
Math 231, Winter 2019 Boris Botvinnik

Summary on Lecture 9, February 13, 2019

More on the principle of inclusion and exclusion.

Theorem. Let S be a finite set, and c1, . . . , ck be some conditions on elements of S . Then

N(c̄1 · · · c̄k) = N +

k∑
`=1

(−1)`
∑

1≤i1<···<i`≤k

N(ci1 · · · ci`),

where N = |S| , N(ci1 · · · ci`) = |Si1 ∩ · · · ∩ Si` | , and N(c̄1 · · · c̄k) = |S1 ∪ · · · ∪ Sk| .
Important Examples. (1) Let A = {1, 2, . . . , 999, 999} . Count how many elements n ∈ A have

the property that a sum of digits of n is equal to 35?
Solution. Let x1, . . . , x6 denote digits of n = x1x2x3x4x5x6 . Then the condition on n is equivalent

to the following question. Consider the equation x1 + x2 + x3 + x4 + x5 + x6 = 35, and the integers xi
are such that 0 ≤ xi ≤ 9, i = 1, . . . , 6. How many integral solutions (i.e. when all xi are integers) are
there?

First, we consider all solutions of the equation x1 + x2 + x3 + x4 + x5 + x6 = 35 such that 0 ≤ xi ,
i = 1, . . . , 6. We denote the set of all such solutions by S . For each i = 1, 2, 3, 4, 5, 6, we say that a
solution x1 . . . x6 satisfies the property ci if xi ≥ 10. We denote by Si the set of solutions satisfying
ci . Then we compute:

N = |S| =
(

35 + 6− 1

6− 1

)
=

(
40

5

)

N(ci) = |Si| =
(

25 + 6− 1
6− 1

)
=

(
30
5

)

N(ci1ci2) = |Si1 ∩ Si2 | =
(

15 + 6− 1
6− 1

)
=

(
20
5

)

N(ci1ci2ci3) = |Si1 ∩ Si2 ∩ Si3 | =
(

5 + 6− 1
6− 1

)
=

(
10
5

)
N(ci1ci2ci3ci4) = N(ci1ci2ci3ci4ci5) = N(c1c2c3c4c5c6) = 0

Then we compute the answer:

N(c̄1c̄2c̄3c̄4c̄5c̄6) =

(
40
5

)
−
(

6
1

)
·
(

30
5

)
+

(
6
2

)
·
(

20
5

)
−
(

6
3

)
·
(

10
5

)
(2) Let A = {a1, . . . , am} , B = {b1, . . . , bn} . A function f : A → B is a rule which for each element
ai ∈ A assigns an element f(ai) ∈ B . Let F(A,B) be the set of all functions f : A→ B .
Exercise. Prove that |F(A,B)| = nm .
Definition. Let f : A→ B be a function. We denote by f(A) = { f(a) |a ∈ A} ⊂ B the image of f .
We say that a function f : A → B is onto iff f(A) = B . Let Fonto(A,B) ⊂ F(A,B) be the set of all
functions f : A→ B which are onto.
Question: Let |A| = m and |B| = n . What is the size of the set Fonto(A,B)?
Solution. We denote F := F(A,B). Then we say that a function f : A→ B satisfies ci iff bi /∈ f(A),

1



where i = 1, . . . , n . We denote by Fi the set of all functions satisfying ci . Then we have:

N = |F| = nm

N(ci) = |Fi| = (n− 1)m

N(ci1ci2) = |Fi1 ∩ Fi2 | = (n− 2)m

N(ci1ci2ci3) = |Fi1 ∩ Fi2 ∩ Fi3 | = (n− 3)m

· · · · · ·
N(ci1 · · · cik) = |Fi1 ∩ · · · ∩ Fik | = (n− k)m

· · · · · ·
N(ci1 · · · cin−1) = |Fi1 ∩ · · · ∩ Fin−1 | = 1m

N(ci1 · · · cin) = |Fi1 ∩ · · · ∩ Fin | = 0

We obtain the answer:

|Fonto(A,B)| = nm −
(
n

1

)
(n− 1)m +

(
n

2

)
(n− 2)m − · · · (−1)k

(
n

k

)
(n− k)m + · · · (−1)n−1

(
n

n− 1

)
1m

(3) Let A = {a1, a2, a3, a4, a5, a6} , B = {b1, b2, b3, b4, b5} . Then N = |F(A,B)| = 56 ,

N = 56

N(ci) = 46

N(ci1ci2) = 36

N(ci1ci2ci3) = 26

N(ci1ci2ci3ci4) = 16

We obtain the answer:

|Fonto(A,B)| = 56 −
(

5
1

)
46 +

(
5
2

)
36 −

(
5
3

)
26 +

(
5
4

)
16

= 15, 625− 5 · 4, 096 + 10 · 729− 10 · 64 + 5 · 1

= 15, 625− 20, 480 + 7, 290− 640 + 5 = 1, 800

(4) Euler function. For given positive integer n , consider the set of numbers m such that 1 ≤ m < n
and gcd(m,n) = 1. Leonard Euler defined the function:

φ(n) = |{ m | 1 ≤ m < n, and gcd(m,n) = 1 }|.

Here is the values of φ(n) for some n :

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

φ(n) 1 2 2 4 2 6 4 6 4 10 4 12 6 8 8 16

There is a simple formula to compute φ(n). Recall that for every integer n there exist primes
p1, . . . , ps and positive e1, . . . , es such that n = pe11 · · · pess . Here is the formula:

φ(n) = n

s∏
i=1

(
1− 1

pi

)
Example: Let n = pe11 p

e2
2 p

e3
3 p

e4
4 , and S = {1, . . . , n} .
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We notice that for m < n with gcd(m,n) > 1, m has to be divisible by one of the primes pi . We
say that “m satifies ci” iff pi|m . Let

Si = { m ∈ S | pi|m }, i = 1, 2, 3, 4.

Then N = |S| = n , N(ci) = |Si| = n
pi

. Then N(cicj) = n
pipj

, N(cicjck) = n
pipjpk

, N(c1c2c3c4) =
n

p1p2p3p4
. Then

N(c̄1c̄2c̄3c̄4) = n−
(

n
p1

+ n
p2

+ n
p3

+ n
p4

)
+
(

n
p1p2

+ n
p1p3

+ n
p1p4

+ n
p2p3

+ n
p2p4

+ n
p2p4

)
−
(

n
p1p2p3

+ n
p1p2p4

+ n
p1p3p4

+ n
p2p3p4

)
+ n

p1p2p3p4

It is easy to check:

N(c̄1c̄2c̄3c̄4) = n(p1−1)(p2−1)(p3−1)(p4−1)
p1p2p3p4

= n
(

1− 1
p1

)(
1− 1

p2

)(
1− 1

p3

)(
1− 1

p4

)
.

Examples: (1) Let p be a prime. Then φ(p) = p− 1, and φ(pk) = pk−1(p− 1).
(2) Since 2019 = 3 · 673, where 673 is a prime number. We obtain:

φ(2019) = 3 · 673
(
1− 1

3

) (
1− 1

673

)
= 2 · 672 = 1342.

Recursive definitions. There are many mathematical objects which we can define only recursively.
We start with well-known example:

(1) Fibonacci numbers Fn . We define:

(B) F0 = 0, F1 = 1,

(R) Fn = Fn−1 + Fn−2 for n ≥ 2.

Here are the first few values of Fn :

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Fn 0 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610

We prove that

n∑
i=1

F 2
i = FnFn+1 by induction. Indeed, it’s true if n = 1.

Assume

k∑
i=1

F 2
i = FkFk+1 . Then

k+1∑
i=1

F 2
i =

k∑
i=1

F 2
i + F 2

k+1

= FkFk+1 + F 2
k+1 = Fk+1(Fk + Fk+1) = Fk+1Fk+2.

(2) We define a sequence of numbers an as:

(B) a0 = 0, a1 = 0, a2 = 1, and

(R) an = an−1 + an−2 for n ≥ 3.
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Here are the first few values of an :

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

an 0 0 1 1 2 3 5 8 13 21 34 55 89 144 233 377

We notice that an = Fn−1 for n ≥ 3. We would like to prove that an+3 ≥ (
√

2)n for all n ≥ 0.
Indeed, it’s true if n = 0, 1. Assume ak+3 ≥ (

√
2)k for all k = 0, 1, . . . , n . We should prove that

an+4 ≥ (
√

2)n+1 . We have:

an+4 = an+3 + an+2 ≥ (
√

2)n + (
√

2)n−1

= (
√

2)n−1(
√

2 + 1) ≥ (
√

2)n−1 · 2 = (
√

2)n+1.

Here we use that
√

2 + 1 ≥ 2 and 2 = (
√

2)2 .

(3) We can define recursively the binomial coefficients

(
n
r

)
:

(B)

(
n
0

)
= 1,

(
n
r

)
= 0 if r < 0 and r > n .

(R)

(
n+ 1
r

)
=

(
n
r

)
+

(
n

r − 1

)
.

(4) We define factorial FAC(n):

(B) FAC(0) = 1

(R) FAC(n) = FAC(n− 1) · n for n ≥ 1.

(5) We define the Harmonic numbers Hn :

(B) H1 = 1

(R) Hn = Hn−1 + 1
n for n ≥ 2.

(6) We define the sequence SEC(n):

(B) SEC(0) = 1

(R) SEC(n+ 1) = n+1
SEC(0) .

Exercise. Use induction to prove that the sequence SEC(n) is well-defined.

(7) We define the sequence T (n) as follows:

(B) T (1) = 1

(R) T (n) = 2 · T (bn2 c) for n ≥ 2.

We compute a couple of values of T (n):

T (73) = 2 · T (36) = 22 · T (18) = 23 · T (9) = 24 · T (4) = 25 · T (2) = 26

T (2019) = 2 · T (1009) = 22 · T (504) = 23 · T (252) = 24 · T (126) = 25 · T (63)

= 26 · T (31) = 27 · T (15) = 28 · T (7) = 29 · T (3) = 210
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Exercise. Use induction to prove that T (n) = max{ 2k | 2k ≤ n }.

Exercise. Define a sequence S(n) such that S(n) = min{ 2k | n ≤ 2k }.

Exercise. Let p be a prime. Define recursively a sequence Tp(n) such that

T (n) = max{ pk | pk ≤ n }.

Exercise. Let p be a prime. Define recursively a sequence Sp(n) such that

Sp(n) = min{ pk | n ≤ pk }.

Exercise. Define recursively what does it mean “well-formed formula”, see Ex. 17, p. 220.
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