Math 232, Summer 2015 Boris Botvinnik

Summary on Lecture 14, August 10, 2015
Optimal spanning trees

1. Warm-up: spanning trees for a regular (non-weighted) graph. First, we would like to understand
how to find just a spanning tree of a given graph without any special restrictions. By itself, it is an important
problem. Let G = (V(G), E(G)) be a graph, and we fix a vertex v € V(G). Here is the first algorithm which
starts with the vertex v and gives a spanning tree of G:

Tree (G, v)

Input: A vertex v of the finite graph G

Output: A set E of edges of a spanning tree for the component of G that contains v

Let V:={v} and F:=10
(where V is a list of visited vertices).

while there are edges of (G joining vertices in V to vertices that are not in V do
Choose such an edge {u,w} with w €V and we¢ V.
Put w in V and put the edge {u,w} in E.

return F

Exercise. Use the algorithm Tree (G, v) for the following graph, where the vertex v is labeled by 1:

1 2 3

Fig. 1.

We emphasize that there is no requirement that G is a connected graph. In a general case, the algorithm
Tree (G,v) finds a spanning tree for the component of G that contains the initial vertex v. To get a spanning
forest for G, we just keep growing trees. Here is the algorithm how to make this work:

Forest (G)
Input: A finite graph G.
Output: A set E* of edges of a spanning forest for G
Set V*: =0, and E*:=0.
while V* #£ V(G) do
Choose v € V(G)\V*.
Let E be the edge set for the tree Tree((G,v) spanning the
the component of G containing v, and let V be its vertex set.
Put the members of V in V™ and put the members of F in E*.
return E*



Exercise. Use the algorithm Forest (G) for the following graph:

1 2 3

Fig. 2.

Theorem 1. Let G = (V(G), E(G)) be a finite graph, and v € V(G). Then Tree(G,v) is a spanning tree for
the component of G containing v. Hence the algorithm Forest (G) produces a spanning forest for G.

Proof. First, we notice that each pass through the while loop increases the size of V', so the algorithm must
stop eventually since G is a finite graph.

Consider the statement:
S:= ‘‘the sets V and F are the vertices and edges of a tree with v as vertex’’

Clearly, the statement S is true when we first enter the loop. We show that the statement S is an invariant of
the loop, so when the algorithm stops, it stops with a tree containing v.

Indeed, we have seen before that attaching a new vertex to a tree with a new edge yields a tree.! Since this is
precisely what the while loop does, the statement S remains true after passing through the loop, i.e., it is a loop
invariant. It remains to show that the algorithm does not stop as long as there are vertices in the component V'
containing the vertex v.

Suppose that there is a vertex v/ € V' \ V at the end of a while loop. There will be a path in V' from v to v/,
and along this path there will be a first edge {u,w} with initial vertex u € V' and terminal vertex w € V' \ V
(the vertex u might be v, and w might be v’). Hence the guard

‘‘there are edges of GG joining vertices in V to vertices that are not in V ’’

still holds, and the algorithm does not stop. O

Remark. The time that the algorithm Tree (G, v) takes depends on the scheme for making choices and on how
the list of available edges is maintained. If we mark each vertex when we choose it and, at the same time, tell
its neighbors that it’s marked, then each vertex and each edge are handled only once. If G is connected, then
Tree (G, v) builds a spanning tree in time O(|V(G)| + |E(G)|). The same argument shows that, in the general
case, Forest also runs in time O(|V(G)| + |E(G)]). O

Remark. The algorithm Forest(G) can be used to test connectivity of a graph G; just check whether the
algorithm produces more than one tree. Forest can also be used to give a relatively fast test for the presence of
cycles in a graph. If G is acyclic, then the spanning forest produced is just G itself; otherwise, |[E*| < |E(G)| at
the conclusion of the algorithm. O

IProve it!



2. Optimal spanning trees. Let G = (V(g), E(G)) be a finite graph. As in the case of directed graphs, we say
that G is a weighted graph if we are given a weight function wt : E(G) — [0,00). The if H C G is a subgraph
of G, then a weight W (H) is the sum of the weights of edges in H.

Optimal spanning tree problem: For a given finite connected graph G = (V(g), E(G)), find a spanning tree
T C G of minimal weight. Such a spanning tree is called optimal (or minimal in some other sources).

Our next algorithm builds an optimal spanning tree for a weighted graph G = (V(G), E(G)), |E(G)| = m, whose
edges eq,..., e, have been initially sorted so that

wt(er) <wt(es) < -+ < wt(ey,).

The algorithm proceeds one by one through the list of edges of G, beginning with the smallest weights, choosing
edges that do not introduce cycles. When the algorithm stops, the set E is supposed to be the set of edges in a
minimum spanning tree for G. The notation F'U{e;} in the statement of the algorithm stands for the subgraph
whose edge set is E'U {e;} and whose vertex set is V(G).

Kruskal’s Algorithm (G = (V(G), E(G)), wt: E(G) — (0,00))
Input: A finite weighted connected graph (G,wt) with edges listed in order of increasing weight
Output: A set E of edges of an optimal spanning tree for G)
Set E=0, for j=1 to |E(G)| do
if FU{e;} is acyclic then
Put e; in K.
return F

Exercise. Use the Kruskal’s Algorithm algorithm for the following graph:
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Fig. 3. Here the weights w; = wt(e;) of the edges are already ordered.

Prim’s Algorithm (G = (V(G), E(G)), wt: E(G) — (0,0))
Input: A finite weighted connected graph (G,wt) with edges listed in any order
Output: A set F of edges of an optimal spanning tree for G)
Set E=0. Choose w in V(G) and set V :={w}.
while V =V(G) do

Choose an edge {u,v} in F(G) of smallest possible weight

with u €V and v e V(G)\ V.

Put {u,v} in E and put v in V.

return E

Exercise. Use the Prim’s Algorithm algorithm for the graph given at Fig. 3.



