Math 231, Fall 2014 Boris Botvinnik

FINAL EXAM REVIEW, PART I

(1) Let A ={ay,...,a9} C {1,2,...,25}. Prove that there exist two different subsets B = {by,...,b5} C A
and B’ = {V),...,b} C A such that by +---+bs =b] + -+ b5.

(2) Let k be an odd integer. Prove that there exists n such that & divides 2™ — 1.
(3) Prove that n® — n is divisible by 10 for all integers n > 1.
(4) Prove that n® — n is divisible by 6 for all integers n > 1.
(5) Prove the identity:
nn+1)2n+1)

24224 4n? = : .

(6) Prove the identity:
P42d 4. dnd=(1+2+ - +n)

(7) Prove that n? >n +1 for n > 2.
(8) Prove that 11" — 4™ is divisible by 7 for all n.
(9) Prove that 32"+3 + 40n — 27 is divisible by 64 for any n > 1.

n
1
(10) Prove the inequalities: /n < Z — < 2y/n—1 for all integers n > 1.
o VE

(11) Solve the Diophantine equations:

e 2013x + T4ly = 3,
e 2017x + 2013y =1

(12) Let A ={ay,...,a10} be a subset of {1,2,3,...,50}. Show that there exist two subsets
B = {b1,b3,b3,bs}, B'={by,b5,b3,b}}, B,B CA,
such that B # B’ and by + by + bs + by = b} + b, + b5 + b),.
(13) How many odd numbers between 100,000 and 1,000,000 have no two digits the same?
(14) How many positive divisors does 23 - 5% - 73 have?
(15) Let A ={ay,a2,as3,a4,a5,a6} and B = {by,ba, b3, bs}.

e How many functions are there from the set A to the set B?
e How many of these functions map A onto B?
e How many ways are there to put 6 objects to 4 distinct identical boxes so that no box will be left empty?

e How many ways are there to put 6 objects to 4 identical boxes so that no box will be left empty?
(16) How many integers between 1 and 10,000 (including 1 and 10,000) are not divisible by 2, 5, or 17?
(17) We are given the letters I, I, I, I, M, P, P, S, S, S, S.

e How many different words, i.e., strings, can be made using all of those letters?

e How many of those words have all the I's together?

e How many of those words read the same backward and forward?
e If the letters are arranged in random order, what is the probability that they spell MISSISSIPPI?



(18) Let p be a prime.

e Prove that (i) is a multiple of p for 0 < r < p. Hint: p! = (f) -l (p—r).
e Prove that (a4 b)? =aP + b mod p for all integers a and b.
(19) Let A= {al,ag,ag,a4,a5,a7,a8,a9} and B = {bl,bg,b3,b4}.

(a) How many functions are there from the set A to the set B?
(b) How many of these functions map A onto B?

(c) How many ways are there to put 9 objects to 4 identical boxes so that no box will be left empty?

(20) Let A = {a1,az,as,a4,as,a¢,a7} be a set of positive integers. Prove that there exist 4,7, ¢ # j such that
a; +aj or a; — a; is divisible by 10.

(21) Let n, k be positive integers.

n—1
e Let n > k. Prove the identity: Z(—l)T ( " > (n—r)*=0.

n—r
r=0

n—1
e Prove the identity: Z(fl)r ( n i , ) (n—r)"=nl.
r=0

n
(22) Show that for any positive integer n Z ( " ) 20 =3n .
§=0

(25) How many positive integral solutions of the equation

T1+ o+ a3+ x4+ x5+ 27 + T8 + T9 = 277

(23) How many ways are there to put 21 objects in 5 boxes with at least 8 objects in one box?

(24) Let n =dyds - -ds be an integer, where dy,ds, . ..,ds are decimal digits. Prove that n is divisible by 3 if
and only if the sum dy + dy + - - - + d; is divisible by 3.

(25) Let k,n be positive integers. Explain why there exists the greatest common divisor ged(k,n).
(26) Write a binary decomposition of 2013, 2014 and 2015.
(27) Compute the value ¢(2014), where ¢ is the Euler function.

(28) Let n be a positive integer and n is not a prime number. Prove that there exists a prime p such that p
divides n.

(29) Prove that for any positive integer n > 1 the number n? — 2 is not divisible by 3.
(30) Let bo = bl = b2 = ]., and bn = bn,1 + bnfg.

(a) Prove that b, > (v/2)"~2 for n > 3.

(b) Prove that b,, < (%)n_l for n > 1.

(31) For how many seven-digit integers have the sum of their digits equal to 477



PART 2: MORE PROBLEMS ON MATHEMATICAL INDUCTION

(1) Prove that 2n3 + 3n? + n is divisible by 6 for any n > 1.

(2) Prove that 7" — 2™ is divisible by 5 for any n > 1.

(3) Prove that 32"+3 4 40n — 27 is divisible by 64 for any n > 1.

(4) Prove that 527+1.2n+2 4 3n+2.92n+1 g divisible by 19 for any n > 1.

(5) Prove the following identity for any n > 1:

14+34+5+-+(2n—1) :Z(Zi—l):

(6) Prove the following identity for any n > 1:
12+42+72+-.-+(3n—2)2:Z(3i—2)2=

(7) Prove the following identity for any n > 1:

6n2 +3n — 1
22+52+82+~--+(3n—1)2:Z(?n'—l):w.

(8) Prove the following identity for any n > 1:

n+1)(2n+7).

1-242-44 - +n(n+2) Z”Jrz
=1

(9) Prove that 32" — 1 is divisible by 8 for any n > 1.
(10) Let = > —1. Prove that (1 4+ x)™ > 1+ nx for any n > 1.
(11) Prove that n! < n™ for any n > 2.

(12) Prove the following identity for any n > 1:

1 1 1
T2 23 T aon T &y

(13) Prove the following identity for any n > 1:

1-3 3.5 2n-1)2n+1) < (2i-1)(2i+1) 2n+1

(14) Prove the following identity for any n > 1:

(D69 (-0 -4



