
Algebraic Topology, 2019/2020, Boris Botvinnik

Homework # 12. Due to Wednesday, February 5, 11:00 am

(1) Prove that Whitehead product is natural.

(2) Prove that if α ∈ π1(X), β ∈ π1(X), then [α, β] = αβα−1β−1 .

(3) Prove that the embedding i : Sn ∨ Sk ⊂ Sn × Sk induces a surjection

i∗ : πn+k(Sn ∨ Sk)→ πn+k(Sn × Sk).

(4) Prove the isomorphism πn+k(Sn+1 ∨ Sk+1) ∼= πn+k(Sn+1)⊕ πn+k(Sk+1).

(5) Prove that the suspension Σ(Sn×Sk) is homotopy equivalent to the wedge Sn+1∨Sk+1∨Sn+k+1 .

(6) Prove that the homotopy groups of the spaces S3 ×CP∞ and S2 are isomorphic, and prove that
they are not homotopy equivalent.

(7) Consider the map

g : S2n−2 × S3 projection−−−−−−−−→ (S2n−2 × S3)/(S2n−2 ∨ S3) = S2n+1 Hopf−−−−→ CPn.

Prove that g induces trivial homomorphism in homotopy groups, however g is not homotopic to
a constant map.


