Math 232, Spring 2018 Boris Botvinnik

Summary on Lecture 7, April 13, 2018
Introduction to Graph Theory. Definitions and Examples.

A graph G is given by three objects: a set V = V(G) of vertices, a set F = E(G) of edges and an assignment
of the end vertices to every edge.

We will distinguish graphs and directed graphs (or digraphs), where each edge has a direction and its two
vertices could be thought as its begining and its end.

Fig. 1. Graph and digraph

Definition 1. Let V be an non-empty set, and E C V x V. Then the pair G = (V, E) is a directed graph. If
E C {{’Uo,’Ul} | Vo, V1 € \% }

(where {{vg,v1} | vo,v1 € V } is the set of two-element subsets of V'), then the pair G = (V, E) is a graph, see
Fig. 1. The set V = V(G) is a set of vertices, and E = FE(G) is a set of edges of G.

It is convenient to denote an edge e as a pair of verices e = {v, v’} (for a graph) and as an ordered pair e = (v,v’)
(for a digraph). A loop is an edge e with the same vertices v = v’. Below we assume that a graph (or digraph)
G has no loops.

Fig. 2. A walk in G

Let G = (V,E) be a graph, and x,2’ € V be two vertices. An z-z’-walk is a finite alternating sequence
T = .1307 613 xla 627]"2? e 7xn—17 envxn = x/

of vertices and edges, where e; = {x;_1,z;} for i = 1,2,...,n, see Fig. 2. If z = 2/, then an z-2’'-walk is a
clossed walk. Otherwise, the walk is open. There are special types of walks:

e If no edge is repeated, then an z-z’-walk is an x-x’-trail.
e A closed trail is called a circuit.
e If no vertex is repeated, the an x-z’-walk is called an z-z’-path.

e If x =1/, then an z-2’-path is called a cycle.



Theorem 1. Let G = (V, E) be a graph with z,2’ € V', x # «'. If there exists an x-x'-trail, then there exists
an -z’ -path.

Proof. Since there exists a trail from x to z’, then there exists a trail of a shortest length. Let

{xo, 5101}, {551,232}7 ) {xn—hﬁn}

be such a trail. If it is not a path, then x; = x; for some j < %, i.e., the shortest trail is given as

{'7:07'1?1}7 {xlax2}, D) {.Tj_17 x]}7 {Ijaxj-‘rl}? D) {xiaxi+1}7 ey {mn—hxn}'

Here z; = x;, thus we can make an x-z’-trail shorter:

{@o, z1}, {21, 22}, .. -, {zj—lvxj}v {zi,zig1}, o {1, 20}

This completes the proof. ([l

Fig. 3. Finding a shortest trail

A graph G is path-connected if any two vertices are connected by a trail (and, consequently, by a path). Also we
say that vertices x,2’ € V are in the same path component of G if there exists an x-z’-trail. This relation on
the set of vertices is an equivalence relation. Indeed:

e There is always a trivial x-x-trail, i.e., x ~ x (reflexivity).
o If there is an x-a’-trail, then there is o’/-z-trail, i.e., if z ~ 2, then z’ ~ z (symmetry).

e If there is an x-z’-trail and there is an x’'-z”-trail , then there is z-z"-trail, i.e., if z ~ 2’ and 2’ ~ 2" |
then x ~ 2’ (transitivity).

This equivalence relation splits a graph G into path-components: G = G; U --- U G, such that each graph G;
is path-connected.



