign gives another one.

The remaining three characters either have degrees(5,5,6) or (1,6,7). But the degree of a
character dividesth e order of the group (seenext section) so the second thi ng couldnOhappen. Now
we needsomeinput. Considerthe permutation action on these of pairs {1, 2}, {1, 3}, {1, 4}, {1, 5},
{2,3},{2,4},{2,5}, {3,4}, {3,5}, {4,5}. Computing bxed points givesthe character values

10,4,1,0,0,2,1
on the conjugacy classsin the order listed. Subtrad the tri vial character. WeOe got
930 -1,-1,1,0.

Now take the inner product with *3. You get 1. So subtract *3. Then ched that is indeed
irreducible.
Now tensor with sign to get *¢. Finally work out * ; using orthogonality relations.

4.7 BurnsideOsp?¢® theorem

You know that simple arithmetic plays an important role in Pnite group theory. The character
table is the way that Ohigher arith meticOcomesinto play. By Ohigter arith meticOl meanalgebraic
number theory... DonOtforget: if * is a character of degree n, then each character value * (g) is a
sum of n |G|th roots of unity. We nead to understand such numbersto make further progress...

In class weOldigressat this point to cover sections 5.1 and 6.1 from these notes, in particul ar,
weQdImee the deprition of an algebaic integer. an element of C that isaroot of amonic polynomial
in Z[x]. Wed prove in §6.1 that the sum or the product of two algebraic integers is again an
algebraic integer. Henceall character values* (g) are algebraic integers. Here are a couple of basc
lemmas.
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4.71. Lemma. Let# be an algebaic number and m,(x) € Q[x] be its minimal polynomial (the
monic polynomial with coe"ci ents in Q of smallest possble degree having # asa root). Then# is
an algebmic intege if and only if m,(x) € Z[x].

Proof. Let # be an algebraic integer. Let p(x) be a monic polynomial of minmal degreein Z[x]
having # asa root. Note p(x) is irreducible in Z[x] (if it factorizes then by looking at the leading
coe'cie nts both factors are monic and one of them already has # as a root). Henceby GaussO
lemmalit is irreducible in Q[x]. Clearly m,(x)|p(x). Together theseimply that m,(x) = p(x). O

Note we will prove the next lemma againin §6.1 Din fancy languageit saysthat Z is integrally
closedin Q.

4.72. Lemma. A rational algebmic integer (i.e. an algelyaic integer lying in Q) is actually an
integer (i.e. an element of Z).

Proof. Let # bean algebraic integerthat can be written asa rational number p/q in lowest terms.
Say f (x) = x™+ ayx"® 1+ ... + @, is a monic polynomial in Z[x] with # asa root. Then,

qn$lf(#): 0= %+ alpn$l+ R &,an$1.

It follows that ”7 is already an integer, i.e. g|p™. This contradicts that p/q wasin its loweg terms.
O

Finally we need the following lemma about algebraic integers, which 10liprove again in §6.1
with out using the noetherianness of Z (it will make more sensethen when it is put into the right
context Bright now it looks like magic).

4.73. Lemma. Let# € C. Supmsethere exsts a faithful Z[#]-submadule U of C that is bnitely
geneated as an akelian group. (Here, faithful means that anny,;(U) = {0}). Then # is an
algebmic integer.

Proof. The main task isto prove that Z[#] is a noetherian Z-module. Once weQe done that, the

lemma is easy: look at 1,#,#2,.... By ACC there must be somek suc that #* ¢ Z + Z# +
..+ Z#"¥1 Hence # is a root of a monic polynomial in Z[x] of degree k. Hence # is an algebraic
integer.

To prove that Z[#] is a noetherian Z-module, note that since U is a bnitely generated Z-
module, so is Endz(U). To prove this statemert, let F be a free Z-module of bnite rank having
U as a quotient. Then Endz(U) is a Z-submodule of Homg(F, U) (itOsthe homomorphism that
factor through the quotient U of F...). The latter is a direct sum of pnitely many copies of
Homy(Z,U) = U, which is pnitely generated. But Z is noetherian so submodules of bnitely
generated Z-module are pnitely generaied. Hencethe submodule Endz(U) is bnitely generated
too.

But now the assumption that U is faithful meansthat the representati on Z[#] — Endz(U)
is injective. So Z[#] is a Z-submodule of a noetherian Z-module, hence its noetherian asZ is a
noetherian ring. 0O

Now 1Omgoing to prove an important theorem which is really just a warm up to proving
BurnsideOp?q’ theorem. It is our brst application of algebraic integersto character theory.

4.74. Theor em. With the notation of the previous section, the degreesn; of the irreducible char-
acters of a Pnite group G all divide |G].

9
Proof. Recall that e;= =~ , Lx.(g*Y)g where# = |G|/n;. Since g; is an idempotent, €7 = e;,
so !
#e, = *i(g*Hoe.
g! G
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Now for any g,h € G, debre &, , € C from the equation
1
g€; = ah,gh-
h! G

The above equation shaws that
] ] 1

#ay gh = #9e; = CorkSY)(gk)e = *(k® YHay, gih.
h G Jage: hk G

Equating coe'c ients shows that #ay, , = ’ w o i(k®Day, g Now let M be the Z-submodule of
C generatedby all {gay, |h,g € G,z = 1}. Clearly M is bnitely generated as a Z-module.
Moreover, #zay, , = 4 o*i(k®1)zay, ¢ The coe'cien t *;(k®1)z is a sum of |G|th roots of 1,
becausecharacter values are. This shows that #za, , € M. Hence M is a Z[#]-submodule of C,
clearly faithful as C is a beld, that is bnitely generatedas a Z-module. Hence by the previous
lemma, # is an algebraic integer. But # € Q, hence by Lemma 4.7.2 # is an integer. Hencen,||G]|.
]

Okay, now weQe going to do a similar trick to prove BurnsideOgp*P theorem. We need a
little more preparation, which needs a litt le Galois theory. Let me recall: if f(x) € Q[x] is a
polynomial, its splitting Peld E is the subbeld of C obtained by adjoining to Q all the roots of
the polynomial f (x). The Galois group of f (x) over Q is the Galois group Gal(E/ Q) of the beld
extensionQ C E. That is, it is the group of all beld automorphisms of E leaving Q invariant
(that last conditi on is guaranteed in this cas that the small Peld is Q since Q doesn® have any
non-triv ial automorphisms...). Note the bxed subbeld of the Galois group

{# €E |g(#) = # for all g Gal(E/Q)}

is precisdy the beldQ again. Thisfollows from the fundamental th eorem of Galoistheory. Note the
Galois group of f (x) permutes the set of roots of the polynomial f (x), henceGal(E/ Q) embeds
into the symmetric group on the set of roots of f (x). This is where group theory came from
originally. You probably met the following result when you brst studied Galois theory.

4.7.5. Lemma. If f(x) € Q[x] is monic and irr educible, then its Galois group acts transitively on
the set of roots of f (x).

Proof. Note f (x) has distinct roots (else (f (x),f #(x)) # 1). Soif R is the s& of roots of f (x),
f(x) =— . g(x —#). Suppos the Galois group has two orbits on R, R = Ry UR,. Then
g(x) = 1 g, (X —#) dividesf (x). But the Galois group Pxesg(x), henceall its coe" cierts lie in
the bxed subbeld, namely, Q. Hence f (x) is reducible. O

Now here is the main di"c ult thing that weQll need about algebraic numbers.

4.76. Lemma. Supmse.y,...,., are Nth roots of unity and # = %(. 1+ ---+.,) is an algebaic
integer with |[#| < 1. Then# = 0.

Proof. Let m,(x) € Z[x] be the minimal polynomial of #. Its irreducible over Q[x]. Let $ be
any root of m,(x). Let G be its Galois group, i.e. G = Gal(E/Q) where E is the splitting beld
of m,(x) over Q. By the previous lemma, G acts transitively on the roots of m,(x). Hencethere
exists g € G sud that g(#) = $. Let F be the splitti ng Peld of xV — 1 over E. Since g maps
xN — 1 to itself, the automorphism g of E extends to an automorphism also denoted g of F (e.g.
by Existence and uniquenes of splitti ng belds in 5.3). Hence

1
$_ ﬁ(g-l+ "‘g-n)

and each g.; is also an N th root of unity, hence has|g. ;| < 1. It follows from this and the triangle
inequality that |$| < 1.



