Ch. 5

1. (i) hmx_>1 x_H = lim,_1(xz —1) =0.

(ii) limg_o % ﬁ = lim, 9 % = limg_o(2? + 22 +4) = 12.
(iif) lim, 3 £=8 = 19 — 19,
(iv) limg—y Z=4 = 11maz~>y( " a2yt Yy By T2y =
ny" L.

(v) limy g % = na" L

31 vath—va _ y: (Vath—va)Vath+va) _ . +h—h
(vi) limp,_q 1 T = limy, h(Jathtva) = limy,_¢ h(jﬂﬂ/a)
2. (i) limgy Y% = lim,_; % limy—1 57 = 1/2.

\/ 1-vV1 1+vV1— 1—(1—=2?

(11) limg_o L2722 — Jim,_ ¢ x(li\)/(lfﬂ) —2%) — lim, o ﬁ

(iii) Similar to (ii), except you get = lim, o ﬁ = 1/2 at the end.
3. See solutions in back of the book.

4. (i) All z that are not integers.

(ii) All z that are not integers.

(iii) All = that are not integers.

(v) All z different from 0 and different from 1/n for any integer n.

9. Suppose lim,_,, f(z) = ¢. Prove that limy .o f(a + h) = ¢. To do
this, take € > 0. Then, there exists § > 0 such that 0 < |z — a| < § implies
|f(z) — ¢ < e Now,if 0 < |h|] <, x = a+ h satisfies 0 < |z — a|] < 4,
so |f(x) —£] < € s0 |f(a+ h)—L| < e Believe it or not, this verifies the
definition of what limy,_,g f(a + h) = £ means!

12. (a) Let £ = lim, ., f(x), m = lim,_,, g(x). Suppose for a contra-
diction that £ > m. Set e = ({ —m)/2 > 0. Then, there exists 6; > 0
such that 0 < |z — a| < &1 implies |f(x) — ¢| < € and there exists d2 > 0
such that 0 < |z — a| < dy implies |g(z) — ¢| < e. Now take any z with
0 < |z —a| < min(d1,02). Then, we have in particular that f(x) > ¢ — e and
g(x) < m+ e. By assumption, f(x) < g(x). Hence,

L—e< f(x) <g(z) <m+e.
Rearranging gives £ — m < 2¢ in other words, by the choice of e,
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which is a contradiction!

(b) Weaken the hypotheses to f(x) < g(x) for all z. It is of course still
true that limg, ., f(z) < limg_,q g().

(c) But it is FALSE that lim,_., f(x) < limg_., g(z). For instance, let
f(z) =1—=z, g(x) =1+ x on the interval [0,1]. Then, f(z) <1 < g(x) for
all z € [0,1]. But limy_0 f(z) =1 = lim,_0 g(x).

13. Let £ = limy_.q f(x) = limy_.q h(x). Then, for all € > 0 there exists
91 > 0 such that 0 < |x — a| < 01 implies |f(z) — ¢| < €, and there exists
d2 > 0 such that 0 < |z — a| < d2 imlies |g(z) — ¢] < €. Set § = min(dy, d2).
Then, 0 < |z — a|] < § implies both that ¢ — e < f(z) and that h(z) < ¢ + €.
But then since f(z) < g(x) < h(z) we get both that £ — e < g(z) < £ + €,
i.e. |g(x) — ] < e. This proves that lim, ., g(z) = ¢.

(PS. I call this the policeman lemma ’coz there’s this guy stuck in be-
tween the policeman and where the policeman go...)

15.(1) limg—o S22 = limg, o 222 = lim, o 554 = 2lim, o *2¢ = 2a.
(ii) limg—o 8292 = (lim, o S292) /(lim, o $202) = ga/ba = a/b (by a

slight variation of (i)).

(iii) limg—o S22 — Jim, o S22 Jim, o (sin 2z) = 2a.0 = 0.

24. Given € > 0, pick n with 1/n < e. Let ¢ be the minimum distance
from a to all points in Aq,..., A, (except a itself if a is one of these points).
Then 0 < |z — a|] < ¢ implies that z is not in Ay,..., 4,, so f(z) = 0 or

1/m for m > n, so |f(z)| <e.

37. (a) Take N > 1. Need to choose § > 0 so that 0 < |z —3| < ¢ implies
1/(x —3)2 > N. Try 6 = y/1/N. Then, if 0 < |z — 3| < §, we have that
|z — 3| < \/1/N so (x —3)2 < 1/N so 1/(x — 3)?> > N. We're done.

(b) Take N > 1. As limy_,, = 0, we can find § > 0 such that 0 <
|z — a| < 0 implies |g(z)| < ¢/N. But then f(z)/|g(x)| > €¢/(¢/N) = N. As
required.

39. (i) oo.

(ii) z(1 +sin?z) > 22 so lim, o (1 + sin? z) = oo.

(iii) Does not exist (keeps fluctuating between big positive and zero as
x gets bigger).

(iv) You need to know that lim, . zsin 1 exists and is positive to do
this one: set y = % then as x — oo you have that y — 07. So its the same
as lim,_,o+ SI% = 1 (from class). Then given that, to do the problem you
see that

1 1
lim z?sin — = ( lim xsin —)( lim z) = oc.
T—00 T T—00 T’ x—00



(v) This is 1. Proof.

2 _ 2
lim 72—1—290—35: lim (Va2 +2x —z)(Va? + 2z + z)

z—00 z—00 (Va2 + 2z + )
. 2x
= lim ——
z—00 \/22 + 20 +

2

2
=00 /1 4+2/x+1 1+1

(vi) o0
(vii) 0.



