
Math 420/520, Fall 2013 Boris Botvinnik

FINAL EXAM REVIEW-I

(1) Find eigenvalues and eigenvectors of the following matrices:

A =

 0 0 1
0 1 0
1 0 0

 , B =

 0 0 1
0 2 0
3 0 0

 , C =

 1 1 1
1 1 1
1 1 1


(2) Compute the matrix eAt if

A =

 0 0 1
0 1 0
1 0 0

 ,
 λ 0 0

1 λ 0
0 1 λ

 ,
 1 1 1

1 1 1
1 1 1

 .
(3) Compute the matrices Ak and eA for the matrix A =

[
0 β

−β 0

]
.

(4) Consider the system: [
x′

y′

]
=

[
0 1

−k −b

] [
x
y

]
where b ≥ 0 and k > 0.

(a) For which values of b and k this system has complex eigenvalues?

Repeated eigenvalues?

(b) Find the general solution of this system in each case.

(5) Find the general solution of the system: x′

y′

z′

 =

 1 2 −1
0 3 −2
0 2 −2

 x
y
z


Sketch few trajectories.

(6) For small ε > 0, find general solution of the system: x′

y′

z′

 =

 ε 1 0
−1 ε 0

0 0 −1

 x
y
z


Sketch few trajectories.

(7) For small ε > 0, find the general solution of the system: x′

y′

z′

 =

 α 1 0
0 α 1
0 0 α

 x
y
z


Sketch few trajectories.

(8) Find the general solution of the system: x′

y′

z′

 =

 0 1 1
1 0 1
1 1 0

 x
y
z

 .
Sketch few trajectories.



(9) Find the general solution of the system:[
x′

y′

]
=

[
2 1

−1 2

] [
x
y

]
−
[

5 cos t
0

]
.

(10) Find and classify the critical points of the system{
x′ = x− y
y′ = x2 − 1

Sketch the phase diagrams near each critical point.

(11) Find and classify the critical points of the system{
x′ = x− y
y′ = x+ y − 2xy

Sketch the phase diagrams near each critical point.

(12) Consider the dynamical system: {
x′ = − 1

2x
3 + 2xy2

y′ = −y3

The point (0, 0) is a critical one for the system. Find a Lypunov function to show that this point is
asymptotically stable.

(13) Consider the dynamical system:  x′ = 2y(z − 1)
y′ = −x(z − 1)
z′ = −z3

The point (0, 0, 0) is a critical one for the system. Find a Lypunov function to show that this point is
asymptotically stable.
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