Math 232, Summer 2015

Summary on Lecture 3, July 22, 2015
The Method of Generating Functions: Examples.

Before analyzing the examples, we need one more identity on generation function:
1 - k+n-—1
- -1 n l,n
a2V )

This could be verified using Taylor-Maclaurin decomposition of the function W

Boris Botvinnik

Example 1. Let ap =1, and a, —3a,—1 = n, n > 1. This is new type of recurrence relations: non-homogeneous.

We write the first few terms:

ap — 3&0 =1
as — 3a1 = 2
az — 3602 = 3
ap —3apn_1 = N

We multiply the first equation by z, the second, by 2, the third, by z* and so on. We get:

ai1x — 3apx =
asx? — 3aq x> = 22
asz3 — 3aqz® = 323
anx” — 3a,—12" = nx”

We add the terms of the equations to get the identity:
o0 o0 o0
Z apx™ — 3w Z ap_12" = Z nx”.
n=1 n=1 n=1

We denote f(z) =>" janz™, then

oo o
Zanw" = Zanx" —ap = f(x) -1,
n=1 n=0

Z ap_12" = f(z).
n=1

Also, we recall from Example 4 (Lecture 4), we have

T

an"=x+2x2+3x3+---+nx"+-~-:m

n=1

Then the identity (5) becomes
x

(f(z)=1) =3xf(x) = m



Then the identity (3) becomes

(f(z)—1) = 3zf(x) = —1+f(x)(1—3x):m, or
f(x)(1—3a:) = (1—%)2 +1’ or
(@) - ’ :

0 —22(1—32)  (1=32)

Now we would like to decompose the term T=2)2(=32)

T A B C

I—22(1-32) (-2 (-2 {-32)

We obtain:
r = A(l—-2z)(1-3z)+B(1-3z)+C(1 —2x)?

3A2%2 —4Ax+ A+ B — 3Bz + C — 2Cx + Cx?

(BA+C)z? + (-4A-3B-2C)z+(A+B+C)
We get the system:

3A+C =0 C = 34 C =
—4A—-3B—-2C = 1 or —4A—-3B+64A = 1 or 2A—-3B =
A+B+C = 0 A+ B-34 =0 —2A+B =
The equations
2A-3B =1
—2A4+B =
give —2B =1, i.e. B:—%,and A:%B:—i.Thentheequa‘cion C = —3A gives C:%.Weobtain:
1 1 1 1 3 1 1
I@) = 10— "3 Goar 1 0 30 (-3
IR SR S U SR SR U
4 (1-2) 2 (1-2)2 4 (1-3z)
Then we have
1 1 1 /1
_Z. - (1 2 S ... na) = _Zan
1 1= 4( trtart a4 2" ) ;( 458)

—34

S - AR - BEET))

7 1 7=, \n (73"
1oy 1B - ;( 1 x)

We notice that (2+"_1)

/1 n+1l 73"\ . (3 n T7-3"\ ,
f<x)z<4 1 >=”” Z(4z+4)x'

n=0

(":1) = ("+1) = (n+1). Then we add all three series together to get

as the sum using so called method of partial fractions:



n 73" 7-3"-3 n
We obtain th : =--_Z = .
e obtain the answer: a, 173 + 1 1 5
Remark. We notice that for n > 1, the coefficient w — 5 is always an integer. Prove it!

Example 2. Let ap =3, a1 =7 and apy2 —dap41+6a, =2, n > 2. This is also a non-homogeneous new type
of recurrence relation. We multiply the relation by z"*2:

Ung2x™ % = Bay 12" 4 6a,2" T2 = 2272

and we obtain the identity
(o) [e9) o0 (o)
Z Unyox™ ™ —5 Z 12"+ 6 Z apz"t? =2 Z "2, (5)
n=0 n=0 n=0 n=0

We denote f(z) = Z anx™, then we have:

n=0

S aniat™? = f@)—ao—aw = f@)-3-Ta
=

§;%””WH = a(f(@)—a) = a(f(x)=3)
S = af(a)

=

gxm - 1x—gx

Then the identity (5) turns to the equation for f(x):

222
(F(2) =3 —Tw) = 5a(f(x) = 3) + 62°f(2) = [— or
f(z)(1 -5z +622) = 12f2x +3—8z
Thus we obtain: (3 - 82)(1 ) +2 2
— & — X T
fa) = (1—2)(1 - 5z + 622)
B 3 — 11z + 1022

(1 —2)(1 -5z + 622)

(3—5z)(1 —2x) B 3 — 5z

(1-2)1-22)(1-3z) (1—=a)(1-3x)
Here we used that 3 — 11z + 1022 = (3 — 52)(1 — 2z) and 1 — 52 + 622 = (1 — 22)(1 — 3z). Now we write

3— bz A B A—3Ax+B—-Bx (A+B)—(3A+ B)x
= —+ = =
1-2)(1-32) 1-z 1-—3x (1—-2)(1-—3x) (I—2)(1—3x)
which yields the system:
A+B = 3 A =1
34+4B =5 T 1B = 2



This gives the generating function:

1 2 = > >
fa)= g+ 5= " +2) 3" =) (1+2:3")a"
n=0 n=0 n=0
We obtain the solution: a, =14+2-3", n > 0.
Example 3. Let a9 =0, a1 =6 and a, = —3a,—1 + 10a,_2 + 3 - 2", n > 2. This is also a non-homogeneous

new type of recurrence relation. Let
o0
f(z) = Z anz"
n=0

be the generating function. We multiply by 2™ the recurrence relation to get

o0 o0 oo o0
Z apx” = -3 Z ap—1z" +10- Z ap—ox™ +3- Z 2" "
n=2 n=2

n=2 n=2
We notice: -
anx” = f(x) —a1z—ag = f(z)—6x

n=2

Zan_lx” = z(f(z) — ap) = zf(x)

n=2

n o __ 2

Z an—2x" = 22f(x)

n=2

i 2" = L (1+2x)

= 1—2x

Then we obtain

3
f(x) —6x = —3xf(x) + 102* + T —3(1 + 22)
We simplify:
3 6x
1+ 3z —102?) = -3 =
f@)(1 432 —1027) = 7 1- 2z
Since 1+ 3z — 102% = (1 + 5z)(1 — 2z), we obtain
6z
1@ = A= 150y

We use the same method as above:

6x A B C

(I—202(1+450) 1-2¢  (1—202 145z

We obtain:
6z = A(l—2x)(1+5x)+ B(1+5z)+C(1—2x)2

= (A+B+C)+ (3A+5B—4C)x + (—104 + 4C)a?

We solve the system

A+B+C =0 A = -3
3A+5B—-4C = 6 = B = &
-104 +4C = 0 c = -2



We obtain:

@) = —p e e s - o T
YT T To2: 7T (1—22)2 49 1+52
12 & 6 30
— _Zg_Z2nmn_~_?.2(n+1)2nxn_E.Z5nmn
n=0 n=0 n=0
= 12 6 30
— _7271 . 12%_7571 n
nz_;( R A T >x
12 6 30
Th tap=——-2"+ - 1)2" — — . 5™.
e answer: a I + (n+1) 9
Exercise 1. Let ap =0, a; =6, and a, = —3a,_1 + 10a,,_o + 3 - 2™ for n > 2. Use generating functions to

find a formula for a,, .
Exercise 2. Let ap = 1, and a,, = a,_1 +n for n > 2. Use generating functions to find a formula for a,,. !
Exercise 3. Let a9 =0, and a,, = 3a,—1 + 7 for n > 2. Use generating functions to find a formula for a,, .

Exercise 4. For each of the following functions G(n) use generating functions to find a formula for a,, , where
apyo — 6a, — Ta, = G(n).

(a) G(n)=(=5)"-24, a9 =3, ay = —1.

(b) G(n)=12n% —4n+10, ag =0, a; = —10.

IThe answer is an, = 1 + (""2'1) .



