
Math 231, Winter 2019 Boris Botvinnik

FINAL EXAM REVIEW, PART II
(MORE PROBLEMS ON MATHEMATICAL INDUCTION)

(1) Prove that 2n3 + 3n2 + n is divisible by 6 for any n ≥ 1.

(2) Prove that 7n − 2n is divisible by 5 for any n ≥ 1.

(3) Prove that 32n+3 + 40n− 27 is divisible by 64 for any n ≥ 1.

(4) Prove that 52n+1 · 2n+2 + 3n+2 · 22n+1 is divisible by 19 for any n ≥ 1.

(5) Prove the following identity for any n ≥ 1:

1 + 3 + 5 + · · ·+ (2n− 1) =

n∑
i=1

(2i− 1) = n2.

(6) Prove the following identity for any n ≥ 1:

12 + 42 + 72 + · · ·+ (3n− 2)2 =

n∑
i=1

(3i− 2)2 =
n(6n2 − 3n− 1)

2
.

(7) Prove the following identity for any n ≥ 1:

22 + 52 + 82 + · · ·+ (3n− 1)2 =

n∑
i=1

(3i− 1) =
n(6n2 + 3n− 1)

2
.

(8) Prove the following identity for any n ≥ 1:

1 · 2 + 2 · 4 + · · ·+ n(n+ 2) =

n∑
i=1

i(i+ 2) =
n(n+ 1)(2n+ 7)

6
.

(9) Prove that 32n − 1 is divisible by 8 for any n ≥ 1.

(10) Let x ≥ −1. Prove that (1 + x)n ≥ 1 + nx for any n ≥ 1.

(11) Prove that n! < nn for any n ≥ 2.

(12) Prove the following identity for any n ≥ 1:

1

1 · 2
+

1

2 · 3
+ · · ·+ 1

(n− 1)n
=

n−1∑
i=1

1

i(i+ 1)
=

n− 1

n
.

(13) Prove the following identity for any n ≥ 1:

1

1 · 3
+

1

3 · 5
+ · · ·+ 1

(2n− 1)(2n+ 1)
=

n∑
i=1

1

(2i− 1)(2i+ 1)
=

n

2n+ 1
.

(14) Prove the following identity for any n ≥ 1:(
1− 1

2

)(
1− 1

3

)
· · ·
(
1− 1

n

)
=

n∏
i=2

(
1− 1

i

)
=

1

n
.


