1. (a) What is a Euclidean domain?




2. (a) Let R be an integral domain and a,b € R be non-zero elements. What
are the two properties defining a greatest common divisor d of a and b7
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(b) Suppose R is a principal ideal domain and a,b € R are non-zero elements.
Prove that a greatest common divisor of a and b always exists, and moreover
it can be expressed as a linear combination of a and b.




3. In this question you may appeal to the theorem from question 2(b) that
if R is a principal ideal domain and a,b € R are non-zero elements, then
GCD(a,b) exists and can be written as a linear combination of a and b.
(a) What is the definition of an irreducible element p € R?
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(b) If R is a principal ideal domain and 0 # a € R, prove that the following
properties are equivalent:

(1) a is irreducible;

(2) R/{a) is a field.
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4. Consider the ring Z[v/10].
(a) By considering the multiplicative function

§:Z[V10] — Z, z+yV10 — 22 — 1042,

prove that 2 is an irreducible element.
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(b) Give an example of a ring R, an irreducible element p € R, and elements
a,b € R such that plab but p{a and p1b.
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HEXTRA CREDIT PROBLEM!!

5. Prove that the ring Z[i] of Gaussian integers is a Euclidean domain.
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