1. (a) What is the definition of a prime number p?
A/\ uﬂ‘@é)‘ P>) W\/;ﬂ‘ ho Pddvﬁfw &W{)
ofher ﬁw ) Mﬂ( j) :
(b) Use the Euclidean algorithm to find integers s and ¢ such that

17s 4+ 101t = 1.
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(c) Use your answer to (b) to solve the’ congruence equation 17z = 66
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2. Let G be the digraph with

V(G) = {vla V3, U3, 1)4},
E(G) = {e1,e3,€3,e4,€5,€6}

and directed edges defined by the function

v: E(G@) — V(G) x V(G)
€] — (1)3,’!)1),
ez — (v, va),
ez — (v4,v3),
€4 (U4,1)1),
es — (vg, v2),

es > (v2,v4).

(a) Draw a picture representing the digraph G.
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(b) Write down the adjacency matrix of G.
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(c) What is the length of the shortest path that passes through every vertex?
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3. (a) What does it mean to say an integer m divides an integer n? Prove
directly from your definition that if m divides n and m divides p then m
divides n + p.
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(b) Draw the digraph of the partial order | on {1,2, 3,4, 5, 6,7, 8} defined by
m|n if m divides n.
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(c) Define a relation <l on Z by m < n if m? < n?. Is < a partial order?
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4. (a) Work out the truth table for the compound propositions p V (g A7)
and (pVg)A(pVr).
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(b) Using your answer to (a), explain why pV (gAr) < (pV @) A(pVr).
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(c) Explain as clearly as you can how to translate the statement you just
- proved into the following theorem about sets: AU(BNC) = (ANB)U(ANC).
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5. (a) Prove that 3691456789 — 13579 is divisible by 10.
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(b) If z is rational and y is irrational prove that z + y is irrational.
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6. Consider the function f : N — N defined by the formula f(n) = |v/n].

(a) Compute f<(1). O— O
)
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(b) Is this function 1-1, onto, or a 1-1 correspondence?
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7. Prove by induction on n = 1,2,... that

Z 2t = (n—1)2" +2.
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8. Suppose (S(n))n>o is the sequence defined by the following pseudo-
computer program.: :

S(n)
Input : an integern > 0
begin
ifn =0thenreturni
if n = 1thenreturn4
return4S(n—1) — 4S(n — 2)
end

(a) Compute S(2)
S ( L§ =0

(b) Write down the recurrence relation defining S(n) in usual mathematical

notation. 5(0)3’ g(w:[k
S-S0 —0.S Gy

(c) Solve the recurrence relation to find an explicit formula for S(n).
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