Math 232, Winter 2016 Boris Botvinnik

Summary on Lecture 3, January 6, 2016

We continue with Recurrence Relations

Fibonacci numbers again: nontrivial application. Now we denote by F),, the Fibonnaci numbers defined
above, i.e. Fp =0, Fi=1and F,=F,_ 1+ F,_o for n > 2. Let a = 1+T\/5 We need the following property:
Lemma 1. F, > o2 for n > 3.

Exercise: Prove Lemma 1 by induction.

Let m, k be positive integers, k > 2, and we look at the division:
m=q-k+r, 0<r<hb

Recall that a key to compute ged(m, k) is the identity ged(m, k) = ged(k, ). We organize the Euclidian Algorithm
as follows to match the notations from the book.

Let rg = m, r1 = k. Then we have the divisions:

ro = qr1+72 0<ra<nr

1 = qar2 + 713 0<r3<mr

T2 = q3r3+rms 0<ry<rs (1)
"Tm—2 = (Gn—-1Tn—-1 + 0 < Tn < Th-1

Thn—1 = ({4nTn

Then we have the sequence of identities:
ged(m, k) = ged(ro,m1) = ged(ry, r2) = ged(ra,r3) = -+ = ged(rn—1,7,) = ged(ry,,0) = ry,.

We notice that we have performed n divisions, and every quotient ¢; > 1 for all i = 1,2,...,n — 1. Then the
Tn—1 = qnryn and 1, < r,_1 imply that ¢, > 2.

Now we examine the remainders r,,7,-1,...,7r2,71 (here r1 = k). We have:
rp >0, ie. r, >1thusr, > Fy =1 i.e. Tn > Fy
qgn>2and r, > 1thusr, 1 =q,rn>2-1=2=Fj3 i.e. Tne1 > Fj3
Tne2 =Qn-1Tn—1+Tp 2 1-1p_1 +1p 2 Fo + F3=F} ie. Th—o 2> Iy
Tn—3 = Qqn—2Tn—2 +7Tp_1 >1-1p_o+rp_1 > F3s+F;,=F5 ie. Th—3 > Iy
ro=qr3+rg>1l-r3+ry > F 1+ Fy0=F, ie. re >
ri=qro+r3>1-ro+rz3>F, +F,_1=F, ie. > Fan

Since k = ry, we obtain k > Fj, 11, m >k > 2. Lemma 1 then implies that

k>F,>a"™ 2 =a""1 or logigk> (n—1)log;,a

Then we have that log,ya = 1og10(1+2‘/5) =0.208... > 0.2 =1, ie., logok > 2. This means that if k is such
that 10°~! < k < 10°, then

-1
s:log10108>10g10k2nT, or n<bs+1.

We proved the following result.

Theorem 3. Let m > k > 2, and k has at most s digits, (i.e., 1051 <k < 10%). Then the Euclidian Algorithm
requires at most 5s divisions to compute ged(m, k).



