Math 231, Winter 2019 Boris Botvinnik

Summary on Lecture 8, February 11, 2019

e Examples on induction:
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4) Prove that 8" — 2" is divisible by 6 for every n € Z .

(4)

(5) Prove that 11" — 4™ is divisible by 7 for every n € Z .

(6) Prove that 872 4+ 92n+! s divisible by 73 for every n € Z .
(7)

7) Prove that 5"t +2.3" + 1 is divisible by 8 for every n € Z, .
Proof. Let n =1. Then 571 +2.3' +1=32. OK
Assume that 5¥71 +2.3% + 1 =8./¢. Consider the case n = k + 1.

542 4 2.3k 41 = 5.5M1 4 5.2.38 +5.1-5.2.38 - 5.14+2-3F1 41
= 5.(5"1 +2.3*4+1)-10-3*4+6-3" -4
= 5.(5F14+2.3F 4 1) —4(3% +1).

By induction, 5 - (57! +2- 3% 4 1) is divisible by 8, then (3¥ + 1) is always even. Hence
4(3% + 1) is divisible by 8. We obtain that 52 + 2. 3k! 11 is divisible by 8.

(8) We define the harmonic numbers: Hy =1, Hy =1+ %, Hy=1+ % + %, and
Hy=1+%+3+---+ 1. Provethat Hyn > 1+ 3.
Proof. Let n =1, then Hy =1+ % By induction, we have Hor > 1+ % Then we have:

Hper = 14+g5+5++ g +tamgtoms T+ e
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We notice that 2F +i < 2¥ + 2% for each i = 1,2,...,2¥. Then we have that 2,914_1. > 72’&}-2’6 .

Then we have:
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By induction, Hor > 1+ % Then we have:
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Remark.! In particular, it means that lim H, = oco.
n—oo

(9) Prove that n? > n +1 for all n > 2.
(10) Prove the following inequalities for all n € Z_ :

1
Vn <Yy — <2yn-—1.

e The principle of inclusion and exclusion. We start with an example. Let S = {1,2,...,10,000}.
We choose two primes p; =7 and pp, = 11, and we let

S1 = {neS|nisdivisible by p; =7 },
Sy = {mne€S|nisdivisible by ps = 11 }.

We say that “n € S satisfies a property ¢;” iff n € S1, and “n € S satisfies a property cy” iff
n € So. We use the notations: N(c1) = |S1|, N(c2) = |S2|, N(cic2) = |S1 N S2|. Then in these
terms, we have:

‘51 U SQ’ = |S1‘ + ‘52’ - ’Sl N 52‘ = N(Cl) + N(CQ) — N(Clcg).
Then we denote:
N(eica) = |S1 N S2| = [{n € S | n does not satisfy c; and satisfies ca}|,

N(c1e2) = |S1 N So| = |{n € S | n satisfies ¢; and does not satisfy ca}|,

N(é162) = |S1 N Sa| = |{n € S | n does not satisfy ¢; and does not satisfy c2}|.

We compute: N(cp) = LMJ = 1,428, N(c2) = Lloﬁooj = 909, N(cicz) = L%J = 129.
Then:

N(Elcg) = N(CQ) — N(ClCQ) = 909 — 129 = 780,
N(Clég) = N(Cl) — N(Clcg) =1,428 — 129 = 1, 299,
N(Elég) = N — [N(Cl) + N(CQ) — N(Clcg)]

= 10,000 — [1,428 + 909 — 129] = 7,792.

We add one more condition: n € S satisfies c3 iff n is divisible by 23. Then we compute
N (51 5253) :

N(515253) = ’51 N gg N 53‘ = ‘Sl U Sy U 53’
= N —[(N(c1) + N(e2) + N(es)) = ((N(c1e2) + N(eres) + N(cacs)) + N(creacs)]

= 7,456

1For those who are good friends with calculus



Exercise. Verify this calculation.

Theorem. Let S be a finite set, and ci,..., ¢, be some conditions on elements of S. Then
k
N@:-a)=N+> (-1 > Ney--aip),
/=1 1<ip << <k

where N =|S|, N(cj, ---¢i,) =15, N---NS;,|, and N(¢1---¢,) =[S1U--- US|

Important Examples. (1) Let A = {1,2,...,999,999}. Count how many elements n € A have
the property that a sum of digits of n is equal to 357

Solution. Let z1,...,zg denote digits of n = z1...xg. Then the condition on n is equivalent to
the following question. Consider the equation x1 + x9 + xcs + x4 + x5 + 6 = 35, and the integers
x; are such that 0 < z; <9, ¢ =1,...,6. How many integral solutions (i.e. when all z; are

integers) are there?

First, we consider all solutions of the equation x1 + xo + xc3 + x4 + x5 + ¢ = 35 such that 0 < x;,
i =1,...,6. We denote the set of all such solutions by S. For each i = 1,2,3,4,5,6, we say
that a solution x7 ...xg satisfies the property ¢; if x; > 10. We denote by S; the set of solutions
satisfying ¢;. Then we compute:

35+6—1 40
() ()

N(c;) = |S¢|=<25;_61_1>:<350)

15+6-1 20
N(ei,ciy) = ]SilﬂSZ-Q\:( 61 ):( . )
54+6—-1 10
N(Ci1ci20i3) == |S'Ll ﬂ522ﬂ513| = ( 6—1 > = < 5 )
N(ci,ciyCigciy) = N(¢i)CiyCisCisCis) = N(c1cacscacses) =0

Then we compute the answer:

o~ (£)-(8)-(2)(5)-(2)-(9)-(2)

) 1 ) 2 ) 3 5

(2) Let A = {a1,...,am}, B = {b1,...,b,}. A function f : A — B is a rule which for each
element a; € A assigns an element f(a;) € B. Let F(A, B) be the set of all functions f: A — B.
Exercise. Prove that |F(A, B)| =n™.

Let f: A — B be a function. We denote by f(A) ={ f(a) |a € A} C B the image of f. We
say that a function f: A — B is onto iff f(A) = B. Let F°™°(A, B) C F(A, B) be the set of all
functions f : A — B which are onto.

Question: What is the size of the set F°"°(A4, B)?

Solution. We denote F := F(A, B). Then we say that a function f : A — B satisfies ¢; iff



b; ¢ f(A), where i = 1,...,n. We denote by F; the set of all functions satisfying ¢;. Then we

have:
N = ‘./—"| =n"
Nie) = |F|=(n- 1"
N<Cilci2) - “Fil m]:i2’ - (n - 2)m
N(CilciQCi:s) = |fi1 N Fi, m~7:is| = (n - 3)m
N(ciy---cip) = |[Fa O NFl=(n—k)"

We obtain the answer:

| Fonto (A, B)| = nm—< ! > (n—1)m+< 5 ) (n—2)m—- - (—1)F ( . > (n—k)m 4 (—1)n! ( o ) 1m



