
Chapt er 4

Al gebras

4.1 D eÞnit ion

It is time to int roducethe notion of an algebra over a commutativ e ring. Solet R be a commutativ e
ring. An R-algebra is a ring A (unital as always) that is an R-module (left , say) such that

r (ab) = (r a)b = a(r b)

for all r ∈ R, a,b∈ A. You can say it the other way round: an R-algebra is an R-module equipped
with an R-bil inear multip lication R × A → A making it into a ring. Thus, th is multip lication
satisÞesthe condit ions

(A1) 1Ra = a;

(A2) (r + s)a = r a + sa;

(A3) r (a + b) = r a + r b;

(A4) (r s)a = r (sa);

(A5) r (ab) = (r a)b = a(r b)

for all r , s ∈ R, a,b∈ A. (Note str ict ly speaking I should call thi s an Òassociative, unital R-algebraÓ
Ð there are other important sorts of algebra which are not associati ve Ð but since we wonÕt meet
them in th is courseIÕll just sti ck to algebra.)

Note a Z-algebra is just the old deÞnition of ring: ÒZ-algebras= ringsÓjust as ÒZ-modules =
Abelian groupsÓ. So you should view the passage from rings to R-algebrasas analogous to the
passagefrom Abelian groups to R-modules! Thi s is the idea of studying objects (e.g. Abelian
groups, rings) relative to a Þxed commutati ve basering R.

There is an equivalent formulati on of the deÞnition of R-algebra: an R-algebra is a ring A
together with a disti nguished ring homomorphism (the Òstructure mapÓ)

s : R → A

such that the image of s lies in the center Z (A) = {a ∈ A | ab = ba for all b∈ A}. Indeed, given
such a ring homomorphism, deÞne a multi plication R × A → A by (r, a) $→ s(r )a. Now check
th is satisÞesthe above axioms (A1)Ð(A5) (t he last one being becauseim s ⊆ Z (A)). Conversely,
given an R-algebra as deÞned originally, one obtains a ring homomorphism s : R → A by deÞning
s(r ) = r 1A, and the imagelies in Z (A) by (A5).

Let A be an R-algebra. Then, given an A-module M , we can in particul ar thi nk of M as just
an R-module, deÞning r m = s(r )m for r ∈ R, m ∈ M . So you can hope to exploit the additi onal
structure of the base ring R in studying A-modules. In part icular, if R = F is a Þeld and A is
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98 CHAPTER 4. ALGEBRAS

an F -algebra, A and any A-module M is in particu lar a vector spaceover F . So we can talk
about Þnite dimensional F -algebras and Þnite dimensional modules over an F -algebra, meaning
their underlying dimension as vector spacesover F .

Note givenA-modulesM , N , an A-modulehomomorphism between them is automatically an R-
module homomorphism (for the underlying R-module structure). However, it is not necessarily the
case that a ring homomorphism between two di!e rent R-algebrasis an R-module homomorphism.
So one deÞnesan R-algebra homomorphism f : A → B between two R-algebras A and B to
be a ring homomorphism in the old sense that is in addition R-linear (i.e. it is an R-module
homomorphism too). Ring homomorphisms and R-algebra homomorphisms are di! erent things!

Now for examples. Actually, we already know plenty. Let R be a commutati ve ring. Then, the
polynomial ring R[X 1, . . . , X n] is evidently an R-algebra: indeed, R[X 1, . . . , X n] contains a copy
of R as the subring consisting of polynomials of degreezero.

The ring M n(R) of n × n matrices over R is an R-algebra: again, it contains a copy of R
as the subring consisting of the scalar matrices. But note there is a big di!e rence between th is
and the previous example: M n(R) is Þnitely generated as an R-module (indeed, it is free of rank
n2) whereasR[X 1, . . . , X n] is not. In caseF is a Þeld, M n(F ) is a Þnite dimensional F -algebra,
F [X 1, . . . , X n] is not.

For the next example, let M be any (left ) R-module. Consider the Abelian group

EndR(M ).

We make it into a ring by deÞning the product of two endomorphisms of M simply to be their
composition. Now I claim that EndR(M ) is in fact an R-algebra: indeed, we deÞne r ! for r ∈
R, ! ∈ EndR(M ) by setti ng

(r ! )(m) = r (! (m))(= ! (r m))

for all m ∈ M . Let us check that r ! really is an R-endomorphism of M . Take another s ∈ R.
Then,

s(( r ! )(m)) = sr (! (m)) = ! (srm) = ! (r sm) = (r ! )(sm).

Note we really did use the commutativi ty of R!
We can generalize the previous two examples. Supposenow that A is a (not necessarily com-

mutativ e) R-algebra and M is a left A-module. Then, the ring D = EndA(M ) is also an R-algebra,
deÞning (r d)(m) = r (d(m)) for all r ∈ R, d ∈ D, m ∈ M .

For the Þnal example of an algebra, let G be any group. DeÞne the group algebra RG to be the
free R-module on basis the elements of G. Thus an element of RG looks like

!

g! G

r gg

for coe"c ients r g ∈ R all but Þnitely many of which are zero. Multi plication is deÞned by the rule
"

#
!

g! G

r gg

$

%

&
!

h! G

shh

'

=
!

g,h! G

r gsh(gh).

In other words, the multi plication in RG is induced by the multipl ication in G and R-bil inearity.
Note the RG contains a copy of R as a subring, namely, R1G, so is certainly an R-algebra. The
constructi on of the group algebra RG allows the possibilit y of studying the abstract group G by
studying the category of RG-modules Ð so module theory can be applied to group theory. Note
Þnally in caseG is a Þnit e group and F is a Þeld, the group algebra F G is a Þnite dimensional
F -algebra.
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4.2 Some mult il inear algebra

Let F be a Þeld (actually, everythi ng here could be done more generally over an arbit rary com-
mutativ e ring, e.g. Z Ðbut letÕsst ick to the caseof a Þeld for simplicity). Given a vector space V
over F , we have deÞned V ⊗V (meaning V ⊗F V). Hence, we have (V ⊗V)⊗V and V ⊗ (V ⊗V).
But these two are canonically isomorphic, the isomorphism mapping a generator (u⊗v)⊗w of the
Þrst to u⊗ (v⊗w) in the second. From now on weÕllidentify the two, and wri te simply V ⊗V ⊗V
for either. More generally, weÕllwrite Tn(V ) for V ⊗ · · · ⊗ V (n ti mes), where the tensor is put
together in any order you like, all di!e rent ways giving canonically isomorphic vector spaces. Set

T(V ) =
(

n" 0

Tn(V )

and call it the tensor algebra on V . Note T0(V ) = F by convent ion, just a copy of the ground
Þeld, and T1(V ) = V . Then, T(V ) is an F -vector spacegiven, but we can deÞne a multip lication
on it making it into an F -algebra as follows: deÞne a map

Tm(V ) × Tn(V ) → Tm+ n(V ) = Tm(V ) ⊗ Tn(V )

by (x, y) $→ x ⊗ y. Then extend linearly to give a map from T(V ) × T(V ) → T(V ). Since⊗ is
associative, the resultin g multip lication is associative, and T(V ) is an F -algebra.

To be quite explicit, suppose that ei (i ∈ I ) is a basis for V . Then,

{ei1 ⊗ ei2 ⊗ · · · ⊗ ein | n ≥ 0, i 1, . . . , in ∈ I }

gives a basis of ÒmonomialsÓfor T(V ). Mult ipli cation of the basis elements is just by joining
tensorstogether. In other words, T(V ) looks like Ònon-commutative polynomialsÓin the ei (i ∈ I )
Ðan arbitrar y element being a linear combinat ion of Þnitely many non-commutin g monomials.

The importance of the tensor algebra is as follows:

Univ ersal pr opert y of the t ensor algebra. Given any F -linear map f : V → A to an F -
algebra A, there is a unique F -linear ring homomorphism øf : T(V ) → A such that f = øf ◦ i , where
i : V → T(V ) is the inclusion of V into T1(V ) ⊂ T(V ).
(Note: this universal property could be taken as the deÞnition of T(V )!)

Proof. The vector spaceTn(V ) is deÞnedby the following universal property: given a multil inear
map f n : V × · · · × V (n copies) to a vector spaceW , there exists a unique F -linear map øf n :
Tn(V ) → W such that f n = øf n ◦ in, where in is the obvious map V ×· · ·×V → Tn(V ). Now deÞne
the map f n so that f n(v1, v2, . . . , vn) = f (v1)f (v2) . . . f (vn) (multip lication in the ring A). Check
that it is multilin ear in the vi, sinceA is an F -algebra. Hence it induces a unique øf n : Tn(V ) → A.
Now deÞne øf : T(V ) → A by glueing all the øf n together. In other words, using the basisnotati on
above, we have that

øf (ei1 ⊗ · · · ⊗ ein ) = f (ei1 )f (ei2 ) . . . f (ein).

Thi s is an F -linear ring homomorphism, and is clearly the only option to extend f to such a thin g.

We can restate the theorem as follows: Let X be a basis of V . Then, given any set map f from
X to an F -algebra A, there exists a unique F -linear homomorphism øf : T(V ) → A extending f
(proof: extend the map X → A to a linear map V → A in the unique way then apply the theorem).
In other words, T(V ) plays the role of the Òfree F -algebra on the set X Ó. Then you can deÞne
algebras by Ògeneratorsand relationsÓbut we wonÕtgo into that...

Next, we come to the symmetric algebra on V . Continue wit h V being a vector space. WeÕll
be working with V × · · · × V (n times). Call a map

f : V × · · · × V → W
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a symmetric multil inear map if its multil inear, i.e.

f (v1, . . . , cvi + c#v#
i, . . . , vn) = cf (v1, . . . , vi, . . . , vn) + c#f (v1, . . . , v#

i, . . . , vn)

for each i , and moreover

f (v1, . . . , vi, vi+1 , . . . , vn) = f (v1, . . . , vi+1 , vi, . . . , vn)

for each i (so its symmetric). The symmetr ic power Sn(V ), together with a distinguished map
i : V ×· · ·×V → Sn(V ), is characterized by the following universal property: given any symmetric
multi linear map f : V × · · · × V → W to a vector spaceW , there exists a unique linear map
øf : Sn(V ) → W such that f = øf ◦ i . Note this is exactly the same universal property as deÞned
Tn(V ) in the proof of the universal property of the tensor algebra, but weÕve added the word
symmetric too.

As usual with universalproperties, Sn(V ), if it exists, is uniqueup to canonical isomorphism (so
wecall it ÒtheÓsymmetric algebra). Still, weneedto proveexistencewith somesort of constructi on.
So now deÞne

Sn(V ) = Tn(V )/I n

where
I n = 〈v1 ⊗ · · · ⊗ vi ⊗ vi+1 ⊗ · · · ⊗ vn − v1 ⊗ · · · ⊗ vi+1 ⊗ vi ⊗ · · · ⊗ vn〉

is the subspace spanned by all such terms for all v1, . . . , vn ∈ V. The distinguished map i :
V × · · · × V → Sn(V ) is the obvious map V × · · · × V → Tn(V ) followed by the quotient map
Tn(V ) → Sn(V ). Now take a symmetric multilin ear map f : V × · · · × V → W . By the universal
propert y deÞning Tn(V ), there is a unique F -linear map øf 1 : Tn(V ) → W extending f . Now since
f is symmetr ic, we have that

øf 1(v1 ⊗ · · · ⊗ vi ⊗ vi+1 ⊗ · · · ⊗ vn − v1 ⊗ · · · ⊗ vi+1 ⊗ vi ⊗ · · · ⊗ vn) = 0.

Hence, øf 1 annihilates all generators of I n, henceall of I n. So øf 1 factors through the quotient Sn(V )
of Tn(V ) to induce a unique map øf : Sn(V ) → W with f = øf ◦ i . Note we have really just used
the univeral property of Tn followed by the universal property of quotients!

So now weÕve deÞned the nth symmetr ic power of a vector space. Note its customary to denote
the image in Sn(V ) of (v1, . . . , vn) ∈ V × · · · × V under the map i by v1 · · · · · vn. So v1 · · · · · vn is
the image of v1 ⊗ · · · ⊗ vn under the quotient map Tn(V ) → Sn(V ).

We can glue all Sn(V ) together to deÞne the symmetric algebra on V :

S(V ) =
(

n" 0

Sn(V )

where again S0(V ) = F, S1(V ) = V . Since each Sn(V ) is by construct ion a quotient of Tn(V ), we
see that S(V ) is a quotient of T(V ), i.e.

S(V ) = T(V )/I

where I =
)

n" 0 I n. I claim in fact that I is an ideal of T(V ), so that S(V ) is actually a quotient
algebra of T(V ). Actually, I claim even more, namely:

4.2.1. Lemma. I is the two-sided ideal of T(V ) generated by the elements v ⊗ w − w ⊗ v for all
v, w ∈ V.

Proof. Let J be the two-sidedideal generatedby the given elements. By deÞnition, I is spanned
as an F -vector spaceby terms like

v1 ⊗ · · · ⊗ vi ⊗ vi+1 ⊗ · · · ⊗ vn − v1 ⊗ · · · ⊗ vi+1 ⊗ vi ⊗ · · · ⊗ vn =

v1 ⊗ · · · ⊗ vi$ 1 ⊗ (vi ⊗ vi+1 − vi+1 ⊗ vi) ⊗ vi+2 ⊗ · · · ⊗ vn.
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Thi s clearly lies in J , henceI ⊆ J . On the other hand, the generators of the ideal J lie in I , so it
just remains to show that I is a two-sided ideal of T(V ). Since T(V ) is spanned by monomials of
the form u = u1 ⊗ · · · ⊗ um, it su"c esto check that for any generator

v = v1 ⊗ · · · ⊗ vi ⊗ vi+1 ⊗ · · · ⊗ vn − v1 ⊗ · · · ⊗ vi+1 ⊗ vi ⊗ · · · ⊗ vn

of I , we have that uv and vu both lie in I . But thatÕs obvious!

The lemma shows that S(V ) really is an F -algebra, as a quotient of T(V ) by an ideal. Multi -
plication of two monomials v1 · · · · · vm and w1 · · · · · wn in S(V ) is just by concatenation, giving
v1 · · · · · vm · w1 · · · · · wn. Moreover, since · is symmetric, we can reorder th is as we like in S(V ) to
see that

v1 · · · · · vm · w1 · · · · · wn = w1 · · · · · wn · v1 · · · · · vn.

Hence, since these ÒpureÓelements (the images of the pure tensors which generate T(V )) span
S(V ) as an F -vector space, we seethat S(V ) is a commutat ive F -algebra. Note not all elements
of S(V ) can be written as v1 · · · · · vm, just as not all tensorsare pure tensors.

The symmetric algebra S(V ), together with the inclusion map i : V → S(V ), is characterized
by the following universal property (compare with the universal property of the tensor algebra):

Univ ersal pr opert y of the symm etr ic algebr a. Given an F -linear map f : V → A, where A
is a commutat ive F -algebra, there exists a unique F -linear homomorphism øf : S(V ) → A such
that f = øf ◦ i .

Proof. Since A is commutativ e, the map øf 1 : T(V ) → A given by the universal property of the
tensor algebra annihi lates all elements v ⊗ w − w ⊗ v ∈ T2(V ). These generatethe ideal I by the
preceeding lemma. Hence, øf 1 factors thr ough the quotient S(V ) of T(V ).

Now suppose that V is Þnite dimensional on basis e1, . . . , em. Then, weÕve seen S(V ) before!
Indeed, let F [x1, . . . , xm] be the polynomial ring over F in indeterminates x1, . . . , xm. The map
ei $→ xi extends to a unique F -linear map V → F [x1, . . . , xm], hencesince the polynomial ring is
commutati ve, the universal property of symmetric algebras gives us a unique F -linear homomor-
phism S(V ) → F [x1, . . . , xm].

Now, S(V ) is spanned by the imagesof pure tensorsof the form ei1 ⊗ · · · ⊗ ein . Moreover, any
such can be reorderedin S(V ) using the symmetric property to assume that i 1 ≤ · · · ≤ in. Hence,
S(V ) is spanned by the ordered monomials of the form ei1 . . . ein for all i 1 ≤ · · · ≤ in and all n ≥ 0.
Clearly, such a monomial mapsto xi1 . . . xin in thepolynomial ring F [x1, . . . , xm]. But weknow (by
deÞnitio n) that the ordered monomials give a basis for the F -vector space F [x1, . . . , xm]. Hence,
they must in fact be linearly independent in S(V ) too, and weÕve constructed an isomorphism:

Basis theorem for symm etric powers. Let V be an F -vector space of dimension m. Then,
S(V ) is isomorphic to F [x1, . . . , xm], the isomorphism mapping a basis element ei of V to the
indeterminate xi in the polynomial ri ng. In particular, Sn(V ) hasbasis given by all ordered mono-
mials in the basis of the form

ei1 · · · · · ein

with 1≤ i 1 ≤ · · · ≤ in ≤ m.

In th is language,the universal propert y of symmetr ic algebrasgivesthat thepolynomial algebra
F [x1, . . . , xm] is the free commutative F -algebra on the generators x1, . . . , xm. Note in particular
that if V is Þnite dimensional, say of dimenion m, the basis theorem impli es

dim Sn(V ) =
*

m + n − 1
n

+

(exercise!).
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The last important topic in mult ilin ear algebra I want to cover is the exterior algebra. The
constructi on goesin much the sameway as the symmetr ic algebra, however unlike there we do not
have a known object like the polynomial algebra to compare it with Ðso we have to work harder
to get the analogousbasis theorem to the basis theorem for symmetric powers.

Start with V being any vector space. DeÞne K to be the two-sided ideal of the tensor algebra
T(V ) generated by the elements

{x ⊗ x | x ∈ V}.

Note that
(v + w) ⊗ (v + w) = v ⊗ v + w ⊗ v + v ⊗ w + w ⊗ w.

So K also contains all the elements {v ⊗ w + w ⊗ v | v, w ∈ V} automatically. DeÞne the exterior
(or Grassmann) algebra

,
(V ) to be the quotient algebra

,
(V ) = T(V )/K .

WeÕll wri te v1 ∧ · · · ∧ vn for the image in
,

(V ) of the pure tensor v1 ⊗ · · · ⊗ vn ∈ T(V ). So, now
we have Òanti-symmetricÓproperties like:

v1 ∧ · · · ∧ vi ∧ vi ∧ . . . vn = 0

and
v1 ∧ · · · ∧ vi ∧ vi+1 ∧ . . . vn = −v1 ∧ · · · ∧ vi+1 ∧ vi ∧ . . . vn.

Since the ideal K is generatedby homogeneous elements, K =
)

n" 0 K n where K n = K ∩Tn(V ).
It follows that ,

(V ) =
(

n" 0

, n(V )

where
, n(V ) ∼= Tn(V )/K n is the subspacespanned by the images of all pure tensors of degree n.

WeÕll call
, n(V ) the nth exterior power.

The exteri or power
, n(V ), together with the disti nguished map

i : V × · · · × V →
, n(V ), (v1, . . . , vn) $→ v1 ∧ · · · ∧ vn,

is characterized by thefollowing universalproperty. First, call a multlin ear map f : V×· · ·×V → W
to a vector space W alternating if we have that

f (v1, . . . , vj , vj+1 , . . . , vn) = 0

whenever vj = vj+1 for some j . The map i : V × · · · × V →
, n V is multil inear and alternating.

Moreover, given any other mult ilin ear, alternating map f : V ×· · ·×V → W , there exists a unique
linear map øf :

, n V → W such that f = øf ◦ i . The proof is the sameas for the symmetric powers,
you should compare the two construct ions! Using this all important universal property, we can
now prove:

Basis theorem for exter ior powers. Supposethat V is Þnite dimensional, with basise1, . . . , em.
Then,

, n(V ) has basis given by all monomials

ei1 ∧ · · · ∧ ein

for all sequences 1≤ i 1 < · · · < in ≤ m. In particu lar,

dim
, n(V ) =

*
m
n

+
,

and is zero for n > m.
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Proof. Since
, n(V ) is a quotient of Tn(V ), we certainl y have that

, n(V ) is spanned by all
monomials ei1 ∧ · · · ∧ ein . Now using the antisymmetric properties of ∧, we get that it is spanned
by the given st rictly ordered monomials. The problem is to prove that the given elements are
linearly independent. For th is, we proceed by induction on n, the case n = 1 being immediate
since

, 1(V ) = V . Now considern > 1.
Let f 1, . . . , f n be the basis for V %dual to the given basis e1, . . . , en for V . For each i = 1, . . . , n,

we wish to deÞne a map Fi :
, n(V ) →

, n$ 1(V ). Start with the multili near, alternating map
øf i : V × · · · × V →

, n$ 1(V ) deÞned by

øf i(v1, . . . , vn) =
n!

j=1

(−1)j f i(vj)v1 ∧ · · · ∧ vj$ 1 ∧ vj+1 ∧ · · · ∧ vn.

Its clearly multi linear, and to check its alternating, we just need to see that if vj = vj+1 then:

øf i(v1, . . . , vj , vj+1 , . . . , vn) = (−1)j f i(vj)v1 ∧ · · · ∧ vj+1 ∧ · · · ∧ vn+

(−1)j+1 f i(vj+1 )v1 ∧ · · · ∧ vj ∧ · · · ∧ vn

which is zero. Now the univeral property of
,

gives that øf i induces a unique linear map Fi :, n V →
, n$ 1 V .

Now we show that the given elements are linearly independent. Take a linear relation
!

i1 <ááá<in

ai1 ,...,inei1 ∧ · · · ∧ ein = 0.

Apply the linear map F1, which annihi lates all ej except for e1 by deÞniti on. We get :

!

1<i2 <ááá<in

a1,i2 ,...,inei2 ∧ · · · ∧ ein = 0.

By the induction hypothesis, all such monomials are linearly independent, henceall a1,i2 ,...,in are
zero. Now apply F2 in the same way to get that all a2,i2 ,...,in are zero, etc...

Now letÕsfocus on a special case. Supposethat dim V = n and consider
, n V. Its dimension,

by the theorem, is
-n
n

.
= 1, and it has basis just the element e1 ∧ · · · ∧ en. Let f : V → V be a

linear map. DeÞne
øf : V × · · · × V →

, n(V )

by øf (v1, . . . , vn) = f (v1) ∧ · · · ∧ f (vn). One easily checks that thi s is multi linear and alternating.
Hence, it inducesa unique linear map weÕll denote

∧nf :
, n(V ) →

, n(V ).

But
, n(V ) is one dimensional, so such a linear map is just multi plication by a scalar. In other

words, there is a unique scalar which weÕll call det f determined by the equation

f (e1) ∧ · · · ∧ f (en) = (det f )e1 ∧ · · · ∧ en.

Of course, det f is exactl y the determinant of the linear tr ansformation f . Note our deÞniti on of
determinant is basis free, always a good th ing.

You can seewhat weÕrecalling det f is the same as usual, as follows. Supposethe matri x of f
in our Þxed basis is A, deÞned from

f (ej) =
!

i

Ai,jei.
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Then,

f (e1) ∧ · · · ∧ f (en) =
!

i1 ,...,in

Ai1 ,1Ai2 ,2 . . . Ain,nei1 ∧ · · · ∧ ein .

Now terms on the right hand side are zero unless all i 1, . . . , in are distinct , i.e. (i 1, . . . , in) =
(g1, g2, . . . , gn) for somepermutat ion g ∈ Sn. So:

f (e1) ∧ · · · ∧ f (en) =
!

g! Sn

Ag1,1Ag2,2 . . . Agn,neg1 ∧ · · · ∧ egn.

Finally, eg1 ∧ · · · ∧ egn = sgn(g)e1 ∧ · · · ∧ en where sgn denotes the sign of a permutation . So:

f (e1) ∧ · · · ∧ f (en) =
!

g! Sn

sgn(g)Ag1,1Ag2,2 . . . Agn,ne1 ∧ · · · ∧ en.

Thi s shows that
det f =

!

g! Sn

sgn(g)Ag1,1Ag2,2 . . . Agn,n

which is exactly the usual ÒLaplace expansionÓdeÞnition of determinant.
HereÕsa Þnal result to ill ustrate how nicely the universal property deÞniti on of determinant

gives its properties:

Mu lti pl icat ivit y of det erminan t. For linear transformati ons f , g : V → V, we have that

det(f ◦ g) = det f det g.

Proof. By deÞnition , ∧n[f ◦ g] is the map uniquely determined by

(∧n[f ◦ g])(v1 ∧ · · · ∧ vn) = f (g(v1)) ∧ · · · ∧ f (g(vn)) .

But ∧nf ◦ ∧ng also satisÞesthis equation. So, ∧n(f ◦ g) = ∧nf ◦ ∧ng. The left hand side is scalar
multi plication by det(f ◦ g), the right hand side is scalar multip lication by det f det g.

4.3 Chai n condi ti ons

Let M be a (left or right) R-module. Then, M is called Noetherian if it satisÞes the ascending
chain conditi on (ACC) on submodules. Thi s meansthat every ascending chain

M 1 ⊆ M 2 ⊆ M 3 ⊆ . . .

of submodules of M eventually stabilizes, i.e. M n = M n+1 = M n+2 = . . . for su"cien tly large n.
Similarly, M is called Artinian if it satisÞesthe descending chain condition (DCC) on submod-

ules. So every descending chain
M 1 ⊇ M 2 ⊇ M 3 ⊇ . . .

of submodules of M eventually stabilizes, i.e. M n = M n+1 = M n+2 = . . . for su"cien tly large n.
A ring R is called left (resp. ri ght) Noetherian if it is Noetherian viewed as a left (resp. right)

R-module. Similar ly, R is called left (resp. ri ght) Artinian if it is Art inian viewed as a left (resp.
right) R-module. In the case of commutati ve rings, we can omit the left or right here, but we
cannot in general as the pathological examples on the homework show.

In th is chapter, weÕll mainly be concerned with the Ar tin ian property, but it doesnÕtmake sense
to intr oduce one chain conditi on without the other. We will discussNoetherian rings in detai l in
the chapter on commutativ e algebra. By the way, you should th ink of the Noetherian property
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as a quit e weak Þnitenessproperty on a ring, whereasthe Ar tini an property is rather strong (see
HopkinÕs theorem below for the justiÞcation of th is).

We already know plenty of examples of Noetherian and Arti nian rings. For instance, any PID is
Noetherian (Lemma 2.4.1), but it neednot be Ar tin ian (e.g. Z is not Ar tini an: (p) ⊃ (p2) ⊃ . . . is
an inÞnitely descending chain). The ring Zpn for p prime is both Noetherian and Ar tin ian: indeed,
here there are only Þnitely many ideals in total, the (pi) for 0≤ i ≤ n.

The main source of Ar tin ian rings is as follows. Let F be a Þeld and suppose that R is an
F -algebra. Then I claim that every R-module M which is Þnite dimensional as an F -vector space
is both Art inian and Noetherian. Well, R-submodules of M are in part icular F -vector subspaces.
And clearly in a Þnite dimensional vector space,you cannot have inÞnit echainsof proper subspaces.
So Þnite dimensionalit y of M does the job immediately!

In particular , if the F -algebra R is Þnite dimensional as a vector spaceover F , then R is both
left and right Arti nian and Noetherian. Now you seewhy Þnite dimensional algebras over a Þeld
(e.g. M n(F ), the group algebra F G for G a Þnite group, etc...) are part icularly nice th ings!

4.3.1. Lemma. Let 0 −→ K i−→ M π−→ Q −→ 0 be a short exact sequence of R-modules. Then
M is Noetherian (resp. Arti nian) if and only if both K and Q are Noetherian (resp. Arti nian).

Proof. I just prove the result for the Noetherian property, the Ar tin ian case being analogous.
Fir st , supposeM satisÞes ACC. Then obviously K does as it is isomorphic to a submodule of M .
Similarly Q does by the lattice isomorphism theorem for modules.

Conversely, supposeK and Q both satisfy ACC. Let M 1 ⊆ M 2 ⊆ . . . be an ascending chain of
R-submodules of M . Set

K i = i $ 1(i (K ) ∩M i), Qi = " (M i).

Then, K 1 ⊆ K 2 ⊆ . . . is an ascending chain of submodules of K , and Q1 ⊆ Q2 ⊆ . . . is an
ascending chain of submodules of Q. So by assumption, there exists n ≥ 1 such that K N = K n

and QN = Qn for all N ≥ n. Now, we have evident short exact sequences

0−→ K n −→ M n −→ Qn −→ 0

and
0−→ K N −→ M N −→ QN −→ 0

for each N ≥ n. Lettin g # : K n → K N , $ : M n → M N and %: Qn → QN be the inclusions, one
obtains a commutativ e diagram with # and %being isomorphisms. Then the Þve lemma impl ies
that $ is surject ive, hence M N = M n for all N ≥ n as required.

4.3.2. Theor em. If R is left (resp. ri ght) Noetherian, then every Þnitely generated left (resp.
ri ght) R-module is Noetherian. Similarly, i f R is left (resp. ri ght) Artinian, then every Þnitely
generated left (resp. r ight) R-module is Artinian.

Proof. LetÕsdo this for the Artin ian case, the Noetherian case being similar. So assume that
R is left Ar tini an and M is a Þnitely generated left R-module. Then, M is a quotient of a free
R-module with a Þnit e basis. So it su"ce s to show that R& n is an Ar tini an left R-module. We
proceed by induction on n, the casen = 1 being given. For n > 1, the submodule of R& n spanned
by the Þrst (n − 1) basis elements is isomorphic to R& (n$ 1) , and the quotient by th is submodule
is isomorphic to R. By induction both R& (n$ 1) and R are Ar tini an. Hence, R& n is Art inian by
Lemma 4.3.1.

The next results are special ones about Noetherian rings (but seeHopkinÕstheorem below!)

4.3.3. Lemma. Let R be a left Noetherian ri ng and M be a Þnitely generated left R-module. Then
every R-submodule of M is also Þnitely generated.
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Proof. By Theorem 4.3.2, M is Noetherian. Let N be an arbitrar y R-submodule of M and let
A be the set of Þnit ely generated R-submodules of M contained in N . Note A is non-empty as
the zero module is certainly there!

Now I claim that A contains a maximal element. Well, pick M 1 ∈ A . If M 1 is maximal in A ,
we are done. Else, we can Þnd M 2 ∈ A with M 1 ⊃ M 2. Repeat. The process must terminate, else
we constr uct an inÞnite ascending chain of submodules of N ⊆ M , contr adicting the fact that M
is Noetherian. (Warni ng: as with all such arguments we have secretly appealed to the axiom of
choice here!

So now let N # be a maximal element of A . Say N # is generated by m1, . . . , mn. Now take
any m ∈ N . Then, (m1, . . . , mn, m) is a Þnitely generated submodule of M contained in N and
contain ing N #. By maximality of N #, we therefore have that

N # = (m1, . . . , mn, m),

i.e. m ∈ N #. This shows that N = N #, henceN is Þnitely generated.

4.3.4. Coroll ary . Let R be a ring. Then, The following are equivalent:
(i) R is left Noetherian;
(ii ) every left ideal of R is Þnitely generated;

(Similar statements hold on the ri ght, of course).

Proof. (i)⇒(ii ). Th is is a special case of Lemma 4.3.3, taking M = R.
(ii )⇒(i). Let I 1 ⊆ I 2 ⊆ . . . be an ascending chain of left ideals of R. Then, I =

/
n" 1 I n is also

a left ideal of R, hence Þnitely generated, by a1, . . . , am say. Then for some su"cien tly large n, all
of a1, . . . , am lie in I n. Hence I n = I and R is Noetherian.

Now you see that Ðfor commutativ e rings ÐNoetherian is an obvious generalization of a PID.
Instead of insisti ng all ideals are generated by a single element , onehas that every ideal is generated
by Þnitely many elements.

4.4 Wedder burn structure t heorems

Now we have the basic languageof algebras and of Artin ian rings and modules, we can begin to
discuss the structure of rings. The Þrst step is to understand the structure of semisimple rings.
Recall that an R-module M is simple or ir reducible if it is non-zero and has no submodules other
than M and (0).

Schur Õs lemm a. Let M be a simple R-module. Then, EndR(M ) is a division ri ng.

Proof. Let f : M → M be a non-zero R-endomorphism of M . Then, ker f and im f are both
R-submodulesof M , with ker f 4= M and im f 4= (0) since f is non-zero. Hence, sinceM is simple,
ker f = (0) and im f = M . This shows that f is a biject ion, hence invertib le.

Thr oughout the section, we will also develop parallel but str ongerversionsof the results dealing
with Þnite dimensional algebras over algebraically closed Þelds (recall a Þeld F is algebraically
closed if every monic f (X ) ∈ F [X ] has a root in F ).

R elati ve Schur Õs lemm a. Let F be an algebraically closed Þeld and A be an F -algebra. Let M
be a simple A-module which is Þnite dimensional as an F -vector space. Then, EndR(M ) = F .

Proof. Let f : M → M be an A-endomorphism of M . Then in part icular, f : M → M is an
F -linear endomorphism of a Þnite dimensional vector space. Since F is algebraically closed, f has
an eigenvector vλ ∈ M of eigenvalue &∈ F (becausethe characteristi c polynomial of f has a root
in F ).
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Now consider f −&idM . It is alsoan A-endomorphism of M , and moreover its kernel is non-zero
as vλ is annihilat ed by f −&idM . Hence since M is irreducible, the kernel of f −&idM is all of M ,
i.e. f = &idM . This shows that the only R-endomorphisms of M are the scalars, as required.

Now, let R be a non-zero ring. Call R left semisimple if RR is semisimple as a left R-module
(recall section 3.4). Similarly, R is ri ght semisimple if RR is semisimple as a right R-module.
Finally, R is simple if it has no two-sided ideals other than R and (0). HereÕsa lemma from the
previous chapter that should be quite familiar by now.

4.4.1. Lemma. Let A be an R-algebra, M a left A-module and D = EndA(M ). Then,

EndA(M & n) ∼= M n(D )

as R-algebras.

Proof. Let us wri te elements of M & n as column vectors
0

1
2

m1
...

mn

3

4
5

with mi ∈ M . Suppose we have f ∈ EndA(M & n). Let f i,j : M → M be the map sending m ∈ M
to the i th coordinate of the vector

f

"

6
6
6
6
6
6
6
6
6
6
#

0

1
1
1
1
1
1
1
1
1
1
2

0
...
0
m
0
...
0

3

4
4
4
4
4
4
4
4
4
4
5

$

7
7
7
7
7
7
7
7
7
7
%

where the m is in the j th row. Then, f i,j is an A-module homomorphism, so is an element of D .
Moreover,

f

"

6
#

0

1
2

m1
...

mn

3

4
5

$

7
% =

0

1
2

f 1,1 . . . f 1,n
...

. . .
...

f n,1 . . . f n,n

3

4
5

0

1
2

m1
...

mn

3

4
5 (matri x multipl ication!),

so that f is uniquely determined by the f i,j . Thus, we obtain an R-algebra isomorphism f $→ (f i,j)
between EndA(M & n) and M n(D ).

W edder burnÕs Þrst structure theorem. The following conditions on a non-zero ri ng R are
equivalent:

(i) R is simple and left Arti nian;
(i #) R is simple and ri ght Artinian;
(ii ) R is left semisimple and all simple left R-modules are isomorphic;
(ii #) R is right semisimple and all simple right R-modules are isomorphic;
(ii i) R is isomorphic to the matri x ri ng M n(D ) for somen ≥ 1 and D a division ring.

Moreover, the integer n and the division ri ng D in (iii ) are determined uniquely by R (up to
isomorphism).

Proof. Fir st, note the condition (iii) is left- right symmetric. So let us just prove the equivalence
of (i ),(ii) and (iii ).
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(i)⇒(ii ). Let U be a minimal left ideal of R. This exists becauseR is left Arti nian so we have
DCC on left ideals! Then, U = Rx for any non-zero x ∈ U, and Rx is a simple left R-module.
Since R is a simple ring, the non-zero two-sided ideal RxR must be all of R. Hence,

R = RxR =
!

a! R

Rxa.

Note each Rxa is a homomorphic image of the simple left R-module Rx, so is either isomorphic
to Rx or zero. Thus we have written RR as a sum of simple R-modules, so by Lemma 3.4.1, there
exists a subset S ⊆ R such that

R =
(

a! S

Rxa

with each Rxa for a ∈ S being isomorphic to U. Hence, R is left semisimple.
Moreover, if M is any simple left R-module, then M ∼= R/J for a maximal left ideal J of R. We

can pick a ∈ S such that xa /∈ J . Then, the quotient map R → R/J maps the simple submodule
Rxa of R to a non-zero submodule of M . Henceusing simplicity, M ∼= Rxa. This shows all simple
R-modules are isomorphic to U.

(ii )⇒(ii i). Let U be a simple left R-module. We have that

R =
(

a! S

Ra

for some subset S of R, where each left R-module Ra is isomorphic to U. I claim that S is Þnite.
Indeed, 1R lies in

)
a! S Ra hence in Ra1 ⊕ · · ·⊕Ran for some Þnite subset {a1, . . . , an} of S. But

1R generatesR as a left R-module, so in fact {a1, . . . , an} = S.
Thus,

R ∼= U& n

for some n, uniquely determined as the composition length of RR. Now, by SchurÕslemma,
EndR(U) ∼= D, where D a Division ring uniquely determined up to isomorphism as the endomor-
phism ring of a simple left R-module. Henceapplyi ng Lemma 4.4.1,

EndR(RR) ∼= EndR(U& n) ∼= M n(D ).

Now Þnally, we observe that
EndR(RR) ∼= Rop ,

the isomorphism in the forward direction being determined by evaluation at 1R. To seethat this is
an isomorphism, oneconstructs the inversemap, namely, the map sending r ∈ R to f r :R R →R R
with f r(s) = sr for each s ∈ R (Òf r is right multi plication by r Ó). Now we have shown that

Rop ∼= M n(D ).

Hence, noting that matr ix transposition is an isomorphism between M n(D )op and M n(D op), we
get that

R ∼= M n(D op)

and D op is also a division ring.
(ii i)⇒(i). We know that M n(D ) is simple as it is Morita equivalent to D , which is a division

ring (or you can prove this direct ly!). It is left Arti nian for instance becauseM n(D ) is Þnite
dimensional over the division ring D . This gives (i).

Coroll ar y. Every simple left (or right) Artinian ring R is an algebra over a Þeld.

Proof. Observe M n(D ) is an algebra over Z (D), which is a Þeld.

The relati ve version for Þnite dimensional algebras over algebraically closed Þelds is as follows:
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R elati ve Þrst structur e theorem. Let F be an algebraically closed Þeld and A be a Þnite di-
mensional F -algebra (hence automatically left and ri ght Artini an).

(i) A is simple;
(ii ) A is left semisimple and all simple left R-modules are isomorphic;
(ii #) A is right semisimple and all simple right R-modules are isomorphic;
(ii i) A is isomorphic to the matri x ri ng M n(F ) for somen (indeed, n2 = dim A).

Proof. The proof is the same, except that one gets that the division ring D equals F since one
can usethe str onger relative SchurÕslemma.

W edder burnÕs second st r ucture theorem. Every left (or right) semisimple ring R is isomor-
phic to a Þnite product of matrix rings over division rings:

R ∼= M n1 (D1) × · · · ×M nr (Dr)

for uniquely determined ni ≥ 1 and division rings D i. Conversely, any such ri ng is both left and
ri ght semisimple.

Proof. Since R is left semisimple, we can decompose RR as
)

i! I Ui where each Ui is simple.
Note 1R already lies in a sum of Þnit ely many of the Ui, hence the index set I is actually Þnite.
Now gather together isomorphic UiÕsto wri te

RR = H1 ⊕ · · · ⊕ Hm

where
H i

∼= U& ni
i

for irreducible R-modules Ui and integers ni ≥ 1, with Ui 4∼= Uj for i 4= j . By SchurÕslemma,
D i = EndR(Ui) is a division ring. Moreover, there are no R-module homomorphisms between H i

and H j for i 4= j , becausenone of their composition factors are isomorphic. Hence:

R ∼= EndR(RR)op ∼= EndR(H1 ⊕ · · · ⊕ Hm)op ∼= EndR(H1)op × · · · × EndR(Hm)op

∼= M n1 (D1)op × · · · ×M nm (Dm)op ∼= M n1 (D op
1 ) × · · · ×M nm (D op

m ).

The integersni are uniquely determined as the multipl icities of the irreducible left R-modules in a
composition seriesof RR, while the division rings D i are uniquely determined up to isomorphism
as the endomorphism rings of the simple left R-modules.

For the converse, we need to show that a product of matri x algebras over divi sion rings is left
and right semisimple. This follows becausea single matr ix algebra M n(D ) over a division ring is
both left and right semisimple according to the Þrst Wedderburn structure theorem.

The theoremshows:

Cor ol lary . A ri ng R is left semisimple if and only if i t is r ight semisimple.

So we can now just call R semisimple if it is eith er left or right semisimple in the old sense.
Also:

Cor ol lary . Any semisimple ri ng is both left and ri ght Artini an.

Proof. A product of Þnitely many matrix rings over divi sion algebras is left and right Ar tin ian.

Finally, we need to give the relative version:
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R elati ve second structure theorem. Let F be an algebraically closed Þeld and A be a Þnite
dimensional F -algebra that is semisimple. Then,

A ∼= M n1 (F ) × · · · ×M nr (F )

for uniquely determined integers ni ≥ 1.

Proof. Just usethe relative SchurÕslemma in the sameproof.

This theorem lays bare thestr uctureof Þnite dimensional semisimple algebrasover algebraically
closed Þelds: A is uniquely determined up to isomorphism by the integersni, which are precisely
the dimensions of the simple A-modules.

4.5 T he Jacobson radical

I want to explain in th is section how understanding of thecaseof semisimple ringsgivesinformation
about more general rings. The key notion is that of the Jacobsonradical, which will be deÞned
using the following equivalent properties:

Jacobson radical theor em. Let R be a ring, a ∈ R. The following are equivalent:
(i) a annihilates every simple left R-module;
(i) # a annihilates every simple right R-module;
(ii ) a lies in every maximal left ideal of R;
(ii )# a lies in every maximal right ideal of R;
(ii i) 1− xa has a left inverse for every x ∈ R;
(ii i) # 1− ay has a right inverse for every y ∈ R;
(iv ) 1− xay is a unit for every x, y ∈ R.

Proof. Since (iv ) is left-right symmetr ic, I will only prove equivalenceof (i )Ð(iv).
(i)⇒(ii ). If I is a maximal left ideal of R, then R/I is a simple left R-module. So, a(R/I ) = 0,

i.e. a ∈ I .
(ii )⇒(ii i). Assume (ii) holds but 1− xa does not have a left inverse for some x ∈ R. Then,

R(1− xa) 4= R. So, there exists a maximal left ideal I with

R(1− xa) ≤ I < R.

But then, 1− xa ∈ I , and a ∈ I by assumption. Hence, 1 ∈ I so I = R, a contradicti on.
(ii i)⇒(i). Let M be a simple left R-module. Take u ∈ M . If au 4= 0, then Rau = M as M is

simple, so u = r au for some r ∈ R. But thi s implies that (1− r a)u = 0, hencesince (1− r a) has a
left inverseby assumption, we get that u = 0. Thi s contr adiction shows that in fact au = 0 for all
u ∈ M , i.e. aM = 0.

(iv )⇒(ii i). This is tri vial (take y = 1).
(i) ,(iii )⇒(iv ). For any y ∈ R and any simple left R-module M , ayM ⊆ aM = 0. So ay also

satisÞesthe conditi on in (i), hence (ii i). So for every x ∈ R, 1− xay has a left inverse, 1− b
say. The equation (1 − b)(1 − xay) = 1 implies b = (b− 1)xay. HencebM = 0 for all simple left
R-modules M , so b satisÞes(i) hence(i ii). So, 1− b has a left inverse, 1− c, say. Then,

1− c = (1− c)(1 − b)(1 − xay) = 1− xay,

hence
c = xay.

Now we have that 1− b is a left inverse to 1− xay, and 1− xay is a left inverse to 1− b. Hence,
1− xay is a unit with inverse 1− b.
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Now deÞne the Jacobsonradical J (R) to be

J (R) = {a ∈ R | a satisÞesthe equivalent condit ions in the theorem}.

Thus for instanceusing (i), J (R) is the intersection of the annihilator s in R of all the simple left
R-modules, or using (i i)

J (R) =
8

I

I

where I runs over all maximal left ideals of R. Thi s impli es that J (R) is a left ideal of R, but
equally well using (i i) #,

J (R) =
8

I

I

where I runs over all maximal right ideals of R so that J is a right ideal of R. Hence, J (R) is a
two-sided ideal of R.

The following result is a basic tr ick in ring theory and maybe gives a Þrst clue as to why the
Jacobsonradical is so important.

Nak ayamaÕs lem ma. Let R be a ri ng and M be a Þnitely generated left R-module. I f J (R)M =
M then M = 0.

Proof. Suppose that M is non-zero and set J = J (R) for short. Let X = {m1, . . . , mn} be a
minimal set of generators of M , so m1 4= 0. Since J M = M , we can write

m1 = j 1m1 + · · · + j nmn

for somej i ∈ J . So,
(1R − j 1)m1 = j 2m2 + · · · + j nmn.

But 1R − j 1 is a unit by the deÞniti on of J (R). So we get that

m1 = (1R − j 1)$ 1j 2m2 + · · · + (1R − j 1)$ 1j nmn.

Thi s contrad icts the minimalit y of the initial set of generators chosen.

We will apply NakayamaÕslemma on the next chapter, but actually never in th is chapter. The
remainder of the secti on is concerned with the Jacobson radical in an Artinian ri ng!!! Al l these
results are false if the ring is not Artin ian...

Firs t char act er ization of the Jacobson r adi cal for Artini an r ings. Suppose that R is left
(or r ight) Artinian. Then, J (R) is the unique smallest two-sided ideal of R such that R/J (R) is a
semisimple algebra.

Proof. Pick a maximal left ideal I 1 of R. Then (if possible) pick a maximal left ideal I 2 such that
I 2 4⊇ I 1 (hence I 1 ∩ I 2 is strictly smaller than I 1). Then (if possible) pick a maximal left ideal I 3

such that I 3 4⊇ I 1 ∩ I 2 (hence I 1 ∩ I 2 ∩ I 3 is stri ctl y smaller than I 1 ∩ I 2). Keep going! The process
must terminate after Þnit ely many steps, elseyou construct an inÞnite descending chain

R ⊃ I 1 ⊃ I 1 ∩ I 2 ⊃ I 1 ∩ I 2 ∩ I 3 ⊃ . . .

of left ideals of R, contradicti ng the fact that R is left Ar tin ian. We thus obtain Þnitely many
maximal left idealsI 1, I 2, . . . , I r of R such that I 1∩· · ·∩ I r is contained in everymaximal left ideal
of R. In other words,

J (R) = I 1 ∩ · · · ∩ I r,

so the Jacobson radical of an Artin ian ring is the intersection of Þnitely many maximal left ideals.
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Consider the map

R → R/I 1 ⊕ · · · ⊕ R/I r, a $→ (a + I 1, . . . , a + I r).

It is an R-module map with kernel I 1 ∩ · · · ∩ I r = J (R). So it inducesan embedding

R/J '→ R/I 1 ⊕ · · · ⊕ R/I r.

The right hand side is a semisimple R-module, as it is a direct sum of simples, henceR/J is also
a semisimple R-module. Thi s shows that the quotient R/J is a semisimple ring.

Now let K be another two-sided ideal of R such that R/K is a semisimple ring. By the lattice
isomorphism theorem, we can wri te

R/K =
(

i! I

B i/K

where B i is a left ideal of R contain ing K ,
9

i! I B i = R and B i ∩ (
9

j '= i Bj) = K for each i . Set
Ci =

9
j '= i Bj for short. Then,

R/C i = (Ci + B i)/C i
∼= B i/ (B i ∩ Ci) = B i/K .

Thi s is simple, so Ci is a maximal left ideal of R. Hence, each Ci ⊇ J (R). So K =
:

Ci also
contains J (R). Thus J (R) is the unique smallest such ideal.

Thus you seethe Þrst step to understanding the st ructure of an Ar inian ring: understand the
semisimple ring R/J (R) in the sense of WedderburnÕs str ucture theorem.

4.5.1. Coroll ary . Let R be a left Artini an ri ng and M be a left R-module. Then, M is semisimple
if and only if J (R)M = 0.

Proof. If M is semisimple, it is a direct sum of simples. Now, J (R) annihil ates all simple left
R-modules by deÞnition , henceJ (R) annihi lates M . Conversely, if J (R) annihi lates M , then we
can view M asan R/J (R)-module by deÞning (a+ J (R))m = am for all a ∈ R, m ∈ M (one needs
J (R) to annihi late M for this to be well-deÞned!). Since R/J (R) is semisimple by the previous
theorem, M is a semisimple R/J (R)-module. But the R-module structure on M is just obtained
by lif ting the R/J (R)-module str ucture, so thi s meansthat M is semisimple as an R-module too.

Second characterizati on of the Jacobson radical for Arti nian rings. Let R be a left (or
ri ght) Artini an ring. Then, J (R) is a nilpotent two-sided ideal of R (i. e. J (R)n = 0 for some
n > 0) and is equal to the sum of all nilpotent left ideals of R.

Proof. Supposex ∈ R is nilpotent, say xn = 0. Then, (1− x) is a unit, indeed,

(1− x)(1 + x + x2 + · · · + xn$ 1) = 1.

So if I is a nilpotent left ideal of R, then every x ∈ I satisÞescondit ion (iii ) of the Jacobsonradical
theorem. This shows every nilpotent ideal of R is contained in J (R). It therefore just remains to
prove that J (R) is it self a nilpotent ideal.

Set J = J (R). Consider the chain

J ⊇ J 2 ⊇ J 3 ⊇ . . .

of two-sided idealsof R. SinceR is left Arti nian, the chain stabili zes, so J k = J k+1 = . . . for some
k. Set I = J k, so I 2 = I . We need to prove that I = 0.

Well , supposefor a contr adiction that I 4= 0. Choosea left ideal K of R minimal such that
I K 4= 0 (use the fact that R is left Ar tini an). Take any a ∈ K with I a 4= 0. Then, I 2a = I a 4= 0,
so the left ideal I a of R coincideswith K by the minimalit y of K . Hence, a ∈ K lies in I a, so we
can write a = xa for some x ∈ I . So, (1 − x)a = 0. But x ∈ J , so 1− x is a unit, hence a = 0,
which is a contradiction.
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4.5.2. Coroll ary . In particu lar, a left (or ri ght) Artinian ring R is semisimple if and only if it
has no non-zero nilpotent ideals.

We end with an important application:

HopkinÕs t heorem. Let R be a left Artinian ring and M be a left R-module. The following are
equivalent:

(i) M is Artini an;
(ii ) M is Noetherian;
(ii i) M has a composition series;
(iv ) M is Þnitely generated.

Proof. (i)⇒(ii i) and (ii)⇒(ii i). Let J = J (R). Then, J is nilpotent by the second characterization
of the Jacobsonradical. So, J n = 0 for some n. Consider

M ⊇ J M ⊇ J 2M ⊇ · · · ⊇ J nM = 0.

It is a descending chain of R-submodules of M . Set Fi = J iM /J i+1 M . Then, Fi is annihi lated by
J , henceis a semisimple left R-module. Now, if M is Art inian (resp. Noetherian), so is each Fi,
so each Fi is in fact a direct sum of Þnitely many simple R-modules. Thus, each Fi obviously has
a composition series, so M does too by the lattice isomorphism theorem.

(ii i)⇒(iv ). Let M = M 1 ⊃ · · · ⊃ M n = 0 be a composition seriesof M . Pick mi ∈ M i −M i+1

for each i = 1, . . . , n − 1. Then, the image of mi in M i/ M i+1 generatesM i/ M i+1 as it is a simple
R-module. It follows that the mi generateM . Hence, M is Þnitely generated.

(iv )⇒(i) is Theorem 4.3.2.
(ii i)⇒(ii ) and (iii )⇒(i). These both follow immediately from the Jordan-H¬older theorem (ac-

tually, the Schreier reÞnement lemma using that any reÞnement of a composition series is triv ial).

Now we can show that ÒArtinian impl ies NoetherianÓ:

4.5.3. Coroll ary . If R is left (resp. right) Artinian, then R is left (resp. right) Noetherian.

Proof. Apply HopkinÕs theorem to the Art inian R-module RR.

4.6 Character t heory of Þnit e groups

WedderburnÕstheorem has a very important application to the study of Þnit e groups, indeed, it
is the star tin g point for the study of character theory of Þnite groups. In this section, IÕll follow
Rotman section 8.5 fairly closely.

Mas chk eÕs theor em. Let G be a Þnite group and F be a Þeld either of characteristic 0 or of
characteristic 0 < p ! |G|. Then, the group algebra F G is a semisimple algebra.

Proof. It is certainly enough to show that every left F G-module M is semisimple. We just need
to show that every short exact sequence

0−→ K −→ M π−→ Q −→ 0

of F G-modules splits. Well , pick any F -linear map ! : Q → M such that " ◦ ! = idQ. The problem
is that ! neednot be an F G-module map.

Well , for g ∈ G, deÞne a new F -linear map

g! : Q → M , x $→ g! (g$ 1x).
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Then,
(" ◦ g! )(x) = " (g! (g$ 1x)) = g(" ◦ ! )(g$ 1x) = gg$ 1x = x

so each g! also satisÞes" ◦ g! = idQ. Now deÞne

Av! =
1
|G|

!

g! G

g!

(note |G| is invertib le in F by assumption on characteristic). This is another F -linear map such
that " ◦ Av! = idQ. Moreover, Av! is even an F G-module map:

hAv ! (x) =
1
|G|

!

g! G

hg! (g$ 1x) =
1
|G|

!

g! G

g! (g$ 1hx) = Av! (hx).

Hence, Av! deÞnesthe required splittin g.

4.6.1. R emar k. MaschkeÕs theorem is actually if and only if... F G is a semisimple algebra if and
only if char F = 0 or char F ! |G|. Let me just give one example. Take F of characteristic p > 0
and G = Cp = 〈x〉. The group algebra F G is commutati ve and art inian. Now recall a commutativ e
art inian ring is semisimple if and only if it has no non-zero nilpotent elements. But The corollary
can be applied in particul ar to commutativ e rings. In that case, if x ∈ R is a nilpotent element,
the ideal (x) it generatesis a nilpotent ideal. So, a commutative Artinian ring is semisimple if
and only if it has no non-zero nilpotent elements. Now let G = Cp, the cyclic group of order p.
MaschkeÕs theorem shows that if F is any Þeld of characteristic di! erent from p, then F G is a
semisimple. Conversely, supposeF is a Þeld of characterisitic p. The group algebra F G is Þnite
dimensional, henceis a commutativ e Ar tin ian ring. Consider the element

x − 1 ∈ F G

where x is a generator of G. We have that

(x − 1)p = xp + (−1)p = 1 + (−1)p = 0.

Hence, it is a non-zero nilpotent element . Thus, F G is not semisimple in thi s case.

We are going to be interested from now on in the following situation:

• G is a Þnite group (so that F G is artin ian);

• the Þeld F is of characteristi c 0 (so that F G is semisimple);

• the Þeld F is algebraically closed (so that the souped-up version of WedderburnÕstheorem
holds).

Actuall y IÕlljust assume F = C from now on. Then, we have shown that

(1) CG ∼= M n1 (C) × · · · ×M nr (C)

where r is the number of isomorphism classes of ir reducible CG-modules and n1, . . . , nr are their
dimensions. Thesegive some interesting invariants of the group G deÞned using modules... Note
Þrst (considering dimensionof each side as a C-vector space) that:

|G| = (n1)2 + · · · + (nr)2.

The number r has a simply group theoretic meaning too:

4.6.2. Lemma. The number r in (1) is equal to the number of conjugacy classesin the group G.
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Proof. Let us compute dim Z (CG) in two di! erent ways. Fir st, sincethe center of M n(C) is one
dimensional spanned by the identit y matri x, dim Z (CG) = r (one for each matri x algebra in the
Wedderburn decomposition). On the other hand if

!

g! G

agg ∈ CG

is central then conjugating by h ∈ G you see that

ag = ahgh−1

for all h ∈ G. Hencethe coe"c ients ag are constant on conjugacy classes. Hence if C1, . . . , Cs are
the conjugacy classesof G, the elements zi =

9
g! Ci

g form a basis{z1, . . . , zs} for Z (CG). Hence
r = dim Z (CG) = s.

4.6.3. Ex ample. Say G = S3. There are thr ee conjugacyclasses. Hencer = 3, i.e. there are three
isomorphism classesof irr educible CS3-modules. Moreover n2

1 + n2
2 + n2

3 = 6 so the dimensions can
only be 1, 1 and 2.

4.6.4. Ex ample. Say G is abelian. Then there are r = |G| conjugacyclasses, and n2
1 + · · ·+ n2

r = r
hence each ni = 1. Thi s proves that there are n isomorphism classes of ir reducible CG-module,
and all of thesemodules are one dimensional.

Before going any furth er I want to intro duce a lit tle language. A (Þnite dimensional complex)
representation of G means a pair (V, ( ) where V is a Þnite dimensional complex vector space
and ( : G → GL(V ) is a group homomorphism. The representation is called faithful if thi s map
( is injective. Note having a representat ion (V, ( ) of G is exactly the same as having a Þnite
dimensional CG-module V : given a representati on (V, ( ) we get a CG-module structure on V by
deÞning gv := ( (g)(v); conversely given a CG-module structure on V we get a representati on
( : G → GL(V ) by deÞning ( (g) to be the linear map v $→ gv. This is all one big tautology. But I
will often switch betweencalling th ings CG-modules and calling them representation s. Sorry.

Say ( : G → GL(V ) is a representation of G. Pick a basisfor V , v1, . . . , vn. Then each element
of GL(V ) becomes an invertible n×n matrix , and in this way you can regard ( instead as a group
homomorphism ( : G → GL n(C). This is a matri x representation: ( maps the group G to the
group of n × n invertible matrices. You should compare the notion of matr ix representation with
that of permutation representation from before: that was a map from G to the symmetr ic group
Sn for somen. It corresponded to having a G-set X of size n... Its all very analogous to what
weÕre doing now, but sets have been replaced by vector spaces. Before we called a permutation
representation faith ful if the map G → Sn was injecti ve (th en it embedded G as a subgroup of a
symmetric group); now we are calling a (li near) representation faith ful if the map G → GL n(C) is
injecti ve (th en it embedsG as a subgroup of the matr ix group)...

4.6.5. Ex ample. Recall that GL(C) ∼= GL 1(C) is just the multip licativ e group C( . For any group
G, there is always the tri vial representation, namely, the homomorphism mapping every g ∈ G to
1 ∈ GL 1(C). This corresponds to the tri vial CG-module equal to C as a vector space with every
g ∈ G acting as 1.

4.6.6. Ex ample. For the symmetric group Sn, there is a group homomorphism sgn : Sn → {±1}.
The latter group sits inside C( , so you can view th is as another 1-dimensional representation , the
sign representati on. The corresponding module is not isomorphic to the triv ial module (providing
n > 1). Now weÕve constructed both of the one dimensonal CS3-modules: one is tri vial, one is
sign. What about the two dimensional CS3-module?

There is a simple way to constr uct (li near) representation s of G out of permutation representa-
tions. SupposeX = {x1, . . . , xn} is a Þnite G-set. Let CX be the C-vector spaceon basis X . Each
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g ∈ G deÞnes an automorphism of the set X . Extending linearly, this meanseach g ∈ G can be
viewed as a vector space automorphism of CX , i.e. an element of GL(CX ). Thus we have deÞned
a map ( : g → GL(CX ), i.e. we have turned the set X into a linear representati on CX of G. In
module language,CX is a CG-module. Identif y GL(CX ) with GL n(C) via the choice x1, . . . , xn

of basis. Then ( (g) becomes an n × n matrix for each g ∈ G. Note the ij -ent ry of thi s matr ix is
1 if gxj = xi and it is zero otherwise. Since X was a G-set thi s means that the matri x ( (g) is a
permutation matri x: all it s entries are zerosand ones, and there is just one non-zero entry in every
row and column. So amongst all matri x representation s of G, the ones coming from permutati on
representation s are very simple...

4.6.7. Ex ample. LetÕsjust go back to S3 again. It IS a permutat ion group, so it has a natural
permutation representation on the set X = {1, 2, 3}. The corresponding matrix representation
S3 → GL 3(C) is one you all know perfectly well. For instance, the imageof the three cycle (1 23)
with respect to the standard basisv1, v2, v3 of CX labelled by the elements of the set X (IÕdbetter
not just call them 1, 2, 3!) is the matri x

0

2
0 0 1
1 0 0
0 1 0

3

5 .

Now clearly the vector v1 + v2 + v3 is Þxed by all of G so it spans a one dimensional submodule
(isomorphic to the tr ivial module). By MaschkeÕstheorem that had better have a complement.
For instance {v1 − v2, v2 − v3} is a complement (all a1v1 + a2v2 + a3v3 with a1 + a2 + a3 = 0).
LetÕswrite down matrices with respect to the new basis v1 + v2 + v3, v1 − v2, v2 − v3 instead: we
get the following matri ces

( (1) =

0

2
1 0 0
0 1 0
0 0 1

3

5 ,

( ((1 2)) =

0

2
1 0 0
0 −1 1
0 0 1

3

5 ,

( ((2 3)) =

0

2
1 0 0
0 1 0
0 1 −1

3

5 ,

( ((1 3)) =

0

2
1 0 0
0 0 −1
0 −1 0

3

5 ,

( ((1 23)) =

0

2
1 0 0
0 0 −1
0 1 −1

3

5 ,

( ((1 32)) =

0

2
1 0 0
0 −1 1
0 −1 0

3

5 .

Note all these matr icesare block diagonalmatrices. The top 1×1 block is the tr ivial representation
of G on V1 = C(v1 + v2 + v3), the bottom 2× 2 block is a two dimensional representation of G
on V2 = C(v1 − v2) ⊕ C(v2 − v3). Of course V2 is irr educible. The decompositi on V = V1 ⊕ V2 of
V into irr educibles corresponds in matr ix language to choosing a basis so that each ( (g) is block
diagonal... and since the blocks are irr educible representations you cannot do any better.

In other words, if V and W are two Þnite dimensional CG-modules, so is V ⊕ W . Pick
basis, to view V as a matr ix representati on ( : G → GL n(C) and W as a matr ix representati on
) : G → GL m(C). With respect to the basis for V ⊕W obtained by concatenating the two basis,
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the matrix representati on ( ⊕ ) : G → GL m+ n(C) corresponding to the module V ⊕W has all g
mapping to block diagonal matrices diag(( (g), ) (g)).. . This is how you should th ink of direct sums
of CG-modules in terms of matrices.

Let V be a Þnite dimensional CG-module. Equivalently , let (V, ( ) be a representati on of G. De-
Þne its character * V : G → C to be the function with * V (g) equal to the tr aceof the endomorphism
( (g). (Recall that tr (AB ) = tr (B A), hence if A is invertibl e tr (AB A$ 1) = tr (A$ 1AB ) = tr (B ),
so the tr ace of a matri x depends only on its similarit y class, so it makes sense to deÞne tr ace of an
endomorphism as the tr ace of the matrix of the endomorphism in any basis...) Note * V extends
linearly to a map also denoted * V : CG → C, somet imesweÕllapply * V to elements of the group
algebra, but usually I wonÕtthi nk of * V in th is way.

4.6.8. Ex ample. The character * 1 of the tri vial CG-module is * 1(g) = 1 for all g ∈ G. The
character + of the regular CG-module CG is +(g) = |G| if g = 1 and +(g) = 0 for all other
1 4= g ∈ G.

A class function is a functi on f from G to C that is constant on conjugacy classes, i.e.
f (hgh$ 1) = f (g). For example, the character * V of any Þnite dimensional CG-module is a class
function:

(2) tr (( (hgh$ 1)) = tr (( (h)( (g)( (h)$ 1) = tr (( (h)$ 1( (h)( (g)) = tr (( (g))

hence * V (hgh$ 1 = chiV (g). Let C(G) denote the vector space of all class funct ions on G. There
is an obvious basis for C(G): let C1, . . . , Cr be the conjugacy classesof G. Let , i : G → C be the
function wit h , i(g) = 1 if g ∈ Ci, 0 otherwise. Then C(G) has basis , 1, . . . , , r. There is a less
obvious basis for C(G): let L 1, . . . , L r be a complete set of pairwise non-isomorphic irreducible
CG-modules. (Recall the number of them is the number of conjugacy classesin G too...) Let
* i = * Li be the corresponding characters.

4.6.9. Theor em. * 1, . . . , * r is a basis for C(G).

Proof. Consider Wedderburn:

CG = M n1 (C) × · · · ×M nr (C).

In the product on the right hand side, let ei = (0, · · · , 0, I ni , 0, · · · , 0), i.e. the identit y matr ix of
the i th matri x algebra. The irr educible representat ions on the right hand side are the modules
L 1, . . . , L r whereL i is the module of column vectors for M ni(C) on which ei acts as1 and all other
ej act as zero. So * i(x) is just the trace of the i th matr ix in the Wedderburn decomposit ion of an
element of x ∈ CG... But * i(ej) = , i,jnj . Th is proves that * 1, . . . , * r are linearly independent.
Hencethey form a basisby dimension considerations.

4.6.10. Cor ol lary . Two Þnite dimensional CG-modules V and W are isomorphic if and only if
* V = * W , i.e. they have the samecharacters.

Proof. Note V is a direct sum of ir reducibles, say V ∼=
) r

i=1 L & ai
i . Similarly W ∼=

) r
i=1 L & bi

i .
Now V ∼= W if and only if ai = bi for all i (say by Jordan-Holder theorem). But * V =

9 r
i=1 ai* i

and * W =
9 r

i=1 bi* i. So * V = * W if and only if ai = bi for all i by the theorem...

In the proof of the theorem, we exploited the idempotents ei ∈ CG coming from the identit y
matrices in the Wedderburn decompositi on. Let us repeat thi s, becausetheseare important: there
are mutually orthogonal central idempotents e1, . . . , er ∈ CG summing to the ident it y wit h the
property that ei acts on the j th ir reducible module L j (of dimension nj) as , i,j . Sorry there is a
lot of Þxed notation: r is the number of conjugacy classes, C1, . . . , Cr are the conjugacy classes,
L 1, . . . , L r are representati ves of the isomorphism classesof irr educible modules, * i is the character
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of L i, ni is thedimensionof L i or * i(1), ei is thecentr al idempotent corresponding to L i... To make
th ings worse I will always assumefrom now on that C1 = {1} and L 1 is the tri vial module. Also
let ci = |Ci| be the size of the i th conjugacy class. Al so IÕllpick onceand for all a representativ e
gi in the conjugacy classCi.

The character table of G is the r × r matrix with rows labelled by * 1, . . . , * r and columns
labelled by C1, . . . , Cr with i j -entry equal to * i(gj). Of course th is is independent of the particular
representativ e gj of Cj chosen because* i is a class function. (There are two choices in all of these
that are important: the indexing of the conjugacy classes by 1, . . . , r determines the ordering of
the columns of the character table and the indexing of the isoclassesof irr educible representation
by 1, . . . , r determinesthe ordering of the rows of the character table).

The character table of G is a crucial invariant of the group G...

4.6.11. Ex ample. Here is the character table of S3:

1 (1 2) (1 23)
* 1 1 1 1
* 2 1 −1 1
* 3 2 0 −1

Here * 2 is the sign representation, * 3 is the two dimensional one sittin g in the natural permutation
representation . Note for example that given any Þnite dimensional CG-module V you can decom-
pose it into irr educibles given just its character * and its character table: just work out how to
writ e * =

9 r
i=1 ai* i then V ∼=

) r
i=1 L & ai

i ... In class I wil l apply th is to the natural permutati on
representation and the regular representati on.

Before we forget all the notation, let me prove a slightly technical lemma.

4.6.12. Lemma. If ei =
9

g! G a(i)
g g then

a(i)
g =

ni* i(g$ 1)
|G| .

Proof. Let + be the character of the regular CG-module and g ∈ G. WeÕllcompute +(eig$ 1) in
two di!e rent ways. On the one hand,

eig$ 1 =
!

h

a(i)
h hg$ 1.

So since+(1) = |G| and + is zero on all other group elements,

+(eig$ 1) = a(i)
g |G|.

On the other hand, + =
9 r

j=1 nj* j . So

+(eig$ 1) =
!

j

nj* j(eig$ 1).

But ei acts as zero on all L j for j 4= i , and it acts as 1 on L i. So we get that

+(eig$ 1) = ni* i(g$ 1).

Comparing these formulas proves the lemma.

Okay, now letÕs do something clever. Intro duce a Hermitian form on the complex vector space
C(G) by deÞning the pairing of two class funct ions * and + from

(*, +) =
1
|G|

!

g! G

* (g)+(g)

where− denotes complex conjugation. Note that (*, * ) = 1
|G|

9
g! G |* (g)|2 which is > 0 if and

only if * 4= 0. So it is a positive deÞnite Hermiti an form. So we can call it an inner product...
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4.6.13. Theor em (Orthogonali t y relati ons) . (i ) With respect to the inner product just deÞned,
* 1, . . . , * r are orthonormal. Hence for any character * ,

* =
r!

i=1

(*, * i)* i.

(ii ) (row orthogonality relati on) With our usual notation for the character table, we have for
any i, j = 1, . . . , r that

r!

k=1

ck* i(gk)* j(gk) =
;

0 if i 4= j ,
|G| if i = j .

(i ii) (column orthonality relation) For any j , k = 1, . . . , r we have that

r!

i=1

* i(gj)* i(gk) =
;

0 if j 4= k,
|G|/c j if j = k.

Proof. (i) Weknow from the preceeding lemma that * i(ej) = , i,jnj . Also ej = 1
|G|

9
g nj* j(g$ 1)g.

Hence,

, i,jnj =
1
|G|

!

g

nj* j(g$ 1)* i(g).

YouÕllshow on the exercises that * j(g$ 1) is * j(g) = * j(g)$ 1. Hence the right hand side is
nj

|G| (* i, * j).
(ii ) Th is is just a restatement of (i ) in the languageof the character table.
(ii i) Let A be the character table, i.e. the matri x with ij -entry * i(gj). Let B be the matrix

with ij -ent ry ci* j(gi)/ |G|. Let us compute AB : its i j -entry is

1
|G|

r!

k=1

ck* i(gk)* j(gk) = , i,j .

Therefore AB = I . Therefore B A = I . LetÕs compute its i j -ent ry:

1
|G|

!

k

ci* k(gi)* k(gj) = , i,j .

I thin k that Õsit.

This gives some rather strong arith metic propert ies that the character table must satisfy. Using
it you can compute character tables using only a relatively small amount of information. Here are
some examples.

4.6.14. Ex ample. Let us Þrst compute the character table of the cyclic group C4 of order 4. Its
abelian, so r = 4 and n1 = n2 = n3 = n4 = 1. Let x be a cyclic generator. A 1 dimensional
representation must map x → - with - 4 = 1 in C. Let - be a primitive 4th root of one. Then the
four choices are x $→ - , x $→ - 2 = −1, x $→ - 3 and x $→ - 4 = 1. So the character table is:

Ci 1 x x2 x3

ci 1 1 1 1
* 1 1 1 1 1
* 2 1 - −1 - 3

* 3 1 −1 1 −1
* 4 1 - 3 −1 -

Note * 2 can be thought of as the composite of the map C4 ! C2 mapping x2 to 1, then the
non-triv ial character of C2...
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4.6.15. Ex ample. Next, letÕslook at V4 = {1, x, y, xy}. There are four obvious one dimensional
representation s. For example you can map x to −1, y to 1 then xy has to map to −1. So you get

Ci 1 x y xy
ci 1 1 1 1
* 1 1 1 1 1
* 2 1 −1 1 −1
* 3 1 1 −1 −1
* 4 1 −1 −1 1

You should check the orthogonalit y relations hold in both cases... These two examplesgive groups
G, H with CG ∼= CH but with di!e rent character tables: character tables are a Þner invariant
than just the information in the Wedderburn decomposition.

4.6.16. Ex ample. Next lets look at D4 = {1, x, x2, x3, y, xy, x2y, x3y}. Recall that x2 is central .
So there is a surjection D4 ! V4 under which x2 maps to 1. Using thi s the four ir reducible
characters of V4 lif t to give four irr educible characters of D4. There are just 5 conjugacy classes,
and you can work out the last ir reducible character just using the orthogonalit y relations.

Ci 1 x2 x y xy
ci 1 1 2 2 2
* 1 1 1 1 1 1
* 2 1 1 −1 1 −1
* 3 1 1 1 −1 −1
* 4 1 1 −1 −1 1
* 5 2 −2 0 0 0

4.6.17. Ex ample. Finally lets look at Q3 = {1, ø1, i, øi, j , øj , k, øk}. The conjugacy classes are

{1}, {ø1}, {i, øi}, {j , øj }, {k, øk}.

ThereÕsa map Q3 ! V4, ø1 $→ 1}. This gives four irr educible characters, the last comes for free.

Ci 1 ø1 i j k
ci 1 1 2 2 2
* 1 1 1 1 1 1
* 2 1 1 −1 1 −1
* 3 1 1 1 −1 −1
* 4 1 1 −1 −1 1
* 5 2 −2 0 0 0

Note th is is the sameas the character table in the preceeding example. So weÕve found groups
G 4∼= H with the samecharacter tables, just in caseyou werewondering if character tablesseparated
groups...

The purpose of the next theorem is to convince you that the character table of a Þnit e group
does actually say quite a bit about the str ucture of the group. In fact character theory is absolutely
crucial in many parts of Þnit e group theory, e.g. the classiÞcationof Þnite simple groups would
never have been possible with out it.

4.6.18. Theor em. Let ( : G → GL(V ) be a representation of G, and * = * V be its character. Let
ker* = {g ∈ G | * (g) = * (1)}. Then,

(i ) |* (g)| ≤ * (1) = dim V ;

(ii ) ker ( = ker * , hence ker* is a normal subgroup of G;
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(ii i) i f * =
9 t

s=1 as* is with as > 0 then ker* =
:

i ker* is ;

(iv ) if N is any normal subgroup of G, then there are irreducible characters * i1 , . . . , * is such that
N =

: t
s=1 ker* i.

Proof. (i) Note that g|G| = 1 for any g ∈ G. Hencetheminimal polynomial of ( (g) dividesx|G|−1.
In parti cular, it hasdist inct linear factors, so( (g) is diagonalizable, and all its eigenvaluesare |G|th
roots of unit y. Hence, * (g) is a sum of * (1) roots of unit y. Now the tri angle inequalit y impl ies
that |* (g)| ≤ * (1).

(ii ) If g ∈ ker( , then |* (g)| = * (1), hence g ∈ ker* . Conversely, if g ∈ ker* then * (g) = * (1) so
equalit y holds in the tr iangle inequality, so all of the eigenvaluesof ( (g) are equal. Say ( (g) = - I ,
a |G|th root of 1. So * (g) = * (1)- . But * (g) = * (1) by hypothesis, so in fact - = 1 and g ∈ ker(
as ( (g) = I .

(ii i) Say * =
9 t

s=1 as* is with as > 0. Take g ∈ ker* . Then * (g) =
9

s as* is (g). Hence* (1) =9
s as* is (1) =

<
<9

s as* is (g)
<
<=

9
s as|* is (g)|. So equalit y holds in the tr iangle inequalit y, and all

* is (g) are equal to some complex number z (say) ti mes * is (1). But then * (g) =
9

s as* is (1)z =9
s as* is (1), hence z = 1. Therefore * is (1) = * is (g) for all s, so g ∈

:
s ker* is . The reverse

inclusion is clear.
(iv ) Let N bea normal subgroup. Lif t the regular character of G/ N to G. This givesa character

+ of G with +(g) = [G : N ] if g ∈ N , +(g) = 0 if g /∈ N . For this, ker + = N .

Let us now compute the character table of S4.

C 1 (1 2) (1 23) (1 234) (1 2)(3 4)
|C| 1 6 8 6 3
* 1 1 1 1 1 1
* 2 1 −1 1 −1 1
* 3 2 0 −1 0 2
* 4 3 1 0 −1 −1
* 5 3 −1 0 1 −1

HereÕshow you get it. Start with the t rivi al and sign character. (Th ese are lifts of the two
ir reducible characters of the cyclic group C2 via the surjection sgn : S4 ! C2). Next look at the
surjection S4 ! S4/V 4

∼= S3. Lif ting the two dimensional ir reducible character of S3 through th is
gives * 3. Next look at the natural permutation representati on * . Its values on these classesare
the numbers of Þxed points: 4, 2, 1, 0, 0. Of course it contains * 1 as a constituent. Subtr acti ng
* − * 1 gives * 4 (check its irr educible by showing (* 4, * 4) = 1). Finally * 5 is completed by using
the orthogonalit y relations, or noting * 5 = * 2* 4 (pointwise multi plication).

I want to end the section by discussingthe varioustr icksaround to compute character tables. By
a character of G I mean thecharacter of someCG-module. Socharactersarespecial classfuncti ons:
the ones which are Z" 0-linear combinations of irreducible characters. These techniques all give
ways to Þnd some genuine characters. They need not be ir reducible (a character is ir reducible if
and only if (*, * ) = 1). But they are a startin g point. .. You can then reduce them bit by bit to
eventually pin down the ir reducible characters.

• Characters of Þnite abelian groups are easy.

• For any group, thereÕsalways the triv ial character * 1, and the regular character + with
+(1) = |G|, +(g) = 0 for g 4= 1. Note + =

9 r
i=1 ni* i (by WedderburnÕstheorem), so +

contains everythin g else ... but it s hard to decompose it wit hout more data.

• Lif ts. If N is a normal subgroup of G, then you can lif t irr educible characters of G/ N to G
through G ! G/ N . The character table of G/ N givessomebut not all rows of the character
table of G...
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• Permutati on characters. If G acts on a set X , the corresponding CG-module CX gives rise
to a character * of G with * (g) equal to the number of Þxed points of g on X . This is an
easy source of characters... Its always the casethat (*, * 1) (where * 1 is the tr ivial character
of G) is the number of orbits of G on X . (Th is is the orbit counti ng lemma: the number of
orbits of G on X is the averagenumber of Þxed points ... that is the deÞnit ion of the inner
product on C(G)).

• Tensor products. There is an obvious pointwise multip lication on the vector spaceC(G)
making it into a commutativ e C-algebra: (* · +)(g) = * (g)+(g). In fact the product of two
characters is always a character. Indeed, let V and W be two CG-modules with characters
* V and * W . Make the vector spaceV ⊗ W (tensor product over C) into a G-module so
that g(v ⊗ w) = (gv) ⊗ (gw) for g ∈ G, v ∈ V, w ∈ W . Then, I claim that * V * W = * V ) W .
To see th is, use the following fact: suppose # : V → V, $ : W → W are diagonalizable
endomorphisms. Then tr (# ⊗ $) = tr( alpha) t r($). IÕll leave the proof as an exercise: pick
basesin which everythi ng is diagonalthen it snot too bad. Note th is statement is actually tru e
even if th ings are not diagonalizable, but its a little harder to prove. But of course we know
for any Þnite dimensional representation ( : G → GL(V ) that all ( (g) ARE diagonalizable
matrices, becausetheir minimal polynomials have distinct linear factors.

• *Ind uction/restr ict ion*. Let H be a subgroup of G. Then CH is a subalgebra of CG. So
any CG-module is a CH -module by restr ict ion. At the level of characters, any character *
of G rest ricts to a character * ↓H of H ... its just the restriction of the function on G to a
function on H . Conversely, any CH -module V gives rise to a CG-module CG ⊗CH V. This
is called the ÒinducedmoduleÓ.At the level of characters, there is a corresponding notion of
Òinduced characterÓ,denoted* ↑G if * wasa character of H . In class, IÕllprove the following
formula for * ↑G: if t1, . . . , tk is a system of G/H -coset representativ es then

* ↑G (g) =
k!

i=1

ú* (t$ 1
i gti)

where ú* (g) is * (g) if g ∈ H , ú* (g) = 0 otherwise. For example, if G acts tr ansitively on a
set X and you let H be the stabilizer of a point x ∈ X , hence X is identiÞed with the coset
spaceG/H via the orbit map, then th is formula gives that 1H ↑G (g) is the number of Þxed
points of g on X . Here 1H denotes the triv ial character of H . Sopermutation characters are
a special caseof induced characters: they are precisely the characters induced from tri vial
representation s of subgroups...

There is one important fact about induced characters which is a good excuseto remind you
some more about tensor products. Let us writ e (., .)G for the inner product on C(G) and
(., .)H for the inner product on C(H ) to avoid confusing the two. The following formula is
known as Frobenius reciprocity:

(* ↑G, +)G = (*, + ↓H )H

for any * ∈ C(G), + ∈ C(H ).

Modern proof. First suppose that V and W are two Þnite dimensional CG-modules. I
want to observe that the inner product (* V , * W )G computes the dimension of the vector
spaceHomCG(V, W ). To prove thi s, decomposeV =

)
i L & ai

i and W =
)

j L bj

j . So * V =9
ai* i, * W =

9
bj* j . Hence (* V , * W )G =

9
i aibi. This equals dim HomCG(V, W ), since

dim HomCG(L i, L j) = , i,j .

Now to prove the Frobenius reciprocity formula, it su"c esto consider the casethat * = * V

for some CH -module V and + = * W for some CG-module W . In terms of homomorphisms,
the formula claims that

HomCG(CG⊗CH V, W ) ∼= HomCH (V, W ↓H ).
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Now notice that W ↓H is isomorphic asa CH -module to HomCG(CG, W), where CG is being
viewed as a (CG, CH )-bimodule by right multip lication for H . Now the formula is exactly
adjointness of tensor and hom!

• *Geometr y*. Well we wonÕtgo there. But there are lots of beautif ul ways to get characters
from groups acti ng on topological spacesand their cohomology....

LetÕsend this intr oduct ion to character theory by computing the characters of the symmetric
group S5. Remark: the symmetr ic groups are remarkable in that the characters of all Sn are
integers. Usually character valuesreally are complex numbers, but for a character of degree n we
do at least know that all * (g)Õsare sums of n |G|th roots of unit y... In particul ar all character
values are algebraic integers.

C 1 (12) (123) (1234) (12345) (12)(34) (123)(45)
|C| 1 10 20 30 24 15 20
* 1 1 1 1 1 1 1 1
* 2 1 −1 1 −1 1 1 −1
* 3 4 2 1 0 −1 0 −1
* 4 4 −2 1 0 −1 0 1
* 5 5 1 −1 −1 0 1 1
* 6 5 −1 −1 1 0 1 −1
* 7 6 0 0 0 1 −2 0

Working: Work out the conjugacy classesand their orders. Then we have the t rivi al and sign
representation s.

Next look at the natural permutation character which has values 5, 3, 2, 1, 0, 1, 0 on the conju-
gacy classes. It contains the triv ial character, sosubtr act it ... Then what is left is irr educible since
its inner product with itself is 1. This gives a degree4 ir reducible character, and tensoring that
with sign gives another one.

The remaining three characters eit her have degrees(5, 5, 6) or (1, 6, 7). But the degree of a
character dividestheorder of thegroup (seenext section) so thesecondthi ng couldnÕthappen. Now
we needsomeinput. Considerthe permutation action on the set of pairs {1, 2}, {1, 3}, {1, 4}, {1, 5},
{2, 3}, {2, 4}, {2, 5}, {3, 4}, {3, 5}, {4, 5}. Computi ng Þxedpoints givesthe character values

10, 4, 1, 0, 0, 2, 1

on the conjugacy classes in the order listed. Subtr act the tri vial character. WeÕve got

9, 3, 0,−1,−1, 1, 0.

Now take the inner product with * 3. You get 1. So subtract * 3. Then check that is indeed
ir reducible.

Now tensor with sign to get * 6. Finally work out * 7 using orthogonalit y relations.

4.7 Bur nsideÕspaqb theo rem

You know that simple arithmetic plays an important role in Þnite group theory. The character
table is the way that Òhigher arith meticÓcomesinto play. By Òhigher arith meticÓI meanalgebraic
number theory... DonÕtforget: if * is a character of degree n, then each character value * (g) is a
sum of n |G|th roots of unity. We need to understand such numbers to make furt her progress...

In class weÕlldigressat thi s point to cover sections 5.1 and 6.1 from these notes, in particul ar,
weÕll meet thedeÞnition of an algebraic integer: an element of C that isa root of a monic polynomial
in Z[x]. WeÕll prove in §6.1 that the sum or the product of two algebraic integers is again an
algebraic integer. Henceall character values* (g) are algebraic integers. Here are a couple of basic
lemmas.
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4.7.1. Lemma. Let # be an algebraic number and mα(x) ∈ Q[x] be its minimal polynomial (the
monic polynomial with coe"ci ents in Q of smallest possible degree having # as a root). Then # is
an algebraic integer if and only if mα(x) ∈ Z[x].

Proof. Let # be an algebraic integer. Let p(x) be a monic polynomial of minmal degreein Z[x]
having # as a root. Note p(x) is ir reducible in Z[x] (if it factorizes then by looking at the leading
coe"cie nts both factors are monic and one of them already has # as a root). Hence by GaussÕ
lemma it is ir reducible in Q[x]. Clearly mα(x)|p(x). Together theseimply that mα(x) = p(x).

Note we will prove the next lemma again in §6.1 Ðin fancy languageit says that Z is integrally
closed in Q.

4.7.2. Lemma. A rational algebraic integer (i. e. an algebraic integer lying in Q) is actually an
integer (i. e. an element of Z).

Proof. Let # be an algebraic integer that can be wri tten asa rational number p/q in lowest terms.
Say f (x) = xn + a1xn$ 1 + · · · + an is a monic polynomial in Z[x] with # as a root. Then,

qn$ 1f (#) = 0 =
pn

q
+ a1pn$ 1 + · · · + anqn$ 1.

It follows that pn

q is already an integer, i.e. q|pn. This contr adicts that p/q was in its lowest terms.

Finally we need the following lemma about algebraic integers, which IÕllprove again in §6.1
with out using the noetherianness of Z (it wil l make more sensethen when it is put into the right
context Ðright now it looks like magic).

4.7.3. Lemma. Let # ∈ C. Suppose there exists a faithful Z[#]-submodule U of C that is Þnitely
generated as an abelian group. (Here, faithful means that annZ[α] (U) = {0}). Then # is an
algebraic integer.

Proof. The main task is to prove that Z[#] is a noetherian Z-module. Once weÕve done that, the
lemma is easy: look at 1, #, #2, . . . . By ACC there must be some k such that #k ∈ Z + Z# +
· · · + Z#k$ 1. Hence # is a root of a monic polynomial in Z[x] of degree k. Hence # is an algebraic
integer.

To prove that Z[#] is a noetherian Z-module, note that since U is a Þnitely generated Z-
module, so is EndZ(U). To prove this statement, let F be a free Z-module of Þnite rank having
U as a quotient . Then EndZ(U) is a Z-submodule of HomZ(F, U) (itÕsthe homomorphism that
factor through the quotient U of F ...). The latter is a direct sum of Þnitely many copies of
HomZ(Z, U) ∼= U, which is Þnitely generated. But Z is noetherian so submodules of Þnitely
generatedZ-module are Þnitely generated. Hence the submodule EndZ(U) is Þnitely generated
too.

But now the assumption that U is faithf ul means that the representati on Z[#] → EndZ(U)
is inject ive. So Z[#] is a Z-submodule of a noetherian Z-module, hence its noetherian as Z is a
noetherian ring.

Now IÕmgoing to prove an important theorem which is really just a warm up to proving
BurnsideÕspaqb theorem. It is our Þrst application of algebraic integers to character theory.

4.7.4. Theor em. With the notation of the previous section, the degrees ni of the irreducible char-
acters of a Þnite group G all divide |G|.

Proof. Recall that ei =
9

g! G
1
α * i(g$ 1)g where # = |G|/n i. Since ei is an idempotent, e2

i = ei,
so

#ei =
!

g! G

* i(g$ 1)gei.
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Now for any g, h ∈ G, deÞne ah,g ∈ C from the equation

gei =
!

h! G

ah,gh.

The above equation shows that
!

h! G

#ah,gh = #gei =
!

k! G

* i(k$ 1)(gk)ei =
!

h,k! G

* i(k$ 1)ah,gkh.

Equating coe"c ients shows that #ah,g =
9

k! G * i(k$ 1)ah,gk. Now let M be the Z-submodule of
C generatedby all {zah,g | h, g ∈ G, z|G| = 1}. Clearly M is Þnitely generated as a Z-module.
Moreover, #zah,g =

9
k! G * i(k$ 1)zah,gk. The coe"cien t * i(k$ 1)z is a sum of |G|th roots of 1,

becausecharacter values are. This shows that #zah,g ∈ M . Hence M is a Z[#]-submodule of C,
clearly faithf ul as C is a Þeld, that is Þnit ely generated as a Z-module. Hence by the previous
lemma, # is an algebraic integer. But # ∈ Q, hence by Lemma 4.7.2 # is an integer. Henceni||G|.

Okay, now weÕre going to do a similar tr ick to prove BurnsideÕspaqb theorem. We need a
lit tle more preparation, which needs a litt le Galois theory. Let me recall: if f (x) ∈ Q[x] is a
polynomial, its splitt ing Þeld E is the subÞeld of C obtained by adjoining to Q all the roots of
the polynomial f (x). The Galois group of f (x) over Q is the Galois group Gal(E / Q) of the Þeld
extension Q ⊆ E. That is, it is the group of all Þeld automorphisms of E leaving Q invariant
(th at last conditi on is guaranteed in thi s case that the small Þeld is Q since Q doesnÕt have any
non-triv ial automorphisms...). Note the Þxed subÞeld of the Galois group

{# ∈ E | g(#) = # for all g ∈ Gal(E / Q)}

is precisely theÞeldQ again. Thi s follows from the fundamental theorem of Galois theory. Note the
Galois group of f (x) permutes the set of roots of the polynomial f (x), henceGal(E / Q) embeds
into the symmetr ic group on the set of roots of f (x). This is where group theory came from
originally. You probably met the following result when you Þrst studied Galois theory.

4.7.5. Lemma. If f (x) ∈ Q[x] is monic and irr educible, then its Galois group acts transitively on
the set of roots of f (x).

Proof. Note f (x) has dist inct roots (else (f (x), f #(x)) 4= 1). So if R is the set of roots of f (x),
f (x) =

=
α! R(x − #). Suppose the Galois group has two orbits on R, R = R1 8 R2. Then

g(x) =
=

α! R1
(x − #) divides f (x). But the Galois group Þxesg(x), henceall its coe" cients lie in

the ÞxedsubÞeld, namely, Q. Hence f (x) is reducible.

Now here is the main di"c ult thi ng that weÕll need about algebraic numbers.

4.7.6. Lemma. Suppose. 1, . . . , . n are N th roots of unity and # = 1
n (. 1 + · · ·+ . n) is an algebraic

integer with |# | < 1. Then # = 0.

Proof. Let mα(x) ∈ Z[x] be the minimal polynomial of #. Its irr educible over Q[x]. Let $ be
any root of mα(x). Let G be its Galois group, i.e. G = Gal(E / Q) where E is the splitting Þeld
of mα(x) over Q. By the previous lemma, G acts tr ansitively on the roots of mα(x). Hencethere
exists g ∈ G such that g(#) = $. Let F be the splitti ng Þeld of xN − 1 over E . Since g maps
xN − 1 to itself, the automorphism g of E extends to an automorphism also denoted g of F (e.g.
by Existence and uniqueness of splitti ng Þelds in 5.3). Hence

$ =
1
n

(g. 1 + · · ·g. n)

and each g. i is also an N th root of unity, hence has |g. i| ≤ 1. It follows from th is and the tr iangle
inequalit y that |$| ≤ 1.


