Math 232, Summer 2015 Boris Botvinnik

Summary on Lecture 5, July 24, 2015

Euler Trails and circuits

The Seven Bridges of Konigsberg. The Seven Bridges of Kdonigsberg Problem is a historically important
problem in mathematics. Its negative resolution by Leonhard Euler in 1736 laid the foundations of graph theory
and prefigured the idea of topology.

Fig. 7. The Seven Bridges of Konigsberg!

Here is The Seven Bridges of Konigsberg Problem: find a walk through the city that would cross each bridge
once and only once, with the conditions that the islands could only be reached by the bridges and every bridge
once accessed must be crossed to its other end.

Since only the connection information is relevant, the shape of pictorial representations of a graph may be distorted
in any way, without changing the graph itself. Thus it is enough to analyze the corresponding graph (on the left
of Fig. 7). A closed walk which uses each edge only once is called an Euler circuit.

A key observation due to Euler is that whenever one enters a vertex by a bridge, one leaves the vertex by a bridge.
In our terms, it means that if a graph has an Euler circuit, then a degree of every vertex has to be even. It sounds
too easy, however, there is a remarkable result that this is the only condition for existence of an Euler circuit:

Theorem 3. (Leonard Euler, 1736)
Let G be a finite connected graph. Then G has an Euler circuit if and only if all vertices of G have even degrees.

We prove Theorem 3 later. We say that a walk in a graph G is an Fuler trail if it uses every edge only once.

Corollary 4. Let G be a finite connected graph. Then G has an Euler trail if and only if it has either two
vertices of odd degree or no vertices of odd degree.

Proof. Suppose that G has an Euler trail starting at v and ending at v'. If v = v, the path is closed and
Theorem 3 says that all vertices have even degree. If v # v’, we create a new edge e joining v and v'. The new
graph G U {e} has an Euler circuit consisting of the Euler trail for G followed by e, so all vertices of G U {e}
have even degree. Then we remove the edge e. Then v and v’ are the only vertices of G = (G U {e}) \ {e} of
odd degree. O

Remark. Returning to The Seven Bridges of Konigsberg Problem, we see that there is no an Euler trail for the
graph from Fig. 7. Indeed, all four vertices have odd degree.

LThese pictures are taken from Wikipedia



Finding an Euler Circuit

In order to prove Theorem 3, we would like to describe an algorithm how to find an Euler circuit if all vertices of
G have even degrees. We start with an algorithm which finds a circuit which is not necessarily an Euler circuit,
i.e. it may visit only once some of edges.

Let H = (V(H),E(H)) be a graph with all verices of even degree and let v € V(H) be a vertex with positive
even degree. For a graph G and an edge e, we define a graph G \ {e} which has exactly the same vertices as G
and the same edges except given edge e. We say that the graph G\ {e} is given by removing e from E(G).

Here is the algorithm to find a circuit (which is not, in general, an Euler circuit):

Circuit (H,v)

Choose an edge e with endpoint v

Let P:=(e) and remove e from E(H)

while there is an edge at the terminal vertex of P do
Choose such an edge e¢ and add it to the path:
P:=(P,e) and remove it from FE(H),

return P

Remark: We will analyze the algorithm Circuit (H,v) below and will prove that it works.
Now we are ready for an algorithm which produces an Euler circuit.
EulerCircuitG = (V, E) (degv is even for each v € V')

Choose a vertex v € V(G)
Let C :=Circuit(G,v)
while length(C) < E(G) do
Choose a vertex w in G of positive degree in G\ C.
Attach Circuit(G\ C,w) to C at w to obtain a longer circuit C.
return C

Proof that EulerCircuitG = (V, E) works. We consider the statement:
“The path C' is a closed path in G with no repeated edges”

We claim that this statement is a loop invariant, i.e., if this statement holds before executing the loop, then it
will remain true after executing the loop.

Indeed, let C be a closed path in G with no repeated edges, and w € C be a vertex with positive degree in
G\ C, and C’ be a closed path in G\ C' with no repeated edges, then attaching C’ to C' at w gives new closed
path in G with no repeated edges:

C/

Fig. 8. Attaching C’ to C at w

Now it is also clear that if the algorithm does not break down somewhere, then this algorithm will produce an
Euler circuit for G, because the path C' will be closed at the end of each pass through the loop, the number of
edges remaining will keep going down, and the loop will terminate with all edges of G in C'.



Of course, we have to show that there always be a place to attach another closed path to C', i.e., we have to
explain why there exists a vertex W on C' of positive degree in G\ C? In other words, can the instruction

“Choose a vertex w on C of positive degree in G\ C”

be executed?

The answer is yes, unless the path C' contains all the edges of G, in which case the algorithm stops. Here’s
why. Suppose that e is an edge not in C' and that u is a vertex of e. If C' goes through w, then u itself has
positive degree in G\ C', and we can attach at u. So suppose that u is not on C'. Since G is connected, there is
a path in G from u to the vertex v on C.2 Let w be the first vertex in such a path that is on C' (then w # u,
but possibly w = v). Then the edges of the part of the path from u to w don’t belong to C. In particular, the
last one (the one to w) does not belong to C'. So w is on C' and has positive degree in G\ C'.

C
Fig. 9. Finding w with positive degree in G\ C

Now we also have to show that the instruction
“Construct a simple closed path in G\ C' through w”

can be executed. Thus the proof will be complete once we show that the following algorithm works to construct
the necessary paths. Now we have to show that the algorithm Circuit (H,v) works as well. We write it again:

Circuit (H,v)

Input: A graph H in which every vertex has even degree, and a vertex v of positive degree
Output: A simple closed path P through v

Choose an edge e of H with endpoint v

Let P:=(e) and remove e from E(H)

while there is an edge at the terminal vertex of P do
Choose such an edge e and add it to the path:
P:=(P,e) and remove it from FE(H),

return P

Proof that Circuit (H,v) works. We want to show that the algorithm produces a simple closed path from v
to v. Simplicity is automatic, because the algorithm deletes edges from further consideration as it adds them to
the path P. Since v has positive degree initially, there is an edge e at v to start with. Could the algorithm get
stuck someplace and not get back to v? When P passes through a vertex w other than v, it reduces the degree
of w by 2 since it removes an edge leading into w and one leading away. Thus the degree of w stays an even
number.? Hence, whenever we have chosen an edge leading into a w, there’s always another edge leading away
to continue P. The path must end somewhere, since no edges are used twice, but it cannot end at any vertex
other than v. O

2Here’s where we need connectedness!
3Here’s where we use the hypothesis about degrees.



