Math 232, Fall 2017 Boris Botvinnik

Summary on Lecture 7, October 6, 2017
The Method of Generating Functions: More examples.

Example 2. Let ay =3, a; =7 and ap42 —day4+1 +6a, =2, n > 2. This is also a non-homogeneous new type
of recurrence relation. We multiply the relation by z"*2:

g2 % = Bay 12" 4 6a,2" T2 = 2272

and we obtain the identity
o0 o0 o0 oo
Z Unyox™ ™ =5 Z 12"+ 6 Z ) Z "2, (1)
n=0 n=0 n=0 n=0

We denote f(x) = Z anx™, then we have:
n=0

S at™? = f(@)—a0-amr = f(@)-3-Ta
=

g“"“xw = a(f(@)—a) = a(f(x)=3)
ot = aa)

=

gxm N 1x—2x

Then the identity (1) turns to the equation for f(x):

(f(z) — 3 —Tx) — 5x(f(x) — 3) + 622f(x) = fi or
fo-serest) = 2
Thus we obtain:
i - G0
_ 3 — 11z + 1022
(1 —2)(1 — bz + 6x2)
(3 — 5a)(1 — 2x) 35z

1-2)1-22)(1-3z) (1 —=2)(1-3x)
Here we used that 3 — 11z + 1022 = (3 — 52)(1 — 2z) and 1 — 52 + 622 = (1 — 22)(1 — 3z). Now we write

3— bz A N B A-3Ax+B-Bx (A+B)—-(3A+ B)x
1-2)(1-3z) 1—-2 1-3z  (1-2)(1-3z)  (1-2z)(1-3)
which yields the system:
A+B = 3 A =1
34+4B =5 T 1B = 2



This gives the generating function:

1 2 = > >
fa)= g+ 5= " +2) 3" =) (1+2:3")a"
n=0 n=0 n=0
We obtain the solution: a, =14+2-3", n > 0.
Example 3. Let a9 =0, a1 =6 and a, = —3a,—1 + 10a,_2 + 3 - 2", n > 2. This is also a non-homogeneous

new type of recurrence relation. Let
o0
f(z) = Z anz"
n=0

be the generating function. We multiply by 2™ the recurrence relation to get

o0 o0 oo o0
Z apx” = -3 Z ap—1z" +10- Z ap—ox™ +3- Z 2" "
n=2 n=2

n=2 n=2
‘We notice: -
anx” = f(x) —a1z—ag = f(z)—6x

n=2

> anaz" = a(f(x)—ao) = zf(2)

n=2

n o __ 2

Z an—2x" = 22f(x)

n=2

3 2" = L (1+2x)

~= o 1-2x

Then we obtain

3
f(x) — 62 = —3xf(x) + 1022 f () + o 3(1 + 2x)
We simplify:
3 6z
1 —102?%) = —-3=
f(z)(1 4 3z — 1027) o2 3 92
Since 1+ 3z — 102% = (1 + 5z)(1 — 2z), we obtain
6x
1@ = A= 150y
We use the same method as above:
6z A B C

(I—202(1+450) 1-2¢  (1—202 145z

We obtain:
6z = A(l—2x)(1+5x)+ B(1+5z)+C(1—2x)2

= (A+B+C)+ (3A+5B—4C)x + (—104 + 4C)a?

We solve the system

A+B+C =0 A = -3
3A+5B—-4C = 6 = B = &
-104 +4C = 0 c = -2



We obtain:

Sy - 216 30 1
YT T4 T2z 7T (1—22)2 49 1+5a
12 op o 6 30
- _“. e 19" — 2= . _E\R,.m
9 712202 x +7 T;)(n—i— 2"z m ngo( 5)"w
— [ 12 6 30
— _72TL . 12n_7__5n n
X (7 g 0z o)
12 6 30
Th Cap = e 2 2 (A 1)20 — L (—5)".
e answer: a 9 +7 (n+1) I (—5)

Exercise 1. Let ag = 1, and a, = a,_1 +n for n > 1. Use generating functions to find a formula for a,,. !
Exercise 2. Let ag =0, and a,, = 3a,—1 + 7 for n > 1. Use generating functions to find a formula for a,, .

Exercise 3. For each of the following functions G(n) use generating functions to find a formula for a,,, where
apto — 6ant1 — 7a, = G(n).

(a) G(n)=(-5)"-24, ap =3, a; = —1.
(b) G(n)=12n% —4n+10, ap =0, a; = —10.

IThe answer is an, = 1 + (""2'1) .



